THE SIMPLICIAL VOLUME OF MAPPING TORI OF 3-MANIFOLDS

MICHELLE BUCHER AND CHRISTOFOROS NEOFYTIDIS

ABSTRACT. We prove that any mapping torus of a closed 3-manifold has zero simplicial volume.
When the fiber is a prime 3-manifold, classification results can be applied to show vanishing of
the simplicial volume, however the case of reducible fibers is by far more subtle. We thus analyse
the possible self-homeomorphisms of reducible 3-manifolds, and use this analysis to produce an
explicit representative of the fundamental class of the corresponding mapping tori. To this end, we
introduce a new technique for understanding self-homeomorphisms of connected sums in arbitrary
dimensions on the level of classifying spaces and for computing the simplicial volume. In particular,
we extend our computations to mapping tori of certain connected sums in higher dimensions. Our
main result completes the picture for the vanishing of the simplicial volume of fiber bundles in
dimension four. Moreover, we deduce that dimension four together with the trivial case of dimension
two are the only dimensions where all mapping tori have vanishing simplicial volume. As a group
theoretic consequence, we derive an alternative proof of the fact that the fundamental group G of a
mapping torus of a 3-manifold M is Gromov hyperbolic if and only if M is virtually a connected
sum #S52 x S' and G does not contain Z2.

1. INTRODUCTION

For a topological space X and a homology class « € H,(X;R), Gromov [9] introduced the
¢*-semi-norm of « to be

lafl = mf{z A

J

Z Ajo; € Cp(X;R) is a singular cycle representing a}.
J

If M is a closed oriented n-dimensional manifold, then the simplicial volume of M is given by
| M|| := ||[M]||1, where [M] denotes the fundamental class of M.

In general, it is a hard problem to compute or estimate the simplicial volume (or more generally
the /'-semi-norm), and results have been obtained only for certain classes of spaces. Most notably,
there are precise computations for hyperbolic manifolds [9, 26]] and H? x H?-manifolds [6], non-
vanishing results for negatively curved manifolds [9, [12] and higher rank locally symmetric spaces
of non-compact type [5, 16, 24], and estimates for direct products [9]] and surface bundles [7, [11].
The case of general fiber bundles seems to be more subtle. For instance, if the fiber of a bundle
has amenable fundamental group, then the simplicial volume vanishes [9], however, if the bundle
fibers over a base with amenable fundamental group, then the simplicial volume need not be zero.
Indeed, any surface bundle over the circle that admits a hyperbolic structure has positive simplicial
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volume. In contrast, surface bundles over manifolds of dimension greater than one and amenable
fundamental group have zero simplicial volume [3]. It is therefore natural to ask what happens
to the simplicial volume of higher dimensional bundles over spaces with amenable fundamental
groups:

Question 1.1. Let M be a closed oriented manifold of dimension greater than two. When does
the simplicial volume of an M -bundle over a closed oriented manifold with amenable fundamental
group vanish?

Our main result gives a complete answer in dimension four:
Theorem 1.2. The simplicial volume of every mapping torus of a closed 3-manifold is zero.

This result has various topological and group theoretic consequences. First of all, Theorem
[I.2] together with known calculations and estimates completes the picture for the vanishing of the
simplicial volume of fiber bundles in dimension four:

Corollary 1.3. Let F' — M — B be a closed 4-manifold which is a fiber bundle with fiber F' and
base B. If dim(F') = dim(B) = 2 and the surfaces F and B support a hyperbolic structure, then
| M|| > 0; otherwise || M|| = 0.

In higher dimensions, it is easy to construct examples of manifolds that fiber over the circle and
have positive simplicial volume, by taking products of hyperbolic 3-manifolds that fiber over the
circle with hyperbolic manifolds of any dimension. Since in addition the only mapping torus in
dimension two is the 2-torus, which has zero simplicial volume, we obtain the following:

Corollary 1.4. The simplicial volume of every mapping torus vanishes only in dimensions two and
four.

An interesting group theoretic problem is to determine whether a given group is Gromov hyper-
bolic. A well-known obstruction for a group to be hyperbolic is to contain a subgroup isomorphic
to Z*. This property characterizes hyperbolicity for free-by-cyclic groups: If F}, is a free group,
then a semi-direct product G = F},, x Z is hyperbolic if and only if G' does not contain Z? [T}, 4].
This in particular determines when the fundamental group of a mapping torus of a connected sum
#,,5% x S1 is hyperbolic. Combining Theoremwith Mineyev’s work on bounded cohomology
of hyperbolic groups [20, 21]], we obtain a topological proof of the following known characteriza-
tion of 3-manifold-by-cyclic groups:

Corollary 1.5. The fundamental group G of a mapping torus of a 3-manifold M is hyperbolic if
and only if M is virtually #,,5% x S* and G does not contain 7>

Remark 1.6. As mentioned above, the characterization of the hyperbolicity of free-by-cyclic groups
is part of [1,4]. Thus, in view of geometrization of 3-manifolds, the only challenging case is when
M is (virtually) a connected sum of hyperbolic 3-manifolds and copies of S? x S* (with at least
one hyperbolic 3-manifold). In this case, 7 (M) is hyperbolic. M. Kapovich and Z. Sela made us
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aware of the fact that if / is a finitely presented hyperbolic group and H %, Z is hyperbolic, then
H is virtually a free product of free and surface groups. In particular the virtual cohomological
dimension of H is < 2 which excludes H = my(M). Thus (M) %, Z cannot be hyperbolic
for any self-homeomorphism f: M — M. Furthermore, M. Kapovich informed us that the
assumption on the hyperbolicity for /7 can be removed. Nevertheless, Corollary gives another
uniform argument for all 3-manifolds (possibly prime) with an aspherical summand in their prime
decomposition.

In order to prove Theorem we need to examine self-homeomorphisms of the 3-manifold
fiber M. When M is reducible, then the monodromy of the mapping torus of M is in general
more complicated than when M is prime [19, 27, 23]]. However, as we shall see, the induced
automorphism on the fundamental group of a reducible 3-manifold M has a specific form. More
precisely, by the description of any self-homeomorphism f of

M = My# - # M4 (#0S” x SV)

given in [19, 27] (the M; can be taken to be aspherical up to finite covers), the induced automor-
phism f, on (M) = 7 (My) * - - - x m(M,) % F,,, where F,,, denotes the free group of rank m,
is a finite composition of self-automorphisms of factors 71 (M) and 71(S? x S1), of interchanges
of isomorphic factors, and of automorphisms of type

m(My) %« xm (M) x F, — m(My) % xm (M) % Fp,

(4a) v — 00t for vy € (M),
Y o Y for v; € m(M;),j # i, ory; € Fy,
and
(4b)
T (My) % xmy (M) x Fy, — m(My) % -+ xm (M,) x Fpy,
v; > Oy, for v € m(j—th ST x S?),
i — i, for~y; € m(M;),Vi, orvy; € m(i—th ST x S?),i# 5

or
T (My) % xm (M) x Fy, —> m(My) % - xm(M,) x Fpy,
v — 7,0, forv; € m(j—th St x S?),
v > i, forq; € m(M;),Vi, or v; € my(i—th St x S?),i # j,

where § € 1 (M). Automorphisms of type and correspond to slide homeomorphisms of
M; and of each end of S? x I respectively; see Section

Using the above description of f,, we can describe any homeomorphism f: M — M explicitly
on the classifying space B (M) and apply techniques from bounded cohomology to reduce our
computation to the simplicial volume of a mapping torus of each individual prime summand. Then
the vanishing of the simplicial volume of M follows from the vanishing of the simplicial volume
of mapping tori of prime 3-manifolds. In fact, assuming the above description for f, and the
vanishing of the simplicial volume of any mapping torus of each prime summand, we can prove
the following more general statement in arbitrary dimensions:
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Theorem 1.7. Let M = M# - #M,#(#,57 ! x S*) be a closed oriented q-dimensional
manifold, q > 3, where M; are aspherical, and f: M — M be a homeomorphism. Suppose
that the induced automorphism f.: m (M) — m (M) is given by (91939291)« where each (gy).,
¢ =1,2,3,4, is a finite composition of automorphisms of type ({) below:

(1) self-automorphisms of factors w(M;);

(2) interchanges of two isomorphic factors;

(3) spins: self-automorphisms of w(S7! x S') = Z;

(4) slides of M; and each end of ST* x S': automorphisms as given by (@) and (@) respec-

tively.

If any mapping torus of each M; has zero simplicial volume, then | M x; S| = 0.

Remark 1.8. The terminology “spins” and “slides” comes from 3-dimensional topology; see [19]
or Section 4.1} Although from our point of view, we would not need to distinguish between type
(1) and type (3), we prefer to stay close to the description from [19].

The above statement applies in particular to hyperbolic manifolds of dimension greater than two:

Corollary 1.9. Let M = M;# - - - #M,, where each M; is a closed oriented hyperbolic manifold
of dimension greater than two. Then || M x; S*|| = 0 for any homeomorphism f: M — M.

Invoking again Mineyev’s work [20} 21]], we can derive that for A/ as in Corollary [I.9] the semi-
direct product 71 (M) Xy, Z is not hyperbolic. This conclusion holds more generally, for M as
in Theorem provided that an aspherical summand M exists in the prime decomposition of
M. As pointed out in Remark a purely group theoretic argument can be given to show that
m (M) Xy, Z is not hyperbolic.

Outline. In Section 2] we collect some simple observations on mapping tori. In Section[3|we prove
Theorem Section [] is devoted to the proof of Theorem In Section [5| we discuss briefly

Corollaries[1.3]} [1.4] [T.5]and [T.9]

Acknowledgements. We would like to thank Brian Bowditch, Misha Kapovich, Jean-Francois La-
font, Clara Loh and Zlil Sela for useful comments. Both authors gratefully acknowledge support by
the Swiss National Science Foundation, under grants FNS200021_169685 and FNS200020_178828.

2. PRELIMINARY OBSERVATIONS

Let X be a CW-complex and f: X — X be a continuous (not necessarily bijective) map.
Recall that the mapping torus X x; S* of f, defined as

X 2y 8t =X x[0,]/((x,0) ~ (f(2), 1),

naturally projects onto the circle, but it is not necessarily a fiber bundle when f is not a homeo-
morphism. Its fundamental group is the semi-direct product

7T1(X >4f Sl) = 7T1(X) >4f* Z,
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where the positive generator of Z acts on m1(X) by 7 — f.(7). There is a long exact sequence in
integral homology

T 1—f«
e Hyy(X) =5 Hy (X 0y SY) — Hy(X) =5 H(X) — .,

where i, is induced by the inclusion X = X x {0} < X x [0, 1]. Furthermore, this long exact
sequence is natural. More precisely, let X’ x; S* be the mapping torus of f: X’ — X', and
suppose that there exists a continuous map ¢: X — X’ such that the diagram

Xt x

X/L_X/

commutes up to homotopy. Then ¢ induces a continuous map, still denoted ¢: X x; St —
X’ x4 S*, and the following diagram commutes:

Tx

(1) oo Hy(X) = Hyp (X 5y 8Y) —— H,(X) L H,(X) ——
l@* l@* j@* lcp*
/ & / / 1-f3 /
o Hyt(X') —= Hy1 (X" % SY) — Hy(X') — Hy(X') — ...

In our case, the CW-complex X will always be g-dimensional, for ¢ > 3, so that the above long
exact sequence in homology becomes

) 0 — Hyy(X %y 81 — Hy(X) =5 m,(X) — ...

When f is an orientation preserving self-homeomorphism of a closed oriented ¢-dimensional man-
ifold X, we obtain an isomorphism H,, (X x; S') = H,(X) = Z which maps the fundamental
class of the (¢ + 1)-dimensional manifold X x; S* to the fundamental class of X. We want to
slightly generalize the notion of fundamental class to our setting:

e For X = M V---VM,VY, where M, are closed oriented g-dimensional manifolds and Y
is a 1-dimensional CW-complex, we still call [M;] + - - -+ [M,,] € H,(X) the fundamental
class of X and denote it by [X].

e If for X as above, the continuous map f: X — X satisfies

[X] = f.(IX]) € Hy(X),

then there is a unique class in H,;1(X x; S') mapped to [X] in the long exact sequence
(). We denote it by [X x; S'] and call it the fundamental class of X x; S'. We further
define the simplicial volume of X x, S*, denoted || X x; S'||, as the £'-semi-norm of the
fundamental class of X x, S'.

To finish this preliminary section, let us quote the following general fact (see also [[17]), which
will reduce our discussion to mapping tori of finite covers of the fiber.
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Lemma 2.1. Let M be a manifold which has a finite cover M such that |M x, S| = 0 for every
homeomorphism g: M — M. Then |M x; S*|| = 0 for every homeomorphism f: M — M.

Proof. By the multiplicativity of the simplicial volume under finite coverings, it suffices to show
that any mapping torus M x; S* is finitely covered by a mapping torus M x s St

Suppose f: M — M is a homeomorphism. Since (M) has finite index in 7 (M) and
m1(M) has finitely many subgroups of a fixed index (being finitely generated), there is some natural
number £ such that

FE(my(M)) = mi(M).

The desired finite cover of M x; S* is then given by the mapping torus M % e St Indeed,
M x g S' is a covering of degree [ (M) : 71(M)] of the mapping torus M x s S', which is a
degree k covering of M x S*. 0

3. PROOF OF THEOREM

As we mentioned in the introduction, the case of (reducible) 3-manifolds is contained in the
more general statement of Theorem We thus prove Theorem [I.7]first.

Let
M = My#Mo#t - - - # Mo #(#,,5" x S
be a closed oriented g-dimensional manifold, where M, are aspherical, and f: M — M be a
self-homeomorphism of M such that the induced automorphism f, : w1 (M) — 71 (M) fulfils the
assumptions of Theorem|[I.7]
Set
MY =M V-V M,V (VLS
and observe that
m (M) =m (M) =7 (M) % - - x 1 (M,) x Fy,.
Furthermore, M" is aspherical and hence a model for the classifying space B (M). Therefore,
every self-homeomorphism of M admits a counterpart on MV, i.e. a self-map MY — MY
inducing the same map on the fundamental group.

We will now give an explicit description of four types of maps inducing the four types of auto-
morphisms that appear in Theorem For this it is useful to think of M as a punctured g-sphere
W with n + 2m open g¢-balls removed and where the summands M/; and S' x S9~! are obtained
as follows: Let

(3) Sla 527 LR Sn7 Sn+1,07 STL—i-l,l) ceey Sn-i—m,(]; Sn+m,l

be the boundary components of WW. For each summand M, ¢ = 1,...,n, choose a g-ball D; and
attach M = M, \ int(D;) to S; along 9D;. Forn +1 < j < n+m, let S; x I be a copy
of S77! x I attached to W by identifying S; x {0} with S;, and S; x {1} with S}; to form an
St x S97! summand. We can then explicitly describe (a model of) the classifying map

0: M — MY = B (M).
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Define b € M"Y to be the join of the wedge product and assume that b € D, foreachi = 1,...,n.
The classifying map can be defined as follows:

e collapse W to the join b in M"Y,
e send M = M, \ int(D;) homeomorphically (and canonically) to M; \ {b},
e project the j-th S~ x I onto I and further to the j-th circle S! of the bouquet of circles
v Stin MY,
From this point of view, it is obvious how to define, for each automorphism of type 1, 2 or 3
the corresponding map (even a homeomorphism) on MV that not only induces the same map on
m (M) = m (M) but even commutes with the classifying map as given above. Type 4 automor-
phisms — the slides — require more care. Recall their description in (4a) and (b)) for M, and each
end of S9! x I respectively. Choose a representative o of § € 7y (M) = m(MY) = m (MY, b).
For slide automorphisms as in (#a)), define gy : MY — M as follows:
e it is the identity on M, for j # ¢, and on \/2”:151,
e it maps M = M;\ int(D;) homeomorphically (and canonically as we have chosen b € D;)
to M; \ {b}.
e it is the composition

D;\ {b} = ST x [0,1] — [0,1] = M,

of the projection on the second factor with o on D; \ {b}.

See Figure|l]for an illustration of gy. It is obvious by construction that (g4). = (gy ). on 7 (M) =
1 (Mv) .

M,

FIGURE 1. The model space MY = My V ---V M, V (V- S") and the effect of gy.

In the second case (i.e. for slide automorphisms as in ), define g; as follows:

e it maps the j-th circle S! to the concatenation of o with the j-th circle, or of the j-th circle
with «,
e it is the identity everywhere else.

Again it is obvious that (g4). = (g) )« on m (M) = m (MY).
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Set now
Ve MY — MY
to be the map obtained by composing the self-maps on MV as described above, so that

F=1(g0)s0(g5)s0(g5)s 0 (9))s-

Since f and f" induce identical maps on the fundamental group 7 (M) = 7y (M) the diagram

Mt

el |+
My

commutes up to homotopy, and the classifying map ¢ : M — M " induces a map still denoted ¢
between the corresponding mapping tori,

o: M x;S'— MY xpv S'
By construction, we have ¢,([M]) = [MY] € H,(M") (where the fundamental class for not
necessarily manifolds is as defined in Section [2). Thus the commuting long exact sequences in ()
imply that (1 — f¥).([M"]) = 0, so that the fundamental class [M x; S'] € H,1(M x;S*) exists
and

pu([M iz ST) = [MY 3 ST
Since ¢ induces an isomorphism between the fundamental groups of the two mapping tori, we
obtain

1M 30y SH| = MY v S|
as a consequence of Gromov’s Mapping Theorem [9, Section 3.1]. Our goal is now to prove
| MY xpv St = 0.
To this end, set
M5 = M"YV (Vi_SY,

where 7 is the number of slide automorphisms in the chosen decomposition of the original self-
automorphism induced by f. Define a map

A MY — MY

as the identity on M " and sending the k-th circle S* of the bouquet of circles Vi_, S to the loop
oy, used to define the component g)ﬁk of gy. Let us now define a self-map f°: M® — M? for
which the diagram

) MY L
AT TA

s [I° S

M° —— M

commutes. Recall that f¥ = gy o gy o gy o gy. For { = 1,2, 3, define g; to be gy on M" and
the identity on Vj_,S'. Define g7, as the identity on Vj_,S' and almost precisely gy, on M":
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If the slide automorphism (g, x). has the form @), then gf, is gy, except for D;, \ {b}, which
is not mapped onto oy, but onto the k-th circle in the bouquet of circles Vi_, S in M*. While if
the slide automorphism (g, ). has the form || then gi , 18 g4, except for the ji-th circle St
of the first bouquet of circle \/5”:151 of M* which is not mapped to the concatenation of @ and
itself, but to the concatenation of the k-th circle in the (second) bouquet of circles V;_, St in M*
and itself or vice versa. Each of these maps commutes with A, and hence so does the composition
f% = giog5ogsogy, sothat Ainduces a map (still denoted by A) between the corresponding
mapping tori

M® xys SY s MY a0 S
Clearly, A.([M®]) = [M"] and by the commutativity of the diagram (4) also
AJI(MR) = [TA(ME]) = 1 ([MY]) = [MY].

In view of the commuting long exact sequences from (1) and the fact that A.: H,(M®) —
H, (M) is an isomorphism, we obtain that (1 — f2)([M®]) = 0, so that the fundamental class
(M5 xps S| € Hyp1(M® xps S) is defined and satisfies A, ([M® xs SU]) = [MY xpv S
Therefore,

1M sap SH < [[M5 g5 SV

It is thus sufficient to show that || M x ;s St|| = 0.

FIGURE 2. The model space M " augmented by the bouquet Vj_, S ! and the map gf .

The advantage with this new mapping torus is that the slides have no more mixing effect on
M*. What we mean is that originally on M" (and also on M), the slide gX, . sends one irreducible
summand, say M;, to M;, U {a} (respectively M;, union a neighborhood of ay), where oy, can
lie all over M. Now, g;i » maps M;, to the union of M, and the k-th circle of the (artificially)
added wedge \7_,S'. Furthermore, g7 and g5 leave each M; invariant, while g5 permutes them.
Let NV be the order of the permutation of {My,..., M,,S*,...,S'} induced by ¢5. Then (%)M
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maps each M; to M; v (Vi_,S') and is the identity on Vi_,S*. Set f; := (f5)V Myv(vr_ 1) and
let j;: (M; V (Vi SY)) xp, ST <~ M? xssyv S denote the canonical inclusion. Then

n

(M5 x1psie ST = (i) [(M; v (Viy SY)) 1y, S

i=1

Since M*S X (ysyw St is a finite cover of M? x;s S, we have

N 1M xps S = M5 s gsye ST < Y I(M; V (Vg S1)) g, 57
i=1
It thus remains to show that ||(M; V (Vi_,S")) xp, S'|| = 0 for every i.
By construction, the map f;: M; V (V5_;S') — M; V (Vi_,S) is
e a homeomorphism from M \ int(D;) (for a possibly bigger ball D; than the one considered
above) to M; \ {b},
e the composition of the projection D; \ {b} = S7~! x [ — I with a closed path in \V,_,S",
e the identity on V}_, S
Define a map j: M; — M; V (Vi_,S') as
e a (canonical) homeomorphism from M \ int(D;) to M; \ {b},
e fionD,.

Observe that j is homotopic to the canonical inclusion i: M; — M; V (V;_;S"). Define
as j~!o f;on M; \ int(D;) and the identity on D; and observe that the diagram
i l L J

M,V (Vi SY) 2 My v (v, 5Y)

commutes. Since ¢ and j are homotopic they induce a map
I: M;xp ST — (M; Vv (Vi_,S)) x;, ST

As the map ¢ (or j) between the g-dimensional CW complexes induce an isomorphism on /1,
preserving the respective fundamental classes, the same holds for the induced map I of the mapping
tori (again using the commuting long exact sequences (I))). Thus in particular,

1M v (Vied 81) 2, SHI = (M 3, ST < (M %, S| =0,

where the last equality comes from the fact that £ is a homeomorphism of ); and by assumption,
the simplicial volume of any mapping torus of self-homeomorphisms of each prime summand M;
vanishes.

This finishes the proof of Theorem
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4. PROOF OF THEOREM

We now prove Theorem [I.2] First, we use Theorem[I.7]to reduce Theorem [I.2]to mapping tori
of prime 3-manifolds.

4.1. Mapping tori of reducible 3-manifolds. First, we recall the isotopy types of the orientation-
preserving self-homeomorphisms of reducible 3-manifolds. For the discussion in this subsection,
we follow McCullough’s survey paper [19], as well as Zhao’s paper [27]].

Suppose M is a closed oriented reducible 3-manifold. By the Kneser-Milnor theorem, M admits
a non-trivial prime decomposition

M = M1#M2# tee #Mn#<#m51 X 52)7

where the summands M, are irreducible and m > 0. As in the general case described in the
beginning of Section |3} it is useful to view M as a punctured 3-cell W with boundary components

(5) Sh SQa ) Sn7 Sn-l—l,Oy Sn-l—l,h [ERE) Sn+m,07 Sn—i—m,la

and M = M, \ int(D;) and S? x I attached. With this description, we can now list four types of
homeomorphisms of M.

Type 1. Homeomorphisms preserving summands. These are the homeomorphisms that restrict
to the identity on V.

Type 2. Interchanges of homeomorphic summands. If M; and M; are orientation-preserving
homeomorphic summands, then a homeomorphism of M is given by fixing all other summands,
leaving W invariant, and interchanging M and M.

Similarly, we can interchange two S x S? summands, leaving W invariant.

Type 3. Spins of S' x S? summands. For each n +1 < j < n + m, a homeomorphism
of M can be constructed by interchanging S, and S, , restricting to an orientation-preserving
homeomorphism that interchanges the boundary components of \S; x I, and by fixing all other
summands, leaving IV invariant.

Type 4. Slide homeomorphisms. Let S be one of the boundary spheres from (3]), bounding either
an M/, or an end of a copy of I x 5%. Let a be an arc in M with start and endpoints in S intersecting
M, respectively S* x 5%, only in its endpoints. Let N C N’ be two regular neighborhoods of aU S
such that N C Int(N’). Then N’ \ N has two connected components diffeomorphic to S? x (0, 1)
and T2 x (0,1). Let T denote the latter connected component. Its torus factor should be thought
as the product S} x S1, where S} is close to the path « closed up to a curve in S, and the second
factor is radial. A slide homeomorphism g,: M — M is defined as the identity on M \ 7', while
on T it is the product of a Dehn twist along S! on S! x (0,1) and the trivial map on the radial
factor.

To understand the effect of g4 on the fundamental group, observe that up to homotopy, any curve
not intersecting .S is left unchanged by g, since it is possible to homotope it away from o U S and
its regular neighborhood N’. In contrast, a curve entering through S will be Dehn twisted along
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S! by g4. For the explicit description of (gy).: m (M) — 71 (M) we distinguish the case when
S bounds M or an end of a copy of I x S?. Recall that

m (M) =m (M) % - xm (M,) * F,

where F,,, denotes the free group of rank m, is taken with respect to a base point in . Let
§ € m (M) represent «v, or more precisely S!. If S bounds M/, then the slide g,: M — M
induces an automorphism on 7 (M) as given by . If S bounds either of the two boundary
components of the j-th copy of I x S2, then the slide g4: M — M induces an automorphism as
given by (4b).

For more details on slide homeomorphisms, and especially for explicit description of the corre-
sponding Dehn twists, we refer to [27, Section 2.2].

McCullough show in [19, page 69] that every orientation-preserving self-homeomorphism of
a closed oriented connected 3-manifold is isotopic to a composite of homeomorphisms of these
four types. In fact, McCullough’s proof contains even the following more precise form:

Theorem 4.1. Let M be a closed oriented connected 3-manifold and f be an orientation-preserving
homeomorphism of M. Then up to isotopy

f=g10g309200,
where each g, is a composition of finitely many homeomorphisms of type { on M.

Observe that if M is a reducible 3-manifold with no aspherical summands in its prime decom-
position, i.e. M = (#,,5% x SH)#(#"_,5/Q;), where Q; are finite groups, then M is rationally
inessential (i.e. its classifying map is trivial in degree three rational homology) and finitely cov-
ered by a connected sum #52 x S (this covering corresponds to the kernel of the projection
m (M) — Q1 X -+ X @, [15]). Thus the mapping torus of every homeomorphism f: M — M
is also rationally inessential and so it has zero simplicial volume. We may therefore assume that
the reducible 3-manifold M always contains an aspherical summand in its prime decomposition.
Moreover, we may also assume, after passing to finite covering coverings if necessary, that each
irreducible summand is aspherical.

By Theorem the automorphism on 7, (M) induced by a self-homeomorphism f of M is a
finite composition of the four types of automorphisms of Theorem Thus, in order to show that
|M x; S| = 0, it suffices by Theorem [1.7] to show that the simplicial volume of any mapping
torus of each prime summand of M vanishes.

4.2. Mapping tori of prime 3-manifolds. Now we show that indeed the mapping torus of any
prime 3-manifold has zero simplicial volume, and thus finish the proof of Theorem 1.2

TAs McCullough remarks, his proof was based on an argument by Scharlemann; cf. [2, Appendix Al].
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4.2.1. Non-aspherical prime fibers. We begin with the easiest cases, namely, when the 3-manifold
fiber M is covered either by S? x S! or by S3. This is actually discussed above, but we include it
here as well for completeness. As for connected sums of such spaces, M is rationally inessential, so
is the mapping torus M x ;S* for any homeomorphism f: M — M, and hence ||M x ;S| = 0.
Alternatively, we can simply invoke the fact that a fiber bundle for which the fiber has amenable
fundamental group has vanishing simplicial volume [9]] (which will be used several times below),
to conclude that || M x; S*|| = 0 for every homeomorphism f: M —s M.

4.2.2. Irreducible aspherical fibers. Now, we deal with the remaining cases of mapping tori of
prime 3-manifolds, namely with the cases where the fiber is an irreducible aspherical 3-manifold.
Recall that a closed irreducible aspherical 3-manifold either possesses one of the geometries H?,
Sol3, Nil3, R3, SL, or H? x R, or it has non-trivial JSJ -decomposition.

Hyperbolic fibers. If the fiber M is hyperbolic, i.e. it possesses the geometry H?, then by Mostow
rigidity every self-homeomorphism of M is isotopic to a periodic map. This means that any map-
ping torus M x; S’ is covered by a product with a circle factor, which has vanishing simplicial
volume. By the multiplicativity of the simplicial volume under taking finite coverings, we deduce
|M ;8 =o.

Amenable fibers. Next, suppose that the fiber M possesses one of the geometries Sol®, Nil?, or
R3. Then M is virtually a mapping torus of 72 [23]). In particular, the fundamental group of M fits
(up to finite index subgroups) into an extension

1 — 27— m(M) —Z—1.

Since Abelian groups are amenable and extensions of amenable-by-amenable groups are again
amenable, we deduce that 71 (/) is amenable. Thus, each mapping torus of M has zero simplicial
volume [9]].

Non-amenable circle bundles. Now, we deal with the last two geometries, namely with S'\L/Q and
H? x R. If the fiber M possesses one of the latter geometries, then M is virtually a circle bundle
over a closed hyperbolic surface [25]. In that case, any mapping torus of M is virtually a circle
bundle:

Lemma 4.2. Let 3. be a closed oriented hyperbolic surface and M be a circle bundle over .. Then
any mapping torus M x; St is a circle bundle over a mapping torus of %.

Proof. Let f: M — M be a homeomorphism and 7: M — X be the bundle projection. We
observe that f is a bundle map covering a self-homeomorphism of X [15] 22]: Indeed, since the
center C(m1(M)) = 71(S*) = Z (recall that M # T?) and f, is surjective, we deduce that (7o f),
maps the infinite cyclic center of 71 (M) to the trivial element in 71 (3). Thus, by the asphericity
of our spaces, there is a map h: ¥ — X such that h o m = 7w o f up to homotopy. Since f has
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non-zero degree, h must have non-zero degree as well, and by the classification of (maps between)
surfaces it must be homotopic to a homeomorphism. We have

M xy 8t = (M x I)/((x,0) ~ (f(z), 1))
and
Yxp St = (X x I)/((x,0) ~ (h(z),1)).
Thus, M x; S* can be given an S*-bundle structure with projection map
T M xp St — %%, St

(2, )] = [(x(2), 1)].

Indeed, since h o ™ = 7 o f, the map 7 is well-defined, namely

7([(z,0)]) = [(n(2),0)] = [(hom(z), 1)] = [(7 o f(2), V)] = 7([(f(2), V)])-
0

Since every circle bundle has zero simplicial volume [9], Lemma.2]and Lemma [2.1)imply that
|M x; St|| = 0 for any homeomorphism f: M —s M.

Non-trivial JSJ-decomposition. Finally, suppose that our irreducible aspherical 3-manifold M
does not possess a Thurston geometry. Then by [13, [14], there is a non-empty finite collection
of disjoint incompressible tori 7 such that each component of M \ 7T is either atoroidal and acylin-
drical or Seifert fibered; see [13, [14] for explanation of the terminology. If such a collection of
tori i1s minimal, then it is unique up to isotopy, and it is called the JSJ-decomposition of M (after
Jacob-Shalen-Johannson [13], [14]). We also refer to the pieces of M \ T as JSJ-pieces. Further-
more, by [18], we may assume, after possibly passing to a finite cover of M, that each JSJ-piece
of M is either hyperbolic or fibers over an oriented orbifold of negative Euler characteristic. (As
before, we will show that the mapping torus of an iterate of a self-homeomorphism of a finite cover
of M has zero simplicial volume; cf. Lemma2.1])

Suppose now f: M — M is an orientation preserving homeomorphism. If 7 is a JSJ-
decomposition of M, then f(7) is also a JSJ-decomposition and so, after isotoping f, we can
assume that f(7) = 7. Thus, after iterating f, we may assume that f sends each JSJ-torus and
each JSJ-piece to itself. We thus obtain

MNfSlz 3%17“3 ]\4z X g, Sl

where f; = f|am,, 7 = 1, ..., s. Since again by Mostow rigidity any homeomorphism of a complete
finite volume hyperbolic 3-manifold is isotopic to a periodic map, we can, upon further itera-
tion and isotopy, also suppose that f restricts to the identity on each hyperbolic piece. Thus, if
My, ..., M}, and M4, ..., M denote the hyperbolic and Seifert fibered pieces respectively of the
JSJ-decomposition, then by [8]

k s
104 507 5 < SO I x SLTH D 1My, 8,7,

i=1 i=k+1
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where the simplicial volumes on the right-hand side of the inequality denote the relative simplicial
volumes. Because of the S factor, we clearly have ||M; x S, 73| = 0 forall i = 1,..., k.
Finally, since each M;, i = k + 1, ..., s, fibers over an orbifold with negative Euler characteristic,
we deduce, as in Lemma that each M; i, S* is a circle bundle over a mapping torus of that
orbifold, showing therefore that ||M; x, S*,T3|| = 0 for all i = k + 1, ..., s. This means that
| M x; S| = 0 as required.

We have finished the proof that every mapping torus of an irreducible aspherical 3-manifold has
zero simplicial volume.

The proof of Theorem[1.2]is now complete.

5. PROOFS OF COROLLARIES

5.1. Fiber bundles in dimension four. The proof of Corollary [I.3|is a combination of Theorem
[[.2]and other known results:

Proof of Corollary[I.3] Let M be a closed oriented 4-manifold, which is a fiber bundle over a
closed manifold B, with fiber a closed manifold F'.

If dim(F) = 1,i.e. F' = S, then || M| = 0, because circle bundles have zero simplicial volume
by [9]. If dim(F) = 3, then || M|| = 0 by Theorem|1.2] Finally, assume that dim(F") = dim(B) =
2. If F = S? or B = S?, then M is rationally inessential and so |M|| = 0 by [9]. If FF = T2,
then ||[M]| = 0 by the amenability of the fundamental group of the fiber [9]. If B = T?, then
|M|| = 0 by [3]. Finally, if both F' and B are hyperbolic surfaces, then [|[M| > ||F' x B|| > 0
by [[7] (positivity also follows by the weaker estimate || M || > || F||||B]| > 0 of [11]). O

5.2. Mapping tori of higher dimensional manifolds. Theorem[I.2]provides the only dimension
(together with dimension two) where all mapping tori have zero simplicial volume:

Proof of Corollary In dimension two, the only closed oriented mapping torus is the the 2-torus
which has zero simplicial volume. In dimension four, Theorem [I.2] tells us that every mapping
torus has zero simplicial volume. In dimension three, an example of a mapping torus with non-
zero simplicial volume is given by a hyperbolic 3-manifold M that fibers over the circle with fiber
a hyperbolic surface >.. Finally, assume that N is a hyperbolic manifold (or any manifold with
|N|| > 0) of dimension n > 2. Then M x N has dimension n + 3 > 5, is a mapping torus of
Y. x N,and ||M x N|| > ||M||||N]| > 0 by [9]. O

5.3. Hyperbolicity of fundamental groups of mapping tori of 3-manifolds. Theorem [I.2] to-
gether with Mineyev’s work [20, 21] implies that the fundamental group of any mapping torus of
a rationally essential 3-manifold is never hyperbolic:

Proof of Corollary Let M be a closed 3-manifold and M x ; S* the mapping torus of a home-
omorphism f: M — M.

If M is irreducible, then by the description and the properties of the 3-manifold groups given in
Section[4.2]it is easy to see that i (M x; S') is never hyperbolic, unless (M) is finite.
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Assume now that M is reducible and contains an aspherical summand in its prime decomposi-
tion. (Although not necessary, we can also assume that all aspherical summands are hyperbolic,
otherwise 71 (M), and hence 71 (M x; S'), is not hyperbolic because it has a Z?-subgroup.) Sup-
pose that w1 (M x S') is hyperbolic. By the existence of an aspherical summand in (a finite
cover of) M, we deduce that M and hence also M x; S* are rationally essential. Now Mineyev’s
work [20, 21] (see also [10]) implies that the comparison map from bounded cohomology to ordi-
nary cohomology

H(m(M p 8Y);Q) — HA(m(M x; 5Y); Q)
is surjective. Thus, by the duality of the ¢!-semi-norm and the bounded cohomology ¢>°-semi-
norm [9], we deduce that || A x; S'|| > 0. But this contradicts Theorem|[L.2]

Finally, assume that M is reducible and has no aspherical summands in its prime decomposition,
ie. M = (#;5% x SY#(#1,5%/Q;), where Q; are finite groups. If M = RP3#RP3, then M is
virtually 5% x S* and so 71 (M x; S') is not hyperbolic. If M # RP3#RP?, then M is virtually
a connected sum #,,52 x S!, for some m > 2 (as mentioned before, this covering corresponds to
the kernel of the projection (M) — Q1 X - - - X Q,,). Now, by [, 4], 71 (M x ;S*) is hyperbolic
if and only if 7 ((#,,5% x S') x S') does not contain Z>. O

5.4. Higher dimensions. The situation of Theorem|1.7|applies in particular to connected sums of
hyperbolic manifolds of dimension greater than two.

Proof of Corollary Let M = M,# - - - # M, be a connected sum of closed oriented hyperbolic
manifolds of dimension greater than two, and f: M — M be a homeomorphism. Since each
m1(M;) is one-ended, Bass-Serre theory implies that, after possibly passing to a finite iterate of f,
each 7 (M) is mapped under f. to a conjugate of itself. Thus the composition of f, with a finite
number of automorphisms of form (without F},,) has type (1). Since moreover any mapping
torus of a hyperbolic closed manifold of dimension greater than two has zero simplicial volume,

we deduce by Theorem [1.7]that || M x; S'|| = 0. O
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