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Preface
The Fifth International Workshop devoted to the Group Analysis of Differential Equations and Integrable Systems (GADEIS-V) was conducted at Protaras, Cyprus, during the period June 6–10, 2010. There were 50 participants
from nineteen countries (Australia, Austria, Canada, Cyprus, Czech Republic, Egypt, Germany, Israel, Italy, People’s Republic of China, Poland, Romania, Russia, South Africa, Spain, Switzerland, The Netherlands, Ukraine
and United States of America) and thirty-three lectures were presented.
The topics covered ranged from theoretical developments in group analysis
of differential equations and the integrability theory to applications in a wide
variety of disparate fields including fluid mechanics, classical mechanics, relativity, control theory, quantum mechanics, physiology and finance. Twenty
papers are presented in this proceedings.
The Workshops are a joint initiative by the Department of Mathematics and Statistics, University of Cyprus, and the Department of Applied
Research of the Institute of Mathematics, National Academy of Sciences,
Ukraine. The Workshops evolved from close collaboration among Cypriot
and Ukrainian scientists. The first three meetings were held at the Athalassa
campus of the University of Cyprus (October 27, 2005, September 25–28,
2006, and October 4–5, 2007). The fourth (October 26–30, 2008) and fifth
meetings were held at the Tetyk Hotel in the coastal resort of Protaras.
All of the papers in this volume have been reviewed by two independent
referees. We express our appreciation of the care taken by the referees and
thank them for making some suggestions for improvement to most of the
papers. The importance of peer review in the maintenance of high standards
of scholarship can never be overstated.
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Lie-group method is applied for determining symmetry reductions of a boundary value problem for the Burgers’ equation with time-dependent kinematic
viscosity. The resulting ordinary differential equations are solved numerically
using shooting method coupled with Runge–Kutta scheme and the results are
plotted.

1

Introduction

Burgers’ equation [1] is a one dimensional model of the Navier–Stokes’ hydrodynamical equations [2]. It used as a simplified model for turbulence. It describes a
variety of nonlinear wave phenomena arising in the theory of wave propagation,
acoustics, plasma physics, modeling of gas dynamics, traffic flow and other areas.
Burgers’ equation first introduced by Bateman [3] who derived it in a physical
context and later treated by Burgers [1]. Exact and numerical solutions studies
of Burgers’ equation have received considerable attention of scientists. Cole [4]
concluded that, the Burgers’ equation can be transformed to the linear heat equation. Hopf [5] concluded the same result that Cole discovered. From which, it
is known as Hopf–Cole transformation. About thirty-five distinct solutions for
initial-value problem of Burgers’ equation were surveyed by Benton and Platzman [6] in the infinite domain. Without taking into consideration the auxiliary
conditions, Ames [7] studied how the Morgan–Michal method could be applied
for determining the proper groups for Burgers’ equation.
Peralta-Fabi and Plaschko [2] studied the stability and the bifurcation of the
equilibrium solution of a controlled Burgers’ equation. An integral term which represents a non-local behaviour has been added to the normal form of the equation
describing flow through porous media. They found that, a supercritical bifurcation from the rest solution occurs when the viscosity reduced below a critical
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value. This critical value was calculated as a function of the porosity coefficient
and the corresponding bifurcation solution is derived using perturbation forms up
to fourth order.
Vorus [8] generated an exact solution to Burgers’nonlinear diffusion equation on
a convective stream with sinusoidal excitation applied at the upstream boundary.
He applied Hopf–Cole transformation in achieving the analytical solution after integrating the equation and its conditions to avoid nonlinearity in the transformed
upstream boundary condition. He deduced a very simple limiting solution valid
for high Reynolds number from the exact solution. This approximate solution
was found to be amenable to an elegant geometrical interpretation.
Kingston and Sophocleous [9] classified all finite point transformations between
generalized Burgers’ equation. They found all the well-known invariant infinitesimal transformations and also the reciprocal point transformation that leave the
Burgers’ equation invariant, which is symmetry additional to the Lie point symmetries obtained from the classical approach. In their work, they did not take
into consideration the invariance of the initial and boundary conditions.
Abd-el-Malek and El-Mansi [10] applied the one-parameter group of transformation to the Burgers’ equation with unity kinematic viscosity associated with
the initial and boundary conditions. Under this transformation, the given partial
differential equation with the auxiliary conditions is reduced to an ordinary differential equation with the appropriate corresponding conditions. The obtained differential equation was solved analytically and the solution obtained in closed form.
Many other authors have used different numerical techniques to solve Burgers’
equation such as the finite difference method, the finite element method and
spectral methods, [11–21].
In this work, the Lie symmetry method is applied to the one-dimensional Burgers’ equation with time-dependent kinematic viscosity, for determining symmetry
reductions of the given partial differential equation, [22–31]. The resulting nonlinear ordinary differential equation is solved numerically using the shooting method
coupled with Runge–Kutta scheme and the results are plotted. A particular case
of our results is compared with those obtained by Abd-el-Malek and El-Mansi [10].

2

Mathematical formulation of the problem

For the one-dimensional velocity field w(x, t), with time-dependent kinematic viscosity, the governing equation is given by
∂w
∂w
∂2w
+w
= f (t) 2 , x > 0, t > 0,
∂t
∂x
∂x
together with the initial and boundary conditions
(i)

w(x, 0) = 0,

(ii)

w(0, t) = aq(t), t > 0, a 6= 0,

(iii)

lim w(x, t) = 0.

x→∞

(1)

(2)
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Lighthill [32] stated that the kinematic viscosity coefficient f (t) of the diffusion
term ∂ 2 w/∂x2 is not normally a constant in applications, even approximately;
the coefficient may actually be a function of the time. For bounded smooth timedependent coefficient, i.e. f (t) may be viewed as an approximation of a smoothly
decaying diffusion.
A normalization of the boundary condition (2ii) is obtained by setting
w(x, t) = q(t)u(x, t),

(3)

where u(x, t) is the normalize one-dimensional velocity field and q(t) is an unknown function.
Substitution from (3) into (1) yields
q

∂u
dq
∂u
∂2u
+ u + q2u
− f q 2 = 0,
∂t
dt
∂x
∂x

x > 0, t > 0.

(4)

The initial and boundary conditions (2) will be
(i)

u(x, 0) = 0,

(ii)

u(0, t) = a,

(iii)

3

t > 0, a 6= 0,

(5)

lim u(x, t) = 0.

x→∞

Solution of the problem

At first, we derive the similarity solutions using Lie-group method under which
(4) and the initial and boundary conditions (5) are invariant, and then we use
these symmetries to determine the similarity variables.

3.1

Lie point symmetries

Consider the one-parameter Lie group of infinitesimal transformations in the space
of (x, t; u, q, f ) given by
x∗ = x + εX(x, t; u, q, f ) + O(ε2 ),
t∗ = t + εT (x, t; u, q, f ) + O(ε2 ),
u∗ = u + εU (x, t; u, q, f ) + O(ε2 ),
∗

(6)

2

q = q + εQ(x, t; u, q, f ) + O(ε ),
f ∗ = f + εF (x, t; u, q, f ) + O(ε2 ),
where ε is the group parameter. The partial differential equation (4) is said to
admit a symmetry generated by the vector field
Γ≡X

∂
∂
∂
∂
∂
+T
+U
+Q
+F
,
∂x
∂t
∂u
∂q
∂f

(7)
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if it is left invariant by the transformation (x, t; u, q, f ) → (x∗ , t∗ ; u∗ , q ∗ , f ∗ ). Assume ∆ ≡ qut + uqt + q 2 uux − f quxx , where subscripts denote partial derivatives.
A vector field Γ given by (7) is a Lie symmetry vector field for (4) if
Γ[2] (∆)|∆=0 = 0,

(8)

where
Γ[2] = Γ + U x

∂
∂
∂
∂
+ Ut
+ Qt
+ U xx
∂ux
∂ut
∂qt
∂uxx

is the essential part of the second prolongation of Γ.
To calculate the prolongation of the given transformation, we need to differentiate (6) with respect to each of the variables, x and t. To do this, we introduce
the following total derivatives
Dx = ∂x + ux ∂u + uxx ∂ux + uxt ∂ut + · · · ,
Dt = ∂t + ut ∂u + qt ∂q + ft ∂f + utt ∂ut + htt ∂qt + uxt ∂ux + · · · .
Equation (8) gives the following condition
U qt + U q 2 ux + Qut + 2Qquux − Qf uxx − F quxx
+ q 2 uU x + qU t + uQt − f qU xx = 0,

(9)

which should be satisfied in view of the equation (4). The components U x , U t ,
Qt and U xx can be determined from the following expressions
U S = DS U − ux DS X − ut DS T,
Qt = Dt Q − qt Dt T,
U JS = DS U J − uJx DS X − uJt DS T,
where S stands for x and t and J stands for x. The substitution of these expressions into (9) leads to a cumbersome equation, then, equating to zero the
coefficients of uxt , ux uxt , ut qt , ut ft , ux ut , ux qt and ux ft , gives
Tx = Tu = Tq = Tf = Xu = Xq = Xf = 0.

(10)

The substitution of (10) into (9) removes many terms. Then, equating to zero the
coefficients of ux 2 , qt , ux , ut , ft and the remaining terms, leads to the following
system of determining equations:
Uuu = 0,
U − q −1 uQ − f −1 uF + qUq + uQq − uTt − uUu + 2uXx = 0,
U q 2 + Qqu − f −1 q 2 uF − qXt + f qXxx + q 2 uXx − 2f qUxu = 0,
uQu + 2qXx − qTt − f −1 qF = 0,
qUf + uQf = 0,
qUt + q 2 uUx + uQt − f qUxx = 0.
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We solve the system of determining equations, in view of the invariance of the
initial and boundary conditions as well as using the facts that qx = 0 and fx =
0. So, the nonlinear equation (4) has the four-parameter Lie group of point
symmetries generated by
∂
∂
∂
+t +f
,
∂x
∂t
∂f
∂
∂
Γ3 =
, Γ4 = .
∂x
∂t

Γ1 = x

Γ2 = −x

∂
∂
∂
− 2t + q ,
∂x
∂t
∂q

(11)

The one-parameter groups generated by Γ1 and Γ2 consist of scaling, whereas Γ3
and Γ4 generate translations.
The solutions u = u(x, t), q = q(t) and f = f (t) are invariant under the
symmetry (7) if Φu ≡ U − T ut − Xux = 0, Φq ≡ Q − T qt = 0, Φf ≡ F − T ft = 0.
These equations are called the invariant surface conditions.
Table 1 illustrates the solutions of the invariant surface conditions for some
operators of the four-parameter Lie group of point symmetries.
Table 1. Solutions of the invariant surface conditions.
Solution of the invariant surface
conditions

Characteristic
Φ = (Φu , Φq , Φf )

Generator
Γ1

(−xux − tut , −tqt , f − tft )

f (t) = t

Γ2

(xux + 2tut , q + 2tqt , 2tft )

f (t) = C

Γ3

(−ux , 0, 0)

u = u(t)

Γ4

(−ut , −qt , −ft )

u = u(x), q = f = C

Γ1 + βΓ2

u

Φ = (β − 1)xux + (2β − 1)tut

u = u(θ)

Φq = βq + (2β − 1)tqt

q(t) = K1 t 1−2β

Φf = f + (2β − 1)tft

f (t) = K2 t 1−2β

β

1

As seen from Table 1, the solutions of the invariant surface conditions under
Γ1 and Γ2 are f (t) = t and f (t) = C, respectively. Practically, these solutions are
not acceptable because for bounded smooth time-dependent coefficient, f (t) may
be viewed as an approximation of a smoothly decaying diffusion, as mentioned
before.
The solution of the invariant surface conditions under Γ3 is u = u(t) which
contradicts the boundary conditions.
The solutions of the invariant surface conditions under Γ4 are u = u(x) and
q = f = C which are the solutions of (4), even though they are not particularly
interesting since they contradicts the initial condition.
On the other hand, the solutions of the invariant surface conditions under
Γ1 + βΓ2 are
u ≡ u(θ),

β

q(t) = K1 t 1−2β ,

1

f (t) = K2 t 1−2β ,

(12)
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where θ = x t−γ is the similarity variable, γ = (1 − β)/(1 − 2β), β, K1 and K2 are
constants. As mentioned before, for bounded smooth time-dependent coefficient,
i.e. f (t) may be viewed as an approximation of a smoothly decaying diffusion,
so, 1/(1 − 2β) should be negative. Also, from the similarity variable to avoid the
contradiction in the initial and boundary conditions, γ = (1 − β)/(1 − 2β) should
be positive. From which, we get β > 1.
Substitution from (12) into (4) yields
K2

d2 u
du
β
+ [γθ − K1 u]
−
u = 0.
dθ2
dθ
1 − 2β

(13)

The initial and boundary conditions (5) will be

3.2

(i)

u = a at θ = 0,

(ii)

u→0

as

(14)

θ → ∞.

Numerical solution

The ordinary differential equation (13) with the appropriate conditions (14) is
solved numerically using the shooting method coupled with Runge–Kutta scheme
for different values of K1 , K2 , β and a.
Assume K1 = K2 = 1, equation (13) will be
du
β
d2 u
+ [γθ − u]
−
u = 0.
dθ2
dθ
1 − 2β

(15)

As β → ∞, and assume K1 = K2 = 1, equation (12) will be
u ≡ u(θ),

√
q(t) = 1/ t,

f (t) = 1,

(16)

√
where θ = x/ t.
These solutions are the same as Abd-el-Malek and El-Mansi [10] obtained for
the case of unity kinematic viscosity, where the solution shows the existence of
shock waves.
Figures 1a and 1b illustrate the effect of the parameters β and a on the velocity
field w(x, t) at K1 = K2 = 1 and t = 1 with a = 4 and β = 5, respectively.
As seen from these figures, the velocity w(x, t) oscillates and it diminishes with
increasing x. The decrease is more rapid near the infinity. Also, it is clear from
the two figures the effect of the viscous term f (t)wxx . It reduces the amplitude of
the wave and prevents multivalued solutions from developing. Figures 1c and 1d
illustrate the effect of the parameter β and a on the velocity field w(x, t) at K1 =
and K2 = 4 and t = 1 with a = 4 and β = 5, respectively.
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Figure 1. Velocity field profiles (a) with different values of β at K1 = K2 = 1 and t = 1 with
a = 4; (b) with different values of a at K1 = K2 = 1 and t = 1 with β = 5; (c) with different
values of β at K1 = 2 and K2 = 4 and t = 1 with a = 4; (d) with different values of a at K1 = 2
and K2 = 4 and t = 1 with β = 5.

4

Conclusion

We have used Lie-group method to obtain the similarity reductions of the Burgers’
equation with time-dependent kinematic viscosity. By determining the transformation group under which the given partial differential equation and its initial and
boundary conditions are invariant, we obtained the invariants and the symmetries
of this equation. In turn, we used these invariants and symmetries to determine
the similarity variables that reduced the number of independent variables. The
resulting differential equation is solved numerically using shooting method coupled with Runge–Kutta scheme and the results are plotted. We have studied the
effect of the parameters β and a on the velocity field w(x, t). We found that,
the velocity w(x, t) oscillates and it diminishes with increasing x. The decrease is
more rapid near the infinity. Also, the effect of the viscous term f (t)wxx reduces
the amplitude of the wave and prevents multivalued solutions from developing.
Particular case of our results is compared with those obtained by Abd-el-Malek
and El-Mansi [10], it was found in complete agreement.
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The complete point symmetry group of the barotropic vorticity equation on
the β-plane is computed using the direct method supplemented with two different techniques. The first technique is based upon the preservation of any
megaideal of the maximal Lie invariance algebra of a differential equation by
the push-forwards of point symmetries of the same equation. The second technique involves a priori knowledge on normalization properties of a class of differential equations containing the equation under consideration. Both of these
techniques are briefly outlined.

1

Introduction

It is well known that it is much easier to determine the continuous part of the
complete point symmetry group of a differential equation than the entire group
including discrete symmetries. The computation of continuous (Lie) symmetries
is possible using infinitesimal techniques, which amounts to solving an overdetermined system of linear partial differential equations (referred to as determining
equations) for coefficients of vector fields generating one-parameter Lie symmetry
groups. Owing to the algorithmic nature of this problem, the automatic computation of Lie symmetries is already implemented in a number of symbolic calculation
packages, see, e.g., papers [7, 9, 29] for detailed descriptions of certain packages
and reviews [6, 10].
The relative simplicity of finding Lie symmetries of differential equations is
also a primary reason why the overwhelming part of research on symmetries is
devoted to symmetries of this kind. See, e.g., the textbooks [4,5,19–21] for general
theory and numerous examples and additionally the works [1–3, 8, 18] for several
applications of Lie methods in hydrodynamics and meteorology.
As is the case with continuous symmetries, also discrete symmetries are of
practical relevance in a number of fields such as dynamical systems theory, quantum mechanics, crystallography and solid state physics. They can also be helpful
in some issues related to Lie symmetries, e.g. allowing for a simplification of op-
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timal lists of inequivalent subalgebras, and due to enabling the construction of
new solutions of differential equations from known ones. It is not possible, in
general, to determine the whole point symmetry group in terms of finite transformations by usage of infinitesimal techniques. On the other hand the direct
computation of point symmetries based upon their definition boils down to solving a cumbersome nonlinear system of determining equations, which is difficult
to be integrated. Similar determining equations also arise under calculations of
equivalence groups and sets of admissible transformations of classes of differential
equations by means of employing the direct method. In order to simplify the
derivation of the determining equations, different special techniques have been
developed involving, in particular, the implicit representation of unknown functions, the combined splitting with respect to old and new variables and the inverse
expression of old derivative via new ones [23, 25, 28].
There exist two particular techniques that can be applied for a priori simplification of calculations concerning the point symmetry groups of differential
equations.
The first technique was presented in [11] for equations the maximal Lie invariance algebras of whhich are finite dimensional. It is based on the fact that the
push-forwards of point symmetries of a given system of differential equations to
vector fields on the space of dependent and independent variables are automorphisms of the maximal Lie invariance algebra of the same system. This condition
yields restrictions for those point transformations that can qualify as symmetries of the system of differential equations under consideration. We adapt this
technique to the infinite-dimensional case using the notion of megaideals of Lie
algebras, which are the most invariant algebraic structures.
The second technique involves available information on the set of admissible
transformations of a class of differential equations [25], which contains the investigated equation.
In the present paper we demonstrate both of these techniques by computing
the complete point symmetry group of the barotropic vorticity equation on the
β-plane. This is one of the most classical models which are used in geophysical
fluid dynamics. The techniques to be employed are briefly described in Section 2.
The actual computations using the method based on the corresponding Lie invariance algebra and that involving a priori knowledge on admissible transformations
of a class of generalized vorticity equations are presented in Section 3 and 4,
respectively. A short summary concludes the paper.

2

Techniques of calculation
of complete point symmetry groups

Both the techniques described in this section should be considered merely as tools
for deriving preliminary restrictions on point symmetries. In either case calculations must finally be carried out within the framework of the direct approach.
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Using megaideals of Lie invariance algebra

The most refined version of the technique involving Lie symmetries in the calculations of complete point symmetry groups was applied in [11]. It is outlined as
follows: Given a system of differential equations L the maximal Lie invariance
algebra of which, g, is n-dimensional with a basis {e1 , . . . , en }, n < ∞, one has
to compute the entire automorphism group of g, Aut(g). Supposing that T is
a transformation P
from the complete point symmetry group G of L, one has the
condition T∗ ej = ni=1 ei aij for j = 1, . . . , n, where T∗ denotes the push-forward
of vector fields induced by T and (aij ) is the matrix of an automorphism of g
in the chosen basis. This condition implies constraints on the transformation T
which are then taken into account in further calculations with the direct method.
The method we propose here is different to those described in the previous
paragraph. In fact it uses only the minimal information on the automorphism
group Aut(g) in the form of a set of megaideals of g. Due to this it is applicable also
in the case for which the maximal Lie invariance algebra is infinite dimensional.
The notion of megaideals was introduced in [24].
Definition 1. A megaideal i is a vector subspace of g that is invariant under any
transformation from the automorphism group Aut(g) of g.
That is, we have Ti = i for a megaideal i of g whenever T is a transformation
from Aut(g). Any megaideal of g is an ideal and characteristic ideal of g. Both
the improper subalgebras of g (the zero subspace and g itself) are megaideals of g.
The following assertions are obvious.
Proposition 1. If i1 and i2 are megaideals of g, then so are i1 +i2 , i1 ∩i2 and [i1 , i2 ],
i.e., sums, intersections and Lie products of megaideals are again megaideals.
Proposition 2. If i2 is a megaideal of i1 and i1 is a megaideal of g, then i2 is a
megaideal of g, i.e., megaideals of megaideals are also megaideals.
Corollary 1. All elements of the derived, upper and lower central series of a Lie
algebra are its megaideals. In particular the center and the derivative of a Lie
algebra are its megaideals.
Corollary 2. The radical r and nil-radical n (i.e. the maximal solvable and nilpotent ideals, respectively) of g as well as different Lie products, sums and intersections involving g, r and n ([g, r], [r, r], [g, n], [r, n], [n, n] etc.) are megaideals of g.
Suppose that g is finite dimensional and possesses a megaideal i which, without
loss of generality, can be assumed to be spanned by the first k basis elements,
i = he1 , . . . , ek i. Then the matrix (aij ) of any automorphism of g has block
structure, namely, aij = 0 for i > k. In other words in the finite-dimensional
case we take into account only the block structure of automorphism matrices.
This is reasonable as the entire automorphism group Aut(g) (which should be
computed within the method from [11]) may be much wider than the group of
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automorphisms of g induced by elements of the point symmetry group G of L.
Moreover it seems difficult to find the entire group Aut(g) if the algebra g is
infinite dimensional. At the same time, in view of the above assertions, it is easy
to determine a set of megaideals for any Lie algebra.

2.2

Direct method and admissible transformations

The initial point of the second technique is to consider a given pth-order system L0
of l differential equations for m unknown functions u = (u1 , . . . , um ) of n independent variables x = (x1 , . . . , xn ) as an element of a class L|S of similar systems Lθ :
L(x, u(p) , θ(x, u(p) )) = 0 parameterized by a tuple of pth-order differential functions (arbitrary elements) θ = (θ1 (x, u(p) ), . . . , θk (x, u(p) )). Here u(p) denotes the
set of all the derivatives of u with respect to x of order not greater than p, including u as the derivatives of order zero. The class L|S is determined by two objects:
the tuple L = (L1 , . . . , Ll ) of l fixed functions depending upon x, u(p) and θ and θ
running through the set S. Within the framework of symmetry analysis of differential equations, the set S is defined as the set of solutions of an auxiliary system
consisting of a subsystem S(x, u(p) , θ(q) (x, u(p) )) = 0 of differential equations with
respect to θ and a no vanish condition Σ(x, u(p) , θ(q) (x, u(p) )) 6= 0 with another
differential function Σ of θ. In the auxiliary system x and u(p) play the role of
independent variables and θ(q) stands for the set of all the partial derivatives of
θ of order not greater than q with respect to the variables x and u(p) . In view of
the purpose of our consideration we should have that L0 = Lθ0 for some θ0 ∈ S.
Following [25], for θ, θ̃ ∈ S we denote by T(θ, θ̃) the set of point transformations which map the system Lθ to the system Lθ̃ . The maximal point symmetry
group Gθ of the system Lθ coincides with T(θ, θ).
Definition 2. T(L|S ) = {(θ, θ̃, ϕ) | θ, θ̃ ∈ S, ϕ ∈ T(θ, θ̃)} is called the set of
admissible transformations in L|S .
Sets of admissible transformations were first systematically described by Kingston and Sophocleous for a class of generalized Burgers equations [14] and Winternitz and Gazeau for a class of variable coefficient Korteweg–de Vries equations [30],
in terms of form-preserving [14–16] and allowed [30] transformations, respectively.
The notion of admissible transformations can be considered as a formalization of
their approaches.
Any point symmetry transformation of an equation Lθ from the class L|S generates an admissible transformation in this class. Therefore it obviously satisfies
all restrictions which hold for admissible transformations [15]. For example, it
is known for a long time that for any point (and even contact) transformation
connecting a pair of (1 + 1)-dimensional evolution equations its component corresponding to t depends only upon t, cf. [17]. The equations in the pair can
also coincide. As a result the same restriction should be satisfied by any point or
contact symmetry transformation of every (1 + 1)-dimensional evolution equation.
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The simplest description of admissible transformations is obtained for normalized classes of differential equations. Roughly speaking a class of (systems of)
differential equations is called normalized if any admissible transformation in this
class is induced by a transformation from its equivalence group. Different kinds
of normalization can be defined depending upon what kind of equivalence group
(point, contact, usual, generalized, extended etc.) is considered. Thus the usual
equivalence group G∼ of the class L|S consists of those point transformations in the
space of variables and arbitrary elements, which are projectable onto the variable
space and preserve the whole class L|S . The class L|S is called normalized in the
usual sense if the set T(L|S ) is generated by the usual equivalence group G∼ . As a
consequence all generalizations of the equivalence group within the framework of
point transformations are trivial for this class. See [25] for precise definitions and
further explanations. If the class L|S is normalized in a certain sense with respect
to point transformations, the point symmetry group Gθ0 of any equation Lθ0 from
this class is contained in the projection of the corresponding equivalence group
of L|S to the space of independent and dependent variables (taken for the value
θ = θ0 in the case when the generalized equivalence group is considered).
As a rule calculations of certain common restrictions on admissible transformations of the entire normalized class or its normalized subclasses or point symmetry transformations of a single equation from this class have the same level
of complexity. For example, in order to derive the restriction that the transformation component corresponding to t depends only upon t, we should perform
approximately the same operations, independently of considering the whole class
of (1 + 1)-dimensional evolution equations, on any well-defined subclass from this
class or any single evolution equation. This is why it is worthwhile firstly to construct nested series of normalized classes of differential equations by starting from
a quite general, obviously normalized class, imposing on each step additional auxiliary conditions on the arbitrary elements and then studying the complete point
symmetries of a single equation from the narrowest class of the constructed series.
In the way outlined above we have already investigated hierarchies of normalized classes of generalized nonlinear Schrödinger equations [25], (1+1)-dimensional
linear evolution equations [26], (1+1)-dimensional third-order evolution equations
including variable-coefficient Korteweg–de Vries and modified Korteweg–de Vries
equations [27] and generalized vorticity equations arising in the study of local
parameterization schemes for the barotropic vorticity equation [23].
If an equation does not belong to a class the admissible transformations of
which have been studied earlier, one can try to map this equation using a point
transformation to an equation from a class for which constraints on its admissible
transformations are known a priori. Then one can either map the known constraints on admissible transformations back and then complete the calculations
of point symmetries of the initial equation using the direct method or calculate
the point symmetry group of the mapped equation using the direct method and
then map this group back. The example on the application of this trick to the
barotropic vorticity equation in presented in Section 4.
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Calculations based on Lie invariance algebra
of the barotropic vorticity equation

The barotropic vorticity equation on the β-plane is
ζt + ψx ζy − ψy ζx + βψx = 0,

(1)

where ψ = ψ(t, x, y) is the stream function and ζ := ψxx + ψyy is the relative
vorticity, which is the vertical component of the vorticity vector. The barotropic
vorticity equation in the formulation (1) is valid in situations in which the twodimensional wind field can be regarded as almost nondivergent and the motion in
North–South direction is confined to a relatively small region. It is then convenient to use a local Cartesian coordinate system. In such a coordinate system the
effect of the sphericity of the Earth is conveniently taken into account by approximating the normal component of the vorticity due to the rotation of the Earth,
2Ω sin ϕ, by its linear Taylor series expansion, where Ω is the angular rotation of
the Earth and ϕ is the geographic latitude. This linear approximation at some
reference latitude ϕ0 is given by 2Ω sin ϕ0 + βy, where β = 2Ω cos ϕ/a and a is
the radius of the Earth. This is the traditional β-plane approximation, see [22]
for further details. Then the taking of the vertical component of the curl of the
two-dimensional ideal Euler equations and use of the β-plane approximation lead
to Eq. (1).
It is straightforward to determine the maximal Lie invariance algebra g of
Eq. (1) using infinitesimal techniques:
g = hD, ∂t , ∂y , X (f ), Z(g)i,
where D = t∂t − x∂x − y∂y − 3ψ∂ψ , X (f ) = f (t)∂x − ft (t)y∂ψ and Z(g) = g(t)∂ψ ,
and f and g run through the space of smooth functions of t. (In fact the precise
interpretation of g as a Lie algebra strongly depends on what space of smooth
functions is chosen for f and g, cf. Note A.1 in [8, p. 178].) This result was
first obtained in [13] and is now easily accessible in the handbook [12, p. 223].
See also [2] for related discussions and the exhaustive study of the classical Lie
reductions of Eq. (1).
The nonzero commutation relations of the algebra g in the above basis are
[∂t , D] = ∂t ,

[∂y , D] = −∂y ,

[D, X (f )] = X (tft + f ),
[∂t , X (f )] = X (ft ),

[D, Z(g)] = Z(tgt + 3g),

[∂t , Z(g)] = Z(gt ),

[∂y , X (f )] = −Z(ft ).

It is easy to see from the commutation relations that the Lie algebra g is solvable
since
g0 = [g, g] = h∂t , ∂y , X (f ), Z(g)i,
g00 = [g0 , g0 ] = hX (f ), Z(g)i,
g000 = [g00 , g00 ] = 0.
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Therefore the radical r of g coincides with the entire algebra g. The nil-radical
of g is the ideal
n = h∂y , X (f ), Z(g)i.
Indeed this ideal is a nilpotent subalgebra of g since
n(2) = n0 = [n, n] = hZ(g)i,

n(3) = [n, n0 ] = 0.

It can be extended to a larger ideal of g only with two sets of elements, {∂t } and
{D, ∂t }. Both resulting ideals are not nilpotent. In other words n is the maximal
nilpotent ideal.
Continuous point symmetries of Eq. (1) are determined from the elements of g
by integration of the associated Cauchy problems. It is obvious that Eq. (1) also
possesses two discrete symmetries, (t, x, y, ψ) 7→ (−t, −x, y, ψ) and (t, x, y, ψ) 7→
(t, x, −y, −ψ), which are independent up to their composition and their compositions with continuous symmetries. The proof that the above symmetries generate
the entire point symmetry group was, however, outstanding.
Theorem 1. The complete point symmetry group of the barotropic vorticity equation on the β-plane (1) is formed by the transformations
T:

t̃ = T1 t + T0 ,
ψ̃ =

x̃ =

1
x + f (t),
T1

ỹ =

ε
ε
ψ−
ft (t)y + g(t),
3
(T1 )
(T1 )2

ε
y + Y0 ,
T1

where T1 6= 0, ε = ±1 and f and g are arbitrary functions of t.
Proof . The discrete symmetries of the barotropic vorticity equation on the βplane are computed as described in Section 2.1. The general form of a point
transformation of the vorticity equation is:
T:

(t̃, x̃, ỹ, ψ̃) = (T, X, Y, Ψ),

where T , X, Y and Ψ are regarded as functions of t, x, y and ψ, the joint
Jacobian of which does not vanish. To obtain the constrained form of T we use
the above four proper nested megaideals of g, namely n0 , g00 , n and g0 , and g itself.
Recall once more that the transformation T must satisfy the conditions T∗ n0 = n0 ,
T∗ g00 = g00 , T∗ n = n, T∗ g0 = g0 and T∗ g = g in order to qualify as a point symmetry
of the vorticity equation, where T∗ denotes the push-forward of T to vector fields.
In other words we have
T∗ Z(g) = g(Tψ ∂t̃ + Xψ ∂x̃ + Yψ ∂ỹ + Ψψ ∂ψ̃ ) = Z̃(g̃ g ),

(2)

T∗ X (f ) = X̃ (f˜f ) + Z̃(g̃ f ),

(3)

T∗ ∂t = Tt ∂t̃ + Xt ∂x̃ + Yt ∂ỹ + Ψt ∂ψ̃ = a1 ∂t̃ + a2 ∂ỹ + X̃ (f˜) + Z̃(g̃),

(4)

T∗ ∂y = Ty ∂t̃ + Xy ∂x̃ + Yy ∂ỹ + Ψy ∂ψ̃ = b1 ∂ỹ + X̃ (f˜y ) + Z̃(g̃ y ),

(5)

T∗ D = c1 D̃ + c2 ∂t̃ + c3 ∂ỹ + X̃ (f˜D ) + Z̃(g̃ D ),

(6)
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where all f˜’s and g̃’s are smooth functions of t̃ which are determined, as the
constant parameters a1 , a2 , b1 , c1 , c2 and c3 , by T∗ and the operator from the
corresponding left-hand side.
We derive constraints on T∗ , consequently equating coefficients of vector fields
in conditions (2)–(6) and taking into account constraints obtained on previous
steps. Thus Eq. (2) immediately implies Tψ = Xψ = Yψ = 0 (hence Ψψ 6= 0) and
gΨψ = g̃ g . Evaluation of the last equation for g = 1 and g = t and combination
of the results give t = g̃ t (T )/g̃ 1 (T ), where g̃ t = g̃ g |g=t and g̃ 1 = g̃ g |g=1 . As the
derivative with respect to T in the right hand side of this equality does not vanish,
the condition T = T (t) must hold. This implies that Ψψ depends only upon t.
As then T∗ X (f ) = f Xx ∂x̃ + f Yx ∂ỹ + (f Ψx − ft yΨψ )∂ψ̃ , it follows from Eq. (3)
that Yx = 0 and
f Xx = f˜f ,

f Ψx − ft yΨψ = −f˜t̃f Y + g̃ f .

Evaluating the first of the displayed equalities for f = 1, we derive that Xx =
f˜1 (T ) =: X1 (t). Therefore f˜f (T ) = f (t)X1 (t). The second equality then becomes
f Ψx − ft yΨψ = −

(f X1 )t
Y + g̃ f .
Tt

The setting of f = 1 and f = t in the last equality and combination of the resulting
equalities yield yΨψ = (Tt )−1 X1 Y + tg̃ 1 − g̃ t , where g̃ t = g̃ f |f =t and g̃ 1 = g̃ f |f =1 .
As X1 6= 0, this equation implies that Y = Y1 (t)y + Y0 (t).
After analyzing Eq. (4) we find Tt = const, Yt = const, which leads to
Y1 = const, Xt = f˜(T ) and thus Xtx = 0, i.e., X1 = const. Finally Eq. (4)
also implies Ψt = −f˜t̃ Y + g̃. In a similar manner, after we take into account the
restrictions already derived so far, collection of coefficients in Eq. (5) gives the
constraint Xy = f˜y =: X2 = const since Xyt = 0. Moreover Ψy = g̃ y as f˜t̃y = 0.
The final restrictions on T based on the preservation of g are derivable from
Eq. (6), where
T∗ D = tTt ∂t̃ + (tXt − xXx − yXy )∂x̃ + (tYt − yYy )∂ỹ
+ (tΨt − xΨx − yΨy − 3ψΨψ )∂ψ̃ .
Collecting the coefficients of ∂t̃ and ∂ỹ , we obtain that c1 = 1 and Yt = 0. Similarly, equation of the coefficients of ∂ψ̃ and the further splitting with respect to x
implie that Ψx = 0.
The results obtained so far lead to the following constrained form of the general
point symmetry transformation of the vorticity equation (1)
T = T1 t + T0 ,

X = X1 x + X2 y + f (t),

Ψ = Ψ1 ψ + Ψ2 (t)y + Ψ4 (t),

Y = Y1 y + Y0 ,

(7)

where T0 , T1 , X1 , X2 , Y0 , Y1 and Ψ1 are arbitrary constants, T1 X1 Y1 Ψ1 6= 0,
and f (t), Ψ2 (t) and Ψ4 (t) are arbitrary time-dependent functions. The form (7)
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takes into account all constraints on point symmetries of (1), which follow from
the preservation of the maximal Lie invariance algebra g by the associated pushforward of vector fields.
Now the direct method should be applied. We carry out a transformation of the
form (7) in the vorticity equation. For this aim we calculate the transformation
rules for the partial derivative operators:




1
1
ft
1
X2
∂t̃ =
∂t −
∂x , ∂x̃ =
∂x , ∂ỹ =
∂y −
∂x .
T1
X1
X1
Y1
X1
Further restrictions on T can be imposed upon noting that the term ψtxy can
only arise in the expression for ψ̃t̃ỹỹ , which is
ψ̃t̃ỹỹ = −

2Ψ1 X2
ψtxy + · · · .
T1 Y1 X1

This obviously implies that X2 = 0. In a similar fashion the expression for ζ̃t̃ is




Ψ1
1
1
1
ζ̃t̃ =
ζt +
−
ψyyt + · · · ,
T1 (X1 )2
(Y1 )2 (X1 )2
upon using ψxxt = ζt − ψyyt . Hence (X1 )2 = (Y1 )2 as there are no other terms
with ψyyt in the invariance condition. After taking into account these two more
restrictions on T , it is straightforward to expand the transformed version of the
vorticity equation. This yields


Ψ1
ft Ψ1
(Ψ1 )2
Ψ1
Ψ2
Ψ1
ζt −
ζx +
ζx
ψx ζ y −
ψy +
2
3
3
T1 (X1 )
T1 (X1 )
(X1 ) Y1
Y1
Y1 (X1 )3
Ψ1
Ψ1
ψx =
(ζt + ψx ζy − ψy ζx + βψx ) .
+β
X1
T1 (X1 )2
The invariance condition is fulfilled provided that the constraints
Ψ2 = −

Y1
ft ,
T1

X1 = T1 (X1 )2 ,

(Ψ1 )2
Ψ1
=
3
(X1 ) Y1
T1 (X1 )2

hold. This completes the proof of the theorem.



Corollary 3. The barotropic vorticity equation on the β-plane possesses only two
independent discrete point symmetries, which are given by
Γ1 : (t, x, y, ψ) 7→ (−t, −x, y, ψ),

Γ2 : (t, x, y, ψ) 7→ (t, x, −y, −ψ).

They generate the group of discrete symmetry transformations of the barotropic
vorticity equation on the β-plane, which is isomorphic to Z2 ×Z2 , where Z2 denotes
the cyclic group of two elements.
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Direct method and admissible transformations
of classes of generalized vorticity equations

The construction of the complete point symmetry group G of the barotropic vorticity equation (1) by means of using only the direct method involves cumbersome
and sophisticated calculations. As Eq. (1) is a third-order PDE in three independent variables, the system of determining equations for transformations from G is
an overdetermined nonlinear system of PDEs in four independent variables, which
should be solved by taking into account the nonsingularity condition of the point
transformations. This is an extremely challenging task. Fortunately a hierarchy of
normalized classes of generalized vorticity equations was recently constructed [23]
that allows us to simplify strongly the whole investigation. Eq. (1) belongs only to
the narrowest class of this hierarchy, which is quite wide and consists of equations
of the general form
ζt = F (t, x, y, ψ, ψx , ψy , ζ, ζx , ζy , ζxx , ζxy , ζyy ),

ζ := ψxx + ψyy ,

(8)

where (Fζx , Fζy , Fζxx , Fζxy , Fζyy ) 6= (0, 0, 0, 0, 0). The equivalence group G∼
1 of this
class is formed by the transformations
t̃ = T (t),
F̃ =

1
Tt

x̃ = Z 1 (t, x, y), ỹ = Z 2 (t, x, y), ψ̃ = Υ(t)ψ + Φ(t, x, y),
!

Υ
Φ 
Υ
Φ  
Zti Zji Υ
Υ
ii
ii
F+
ζ+
−
ζj +
ζ+
,
L
L 0
L 0
L
L
L j
L j

where T , Z i , Υ and Φ are arbitrary smooth functions of their arguments, satisfying
the conditions Zk1 Zk2 = 0, Zk1 Zk1 = Zk2 Zk2 := L and Tt ΥL 6= 0. The subscripts 1
and 2 denote differentiation with respect to x and y, respectively, the indices i
and j run through the set {1, 2} and the summation over repeated indices is
understood. As Eq. (1) is an element of the class (8) and this class is normalized,
the point symmetry group G of Eq. (1) is contained in the projection Ĝ∼
1 of the
equivalence group G∼
of
the
class
(8)
to
the
variable
space
(t,
x,
y,
ψ).
At the
1
∼
same time the group G is much narrower than the group Ĝ1 , and in order to
single out G from Ĝ∼
1 we should still derive and solve a quite cumbersome system
of additional constraints. Instead of this we use the trick described in the end of
Section 2.2, namely, by the transformation
ψ̌ = ψ +

β 3
y ,
6

(9)

which identically acts on the independent variables and which is prolonged to the
vorticity according to the formula ζ̌ = ζ + βy, we map Eq. (1) to the equation
β
ζ̌t + ψ̌x ζ̌y − ψ̌y ζ̌x = − y 2 ζ̌x .
2

(10)
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Eq. (10) belongs to the subclass of class (8) that is singled out by the constraints
Fψ = 0, Fζ = 0, Fψx = −ζy and Fψy = ζx , i.e., the class consisting of the equations
of the form
ζt + ψx ζy − ψy ζx = H(t, x, y, ζx , ζy , ζxx , ζxy , ζyy ),

ζ := ψxx + ψyy ,

(11)

where H is an arbitrary smooth function of its arguments, which is assumed as
an arbitrary element instead of F = H − ψx ζy + ψy ζx . The class (11) also is a
member of the above hierarchy of normalized classes. Its equivalence group G∼
2
is much narrower than G∼
1 and is formed by the transformations
x̃ = λ(xc − ys) + γ 1 , εỹ = λ(xs + yc) + γ 2 ,


λ
λ
σ
2
2
1
2
ψ̃ = ε
λψ + θt (x +y ) − γt (xs+yc) + γt (xc−ys) + δ + (x2 +y 2 ),
τt
2
2


δ
+σy
λt
δx +σx
2 σ
ε
y
ζ
+
ζ
+
,
H̃ = 2 H − (xζx + yζy ) + 2θtt −
x
y
τt
λ
τt λ 2
τt λ 2
τt λ 2 t

t̃ = τ,

where ε = ±1, c = cos θ, s = sin θ; τ , λ, θ, γ i and σ are arbitrary smooth functions
of t satisfying the conditions λ > 0, τtt = 0 and τt 6= 0 and δ = δ(t, x, y) runs
through the set of solutions of the Laplace equation δxx + δyy = 0.
In order to derive the additional constraints that are satisfied by the group
parameters of transformations from the point symmetry group G2 of Eq. (10), we
substitute the values H = −βy 2 ζx /2 and H̃ = −β ỹ 2 ζ̃x̃ /2 as well as expressions
for the transformed variables and derivatives via the initial ones into the transformation component for H and then make all possible splitting in the obtained
equality. As a result we derive the additional constraints
θ = γt2 = 0,

λ=

1
,
τt

σ=

εβγ 2
,
2τt 2

δx = −σx,

δy = σy +

εβ(γ 2 )2
.
2τt

After projecting transformations from G∼
2 on the variable space (t, x, y, ψ), constraining the group parameters using the above conditions and taking the adjoint
action of the inverse of the transformation (9), we obtain, up to redenoting, the
transformations from Theorem 1.

5

Conclusion

In this paper we have computed the complete point symmetry group of the
barotropic vorticity equation on the β-plane. It is obvious that both of the techniques presented in this paper are applicable to general systems of differential
equations.
Despite of the apparent simplicity of the techniques employed above, there are
several features that should be discussed properly. In particular the relation between discrete symmetries of a differential equation and discrete automorphisms
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of the corresponding maximal Lie invariance algebra is neither injective nor surjective. This is why it can be misleading to restrict the consideration to discrete
automorphism when trying to finding discrete symmetries. This and related issues
will be investigated and discussed more thoroughly in a forthcoming work.
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Every simplest potential conservation law of any (1+1)-dimensional linear evolution equation of even order proves induced by a local conservation law of the
same equation. This claim is true also for linear simplest potential conservation
laws of (1 + 1)-dimensional linear evolution equations of odd order, which are
related to linear potential systems. We also derive an effective criterion for
checking whether a quadratic conservation law of a simplest linear potential
system is a purely potential conservation law of a (1 + 1)-dimensional linear
evolution equation of odd order.

1

Introduction

The notion of potential conservation laws arises as a natural generalization of
the notion of local conservation laws of differential equations. We call a potential
conservation law any local conservation law of a potential system constructed from
a given system S of differential equations via introducing potentials by using local
conservation laws of S [13]. This term first appeared in [4]. Potential conservation
laws may be trivial in the sense that they induced by local conservation laws of the
initial system [8,13]. The idea of iterative introduction of potentials by using local
conservation laws of a potential system obtained on the previous step was first
suggested in the famous paper [17] and later formalized in the form of the notion of
universal Abelian covering of differential equations [6, 11, 16]. Although potential
conservation laws of differential equations are interesting and important objects
for study within the framework of symmetry analysis, nontrivial and complete
results on such conservation laws were obtained only for a few classes of differential
equations. See related reviews and references in [3, 8, 13].
As a generalization of similar results from [13] for the linear heat equation,
it was proved in [14] that all potential conservation laws of (1 + 1)-dimensional
linear second-order evolution equations are trivial. Local conservation laws of
these equations are well understood. More precisely their spaces of the local
conservation laws consist of linear conservation laws the characteristics of which
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depend only upon independent variables and are solutions of the corresponding
adjoint equations. This finally solves the problem on potential conservation laws
for these equations.
In the present paper we extend results from [14] onto simplest potential conservation laws (i.e. those which involve only single potentials) of (1 + 1)-dimensional
linear second-order evolution equations to the case of an arbitrary order. The extension to equations of even order is quite direct and exhaustive. In the case of odd
order we restrict our consideration with simplest potential systems constructed
by linear conservation laws.
Consider an arbitrary linear evolution equation of order n in the two independent variables t and x and the dependent variable u,
ut =

n
X

Ai u i ,

(1)

i=0

where Ai = Ai (t, x) are arbitrary smooth functions, An 6= 0, n ∈ {2, 3, 4, . . . },
ut = ∂u/∂t, ui ≡ ∂ i u/∂xi , i = 1, . . . , n, u0 ≡ u (i.e., the function u is assumed to
be its zeroth-order derivative). We also employ, depending upon convenience or
necessity, the following notation: ux = u1 , uxx = u2 and uxxx = u3 . Dt and Dx
are the operators of total differentiation with respect to the variables t and x, respectively, and Div denotes the total divergence, Div V = Dt F +Dx G for the tuple
V = (F, G) of differential functions F and G. See [12,14] for other related notions.
Our paper is organized as follows: In the next section we briefly overview
results of [15] on local conservation laws of equations from class (1) and extend
the simplest potential frame, constructed in [14] for (1 + 1)-dimensional linear
evolution equations of order two, to the case of an arbitrary order. The same
extension of dual Darboux transformations is carried out in Section 3. Simplest
potential conservation laws of (1 + 1)-dimensional linear evolution equations of
even and odd order are studied in Sections 4 and 5, respectively. In the conclusion
we discuss the results obtained and related problems which are still open.

2

Local conservation laws and simplest
potential frame

It is well known that any linear partial differential equation L admits cosymmetries which are functions of independent variables only and are solutions of
the corresponding adjoint equation L† , and every solution of L† is a cosymmetry.
Moreover any such cosymmetry is a characteristic of a conservation law of L which
contains a conserved vector linear in the dependent variable and its derivatives,
cf. [5]. Following [12, Section 5.3] we call the conservation laws of this kind linear.
It turns out that for any linear (1 + 1)-dimensional evolution equation of even
order its space of conservation laws is exhausted by linear ones and therefore
is isomorphic to the solution space of the corresponding adjoint equation [15].
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In other words any cosymmetry of (1) does not depend upon derivatives of u, and
a function α = α(t, x) is a cosymmetry of (1) if and only if it is a solution of the
adjoint equation
αt +

n
X

(−1)i (Ai α)i = 0.

(2)

i=0

Any such cosymmetry is a characteristic of a linear conservation law for (1) with
the canonical conserved vector V = (F, G), where
F = αu,

G=

n−1
X

σ i ui

(3)

i=0

and the coefficients σ i = σ i (t, x) are found recursively from the relations
σ n−1 = −αAn ,

σ i = −αAi+1 − σxi+1 ,

i = n − 2, . . . , 0.

(4)

For any linear (1 + 1)-dimensional evolution equation of odd order the space
of its conservation laws is spanned by linear and quadratic conservation laws [15].
There exist both such equations possessing infinite series of quadratic conservation
laws of arbitrarily high orders and ones having no quadratic conservation laws.
For all the formulas and claims obtained for equations of even order to be correct
in the case of odd order it is necessary to restrict the consideration with linear local conservation laws, associated (linear) potential systems and their linear
conservation laws.
Following the presentation of Section 7 of [14] we investigate certain objects
related to simplest potential systems of (1), i.e. potential systems associated with
single local conservation laws [13]. The theory of Darboux transformations for
linear evolution equations [10] is strongly employed for this. A detailed study
of the simplest potential systems is necessary for understanding the general case
since such systems are components of more general potential systems.
Introducing the potential v by the nontrivial canonical conserved vector (3)
associated with the characteristic α = α(t, x) 6= 0, we obtain the potential system
vx = αu,

vt = −

n−1
X

σ i ui .

(5)

i=0

The initial equation (1) for u is a differential consequence of system (5). Another differential consequence of (5) is the equation
vt = −

n−1
X
i=0

σi

v 
x

α

i

(6)

on the potential dependent variable v, which is called the potential equation associated with the linear evolution equation (1) and the characteristic α. There is a oneto-one correspondence between solutions of the potential system and the potential
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equation due to the projection (u, v) → v on the one hand and due to the formula
u = vx /α on the other, cf. [14]. The correspondence between solutions of the initial
equation and the potential system is one-to-one only up to a constant summand.
It is convenient to use another dependent variable w = ψv instead of v in our
further considerations, where we introduce the notation ψ = 1/α. The function w
is called the modified potential associated with the characteristic α = 1/ψ. After
being written in terms of w and ψ instead of v and α, the potential system (5)
and the potential equation (6) take the form
wx −

n−1

ψx
w = u,
ψ

wt −

X
ψt
w = −ψ
σ i ui
ψ

(7)

i=0

and
wt = −ψ

n−1
X

σ

i



i=0

ψx
w
wx −
ψ

n


+
i

X
ψt
w =:
B i wi ,
ψ

(8)

i=0

respectively. Here
i

B = −ψσ

i−1

+ψ

n−1
X
j=i

  
i
ψx
σi
,
j
ψ j−i

i = n, n − 1, . . . , 1,

n−1
X  ψx 
ψt
B =
+ψ
.
σi
ψ
ψ j
0

j=0

In particular B n = An and B n−1 = An−1 − Anx . System (7) and equation (8)
are called the modified potential system and the modified potential equation associated with the characteristic α. These representations of the potential system
and potential equation are more suitable for the study within the framework of
symmetry analysis.
As the function v = 1 obviously is a solution of (6) and therefore the function
w = ψ is a solution of (8), the first equation of (7) in fact represents the Darboux
transformation [7, 10] of (8) to (1).

3

Dual Darboux transformation

The remarkable fact that Darboux covariance holds for (1 + 1)-dimensional linear
evolution equations of arbitrary order was first established in [9] (see also [10,
p. 17]). In contrast to the previous section for the coherent presentation we
assume below that the initial object of the consideration is the equation (8),
wt =

n
X
i=0

B i wi ,

(9)
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which is interpreted as an arbitrary representative of the class of linear evolution
equations.
Denote by DT[ϕ] the Darboux transformation constructed with a nonzero solution ϕ of (9), i.e.,
DT[ϕ](w) = wx −

ϕx
w.
ϕ

The Darboux transformation possesses the useful property of duality. We formulate this in the same way as in [14], which is slightly different from [10, Section 2.4].
Lemma 1. Let w0 be a fixed nonzero solution of (9) and let the Darboux transformation DT[w0 ] map (9) to equation (1). Then α0 = 1/w0 is a solution of the
equation (2) adjoint to equation (1) and DT[α0 ] maps (2) to the equation adjoint
to (9), i.e.,
ut =

n
X
i=0

αt +

n
X
i=0

DT[w0 ]

Ai ui ←−−−− wt =
m
DT[α0 ]

(−1)i (Ai α)i = 0 −−−−→ βt +

n
X

B i wi ,

i=0
n
X

(−1)i (B i β)i = 0.

i=0

Remark 1. Similarly to [14] the Darboux transformation DT[α0 ] is called the dual
to the Darboux transformation DT[w0 ]. Since the twice adjoint equation coincides
with the initial equation, the twice dual Darboux transformation is nothing but
the initial Darboux transformation. This implies that ‘then’ in Lemma 1 can be
replaced by ‘if and only if’.
Remark 2. The Darboux transformation DT[w0 ] from Lemma 1 is a linear mapping of the solution space of (9) to the solution space of (1). The kernel of this
mapping coincides with the linear span hw0 i. Its image is the whole solution space
of (1). Indeed for any solution u of (1) we can find a solution w of (9), mapped
to u, by integrating system (7) with respect to w. By the Frobenius theorem
system (7) is compatible in view of equation (1). Therefore DT[w0 ] generates a
one-to-one linear mapping between the solution space of (9), factorized by hw0 i,
and the solution space of (1).
In the case of even order n Lemma 1 jointly with Remark 2 can be reformulated
in terms of characteristics of conservation laws. Denote equations (1) and (9),
where n ∈ 2N, by L and Lb for convenience.
Lemma 2. If w0 is a nonzero solution of Lb and DT[w0 ](Lb ) = L, then α0 =
1/w0 is a characteristic of L and the Darboux transformation DT[α0 ] maps the
b
characteristic space of L onto the characteristic space of L.
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Proposition 1. Let w0 be a fixed nonzero solution of (9) and let the Darboux
transformation DT[w0 ] map (9) to equation (1). Then the operator associated
with DT[w0 ] is a splitting operator for the pair of operators associated with equations (1) and (9), i.e.,

∂t −

n
X

Ai ∂xi





n
X
i i
DT[w ] = DT[w ] ∂t −
B ∂x .
0

i=0

4

0

i=0

Simplest potential conservation laws: even order

If a potential system is constructed by introducing a potential v with a single local
conservation law of (1), each of its local conservation laws is a simplest potential
conservation law of (1), cf. [13]. We say that a simplest potential conservation law
F̄ of (1) is induced by a local conservation law F of (1) if F̄ contains a conserved
vector which is the pullback of a conserved vector from F with respect to the
projection
$ : J ∞ (t, x | u, v) → J ∞ (t, x | u),
where J ∞ (t, x | u, v) (resp. J ∞ (t, x | u)) denotes the jet space with the independent variables t and x and the dependent variables u and v (resp. the dependent
variable u). In view of Proposition 2 from [8] this is equivalent to that the conservation law F̄ contains a conserved vectors depending upon t, x and derivatives
of u.
Theorem 1. Every simplest potential conservation law of any (1+1)-dimensional
linear evolution equation of even order is induced by a local conservation law of
the same equation.
Proof . Potentials v and ṽ introduced with equivalent conserved vectors are connected by the transformation ṽ = v + f [u], where f [u] is a function of t, x and
derivatives of u. This transformation preserves the property of inducing simplest
potential conservation laws by local ones. Therefore exhaustively to investigate
simplest potential conservation laws of equations from the class (1) with even n it
is sufficient to study local conservation laws of potential systems of the form (5)
associated with canonical conserved vectors of the form (3).
We fix an equation from the class (1) and its characteristic α and consider the
corresponding potential system (5). As the usual potential v is connected with the
modified potential w via a point transformation, we can investigate conservation
laws of the modified potential system (7) instead of (5). Up to equivalence of
conserved vectors on the solution set of (7), we can exclude derivatives of u from
any conserved vector of (7). In other words each local conservation law F̄ of the
modified potential system (7) contains a conserved vector depending solely on t,
x and derivatives of w and therefore is induced by a local conservation law of the
modified potential equation (8).
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As equation (8) also is a (1 + 1)-dimensional linear evolution equation of even
order as the initial equation, its space of conservation laws is exhausted by linear
conservation laws, cf. the discussion in the beginning of Section 2. An arbitrary
characteristic β of (8) depends only upon t and x and satisfies the equation adjoint
to (8). In view of Lemma 2 there exists a characteristic α̃ of (1) such that
β = DT[α]α̃.
The conserved vectors V 1 and V 2 of the modified potential system (7), which
are the pullbacks of the canonical conserved vectors of the initial equation (1) and
the modified potential equation (8), associated with the characteristic α̃ and β,
respectively, are equivalent. Indeed the sum of the densities of V 2 and V 1 is


αx 
αx 
βw + α̃u = α̃x −
α̃ w + α̃ wx +
w = Dx (α̃w).
α
α
Denote by V 0 the trivial conserved vector (−Dx (α̃w), Dt (α̃w)). The conserved
vector V 0 + V 1 + V 2 of the system (7) has zero density and therefore is a trivial
conserved vector. (In fact the conserved vector V 0 + V 1 + V 2 equals zero.) This
means that the conserved vectors −V 1 and V 2 are equivalent.
In summary we prove that any simplest potential conservation law of equation (1) contains a conserved vector which is the pullback of a local conserved
vector of (1).

Remark 3. The explicit construction of a local conserved vector which is equivalent to V 2 in the end of the proof can be replaced by arguments based on the
criterion of induction of potential conservation laws by local ones, cf. Proposition 8
from [8]. Indeed the canonical conserved vector of the modified potential equation (8), which is the trivial projection of V 2 , is associated with the characteristic
β = β(t, x). This is why
2



Div V = β wt −

n
X

i



B wi

i=0



n−1
n−1
X
X
ψt
ψx
i
i i
= β wt − w + ψ
σ ui + ψ
σ Dx wx −
w−u
ψ
ψ
i=0
i=0


n−1

n−1
X
X
i
i
i
= ψβ vt +
σ ui + ψ
(−Dx ) (ψσ β) (vx − αu) + Dx Φ


i=0

i=0

for some differential function Φ of u and v for which the precise expression is
not essential. (It is a linear function in derivatives of u and v with coefficients
depending upon t and x.) In other words the conserved vector V 2 belongs to the
conservation law F̄ of the potential system (5) with the characteristic having the
components
ψβ

and ψ

n−1
X
i=0

(−Dx )i (ψσ i β).
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This characteristic is completely reduced since it does not depend upon derivatives
of u and v. In particular it does not depend upon v. In view of Proposition 8
from [8], the associated local conservation law F̄ of the potential system (5) is
induced by a local conservation law of the initial equation (1).

5

Simplest potential conservation laws: odd order

Theorem 1 cannot be directly extended to (1 + 1)-dimensional linear evolution
equations of odd order since such equations may possess, additionally to linear,
quadratic conservation laws. At the same time it is easy to see that a similar statement can be proved for the case of odd order after restricting to the completely
linear case.
Theorem 2. Every linear simplest potential conservation law of any (1 + 1)dimensional linear evolution equation of odd order, which is related to a linear
potential system, is induced by a local conservation law of the same equation.
A (1+1)-dimensional linear evolution equation L of odd order may additionally
possesses two kinds of simplest potential conservation laws:
• conservation laws of potential systems constructed with conserved vectors
of L which nontrivially contain terms quadratic in derivatives of u and
• quadratic conservation laws of simplest linear potential systems.
Potential conservation laws of the first kind are difficult for investigation. Thus,
in contrast to the linear case, related potential systems usually have no analogues
of potential equations. It seems that an only possibility to study conservation
laws of these systems is the direct application of general methods discussed, e.g.,
in [1–3, 6, 13, 18].
Here we consider only potential conservation laws of the second kind. There
exists a simple criterion to check whether a potential conservation law of this kind
is induced by a local conservation law of the initial equation (1).
Theorem 3. Let α = α(t, x) be a nonzero characteristic of a (1 + 1)-dimensional
linear evolution equation of odd order (1) and
γ = Γw,

Γ=

r
X

g k (t, x)Dxk ,

g r 6= 0,

k=0

be a characteristic of the corresponding modified potential equation (8). Then the
conservation law of potential system (5), which is associated with γ, is induced by
a local conservation law of (1) if and only if the solution ψ = 1/α of (8) belongs
to the kernel of operator Γ, i.e., Γψ = 0.
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Proof . Denote by V the conserved vector of the potential system (5), which
is obtained by the pullback of the canonical conserved vector of the modified
potential equation (8), associated with the characteristic γ, and the consequent
transformation v = αw. Analogously to Remark 3 we have

Div V = γ wt −

n
X

i



B wi

i=0




n−1
n−1
X
X
ψt
ψx
= (Γw) wt − w + ψ
w−u
σ i ui + ψ
σ i Dxi wx −
ψ
ψ
i=0
i=0


 n−1

n−1
X
X

i
i
i
= ψΓ(ψv) vt +
σ ui + ψ
(−Dx ) ψσ Γ(ψv) (vx − αu)
i=0

i=0

+ Dx Φ
for some differential function Φ of u and v the precise expression for which again is
not essential. (It is a quadratic function in derivatives of u and v with coefficients
depending on t and x.) This means that the conserved vector V belongs to the
conservation law of the potential system (5) with the characteristic λ having the
components
ψΓ(ψv)

and

ψ

 n−1
X



(−Dx ) ψσ Γ(ψv) .
i

i

i=0

For the characteristic λ to be completely reduced we have to exclude the derivatives vk , k = 1, . . . , r + n − 1, from it using the differential consequences of the
equation vx = αu. The reduced form of λ depends upon the potential v if and
only if Γψ = 0. Therefore the statement to be proved follows from the criterion
of induction of potential conservation laws by local conservation laws formulated
in [8] as Proposition 8.

Example 1. We construct an example starting from the corresponding modified
potential equation with the known space of quadratic conservation laws. Consider
the “linear Korteweg–de Vries equation”
wt = wxxx

(10)

which is identical with its adjoint. It was proved in [15] that the space of its
quadratic conservation laws is spanned by the conservation laws with the characteristics Γml w, where Γml = Dxm (3tDx2 + x)l Dxm and l, m = 0, 1, 2, . . . .
As the solution ψ of the modified potential equation we choose the function
w = x. The Darboux transformation DT[x] maps equation (10) to the “initial”
equation
ut = uxxx −

3
3
ux + 3 u
x2
x

(11)
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which also is identical with its adjoint. The solution α of the equation (11), dual
to ψ, is u = 1/ψ = 1/x. The potential system constructed by the conservation
law of (11) with the characteristic α = 1/x has the form
vx =

u
,
x

vt =

uxx ux
u
+ 2 − 3.
x
x
x

We have that Γml ψ = 0 if and only if m > 2. Therefore a complete set
of independent simplest purely potential conservation laws of the equation (11),
which are obtained via introducing the potential with the characteristic α = 1/x,
is exhausted by the quadratic conservation laws constructed by the pullback of the
conservations laws of the corresponding modified potential equation (10), having
the characteristics Γml w, where l = 0, 1, 2, . . . and m = 0, 1.

6

Conclusions

In this paper we have studied simplest potential conservation laws of (1+1)-dimensional linear evolution equations, which are constructed via introducing single potentials using linear conservation laws. Such conservation laws are quite trivial
in the case of equations of even order: All simplest potential conservation laws
of any (1 + 1)-dimensional linear evolution equation of even order are induced
by local conservation laws of the same equation and its space of local conservation laws is exhausted by linear ones. Similar results concerning equations of
odd order are more complicated. Although all simplest linear potential conservation laws of these equations are induced by local ones, it is not the case for
quadratic conservation laws. We derive an effective criterion which allows us to
check easily whether a quadratic conservation law of a simplest modified potential
equation leads to a purely potential conservation law for the initial equation. It
is true if and only if any characteristic of this conservation law does not vanish
for the value w = 1/α of the modified potential w, where α is the characteristic of the linear conservation law of the initial equation used for introducing the
potential.
A preliminary analysis shows that all the results obtained in this paper for
simplest conservation laws could be easily extended to the case of an arbitrary
number of potentials introduced with linear conservation laws. The first step of
this investigation should be the construction of the whole linear potential frame
for the class of (1 + 1)-dimensional linear evolution equations of an arbitrary fixed
order as this was done for order two in [14]. It is obvious that the linear potential
frame coincides with the entire potential frame if the order of the equation is even.
The consideration of nonlinear potential systems constructed for equations of
odd order with quadratic conservation laws calls for the development of new tools
which are different from those used for linear potential systems.
Another possible direction for further investigations close to the subject of this
paper is the description of potential symmetries of (1 + 1)-dimensional linear evolution equation of arbitrary order, at least those associated with linear potential
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systems. It seems to us that the approach which was developed in [14] for the case
of equations of order two and is based upon the construction of the extended potential frame and the reduction of the consideration to the study of single modified
potential equations also has to work for an arbitrary order.
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We show that all results of Yaşar and Özer [Comput. Math. Appl. 59 (2010),
3203–3210] on symmetries and conservation laws of a “nonconservative Fokker–
Planck equation” can be easily derived from results existing in the literature
by means of using the fact that this equation is reduced to the linear heat
equation by a simple point transformation. Moreover nonclassical symmetries
and local and potential conservation laws of the equation under consideration
are exhaustively described in the same way as well as infinite series of potential
symmetry algebras of arbitrary potential orders are constructed.

The investigation of Lie symmetries of two-dimensional second-order linear
partial differential equations was one of the first problems considered within the
group analysis of differential equations. The complete group classification of such
equations was carried out by Lie [11] himself and essentially later revisited by
Ovsiannikov [15]. This classification includes, as a special case, the group classification of linear (1+1)-dimensional homogeneous second-order evolution equations
of the general form
ut = a(t, x)uxx + b(t, x)ux + c(t, x)u,

(1)

where a, b and c are arbitrary smooth functions of t and x, a 6= 0. On the other
hand the study of point equivalences between linear evolution equations also have a
long history. It was started with Kolmogorov’s paper [9], where the problem of the
description of Kolmogorov equations that are reduced to the linear heat equation
by certain point transformations was posed. This problem was exhaustively solved
by Cherkasov [2]. Symmetry criteria on equivalence of equations within class (1)
obviously follow from the above Lie–Ovsiannikov group classification. They were
also discussed by a number of authors [1,22,23]. See additionally the review in [19]
and references therein.
A constructive approach to investigation of point equivalences of equations
from the class (1) was suggested by Ibragimov [4]. This approach is based upon
the computation of differential invariants and semi-invariants of the associated
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equivalence group G∼ . In fact in [4] only the semi-invariants of the subgroup
of G∼ , consisting of linear transformations in the dependent variable, were obtained. An efficient criterion on point equivalence of equations from class (1)
to the linear heat equation in terms of semi-invariants of the entire equivalence
group G∼ , depending upon the coefficients of equation (1), was proposed in [8].
This criterion was reformulated in a more compact form in [12]. Therein criteria
of point reducibility to Lie’s other canonical forms were found within Ibragimov’s
approach. It is necessary to note that earlier the equivalence problem for equations from class (1) was exhaustively investigated by Morozov [13] within the
framework of the method of moving frames although the expressions constructed
for related differential invariants and semi-invariants are quite cumbersome.
An exhaustive review of the previous results on group analysis and the equivalence problem within the class (1) as well as the complete description of conservation laws and potential symmetries of equations from this class can be found in
the paper by Popovych, Kunzinger and Ivanova [19].
In a recent paper [24] Lie symmetries, conservation laws, potential symmetries
and solutions were considered for the “nonconservative Fokker–Planck equation”
ut = uxx + xux

(2)

which is a representative of the class (1). After the sign of t is changed, this equation becomes a Kolmogorov backward equation. Although equation (2) is quite
interesting from the mathematical point of view and appears in numerous applications, its investigation in the framework of symmetry analysis is unnecessary
due to the fact that it is reduced to the linear heat equation
wτ = wyy

(3)

by the simple point transformation
1
τ = e2t ,
2

y = et x,

w = u.

(4)

The inverse of (4),
t=

1
ln(2τ ),
2

y
x= √ ,
2τ

u = w,

(5)

is well defined only for τ > 0.
Because of the transformation (4) the results of [24] as well as more general
ones can be easy derived from well-known results on the linear heat equation (3)
existing in the literature for a long time, namely, using the transformation (4), one
can obtain the maximal Lie invariance algebra of the equation (2), the complete
description of its local and potential conservation laws and its potential symmetries of any potential order as well as nonclassical symmetries and wide families
of its exact solutions. (A similar example on usage of point equivalence of a
Fokker–Planck equation to the linear heat equation was presented in [19, p. 156].)
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The maximal Lie invariance algebra of the linear heat equation (3) is
g = h∂τ , ∂y , 2τ ∂τ + y∂y , 2τ ∂y − yw∂w ,
4τ 2 ∂τ + 4τ y∂y − (y 2 + 2τ )w∂w , w∂w , f ∂w i,

where the function f = f (τ, y) is an arbitrary solution of (3) [11, 14, 15]. The
maximal Lie invariance algebra g̃ of the equation (2) was calculated in Section 3
of [24] by the classical infinitesimal method. In contrast to this we directly obtain g̃
from g using the pushforward of vector fields associated with (5):
g̃ = h∂t , e−t ∂x , e−2t ∂t − e−2t x∂x + e−2t u∂u , et ∂x − et xu∂u ,
e2t ∂t + e2t x∂x − e2t x2 u∂u , u∂u , f ∂u i,
where the function f = f (t, x) runs through the solution set of (2).
In emulation of Ibragimov’s approach [5], in Section 4 of [24] conservation laws
of the joint system of the initial equation (2) and its adjoint
αt + αxx − (xα)x = 0

(6)

were constructed using Lie symmetries of the system, namely essential Lie symmetries of (2) were prolonged to the additional dependent variable α. The prolonged
symmetries are Lie symmetries of the joint system of (2) and (6) and variational
symmetries of the corresponding Lagrangian α(ut − uxx − xux ). Therefore conserved vectors of the system are obtained from the prolonged symmetries in view
of the Noether theorem on connections between symmetries and conservation laws.
All conservation laws of the joint system of the linear heat equation (3) and
its adjoint (the linear backward heat equation),
α̃τ = −α̃yy ,

(7)

obtainable with this approach, were calculated in [5, 6]. The point transformation (4) prolonged to the dependent variable α according to the formula α̃ = e−t α
(cf. Section 5 of [19] and in particular equation (26)) maps the joint system of (2)
and (6) to the joint system of (3) and (7). Therefore the result of Section 4 of [24]
is a direct consequence of the result for linear heat equation from [5, 6].
The complete description of local and potential conservation laws of (2) can
be simply obtained as a particular case of the same results of [19] on the entire
class of linear (1+1)-dimensional second-order evolution equations (1). According
to [19, Lemma 3] every local conservation law of any equation from class (1) is of
the first order and moreover it possesses a conserved vector with density depending
at most upon t, x and u and flux depending at most on t, x, u and ux . As was
proven in [19, Theorem 4], each local conservation law of an arbitrary equation
from the class (1) contains a conserved vector of the canonical form

αu, −αaux + ((αa)x − αb)u ,
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where the characteristic α = α(t, x) runs through the solution set of the adjoint
equation
αt + (aα)xx − (bα)x + cα = 0.

(8)

In other words the space of local conservation laws of equation (1) is isomorphic
to the solution space of the adjoint equation (8). An analogous statement is true
for an arbitrary (1 + 1)-dimensional linear evolution equation of even order [20].
As a result the equation (2) possesses, up to the equivalence of conserved
vectors [19, Definition 3], only conserved vectors of the canonical form

αu, −αux + (αx − αx)u ,
where the characteristic α = α(t, x) is an arbitrary solution of the adjoint equation (6). Moreover it follows from Theorem 5 of [19] that any potential conservation law of equation (2) is induced by a local conservation law of this equation.
Potential symmetries of (2) also can be constructed from known potential
symmetries of the linear heat equation (3).
It was proven in [19, Theorem 7] that the linear heat equation (3) admits,
up to the equivalence generated by its point symmetry group, only two simplest
potential systems the Lie symmetries of which are not induced by Lie symmetries
of (3) and therefore are nontrivial potential symmetries of (3). (A potential
system is called simplest if it involves a single potential.) These potential systems
are associated with the characteristics α1 = 1 and α2 = y. The inverse
t=

1
ln(2τ ),
2

y
x= √ ,
2τ

u = w,

α = et α̃

of the transformation (4) prolonged to the dependent variable α maps the characteristics α1 and α2 of equation (3) to the characteristics α̃1 = et and α̃2 = e2t x
of equation (2). The potential systems for equation (2), associated with the characteristics α̃1 and α̃2 , respectively are
v̂x = et u,

v̂t = et ux + et xu

(9)

and
v̌x = e2t xu,

v̌t = e2t xux + e2t (x2 − 1)u.

Their maximal Lie invariance algebras are
p̃1 = h e−2t ∂t − e−2t x∂x , e−t ∂x , ∂t − u∂u , et ∂x − et (xu + xv̂)∂u − v̂∂v̂ ,
e2t ∂t + e2t x∂x − e2t (x2 u + 3u + 2xe−t v̂)∂u − e2t (x2 + 1)v̂∂v̂ ,
u∂u + v̂∂v̂ , e−t gx ∂u + g∂v̂ i,
p̃2 = h ∂t − u∂u , e−2t ∂t − e−2t x∂x ,
e2t ∂t + e2t x∂x − e2t (x2 u + 3u + 2e−2t v̌)∂u − e2t (x2 − 1)v̌∂v̌ ,
u∂u + v̌∂v̌ , et x−1 hx ∂u + h∂v̌ i,

(10)
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where the functions g = g(t, x) and h = h(t, x) run through the solution set of the
associated potential equations, v̂t − v̂xx − xv̂x = 0 and v̌t − v̌xx + (2x−1 − x)v̌x = 0,
respectively. The maximal Lie invariance algebras of these potential equations are
projections of p̃1 and p̃2 to the spaces (t, x, v̂) and (t, x, v̌). Instead of using the
infinitesimal Lie method, the algebras p̃1 and p̃2 can be obtained from the potential
symmetry algebras p1 and p2 of the linear heat equation (see [19, pp. 155–156])
by the transformation (5) trivially prolonged to the corresponding potentials.
Moreover the linear heat equation admits an infinite series {gp , p ∈ N} of
potential symmetry algebras [19, Proposition 12], namely, for any p ∈ N the
algebra gp is of strictly pth potential order (i.e., it involves exactly p independent
potentials) and is associated with p-tuples of characteristics which are linearly
independent polynomial solutions of lowest order of the backward heat equation.
Each of the algebras gp is isomorphic to the maximal invariance algebra g of the
linear heat equation. The linear heat equation possesses also other infinite series
of nontrivial potential symmetry algebras. Due to the change of variables (5),
trivially prolonged to the corresponding potentials, similar results hold true for
the equation (2).
In [24] the classical Lie algorithm was used for finding the maximal Lie invariance algebra of the potential system of the equation (2), which is associated with
2
the characteristic e−x /2 . In fact this system is equivalent, with respect to the Lie
symmetry group of (2), to the simpler potential system (9) associated with the
2
characteristic α̃1 = et . To reduce the characteristic e−x /2 to the characteristic α̃1
it is necessary to apply a point symmetry transformation which is the composition
of a projective transformation and a shift with respect to t.
Nonclassical symmetries of the linear heat equation (3) were exhaustively investigated in [3]. Roughly speaking, it was proved that in both the singular
and regular cases (when the coefficient of ∂t in a nonclassical symmetry operator
vanishes or does not, respectively) the corresponding determining equations are
reduced by nonpoint transformations to the initial equations. Later these no-go
results were extended to all equations from the class (1) [17, 18, 25].
Continuing the list of common errors in finding exact solutions of differential
equations made up by Kudryashov [10], Popovych and Vaneeva [21] indicated
one more common error of such a kind: Solutions are often constructed with
no relation to equivalence of differential equations with respect to point (resp.
contact, resp. potential etc.) transformations. A number of multiparametric
families of exact solutions of the linear heat equation (3) are well known for a
long time and are presented widely in the literature. See e.g. the review [7],
the textbook [14, Examples 3.3 and 3.17], the handbook [16] and the website
EqWorld http://eqworld.ipmnet.ru/. A simple solution of (2) was constructed
in Section 5 of [24] which is similar with respect to the point transformation (4)
to the obvious solution w = c1 y of the linear heat equation (3).
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After a brief survey of the definition and the properties of Λ-symmetries in the
general context of dynamical systems we introduce the notion of “Λ-constant
of motion” for Hamiltonian equations. If the Hamiltonian problem is derived
from a Λ-invariant Lagrangian, it is shown how the Lagrangian Λ-invariance can
be transferred into the Hamiltonian context and shown that the Hamiltonian
equations turn out to be Λ-symmetric. Finally the “partial” (Lagrangian)
reduction of the Euler–Lagrange equations is compared with the reduction
obtained for the corresponding Hamiltonian equations.

1

Introduction (λ-symmetries)

I briefly recall for the reader’s convenience the basic definition of λ-symmetry (with
lower case λ), originally introduced by C. Muriel and J.L. Romero in 2001 [1, 2].
Consider the simplest case of a single ordinary differential equation (ODE)
∆(t, u(t), u̇, ü, . . . ) = 0 for the unknown function u = u(t) (I denote by t the
independent variable, with the only exception being in Section 4, because the
applications I am going to propose concern the case of Dynamical Systems (DS),
where the independent variable is precisely the time t, and u̇ = du/dt etc.). Given
a vector field
X = ϕ(u, t)

∂
∂
+ τ (u, t)
∂u
∂t
(1)

the idea is to modify suitably its prolongation rules. The first λ-prolongation Xλ
is defined by
(1)

Xλ = X (1) + λ(ϕ − τ u̇)

∂
,
∂ u̇

(1)

where λ = λ(u, u̇, t) is a C ∞ function, and X (1) is the standard first prolongation.
Other modifications have to be introduced for higher prolongations, but in the
present paper I need only just the first one.
(n)
An nth-order ODE ∆ = 0 is said to be λ-invariant under X if Xλ ∆
= 0,
(n)

∆=0

where Xλ is the appropriate λ-prolongation of X.
It should be emphasized that λ-symmetries are not properly symmetries because they do not transform in general solutions of a λ-invariant equation into

48

G. Cicogna

solutions. Nevertheless they share with standard Lie point-symmetries some important properties, namely: if an equation is λ-invariant, then
• the order of the equation can be lowered by one,
• invariant solutions can be found (note that conditional symmetries do the
same, but λ-symmetries are clearly not conditional symmetries),
• convenient new (“symmetry adapted”) variables can be suggested.
In the context of DS, which is the main object of this paper, the first two
properties are not effective, the third one is instead one of my starting points.
Before considering the role of λ-symmetries in DS, we recall that many applications and extensions of this notion have been proposed in these past 10 years:
these include extensions to systems of ODE’s, to PDE’s, applications to variational principles and Noether-type theorems, the analysis of their connections
with nonlocal symmetries, with symmetries of exponential type, with hidden or
“lost” symmetries, with potential, telescopic symmetries as well. Other investigations concern their deep geometrical interpretation with the introduction of a
suitable notion of deformed Lie differential operators, the study of their dynamical
effects in terms of changes of reference frames and so forth. Only the papers more
directly involved with the argument considered in this paper are quoted; for a
fairly complete list of references see e.g. [3–5]. A very recent application concerns
discrete difference equations [6].

2

Λ-symmetries for DS

I am going to consider the case of dynamical systems, i.e. systems of first-order
ODE’s
u̇a = fa (u, t)

(a = 1, . . . , m)

for the m > 1 unknowns ua = ua (t).
I start with a trivial (but significant) case: if the DS admits a rotation symmetry, then it is completely natural to introduce new variables, the radius r and
the angle θ, and the DS immediately takes a simplified form, as is well known.
However, in general symmetries of DS may be very singular and/or difficult to
detect. An example can be useful: the DS
u̇1 = u1 u2 ,

u̇2 = −u21

admits the (not very useful or illuminating) symmetry generated by (with r2 =
u21 + u22 )

X =




2u1 u1 u2
u2 − r ∂
2u2 u21
u2 − r ∂
− 3 log
+
− 3 log
.
r2
r
u2 + r ∂u1
r2
r
u2 + r ∂u2
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In this example the rotation (with a commonly accepted abuse of language the
same symbol X denotes both the symmetry and its Lie generator) X = u2 ∂u∂ 1 −
u1 ∂u∂ 2 is a λ-symmetry (its precise definition is given just below) and not a symmetry in the “standard” sense; nevertheless, still introducing the variables as above,
i.e. r and θ, the DS takes the very simple form
ṙ = 0,

θ̇ = −r cos θ.

This is just a first, simple, example of the possible role of λ-symmetries in the
context of DS.

2.1

Λ-symmetries of general DS

The natural way to extend the definition (1) of the first λ-prolongation of the
vector field
X = ϕa (u, t)

∂
∂
+ τ (u, t)
= ϕ · ∇ u + τ ∂t
∂ua
∂t

to the case of m > 1 variables ua is the following (sum over repeated indices)
(1)

XΛ

= X (1) + Λab (ϕb − τ u̇b ) · ∇u̇a ,

where now Λ = Λ(t, ua , u̇a ) is an (m × m) matrix; accordingly I denote by the
upper case Λ these symmetries in this context.
To simplify we assume from now that τ = 0 (or use evolutionary vector field;
it is not restrictive).
Then the given DS is Λ-invariant under X (or X is a Λ-symmetry for the DS),
(1)
i.e., XΛ (u̇ − f )|u̇=f = 0 if and only if
[ f, ϕ ] a + ∂t ϕa = −(Λϕ)a

(a = 1, . . . , m),

where [ f, ϕ ] a ≡ fb ∇ub ϕa − ϕb ∇ub fa .
Given X, we now introduce the following new m +1 “canonical” (or symmetryadapted) variables (notice that they are independent of Λ): precisely, m − 1 variables wj = wj (u) which, together with the time t, are X- invariant:
X wj = X t = 0

(j = 1, . . . , m − 1)

and the coordinate z, “rectifying” the action of X, i.e. X = ∂/∂z. Writing the
given DS in these new variables, we obtain a “reduced” form of the DS, as stated
by the following theorem [7–9].
Theorem 1. Let X be a Λ-symmetry for a given DS; once the DS is written in
terms of the new variables wj , z, t, i.e.
ẇj = Wj (w, z, t),

ż = Z(w, z, t),
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the dependence on z of the r.h.s., Wj , Z, is controlled by the formulas
∂wj
∂Wj
(Λϕ)a ≡ Mj ,
=
∂z
∂ua

∂Z
∂z
(Λϕ)a ≡ Mm .
=
∂z
∂ua

One has:
• If Λ = 0, then Mj = Mm = 0 and Wj and Z are independent of z.
• If Λ = λI, then only Z depends upon z.
• Otherwise a “partial” reduction is obtained: If some Mk = 0, then Wk is
independent of z. In terms of the new variables the Λ-prolongation becomes
(1)

XΛ

=

∂
∂
∂
+ Mj
+ Mm .
∂z
∂ ẇj
∂ ż

The first case (Λ = 0) clearly means that X is an exact, or standard, Lie pointsymmetry [7]; the second has been considered in detail by Muriel and Romero [8]
(notice that actually it would be enough to require Λϕ = λϕ); the last case has
been treated in [9]. Several situations can be met depending upon the number of
vanishing Mj (e.g., one may obtain triangular or similar DS).

2.2

Hamiltonian DS

I now consider the special case in which the DS is an Hamiltonian DS. Obvious
changes in the notation can be introduced: the m variables u = ua (t) are replaced
by the m = 2n variables, qα (t) and pα (t) (α = 1, . . . , n), and the DS is now
the system of the Hamiltonian equations of motion for the given Hamiltonian
H = H(q, p, t):
u̇ = J∇H ≡ F (u, t) ,

∇ ≡ ∇u ≡ (∇q , ∇p ),

where J is the standard symplectic matrix


0 I
J =
.
−I 0
A vector field X can be written accordingly (with a = 1, . . . , 2n ; α = 1, . . . , n) as
X = ϕα (u, t)

∂
∂
+ ψα (u, t)
≡ Φ · ∇u ,
∂qα
∂pα

Φ ≡ (ϕα , ψα )

and all the above discussion clearly holds if X is a Λ-symmetry for an Hamiltonian
DS. Clearly here Λ is a (2n × 2n) matrix. However, Hamiltonian problems possess
certainly a richer structure with respect to general DS and this deserves to be
exploited; a first instance is clearly provided by the notion of conservation rules
with its related topics.
I distinguish two cases:
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(i) X admits a generating function G(u, t) (then X is often called an “Hamiltonian
symmetry”):
Φ = J∇G,

i.e.

ϕ = ∇p G , ψ = −∇q G.

(2)

This implies ∇Dt G = 0, where Dt is the total derivative, i.e., G is a constant of
motion, Dt G = 0, possibly apart from an additional time-dependent term as is
well known.
(ii) X does not admit a generating function: also in this case, defining
S(u, t) ≡ ∇ · Φ,

one has that

Dt S = 0

(3)

and therefore, if S 6= const, then S is a first integral (the examples known to me
of first integrals of this form are rather tricky, being usually obtained multiplying
symmetries by first integrals, but they “in principle” exist and their presence is
important for the following discussion, see Subsection 3.4).
Direct calculations can show the following:
Theorem 2. If the Hamiltonian equations of motion admit a Λ-symmetry X
with a matrix Λ, then in case (i) ∇(Dt G) = J Λ Φ = J Λ J ∇ G and in case (ii)
Dt S = −∇(Λ Φ).
When this happens, G (resp. S) is called a “Λ-constant of motion”.
If Λ = 0, i.e., when X is a “standard” (or “exact”) symmetry, the above
equations become clearly the usual conservation rules; Λ-symmetries can then
be viewed as “perturbations” of the exact symmetries. More explicitly the equations in Theorem 2 state the precise “deviation” from the conservation of G (resp.
of S) due to the fact that the invariance under X is “broken” by the presence of
a nonzero matrix Λ.
As a special case for case (i) the following Corollary may be of interest:
Corollary 1. Under mild assumptions (Λ Φ = λ Φ, λ = λ(G)) the Λ-constant of
motion G satisfies a “completely separated equation” involving only G(t):
Ġ = γ(t, G).
This equation expresses how much the conservation of G(t) is “violated” along
the time evolution. If Λ is in some sense “small”, then G is “almost” conserved.

3
3.1

When a Λ-symmetry of the Hamiltonian equations
is inherited by a Λ-invariant Lagrangian
Λ-invariant Lagrangians, Noether theorem and
Λ-conservation rules

I consider (for simplicity) only first-order Lagrangians:
L = L(qα , q̇α , t)

(α = 1, . . . , n).
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Such a Lagrangian is said to be Λ(L) -invariant [10, 11] under
X (L) = ϕα (q, t)

∂
= ϕ · ∇q
∂qα

(L) (1)
if there is an (n×n) matrix Λ(L) = Λ(L) (q, q̇, t) such that XΛ
(L) = 0, where
(L) (1)
XΛ
is the first Λ(L) -prolongation of X (L) (the notation is rather heavy in
order to distinguish carefully the Lagrangian case from the Hamiltonian one which
is considered in the next subsection). We then have [11]

Theorem 3. If the Lagrangian L is Λ(L) -invariant under X (L) , then, putting
Pαβ = ϕα pβ with pβ = ∂∂L
q̇β , one has
(L)

Dt P = −Λαβ ϕβ


∂L
= − Λ(L) ϕ α pα ,
∂ q̇α

bt
where P = Tr(P) = ϕα pα . If one introduces a “deformed derivative” D
(L)

b t )αβ ≡ Dt δαβ + Λ ,
(D
αβ

then

b t P) = 0.
Tr(D

This result can be called the “Noether Λ(L) -conservation rule”. Indeed, if
the standard Noether theorem is recovered.
In the special case Λ(L) ϕ = λϕ the above result becomes

Λ(L) = 0,

b t P = 0,
D

where

b t = Dt + λ.
D

Theorem 3 can be extended [11] to divergence symmetries and to generalized
symmetries as well. Also higher-order Lagrangians can be included. The Λ(L) conservation rule has the same form, but Pαβ is different: for instance for secondorder Lagrangians one has
Pαβ = ϕα

3.2


∂L
b t )αγ ϕγ ∂L − ϕα Dt ∂L .
+ (D
∂ q̇β
∂ q̈β
∂ q̈β

From Lagrangians to Hamiltonians

Assume that one has a Lagrangian which is Λ(L) -invariant under a vector field
X (L) = ϕα

∂
∂qα

and introduces the corresponding Hamiltonian H with its Hamiltonian equations
of motion. The natural question is whether the Λ(L) -symmetry X (L) of the Lagrangian is transferred to some Λ(H) -symmetry X (H) of the Hamiltonian equations
of motion. Two problems then arise: i) to extend the vector field X (L) to a suitable vector field X (H) and ii) to extend the (n × n) matrix Λ(L) to a suitable
(2n × 2n) matrix Λ(H) .
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Firstly the vector field X (H) is expected to have the form
X ≡ X (H) = ϕα

∂
∂
+ ψα
,
∂qα
∂pα

(4)

where the coefficient functions ψ must be determined. This can be done observing
that the variables p are related to q̇ (and then the first Λ(L) -prolongation of X (L)
is needed, where the “effect” of Λ(L) is present). One finds, after some explicit
calculations, that
(L)

∂ϕβ
∂ 
∂L  ∂Λβγ
∂L
(L)
ψα =
Dt P + Λβγ ϕγ
−
ϕγ
− pβ
.
∂ q̇α
∂ q̇β
∂ q̇α
∂ q̇β
∂qα

(5)

The term in parenthesis vanishes if the Lagrangian is Λ(L) -invariant thanks to
Theorem 3. In addition, if Λ(L) does not depend upon q̇ (as happens in most
cases, otherwise a separate treatment is needed, see Subsection 3.4), then we are
left with
ψα = −pβ

∂ϕβ
.
∂qα

(6)

This implies that X admits a generating function, which is just G = ϕα pα ≡ P
in the notation introduced in Theorem 3.
Secondly one now introduces the (2n × 2n) matrix
Λ(L)

=
∂Λ(L)
−
pγ
∂qα


Λ ≡ Λ(H)

0
Λ(2)


,

where Λ(2) must satisfy (Λ is not uniquely defined, as is well known)
(2)

Λαβ

∂ϕγ
(L) ∂ϕβ
= Λγβ
.
∂qβ
∂qα

It is well known that Euler–Lagrange equations coming from a Λ(L) -invariant
Lagrangian do not exhibit Λ-symmetry in general. In contrast with this it is not
difficult to verify explicitly that the Hamiltonian equations of motion turn out to
be Λ(H) -symmetric under the vector field X (H) obtained according to the above
prescription.
In conclusion I have shown the following
Theorem 4. If L is a Λ-invariant Lagrangian under a vector field X (L) with a
matrix Λ(L) (not depending on q̇), one can extend X (L) to a vector field X ≡ X (H)
and the (n × n) matrix Λ(L) to a (2n × 2n) matrix Λ ≡ Λ(H) in such a way that the
resulting Hamiltonian equations of motion are Λ-symmetric under X; in addition
G = ϕα pα is a Λ-constant of motion.
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Example 1. The Lagrangian (with n = 2)
2

1
1 q̇1
− q1 + (q̇1 − q1 q̇2 )2 exp(−2q2 ) + q1 exp(−q2 )
L=
2 q1
2
is Λ(L) -invariant under
X (L) = q1

∂
∂
+
∂q1 ∂q2

with Λ(L) = diag (q1 , q1 ).

It is easy to write the Hamiltonian equations of motion and to check that they
are indeed Λ-symmetric under
X = q1

∂
∂
∂
+
− p1
∂q1 ∂q2
∂p1

with


Λ = Λ(H)

q1
0
0
 0
q
0
1
= 
−p1 −p2 q1
0
0
0


0
0
.
0
0

X-invariant coordinates are w1 = q1 exp(−q2 ), w2 = q1 p1 and w3 = p2 . As is
expected, the generating function G = w2 + w3 satisfies the Λ-conservation rule
∇u Dt G = JΛΦ

or Dt G = −q1 G.

A special, but rather common, case is described by the following:
Corollary 2. If Λ(L) ϕ = c ϕ, where c is a constant, then also ΛΦ = c Φ and the
“most complete” reduction of the Hamiltonian equations of motion is obtained:
Ġ = γ(G, t),

3.3

ẇj = Wj (w, G, t)

and

ż = Z(w, G, z, t).

Reduction of the Euler–Lagrange equations versus
the Hamiltonian equations

In this section I want to compare the reduction procedure which is provided by the
presence of a Λ-symmetry of a Lagrangian (i.e. the reduction of Euler–Lagrange
equations) with the analogous reduction of the Hamiltonian equations of motion.
I start by recalling that any vector field X = ϕα ∂/∂qα admits n (0th-order)
invariants (as already said, see Subsection 2.1)
wj = wj (q, t)

(j = 1, . . . , n − 1)

and the time t

and n first-order differential invariants ηα = ηα (q, t, q̇) under the first prolongation X (1)
X (1) ηα = 0

(α = 1, . . . , n).
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Both if X (1) is standard and if it is a Λ prolongation (under the condition Λ ϕ =
λ ϕ), it is well known that ẇj are n − 1 first-order differential invariants (note
that this is an “algebraic” property and is not related to dynamics). If one now
chooses another independent first-order differential invariant ζ = ζ(q, t, q̇), then
one has that any first-order Λ(L) -invariant Lagrangian is a function of the above
2n invariants t, wj , ẇj and ζ. When one writes the Lagrangian in terms of these
variables, the Euler–Lagrange equation for ζ is then simply
∂L
= 0.
∂ζ
This first-order equation provides in general a “partial” reduction, i.e., it produces
only particular solutions, even when the Euler–Lagrange equations for the other
variables are considered [3, 10] (notice that this is true both for exactly invariant
and for Λ(L) -invariant Lagrangians).
I want to emphasize that, if one introduces Λ-symmetric Hamiltonian equations
of motion along the lines stated in Theorem 4, a “better” reduction is obtained
and no solution is lost. The following example clarifies this point.
Example 2. The Lagrangian (n = 2)



2
1 q̇1
1 q̇1 q̇2 2
L =
− log q1 +
+
2 q1
2 q1 q2

(q1 > 0)

is Λ(L) -invariant under
X (L) = q1

∂
∂
− q2
∂q1
∂q2

with Λ(L) = diag (1, 1). With w = q1 q2 , ẇ = q̇1 q2 + q1 q̇2 , ζ =
Lagrangian becomes
L =

q̇1
q1

− log q1 the

1 2 1 ẇ2
ζ +
2
2 w2

and the Euler–Lagrange equation for ζ is
∂L/∂ζ = ζ = 0

or q̇1 = q1 log q1

with the particular solution q1 (t) = exp(c et ). The corresponding Hamiltonian
equations of motion are Λ-symmetric under
X = q1

∂
∂
∂
∂
− q2
− p1
+ p2
∂q1
∂q2
∂p1
∂p2

with Λ = diag (1, 1, 1, 1). Invariants under this X are
w1 = q1 q2 ,

w 2 = q 1 p1 ,

w 3 = q 2 p2
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and X is generated by G = w2 − w3 . A “complete” reduction is obtained. With
z = log q1 we get
ẇ1 = w1 w3 ,

ẇ2 = w3 − w2 ,

Ġ = −G,

ż = z + w2 − w3 .

The above “partial” (Lagrangian) solution ζ = 0 corresponds to
ż = z,

w2 = w3 = c = const,

ẇ1 = cw1 .

From the Hamiltonian equations, instead, one has e.g. q1 (t) = exp(cet )+c1 exp(−t)
etc. The reader can easily complete the calculations.

3.4

When Λ(L) depends upon q̇

If Λ depends also on q̇ (see equations (4) and (5)), the calculations performed
in Subsection 3.2 cannot be repeated, the coefficient functions ψα cannot be expressed in the simple form (6) and the vector field X does not admit a generating
function G. In this case one can resort to the other quantity S, introduced in (3),
which provides a Λ-constant of motion. An example can completely illustrate this
situation.
Example 3. (n = 1) The Lagrangian
L =

2
1  q̇
+ 1 exp(−2q)
2 q

∂
is Λ(L) -invariant under X (L) = q ∂q
with Λ(L) = q + q̇. One finds ψ = −qp − p
and the resulting vector field

X = q

∂
∂
− (qp + p)
∂q
∂p

does not admit a generating function. Nevertheless the Hamiltonian equations of
motion are Λ-symmetric under X with


q + q̇
0
Λ =
.
−p q + q̇
Here S = −q satisfies Dt S = −∇(ΛΦ) and is a Λ-constant of motion.

4

A digression: general Λ-invariant Lagrangians

The Λ-invariance of a Lagrangian L = L(q, q̇, t) considered in Subsection 3.1 is
a special case of a much more general situation. Instead of n time-dependent
quantities qα (t), consider now n “fields”
uα (xi )

(α = 1, . . . , n ; i = 1, . . . , s)
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depending upon s > 1 real variables xi . Now the Euler–Lagrange equations
become a system of PDEs and the notion of µ-symmetry [12, 13] replaces that of
λ-symmetry (or Λ-symmetry if n > 1).
In this case there are s > 1 matrices Λi (n × n), which must satisfy the compatibility condition
Di Λj − Dj Λi + [Λi , Λj ] = 0

(Di ≡ Dxi ).

(7)

b i = Di δ + Λi (or in explicit form (D
b i )αβ =
This can be rewritten putting D
Di δαβ + (Λi )αβ with a notation extending the one introduced in Theorem 3) as
b i, D
b j ] = 0. Then one has [12, 13]:
[D
Theorem 5. Given s > 1 matrices Λi satisfying (7), there exists (locally) an
(n × n) nonsingular matrix Γ such that Λi = Γ−1 (Di Γ). If a Lagrangian L is
Λ-invariant under a vector field X = ϕα ∂/∂uα , then there is a matrix-valued
vector Pi ≡ (Pi )αβ which is Λ-conserved.
P This Λ-conservation law holds in the
form (with the symbol Tr defined to be nα=1 )


Tr Γ−1 Di Γ Pi = 0
or in the equivalent forms
Di Pi = −(Λi )αβ (Pi )βα = −Tr(Λi Pi ),
b i Pi ) = 0.
Tr(D

where

Pi = (Pi )αα = Tr Pi ,

For first-order Lagrangians one has
(Pi )αβ = ϕα

∂L
,
∂uβ,i

where

uβ,i =

∂uβ
.
∂xi

and for second-order Lagrangians
(Pi )αβ = ϕβ


∂L
b j )βγ ϕγ ∂L − ϕβ Dj ∂L .
+ (D
∂uα,i
∂uα,ij
∂uα,ij

Example 4. Let n = s = 2. For ease of notation we write x, y instead of x1 , x2
and u = u(x, y), v = v(x, y) instead of u1 , u2 . Consider the vector field
X = u

∂
∂
+
∂u ∂v

and the two matrices


0 0
Λ1 =
,
ux 0

(8)


Λ2 =

0 0
uy 0




and then

Γ =

It is easy to check that the Lagrangian
 1

1 2
L =
ux + u2y − ux vx + uy vy + u2 exp(−2v)
2
u


1 0
.
u 1
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is Λ-invariant (or better, in this context, µ-invariant) but not invariant under the
b i Pi ) = 0 takes here the form
above vector field X. The µ-conservation law Tr(D



uy 
ux
Di Pi ≡ Dx uux − vx −
+ Dy uuy − vy −
= u2x + u2y .
u
u
In agreement with Theorem 5, the r.h.s. of this expression is precisely equal to
−Tr(Λi Pi ) = −(Λi ϕ)α

∂L
.
∂uα,i

Notice that in this case the quantity u2x +u2y is just the “symmetry-breaking term”,
i.e. the term which prevents the above Lagrangian from being exactly symmetric
under the vector field (8).
It should be remarked that µ-symmetries are actually strictly related to standard symmetries, or – more precisely – are locally gauge-equivalent to them (see
for details [4, 11, 14]).
Given indeed the vector field X = ϕα ∂/∂uα and the s matrices Λi , I denote by
(∞)

XΛ

=

X

Ψ(J)
α

J

∂
∂uα,J

the infinite Λ-prolongation of X, where the sum is over all multi-indices J as usual
(0)
e
and Ψα = ϕα . Introducing now the other vector field X
e ≡ φeα ∂
X
∂uα

with ϕ
eα ≡ (Γ ϕ)α ,

where Γ is assigned in Theorem 5, and denoting by
e (∞) =
X

X

ϕ
e(J)
α

J

∂
∂uα,J

e one has [11,13] that the coefficient functions Ψ(J)
the standard prolongation of X,
α
(J)
of the Λ prolongation of X are connected to the coefficient functions ϕ
eα of the
e by the relation
standard prolongation of X
−1 (J)
Ψ(J)
eα .
α = Γ ϕ

In the particularly simple case n = 1 (i.e. a single “field” u(xi )) the s > 1 matrices
Λi and the matrix Γ as well become (scalar) functions λi and γ; in this case, if a
Lagrangian is µ-invariant under the vector field X, then it is also invariant under
e = γX. In addition the µ conservation law can be also
the standard symmetry X
expressed as a standard conservation rule
ei = 0
Di P
e i = γ ϕα ∂L/∂uα,i is the “current density vector” determined by the vector
where P
e = γX.
field X
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Example 5. Let now n = 1, s = 2, and let me introduce for convenience as
independent variables the polar coordinates r, θ. I am considering a single “field”
u = u(r, θ) and the rotation vector field X = ∂/∂θ. The Lagrangian
L =

1 2
1
r exp(−θ)u2r + exp(θ)u2θ
2
2

is clearly not invariant under rotational symmetry (if  6= 0), but is µ-invariant
with λ1 = 0, λ2 = . The above Lagrangian is the Lagrangian of a perturbed
Laplace equation, indeed the Euler–Lagrange equation is the PDE
r2 urr + 2rur + exp(2θ)(uθθ +  uθ ) = 0.
It is easy to check that the current density vector
P≡



− r2 exp(−θ)ur uθ ,


1
1 2
r exp(−θ)u2r − exp(θ)u2θ
2
2

satisfies the µ-conservation law
Di Pi = −P2 .
According to the above remark on the (local) equivalence of the µ-symmetry
e = γ X = exp(θ) ∂/∂θ also the (standard)
X to the standard symmetry X
i
e
conservation law Di P = 0 holds with


e ≡ − r2 ur uθ , 1 r2 u2 − 1 exp(2θ)u2 .
P
r
θ
2
2

5

Conclusions

I have shown that the notion of λ-symmetry and the related procedures for studying differential equations can be conveniently extended to the case of dynamical
systems.
The use and the interpretation of this notion becomes particularly relevant
when the DS is an Hamiltonian system and even more if the symmetry is inherited
by an invariant Lagrangian: in this context indeed it is possible to introduce in
a natural way and to draw a comparison between the notions of Λ-constant of
motion and of Noether Λ-conservation rule. Similarly the symmetry properties
of Euler–Lagrange equations and of the Hamiltonian ones can be compared, and
some reduction techniques for the equations can be conveniently introduced.
Finally I have shown that the Λ-invariance of the Lagrangians in the context
of the DS is a special case of a more general and richer situation, where several
independent variables are present and a Λ-conservation rule of very general form
is true.
Another interesting problem is the nontrivial relationship between λ (or Λ
or µ) symmetries with the standard ones. An aspect of this problem has been
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mentioned in the above section of this paper. In different situations this may
involve the introduction of nonlocal symmetries and other concepts in differential
geometry, as briefly indicated in the Introduction, which clearly go beyond the
scope of the present contribution.
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We consider the problem of constructing Poisson brackets with prescribed
Casimir functions. The problem is completely solved in the case of an almost
symplectic manifold.

1

Introduction

Let f be an arbitrary smooth function on R3 and define
{x, y} =

∂f
,
∂z

{x, z} = −

∂f
∂y

and {y, z} =

∂f
.
∂x

(1)

Then this bracket is Poisson and it has f as Casimir function.
More generally let f1 , f2 , . . . , fk be functionally independent smooth functions
on Rk+2 and Ω a nonvanishing (k + 2)-smooth form on Rk+2 . Then the formula
{g, h}Ω = dg ∧ dh ∧ df1 ∧ · · · ∧ dfk

(2)

defines a Poisson bracket on Rk+2 with f1 , . . . , fk as Casimir invariants. The Jacobian Poisson structure (2) (the bracket {g, h} is equal, up to a coefficient function,
with the usual Jacobian determinant of (g, h, f1 , . . . , fk )) appeared in [2] in 1989
where it was attributed to H. Flaschka and T. Ratiu. The first explicit proof
appeared in [9]. The first application of formula (2) is in [2,3] in conjunction with
transverse Poisson structures to subregular elements in gl(n, C). It was shown
that the transverse Poisson structure to the subregular orbit which is usually
computed using Dirac’s constraint formula can be calculated using the Jacobian
Poisson structure (2). This fact was extended to any simple Lie algebra in [5]. In
the same paper it is also proved that with a suitable change of coordinates the
transverse Poisson structure is reduced to a three-dimensional structure of the
form (1).
The purpose of this paper is to generalize formula (2) in the case of R2n with
given (2n − 2k) functionally independent functions f1 , f2 , . . . , f2n−2k . Actually
we prove the result in the more general setting of an almost symplectic manifold
(M, ω0 ) with
 a volume form Ω which is a power of ω0 . We assume that the matrix
{fi , fj }0 of the brackets of f1 , . . . , f2n−2k with respect to Λ0 (the bivector field
on M corresponding to ω0 ) is invertible on an open and dense subset U of M .
Then the (2n − 2)-form

g
ω0k−2
1
ω0 ∧
∧ df1 ∧ · · · ∧ df2n−2k ,
(3)
Φ=− σ+
f
k−1
(k − 2)!
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where f satisfies f 2 = det {fi , fj }0 , σ is a 2-form on M satisfying some special
requirements (see Theorem 1) and g = iΛ0 σ, corresponds to a Poisson tensor field
Λ on M with orbits of dimension at most 2k for which f1 , . . . , f2n−2k are Casimir
∞
functions. Precisely Λ = Λ#
0 (σ) and the associated bracket of Λ on C (M ) is
∞
given for any h1 , h2 ∈ C (M ) by


1
g
ω k−2
{h1 , h2 }Ω = − dh1 ∧ dh2 ∧ σ +
ω0 ∧ 0
∧ df1 ∧ · · · ∧ df2n−2k . (4)
f
k−1
(k − 2)!
Conversely, if Λ is a Poisson tensor on (M, ω0 ) of rank at most 2k on an open and
dense subset U of M , then there are 2n − 2k functionally independent smooth
functions f1 , . . . , f2n−2k on U and a suitable 2-form σ on M such that ΨΛ = −iΛ Ω
and {·, ·} are given, respectively, by (3) and (4).
The proof of this result is given in Section 3. Section 2 consists of preliminaries
and fixing the notation. Finally in Section 4 we give two applications. One on
Dirac brackets and one which gives as a byproduct a new method to obtain the
Volterra lattice from the Toda lattice.

2

Preliminaries

We start by fixing our notation and by recalling the most important notions and
formulas needed in this paper. Let M be a real smooth m-dimensional manifold,
T M and T ∗ M its tangent and cotangent bundles and C ∞ (M ) the space of smooth
functions on M . For each p ∈ Z we
V p (M ) and Ωp (M ) the spaces of
Vpdenote by V
T M and p T ∗ M . By convention we set
smooth sections, respectively, of
p
p
0
V (M ) = Ω (M ) = {0}, for p < 0, V (M ) = Ω0 (M ) = C ∞ (M ) and, taking into
account the skew-symmetry, we have V p (M ) = Ωp (M ) = {0}, for p > m. Finally
we set V(M ) = ⊕p∈Z V p (M ) and Ω(M ) = ⊕p∈Z Ωp (M ).

2.1

From multivector fields to differential forms and back

There is a natural pairing between the elements of Ω(M ) and V(M ) that is the
C ∞ (M )-bilinear map h·, ·i : Ω(M ) × V(M ) → C ∞ (M ), (η, P ) 7→ hη, P i, defined
as follows: For any η ∈ Ωq (M ) and P ∈ V p (M ) with p 6= q, hη, P i = 0; for
any f, g ∈ Ω0 (M ), hf, gi = f g; while, if η = η1 ∧ η2 ∧ · · · ∧ ηp ∈ Ωp (M ) is a
decomposable p-form (ηi ∈ Ω1 (M )) and P = X1 ∧ X2 ∧ · · · ∧ Xp is a decomposable
p-vector field (Xi ∈ V 1 (M )),
hη, P i = hη1 ∧ η2 ∧ · · · ∧ ηp , X1 ∧ X2 ∧ · · · ∧ Xp i = det(hηi , Xj i).
The above definition is extended to the nondecomposable forms and multivector fields by bilinearity in a unique way. Precisely, for any η ∈ Ωp (M ) and
X1 , . . . , Xp ∈ V 1 (M ),
hη, X1 ∧ X2 ∧ · · · ∧ Xp i = η(X1 , X2 , . . . , Xp ).
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Similarly, for P ∈ V p (M ) and η1 , η2 , . . . , ηp ∈ Ω1 (M ),
hη1 ∧ η2 ∧ · · · ∧ ηp , P i = P (η1 , η2 , . . . , ηp ).
For the interior product iP : Ω(M ) → Ω(M ) of differential forms by a p-vector
field P , viewed as a C ∞ (M )-linear endomorphism of Ω(M ) of degree −p, we adopt
the following convention. If P = X ∈ V 1 (P ) and η is a q-form, iX η is the element
of Ωq−1 (M ) defined for any X1 , . . . , Xq−1 ∈ V 1 (M ) by
(iX η)(X1 , . . . , Xq−1 ) = η(X, X1 , . . . , Xq−1 ).
If P = X1 ∧ X2 ∧ · · · ∧ Xp is a decomposable p-vector field, we put
iP η = iX1 ∧X2 ∧···∧Xp η = iX1 iX2 · · · iXp η.
More generally, recalling that each P ∈ V p (M ) can be locally written as the sum
of decomposable p-vector fields, we define as iP η, with η ∈ Ωq (M ) and q ≥ p, the
unique element of Ωq−p (M ) such that for any Q ∈ V q−p (M )
hiP η, Qi = (−1)(p−1)p/2 hη, P ∧ Qi.

(5)

Similarly we define the interior product jη : V(M ) → V(M ) of multivector fields
by a q-form η. If η = α ∈ Ω1 (M ) and P ∈ V p (M ), then jα P is the unique (p − 1)vector field on M given, for any α1 , . . . , αp−1 , by
(jα P )(α1 , . . . , αp−1 ) = P (α1 , . . . , αp−1 , α).
Moreover, if η = α1 ∧ α2 ∧ · · · ∧ αq is a decomposable q-form, we set
jη P = jα1 ∧α2 ∧···∧αq P = jα1 jα2 · · · jαq P.
Hence, using the fact that any η ∈ Ωq (M ) can be locally written as the sum of
decomposable q-forms, we define jη to be the C ∞ (M )-linear endomorphism of
V(M ) of degree −q which associates with each P ∈ V p (M ) (p ≥ q) the unique
(p − q)-vector field jη P defined for any ζ ∈ Ωp−q (M ) by
hζ, jη P i = hζ ∧ η, P i.
If the degrees of η and P are equal, i.e., q = p, the interior products jη P and iP η
are up to sign equal:
jη P = (−1)(p−1)p/2 iP η = hη, P i.
The Schouten bracket [·, ·] : V(M ) × V(M ) → V(M ), which is a natural extension of the usual Lie bracket of vector fields on the space V(M ) [7, 11], is related
with the operator i with the following useful formula due to Koszul [11]. For any
P ∈ V p (M ) and Q ∈ V q (M )
i[P,Q] = [[iP , d], iQ ],

(6)
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where the brackets on the right hand side of (6) denote the graded commutator
of graded endomorphisms of Ω(M ), i.e., for any two endomorphisms E1 and E2
of Ω(M ) of degrees e1 and e2 , respectively, [E1 , E2 ] = E1 ◦ E2 − (−1)e1 e2 E2 ◦ E1 .
Hence we have
i[P,Q] = iP ◦ d ◦ iQ − (−1)p d ◦ iP ◦ iQ
− (−1)(p−1)q iQ ◦ iP ◦ d + (−1)(p−1)q−p iQ ◦ d ◦ iP .

(7)

Furthermore for a given smooth volume form Ω on M , i.e., Ω is a nowhere
vanishing element of Ωm (M ), the interior product of p-vector fields on M , p =
0, 1, . . . , m, with Ω yields a C ∞ (M )-linear isomorphism Ψ of V(M ) onto Ω(M )
such that for each degree p, 0 ≤ p ≤ m,
Ψ : V p (M ) → Ωm−p (M ),
P

7→ Ψ(P ) = ΨP = (−1)(p−1)p/2 iP Ω.

Its inverse maps Ψ−1 : Ωm−p (M ) → V p (M ) is defined for any η ∈ Ωm−p (M ) by
Ψ−1 (η) = jη Ω̃, where Ω̃ denotes the dual m-vector field of Ω, i.e., hΩ, Ω̃i = 1.
By composing Ψ with the exterior derivative d on Ω(M ) and Ψ−1 we obtain the
operator D = −Ψ−1 ◦ d ◦ Ψ which was introduced by Koszul [11]. It is of degree
−1 and of square 0 and it generates the Schouten bracket. For any P ∈ V p (M )
and Q ∈ V(M )

[P, Q] = (−1)p D(P ∧ Q) − D(P ) ∧ Q − (−1)p P ∧ D(Q) .
(8)

2.2

Poisson manifolds

We recall the notion of Poisson manifold and some of its properties the proofs of
which may be found, for example, in the books [7, 13, 15].
A Poisson structure on a smooth manifold M is a Lie algebraic structure on
C ∞ (M ) the bracket of which { , } : C ∞ (M )×C ∞ (M ) → C ∞ (M ) satisfies Leibniz’
rule:
{f, gh} = {f, g}h + g{f, h},

∀ f, g, h ∈ C ∞ (M ).

In [14] A. Lichnérowicz remarks that { , } gives rise to a contravariant antisymmetric tensor field Λ on M of order 2 such that Λ(df, dg) = {f, g} for f, g ∈ C ∞ (M ).
Conversely each such bivector field Λ on M gives rise to a bilinear and antisymmetric bracket { , } on C ∞ (M ), {f, g} = Λ(df, dg), f, g ∈ C ∞ (M ), that satisfies
the Jacobi identity, i.e., for any f, g, h ∈ C ∞ (M ), {f, {g, h}} + {g, {h, f }} +
{h, {f, g}} = 0, if and only if [Λ, Λ] = 0, where [ , ] denotes the Schouten bracket
on V(M ). In this case Λ is called a Poisson tensor and the manifold (M, Λ)
Poisson manifold.
As was proved in [9], it is a consequence of expression (2.1) of [·, ·] that an
element Λ ∈ V 2 (M ) defines a Poisson structure on M if and only if
2iΛ dΨΛ + dΨΛ∧Λ = 0.
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Equivalently, using formula (8) of [·, ·] and the fact that, for any P ∈ V p (M ),
◦ iP = (−1)(p−1)p/2 P ∧ Ψ−1 , the last condition can be written as

Ψ−1

2Λ ∧ D(Λ) = D(Λ ∧ Λ).

(9)

Given a Poisson tensor Λ on M , we can associate to it a natural homomorphism
Λ# : Ω1 (M ) → V 1 (M ), which maps each element α of Ω1 (M ) to a unique vector
field Λ# (α) such that for any β ∈ Ω1 (M )
hα ∧ β, Λi = hβ, Λ# (α)i = Λ(α, β).
If α = df , f ∈ C ∞ (M ), the vector field Λ# (df ) is called the hamiltonian vector
field of f and it is denoted by Xf . The image ImΛ# of Λ# is a completely
integrable distribution on M and defines the symplectic foliation of (M, Λ) the
space of first integrals of which is the space of Casimir functions of Λ, i.e. the
space of the functions f ∈ C ∞ (M ) that are solutions of Λ# (df ) = 0.
Moreover Λ# can be extended to a homomorphism, also denoted by Λ# , from
p
Ω (M ) to V p (M ), p ∈ N, by setting, for any f ∈ C ∞ (M ), Λ# (f ) = f and, for
any ζ ∈ Ωp (M ) and α1 , . . . , αp ∈ Ω1 (M ),
Λ# (ζ)(α1 , . . . , αp ) = (−1)p ζ(Λ# (α1 ), . . . , Λ# (αp )).

(10)

Thus Λ# (ζ ∧ η) = Λ# (ζ) ∧ Λ# (η) for all η ∈ Ω(M ). When Ω(M ) is equipped with
the Koszul bracket {{·, ·}} defined for any ζ ∈ Ωp (M ) and η ∈ Ω(M ) by

{{ζ, η}} = (−1)p ∆(ζ ∧ η) − ∆(ζ) ∧ η − (−1)p ζ ∧ ∆(η) ,
(11)
where ∆ = iΛ ◦ d − d ◦ iΛ , and V(M ) with the Schouten bracket [·, ·], Λ# becomes
a graded Lie algebraic homomorphism. Explicitly
Λ# ({{ζ, η}}) = [Λ# (ζ), Λ# (η)].

(12)

Example 1. Any symplectic manifold (M, ω0 ), where ω0 is a nondegenerate
closed smooth 2-form on M , is equipped with a Poisson structure Λ0 defined
by ω0 as follows. The tensor field Λ0 is the image of ω0 by the extension of
1
1
[
1
1
the isomorphism Λ#
0 : Ω (M ) → V (M ), inverse of ω0 : V (M ) → Ω (M ), X 7→
[
p
ω0 (X) = −ω0 (X, ·), to Ω (M ), p ∈ N, given by (10).

2.3

Decomposition theorem for exterior differential forms

In this subsection we begin by reviewing some important results concerning the
decomposition theorem for exterior differential forms on an almost symplectic
manifold (M, ω0 ) of dimension 2n, i.e., ω0 is a nondegenerate smooth 2-form
on M a complete study of which is given in [13] and [12].
Let (M, ω0 ) be an almost symplectic manifold, Λ0 the bivector field on M
associated with ω0 (see, Example 1), Ω = ω0n /n! the corresponding volume form
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on M and Ω̃ = Λn0 /n! the dual 2n-vector field of Ω. We define an isomorphism
∗ : Ωp (M ) → Ω2n−p (M ) by setting
∗ ϕ = (−1)(p−1)p/2 iΛ# (ϕ)
0

ω0n
n!

for any ϕ ∈ Ωp (M ).
Remark 1. In order to be in agreement with the convention of sign adopted
in (5) for the interior product, we make a sign convention for ∗ different from the
one given in [13].
The (2n − p)-form ∗ ϕ is called the adjoint of ϕ relative to ω0 . The isomorphism ∗ has the following properties:
i) ∗ ∗ = Id.
ii) For any ϕ ∈ Ωp (M ) and ψ ∈ Ωq (M )
∗ (ϕ ∧ ψ) = (−1)(p+q−1)(p+q)/2 iΛ# (ϕ)∧Λ# (ψ)
0

0

ω0n
n!

= (−1)(p−1)p/2 iΛ# (ϕ) (∗ ψ) = (−1)pq+(q−1)q/2 iΛ# (ψ) (∗ ϕ).
0

(13)

0

iii) For any k ≤ n
∗

ω0k
ω0n−k
=
.
k!
(n − k)!

Definition 1. A smooth form ψ ∈ Ω(M ) such that iΛ0 ψ = 0 everywhere on M
is said to be effective. A smooth form ϕ on M is said to be simple if it can be
written as ϕ = ψ ∧ (ω0k /k!), where ψ is effective.
Proposition 1. The adjoint of an effective differential form ψ of degree p ≤ n is
∗ ψ = (−1)p(p+1)/2 ψ ∧

ω0n−p
.
(n − p)!

The adjoint ∗ ϕ of a smooth (p + 2k)-simple form ϕ = ψ ∧
p(p+1)/2

∗ ϕ = (−1)

ω0n−p−k
ψ∧
.
(n − p − k)!

ω0k
is
k!
(14)

Lepage’s Decomposition Theorem 2. Every differential form ϕ ∈ Ω(M ) of
degree p ≤ n may be uniquely decomposed as the sum
ϕ = ψp + ψp−2 ∧ ω0 + · · · + ψp−2q ∧

ω0q
q!
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with q ≤ [p/2] ([p/2] being the largest integer less than or equal to p/2), where for
s = 0, . . . , q the differential forms ψp−2s are effective and may be calculated from
ϕ by means of iteration of the operator iΛ0 . Then its adjoint ∗ ϕ may be uniquely
written as the sum

ω0
∗ ϕ = (−1)p(p+1)/2 ψp − ψp−2 ∧
+
n−p+1

(n − p)!
ω0n−p
· · · + (−1)q
ψp−2q ∧ ω0q ∧
.
(n − p + q)!
(n − p)!
We continue by indicating the relation which links ∗ with Ψ and its effect on
p
p
Poisson structures. Since Λ#
0 : Ω (M ) → V (M ), p ∈ N, defined by (10) is an
isomorphism, for any smooth p-vector field P on M there exists an unique p-form
σp ∈ Ωp (M ) such that P = Λ#
0 (σp ). So it is clear that
ΨP = ∗ σp .

(15)

In particular a bivector field Λ on (M, ω0 ) can be viewed as the image Λ#
0 (σ) of
#
a 2-form σ on M by the isomorphism Λ0 . We want to establish the condition
on σ under which Λ = Λ#
0 (σ) is a Poisson tensor. For this reason we consider
the codifferenrial operator δ = ∗ d ∗ introduced in [12], which is of degree −1 and
satisfies the relation δ 2 = 0, and we prove
Lemma 1. For any differential form ζ on (M, ω0 ) of degree p ≤ n
Ψ−1 (ζ) = Λ#
0 (∗ ζ).

(16)

Proof . Let η be a smooth (2n − p)-form on M . We have

 

 n

Λn
Λn
ω0
#
hη, Ψ−1 (ζ)i = η, jζ 0 = η ∧ ζ, 0 = (−1)2n
, Λ#
(η)
∧
Λ
(ζ)
0
0
n!
n!
n!

 n
ω0
#
= (−1)p(2n−p)
, Λ#
0 (ζ) ∧ Λ0 (η)
n!


ω0n #
p(2n−p)
(p−1)p/2
= (−1)
(−1)
iΛ# (ζ) , Λ0 (η)
0
n!



ω0n
#
p(2n−p)
(p−1)p/2
2n−p
= (−1)
(−1)
(−1)
η, Λ0 iΛ# (ζ)
0
n!



n
ω0
= (−1)(p−1)p/2 η, Λ#
= hη, Λ#
0 iΛ#
0 (∗ ζ)i,
0 (ζ) n!
whence (16) follows. (We remark that the number p(2n − p) + (2n − p) =
(2n − p)(p + 1) is even for any p ∈ N.)

Theorem 1. Under the above notations Λ = Λ#
0 (σ) defines a Poisson structure
on (M, ω0 ) if and only if
2σ ∧ δ(σ) = δ(σ ∧ σ).

(17)
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Proof . We have seen that Λ is a Poisson tensor if and only if (9) holds, but in our
#
#
case Λ = Λ#
0 (σ) so that Λ ∧ Λ = Λ0 (σ ∧ σ) and Λ0 is an isomorphism. Therefore

2Λ ∧ D(Λ) = D(Λ ∧ Λ) ⇔ −2Λ ∧ (Ψ−1 ◦ d ◦ Ψ)(Λ) = −(Ψ−1 ◦ d ◦ Ψ)(Λ ∧ Λ)


(15)
−1
−1
⇔ 2Λ#
d ∗ (σ ∧ σ)
0 (σ) ∧ Ψ (d ∗ σ) = Ψ
(16)

⇔

#
#
2Λ#
0 (σ) ∧ Λ0 (∗ d ∗ (σ)) = Λ0 (∗ d ∗ (σ ∧ σ))

#
Λ#
0 (2σ ∧ δσ) = Λ0 δ(σ ∧ σ)

⇔

2σ ∧ δ(σ) = δ(σ ∧ σ)

⇔

and we are done.



Remark 2. Brylinski [1] observed that, when the manifold is symplectic, i.e.,
dω0 = 0, δ is equal, up to sign, to ∆ = iΛ0 ◦ d − d ◦ iΛ0 . Then in this framework
(17) is equivalent to {{σ, σ}}0 = 0 ({{·, ·}}0 being the Koszul bracket (11) associated
to Λ0 ), which means that σ is a complementary 2-form on (M, Λ0 ) in the sense of
I. Vaisman [16].

3

Poisson structures with prescribed Casimirs
on almost symplectic manifolds

Let (M, ω0 ) be a 2n-dimensional almost symplectic manifold, Λ0 the bivector
field associated with ω0 and Ω = ω0n /n! the corresponding volume form on M .
We consider 2n − 2k smooth functions, f1 , f2 , . . . , f2n−2k , on (M, ω0 ) such that
the matrix {fi , fj }0 of their brackets with respect to Λ0 is invertible on an open
and dense subset U of M . This last assumption assures that f1 , . . . , f2n−2k are
functionally independent on U. We want to describe the Poisson structures Λ on
(M, ω0 ) with symplectic leaves of dimension at most 2k which have as Casimirs
the functions f1 , f2 , . . . , f2n−2k .
We denote by Xfi the hamiltonian vector field of fi , i = 1, . . . , 2n − 2k, with
respect to Λ0 , i.e., Xfi = Λ#
0 (dfi ), by D = hXf1 , Xf2 , . . . , Xf2n−2k i the distribution
on M generated by Xf1 , . . . , Xf2n−2k and by D◦ its annihilator. The invertibility
assumption of the matrix {fi , fj }0 on U implies that the function

f=

Λn−k
0
df1 ∧ · · · ∧ df2n−2k ,
(n − k)!




=


ω0n−k
, Xf1 ∧ · · · ∧ Xf2n−2k , (18)
(n − k)!


which satisfies f 2 = det {fi , fj }0 , never vanishes on U and that at every point
x ∈ U Dx = D ∩ Tx M is a symplectic subspace of Tx M . Thus Tx M = Dx ⊕
#
◦
◦
◦
∗
∗
◦
◦ ◦
orthω0 Dx = Dx ⊕Λ#
0x (Dx ), where Dx = D ∩Tx M , and Tx M = Dx ⊕(Λ0x (Dx )) =
◦
Dx ⊕ hdf1 , . . . , df2n−2k ix . Finally we denote by σ the smooth 2-form on M which
2
corresponds via the isomorphism Λ#
0 to an element Λ of V (M ).
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Proposition 2. A bivector field Λ on (M, ω0 ) of rank at most 2k on M has
as unique Casimirs the functions
V2f1 , ◦. . . , f2n−2k if and only if its corresponding
2-form σ is a smooth section of
D of maximal rank on U.
Proof . Effectively for any fi , i = 1, . . . , 2n − 2k
#
Λ(dfi , ·) = 0 ⇔ Λ#
0 (σ)(dfi , ·) = 0 ⇔ σ(Xfi , Λ0 (·)) = 0.

(19)

Thus f1 , . . . , f2n−2k are the unique Casimir functions of Λ on U if and only if the
vector fields Xf1 , . . . , Xf2n−2k with functionally independent hamiltonians on U
generate kerV
σ, i.e., for any x ∈ U Dx = ker σx[ . The last relation means that σ is

a section of 2 D◦ of maximal rank on U.
With the notation above we can formulate the following theorem:
Theorem 2. Let f1 , . . . , f2n−2k be smooth functions on an almost symplectic man
ωn
ifold (M, ω0 ) with volume form Ω = 0 such that the Poisson matrix {fi , fj }0
n!
with
respect
to
Λ
is
invertible
on
an
open
and dense subset U of M and σ a section
0
V2 ◦
D of maximal rank on U that satisfies (17). Then the (2n − 2)-form
of
Φ=−


1
g
ω0k−2
σ+
ω0 ∧
∧ df1 ∧ · · · ∧ df2n−2k ,
f
k−1
(k − 2)!

(20)

where f is given by (18) and g = iΛ0 σ, corresponds to a Poisson tensor field
Λ with orbits of dimension at most 2k for which f1 , . . . , f2n−2k are Casimirs.
∞
Precisely Λ = Λ#
0 (σ) and the associated bracket of Λ on C (M ) is given for any
h1 , h2 ∈ C ∞ (M ) by


1
g
ω k−2
{h1 , h2 }Ω = − dh1 ∧ dh2 ∧ σ +
ω0 ∧ 0
∧ df1 ∧ · · · ∧ df2n−2k . (21)
f
k−1
(k − 2)!
Conversely, if Λ is a Poisson tensor on (M, ω0 ) of rank 2k on an open and
dense subset U of M , then there are 2n − 2k functionally
independent smooth
V
functions f1 , . . . , f2n−2k on U and a section σ of 2 D◦ of maximal rank on U
satisfying (17), such that ΨΛ and {·, ·} are given, respectively, by (20) and (21).
Proof . We denote by Ω̃ = Λn0 /n! the dual 2n-vector field of Ω on M and we set
Λ = jΦ Ω̃. For any fi , i = 1, . . . , 2n − 2k, we have
Λ# (dfi ) = −jdfi Λ = −jdfi jΦ Ω̃ = −jdfi ∧Φ Ω̃ = −j0 Ω̃ = 0,
which means that f1 , . . . , f2n−2k are Casimir functions of Λ. We see below that
Λ = Λ#
0 (σ). Thus Λ defines a Poisson structure on M having the required properties. We calculate the adjoint form ∗ Φ of Φ:



g
ω0k−2
1
(13)
σ+
ω0 ∧
∧ df1 ∧ · · · ∧ df2n−2k =
∗Φ = − ∗
f
k−1
(k − 2)!
 


g
ω0k−2
(2n−2k−1)(2n−2k)/2 1
−(−1)
iX ∧···∧Xf2n−2k ∗
σ+
ω0 ∧
.
f f1
k−1
(k − 2)!
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From Lepage’s decomposition theorem σ can be written as σ = ψ2 + ψ0 ω0 , where
ψ2 is an effective 2-form on M and ψ0 = iΛ0 σ/(iΛ0 ω0 ) = −g/n. (It is easy to
check that iΛ0 ω0 = −hω0 , Λ0 i = −Tr(ω0[ ◦ Λ#
0 )/2 = −Tr(I2n )/2 = −n.) Hence


σ+




ω0k−2
g
g
ω0k−2
g
ω0 ∧
= ψ2 − ω 0 +
ω0 ∧
k−1
(k − 2)!
n
k−1
(k − 2)!

= ψ2 ∧

ω0k−2
n − k + 1 ω0k−1
+
g
(k − 2)!
n
(k − 1)!

and
∗




g
ω k−2
σ+
ω0 ∧ 0
k−1
(k−2)!



ω k−2
= ∗ ψ2 ∧ 0
(k−2)!

n−(k−2)−2







n−k+1
ω0k−1
+
g ∗
n
(k−1)!

n−(k−1)

ω0
n−k+1
ω0
+
g
(n − (k − 2) − 2)!
n
(n − (k − 1))!


n−k
n−k
g
ω0
ω0
= − ψ2 − ω 0 ∧
= −σ ∧
.
n
(n − k)!
(n − k)!
(14)

= −ψ2 ∧

(22)

Consequently


1
ω0n−k
iX ∧···∧Xf2n−2k −σ ∧
f f1
(n − k)!

1
∧ · · · ∧ Xf2n−2k σ = f σ = σ.
f

(2n−2k−1)(2n−2k)/2

∗ Φ = −(−1)
(5)(19)

=

1
f



ω0n−k
, X f1
(n − k)!

(23)

#
−1
Applying (16) to the above relation, we obtain Λ#
0 (σ) = Λ0 (∗ Φ) = Ψ (Φ) =
jΦ Ω̃ = Λ. Thus according to Theorem 1 Λ defines a Poisson structure on M with
orbits of dimension at most 2k for which f1 , . . . , f2n−2k are Casimir functions.
Obviously the associated bracket of Λ on C ∞ (M ) is given by (21). For any
h1 , h2 ∈ C ∞ (M )

{h1 , h2 } = jdh1 ∧dh2 Λ = jdh1 ∧dh2 jΦ Ω̃ = jdh1 ∧dh2 ∧Φ Ω̃ ⇔


1
g
ω k−2
{h1 , h2 }Ω = − dh1 ∧ dh2 ∧ σ +
ω0 ∧ 0
∧ df1 ∧ · · · ∧ df2n−2k .
f
k−1
(k−2)!
Conversely, if Λ is a Poisson tensor on (M, ω0 ) with symplectic leaves of dimension at most 2k, then in a neighborhood U of a nonsingular point we can
construct a system of local coordinates (z1 , . . . , z2k , f1 , . . . , f2n−2k ) in which the
symplectic leaves of Λ are defined by fl = const, l = 1, . . . , 2n − 2k and the matrix
of Λ0 has the form




A2k
0
, where A2k = {zi , zj }0 and B2n−2k = {fl , fm }0 .
0 B2n−2k
V
Also, according to Proposition 2 and to Theorem 1, there is a section σ of 2 D◦
of maximal rank almost everywhere on M that satisfies (17) such that Λ = Λ#
0 (σ).
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We prove that the (2n − 2)-form ΨΛ = −iΛ# (σ) Ω = ∗ σ can be written as in (20).
0
2
Since ω0 is nondegenerate, f 2 = df1 ∧ · · · ∧ df2n−2k , Λn0 /n!
= det B2n−2k 6= 0
on U . Thus Ω can be written on U as
Ω=

1 ω0k
∧ df1 ∧ · · · ∧ df2n−2k
f k!

and


1
ω0k
iΛ
∧ df1 ∧ · · · ∧ df2n−2k .
ΨΛ = −iΛ Ω = −
f
k!
ωk

We now proceed to calculate the (2k − 2)-form −iΛ k!0 . Note that
So from (13) we get that

(24)
ω0k
k!



ω0n−k
ω0k
=∗ σ∧
.
−iΛ
k!
(n − k)!

ω n−k

0
= ∗ (n−k)!
.

(25)

Taking again the calculation of (22) in the inverse direction, we have




g
ω0k−2
ω0n−k
=−∗∗ σ+
ω0 ∧
∗ σ∧
(n − k)!
k−1
(k − 2)!


k−2
g
ω0
=− σ+
ω0 ∧
.
k−1
(k − 2)!


(26)

Therefore by replacing (26) in (25) and the obtained relation in (24) we prove that
ΨΛ results in the expression (20). Then it is clear that {·, ·} is given by (21). 

4
4.1

Some examples
Dirac brackets

Let (M, ω0 ) be a symplectic manifold of dimension 2n, Λ0 its associated Poisson
structure and f1 , . . . , f2n−2k smooth functions on M the differentials of which are
linearly independent at each point in the submanifold M0 of M defined by the
equations f1 (x) = 0, . . . , f2n−2k (x) = 0. We assume that the matrix {fi , fj }0
is invertible on an open neighborhood W of M0 in M and we denote by cij the
coefficients
of its inverse matrix which are smooth functions on W such that
P2n−2k
{f
,
f
i
j }0 cjk = δik . We consider on W the 2-form
j=1
σ = ω0 +

X

cij dfi ∧ dfj .

(27)

i<j

V
We prove that it is a section of 2 D◦ of maximal rank on W which verifies (17).
As in Section 3, D denotes the subbundle of T M generated by the Hamiltonian
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vector fields Xfi of fi , i = 1, . . . , 2n−2k, with respect to Λ0 and D◦ its annihilator.
For any Xfl , l = 1, . . . , 2n − 2k, we have
X
X
σ(Xfl , ·) = ω0 (Xfl , ·) +
cij hdfi , Xfl idfj = −dfl +
cij {fl , fi }0 dfj
i<j

= −dfl +

X

i<j

δlj dfj = −dfl + dfl = 0,

j


V
which means that σ is a section of 2 D◦ → W. The assumption that {fi , fj }0 is
invertible assures us that D is a symplectic
subbundle
W M . So for any x ∈ W
V
V of TV
, df2n−2k ix +
Tx∗ M = Dx◦ ⊕ hdf1 , . . . , df2n−2k ix and 2 Tx∗ M = 2 Dx◦ + 2 hdf1 , . . .V
2 ∗
T M and
Dx◦ ∧ hdf1P
, . . . , df2n−2k ix . However, ω0 is a nondegenerate
section
of
V2
hdf1 , . . . , df2n−2k i of maxthe part i<j cij dfi ∧ dfj of σ is a smooth section of
imal rank on W because det(cij ) 6= 0 on W. Thus σ is of maximal rank on W.
Also we have


X
X
g = iΛ0 σ = − ω0 +
cij dfi ∧ dfj , Λ0 = −n −
cij {fi , fj }0
i<j

i<j

= −n + (n − k) = −k, and

g
ω0k−2
1
(23)(20)
ω0 ∧
∧ df1 ∧ · · · ∧ df2n−2k
∗σ = − σ +
f
k−1
(k − 2)!


X
1
ω k−2
k
=−
ω0 +
ω0 ∧ 0
∧df1 ∧. . .∧df2n−2k
cij dfi ∧dfj −
f
k−1
(k − 2)!
i<j

=

ω0k−1

1
∧ df1 ∧ · · · ∧ df2n−2k .
f (k − 1)!

(28)

Consequently
 df
 (13) 1
(28)
δσ = (∗ d ∗)σ = ∗ − ∧ (∗ σ) = − iXf σ and
f
f
1
2
(29)
2σ ∧ δ(σ) = − σ ∧ (iXf σ) = − iXf (σ ∧ σ).
f
f
On the other hand


ω0k−1
1
(13)
(28)
∗ (σ ∧ σ) = −iΛ# (σ) (∗ σ) = −
i #
∧ df1 ∧ · · · ∧ df2n−2k
0
f Λ0 (σ) (k − 1)!
 

ω0n−k+1
(25) 1
=
∗ σ∧
∧ df1 ∧ · · · ∧ df2n−2k
f
(n − k + 1)!


X
1
k
ω k−3
(22)(27)
= −
ω0 +
cij dfi ∧ dfj −
ω0 ∧ 0
∧ df1 ∧ · · · ∧ df2n−2k
f
k−2
(k−3)!
i<j

ω0k−3

2
∧
∧ df1 ∧ · · · ∧ df2n−2k and
f (k − 3)!
 df
 (13) 1
(30)
δ(σ ∧ σ) = ∗ d ∗ (σ ∧ σ) = ∗ − ∧ ∗ (σ ∧ σ) = − iXf (σ ∧ σ).
f
f
=

(30)
(31)
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From (29) and (31) we conclude that σ satisfies (17). Thus according to Theorem 2
the bivector field
X
Λ = Λ#
(σ)
=
Λ
+
cij Xfi ∧ Xfj
0
0
i<j

defines a Poisson structure on W the corresponding bracket of which {·, ·} on
C ∞ (W, R) is given for any h1 , h2 ∈ C ∞ (W, R) by
{h1 , h2 }Ω =

ω0k−1
1
dh1 ∧ dh2 ∧
∧ df1 ∧ · · · ∧ df2n−2k .
f
(k − 1)!

(32)

In the above expression of Λ we recognize the Poisson structure defined by Dirac [6]
on an open neighborhood W of the constrained submanifold M0 of M and in (32)
the expression of Dirac bracket given in [10].

4.2

Periodic Toda and Volterra lattices

In this paragraph we study the linear Poisson structure ΛT associated to the
periodic Toda lattice of n particles. This Poisson structure has two well-known
Casimir functions. Following Theorem 2 we construct another Poisson structure
having the same Casimir invariants with ΛT . It turns out that this structure
decomposes as a direct sum of two Poisson tensors one of which (involving only
the a variables in Flaschka’s coordinates) is the quadratic Poisson bracket of
the Volterra lattice (also known as the KM-system). It agrees with the general
philosophy (see [4]) that one obtains the Volterra lattice from the Toda lattice by
restricting to the a variables.
The periodic Toda lattice of n particles (n ≥ 2) is the system of ordinary
differential equations on R2n which in Flaschka’s [8] coordinate system (a1 , . . . ,
an , b1 , . . . , bn ) takes the form
ȧi = ai (bi+1 − bi ) and ḃi = 2(a2i − a2i−1 ) (i ∈ Z and (ai+n , bi+n ) = (ai , bi )).
This system is hamiltonian with respect to the nonstandard Lie–Poisson structure
ΛT =

n
X
i=1

ai

 ∂
∂
∂ 
∧
−
∂ai
∂bi ∂bi+1

P
on R2n and it has as hamiltonian the function H = ni=1 (a2i +b2i /2). The structure
ΛT is of rank 2n − 2 on


n
X
2n
U = (a1 , . . . , an , b1 , . . . , bn ) ∈ R
a1 · · · ai−1 ai+1 · · · an 6= 0
i=1

and it admits two Casimir functions: C1 = b1 + b2 + · · · + bn and
2 = a1 a2 . . . an .
PC
n
2n
We consider on R the standard
form ω0 =
i=1 dai ∧ dbi , its
Pn symplectic
∂
∂
associated Poisson tensor Λ0 =
∧
and
the
corresponding
volume
i=1 ∂ai
∂bi
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ωn

element Ω = n!0 = da1 ∧ db1 ∧ · · · ∧ dan ∧ dbn . The hamiltonian vector fields of C1
and C2 with respect to Λ0 are
XC1 = −

n
X
∂
∂ai

and XC2 =

n
X

a1 . . . ai−1 ai+1 . . . an

i=1

i=1

∂
.
∂bi

So D = hXC1 , XC2 i and
◦

D =

X
n

n
X

(αi dai + βi dbi ) ∈ Ω1 (R2n )

i=1
n
X

αi = 0

and

i=1


a1 · · · ai−1 βi ai+1 · · · an = 0 .

i=1
0
The family of 1-forms (σ1 , . . . , σn−1 , σ10 , . . . , σn−1
),

σj = daj − daj+1

and σj0 = aj dbj − aj+1 dbj+1 ,

j = 1, . . . , n − 1,

◦
provides a basis of D(a,b)
at every point (a, b) ∈ U. The section of maximal rank
V2 ◦
D → U, which corresponds to ΛT via the isomorphism Λ#
σT of
0 and satisfies
(17), is written in this basis as

σT =

n−1
X

σj ∧

 n−1
X

j=1


σl0 .

l=j

We now consider on R2n the 2-form
 n−1
 n−1
n−2
n−2
X
X 
X
X 
0
σl0
σl +
σj ∧
σ=
σj ∧
j=1

=

n−2
Xh

l=j+1

j=1

l=j+1

(daj − daj+1 ) ∧ (daj+1 − dan )

j=1

i
+ (aj dbj − aj+1 dbj+1 ) ∧ (aj+1 dbj+1 − an dbn )
=

n 
X


daj ∧ daj+1 + aj aj+1 dbj ∧ dbj+1 .

j=1

V
It is a section of 2 D◦ the rank of which depends upon the parity of n; if n is odd,
its rank is 2n − 2 on U, while, if n is even, its rank is 2n − 4 almost everywhere
on R2n . Also after a long computation we can confirm that it satisfies (17). Thus
its image via Λ#
0 , i.e. the bivector field
Λ=

n 
X
j=1

aj aj+1

∂
∂
∂
∂ 
∧
+
∧
,
∂aj ∂aj+1 ∂bj ∂bj+1
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defines a Poisson structure on R2n with symplectic leaves of dimension at most
2n − 2, when n is odd, that has C1 and C2 as Casimir functions. (When n is even,
Λ has two more Casimir functions.) We remark that (R2n , Λ) can be viewed as
the product of Poisson manifolds (Rn , ΛV ) × (Rn , Λ0 ), where
ΛV =

n
X
j=1

aj aj+1

∂
∂
∧
∂aj ∂aj+1

and Λ0 =

n
X
∂
∂
∧
.
∂bj ∂bj+1
j=1

The Poisson tensor ΛV is the quadratic bracket of the periodic Volterra lattice on
Rn and, when n is odd, it has C2 as unique Casimir function.
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86962 Futuroscope Chasseneuil Cedex, France
E-mail: sabourin@math.univ-poitiers.fr, pol.vanhaecke@math.univ-poitiers.fr
We announce some results which involve some new, evidently integrable systems of Toda type. More specifically we construct a large family of Hamiltonian
systems which interpolate between the classical Kostant–Toda lattice and the
full Kostant–Toda lattice and we discuss their integrability. There is one such
system for every nilpotent ideal I in a Borel subalgebra b+ of an arbitrary
simple Lie algebra g. The classical Kostant–Toda lattice corresponds to the
case of I = [n+ , n+ ], where n+ is the unipotent ideal of b+ , while the full
Kostant–Toda lattice corresponds to I = {0}. We mainly focus on the case of
g being of type A, B or C with I = [[n+ , n+ ] , n+ ] which we call the height-2
Toda lattice. Complete proofs of the announced results will appear in a future
publication.

1

Introduction

The classical Toda lattice is the mechanical system with Hamiltonian function
H(q1 , . . . , qN , p1 , . . . , pN ) =

N
N −1
X
1 2 X qi −qi+1
pi +
e
.
2
i=1

i=1

It describes a system of N particles on a line connected by exponential springs.
The differential equations which govern this lattice can be transformed via a
change of variables due to Flaschka [9] to a Lax equation L̇ = [L+ , L], where L is
the Jacobi matrix


b1 a1 0 · · ·
···
0

.. 
a1 b2 a2 · · ·
. 




.
.
 0 a2 b3

.

 ,
L=.
(1)
.
.
.
.. ..
.. 
 ..



 ..

..
..
.

.
.
a
N −1

0

···

···

aN −1

bN
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and L+ is the skew-symmetric part of L in the Lie algebra decomposition lower
triangular plus skew-symmetric. Lax equations define isospectral deformations;
though the entries of L vary over time, the eigenvalues of L remain constant. It
follows that the functions Hi = 1i Tr Li are constants of motion. Moreover they
are in involution with respect to a Poisson structure associated to the above Lie
algebra decomposition.
There is a generalization due to Deift, Li, Nanda and Tomei [5] who showed
that the system remains integrable when L is replaced by a full symmetric N × N
matrix. The resulting system is called the full symmetric Toda lattice. The
functions Hi := 1i Tr Li are still in involution, but they are not enough to ensure
integrability. It was shown in [5] that there are additional integrals, called chop
integrals, which are rational functions of the entries of L. They are constructed
as follows. For k = 0, . . . , [ (N 2−1) ], denote by (L − λ IdN )k the result of removing
the first k rows and the last k columns from L − λ IdN and let
det(L − λ IdN )k = E0k λN −2k + · · · + EN −2k,k .

(2)

det (L − λ IdN )k
= λN −2k + I1k λN −2k−1 + · · · + IN −2k,k .
E0k

(3)

Set

The functions Irk , where r = 1, . . . , N − 2k and k = 0, . . . , [ N 2−1 ], are independent constants of motion, they are in involution and sufficient to account for the
integrability of the full Toda lattice.

1.1

Bogoyavlensky–Toda

The classical Toda lattice was generalized in another direction. One can define
a Toda-type system for each simple Lie algebra. The finite, nonperiodic Toda
lattice corresponds to a root system of type A` . This generalization is due to
Bogoyavlensky [3]. These systems were studied extensively in [10] in which the
solution of the system was connected intimately with the representation theory
of simple Lie groups. See also Olshanetsky–Perelomov [11] and Adler–van Moerbeke [1]. We call these systems the Bogoyavlensky–Toda lattices. They can be
described as follows.
Let g be any simple Lie algebra equipped with its Killing form h· | ·i. One
chooses a Cartan subalgebra, h of g, and a basis Π of simple roots for the root
system ∆ of h in g. The corresponding set of positive roots is denoted by ∆+ . To
each positive root α one can associate a triple (Xα , X−α , Hα ) of vectors in g which
generate a Lie subalgebra isomorphic to sl2 (C). The set (Xα , X−α )α∈∆+ ∪(Hα )α∈Π
is basis of g and is called a root basis. To these data one associates the Lax
equation L̇ = [L+ , L], where L and L+ are defined as follows:
L=

`
X
i=1

bi H α i +

`
X
i=1

ai (Xαi + X−αi ),

L+ =

`
X
i=1

ai (Xαi − X−αi ).
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The affine space M of all elements L of g of the above form is the phase space
of the Bogoyavlensky–Toda lattice associated to g. The functions which yield the
integrability of the system are the Ad-invariant functions on gwhich are restricted
to M .

1.2

Kostant form

Qi−1
aj . In [10] Kostant
Let D be the diagonal N × N matrix with entries di := j=1
conjugates the matrix L, given by (1), by the matrix D to obtain a matrix of the
form


b1 1
0 ··· ···
0

.. 
..
c1 b2
.
1
. 



.. 
 0 c2 b3 . . .
. 
.
(4)
X=

 .. . .
..
..

.
.
.
.
0



 ..
..
..
.
.
.
1
0

···

···

0

cN −1 bN

The Lax equation takes the form Ẋ = [X+ , X], where X+ is the strictly lower
triangular part of X, according to the Lie algebra decomposition strictly lower
plus upper triangular. This form is convenient in applying Lie theoretic techniques
to describe the system. Note that the diagonal elements correspond to the Cartan
subalgebra while the subdiagonal elements correspond to the set Π of simple roots.
The full Kostant–Toda lattice is obtained by replacing Π with ∆+ in the sense
that one fills the lower triangular part of X in (4) with additional variables. It
leads on the affine space of all such matrices to the Lax equation
Ẋ = [X+ , X],

(5)

where X+ is again the projection to the strictly lower part of X.

1.3

Adapted sets in a root system

Generalizing the above procedure we can introduce the Lax pair (LΦ , BΦ ), where
Φ is any subset of ∆+ containing Π. Thus we have
LΦ =

X
α∈Π

bα H α +

X
α∈Φ

aα (Xα + X−α ),

BΦ =

X

aα (Xα − X−α ).

α∈Φ

In order to have consistency in the Lax equation, since the Lax
P matrix is
symmetric,
the
bracket
[B
,
L
]
should
give
an
element
of
the
form
Φ
Φ
α∈Φ cα Hα +
P
α∈Φ dα (Xα + X−α ). In this case we say that Φ is adapted. A straightforward
computation leads to the following result:
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Proposition 1. The set Φ is adapted if and only if it satisfies the following
property:
∀α, β ∈ Φ,

α − β or β − α ∈ Φ ∪ {0}.

Recall that α − β = 0 means that α − β is not a root.
Thus for each Φ which is adapted we obtain a corresponding Hamiltonian
system and the problem is to study this system and determine whether it is
integrable. We conjecture that in fact it is integrable. We prove this claim for a
particular class of such systems. Note that the special case Φ = Π corresponds to
the classical Toda lattice while the case Φ = ∆+ corresponds to the full symmetric
Toda of [5].
Example 1. We consider a Lie algebra of type B2 . The set of positive roots
∆+ = {α, β, α + β, β + 2α} which corresponds to the full symmetric Toda lattice
with Lax matrix


b1 a1
a3
a4
0
a1 b2
a2
0
−a4 


0
−a2 −a3 
L=
a3 a2
.
a4
0
−a2 −b2 −a1 
0 −a4 −a3 −a1 −b1
This system is completely integrable with integrals h2 = 12 TrL2 which is the
Hamiltonian, h4 = 12 TrL4 and a rational integral which is obtained by the method
of chopping as in [5].
Taking Φ = {α, β, α + β} we obtain another integrable system with Lax matrix


b1 a1 a3
0
0
a1 b2 a2
0
0 



0
−a2 −a3 
L = a3 a2
.
 0 0 −a2 −b2 −a1 
0 0 −a3 −a1 −b1
The matrix L+ is defined as above, i.e. the skew-symmetric part of L. Again there
is rational integral given by I11 = (a1 a2 − a3 b2 )/a3 . Defining the Poisson bracket
by {a1 , a2 } = a3 , {ai , bi } = −ai , i = 1, 2, and {a1 , b2 } = a1 we verify easily that
h2 plays the role of the Hamiltonian and I11 is a Casimir. The set {h2 , h4 , I11 } is
an independent set of functions in involution.

2

Intermediate Toda lattices

We have defined some Hamiltonian systems associated to a subset Φ consisting
of positive roots (which we call adapted). The associated matrix is symmetric.
As in the case of classical and full Toda there is also an analogous system defined
by a Lax matrix which is lower triangular (the Kostant–Toda lattices). In this
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paper we restrict our attention to this version of the systems. In this section
we show that these Hamiltonian systems are associated to a nilpotent ideal of
a Borel subalgebra of a semisimple Lie algebra g. Since for particular (extreme)
choices of the ideal one finds the classical Kostant–Toda lattice or the full Kostant–
Toda lattice associated to g, we call these Hamiltonian systems intermediate Toda
lattices.

2.1

The phase space MI

Throughout this section g is an arbitrary complex semisimple Lie algebra, the
rank of which we denote by `. We fix a Cartan subalgebra h of g and a basis
Π = {α1 , . . . , α` } of the root system ∆ of g with respect to h. The choice of
Π amounts to the choice of a Borel subalgebra b+ = h ⊕ n+ of g. It also leads
to a Borel subalgebra b− = h ⊕ n− corresponding to the negative roots. We
fix an element ε in n+ , satisfying hε | [n− , n− ]i = 0, where h· | ·i stands for the
Killing form of g. One usually picks for ε a principal nilpotent element of n+ . For
example, for g = slN (C), viewed as the Lie algebra of traceless N × N matrices,
one can take for h and for b+ the subalgebras of diagonal, respectively upper
triangular, matrices and for ε one can choose


0 1
0 ... 0
 .. . .
.. 
..
..
.
.
.
.
.



 ..
..
..
ε :=  .
.
.
.
0



 ..
..
.
. 1
0 ... ... ... 0
Let I be a nilpotent ideal of b+ . The quotient map b+ → b+ /I is denoted by PI .
Using the isomorphism b∗+ ' b− induced by the Killing form, we can think of the
orthogonal I ⊥ of I in b∗+ as a vector subspace of b− . We consider the affine space
MI := ε + I ⊥ . Explicitly
MI = {X + ε | X ∈ b− and hX | Ii = 0}.
When I = {0}, MI = b− + ε, which is the phase space of the full Kostant–Toda
lattice. On the other extreme, taking I = [n+ , n+ ] the manifold MI is the phase
space of the classical Kostant–Toda lattice. We therefore call MI the intermediate
Kostant–Toda phase space. Notice that, if I ⊂ J , then MJ ⊂ MI .

2.2

Hamiltonian structure

We show that MI has a natural Poisson structure. To do this we prove that MI is a
Poisson submanifold of g equipped with a Poisson structure {· , ·} the construction
of which1 we firstly recall. We use the theory of R-matrices (see [2, Chapter 4.4]
1

See the appendix of [6] for an alternative construction using symplectic reduction to the
cotangent bundle T ∗ G, where G is any Lie group integrating g.

Height-2 Toda systems

81

for the general theory of R-matrices). Write g = g+ ⊕ g− where g+ := b+ and
g− := n− . For X ∈ g its projection in g± is denoted by X± . The endomorphism
R : g → g, defined for all X ∈ g by R(X) := X+ − X− , is an R-matrix which
means that the bracket on g, defined by
1
[X, Y ]R := ([R(X), Y ] + [X, R(Y )]) = [X+ , Y+ ] − [X− , Y− ]
2
for all X, Y ∈ g, is a (new) Lie bracket on g. The Lie–Poisson bracket on g, which
corresponds to [·, ·]R and which we denote simply by {· , ·} (since it is the only
Poisson bracket on g which we use), is given by
{F, G} (X) = hX | [(∇X F )+ , (∇X G)+ ]i − hX | [(∇X F )− , (∇X G)− ]i

(6)

for every pair of functions, F and G, on g and for all X ∈ g. In this formula the
gradient ∇X F of F at X is the element of g defined by
h∇X F | Y i = hdX F, Y i =

d
dt

F (X + tY ).

(7)

t=0

Proposition 2. Let I be a nilpotent ideal of b+ .
(1) The affine space MI is a Poisson submanifold of (g, {· , ·});
(2) Equipped with the induced Poisson structure MI is isomorphic to (b+ /I)∗ ,
which is equipped with the canonical Lie–Poisson bracket;
(3) A function F on MI is a Casimir function if and only if (∇X F̃ )+ ∈ I for
all X ∈ MI , where F̃ is an arbitrary extension of F to g.
For a function H on MI we denote its Hamiltonian vector field by XH ; our sign
convention is that XH := {· , H} so that XH [F ] = {F, H} for all F ∈ F(M ). The
Hamiltonian of the intermediate Kostant–Toda lattice is the polynomial function
on MI given by
H :=

1
hX |Xi
2

(8)

so that the vector field of the intermediate Kostant–Toda lattice is given by the
Lax equation (on MI )
Ẋ = [X+ , X] .

2.3

(9)

Height k Kostant–Toda lattices

In the sequel of this paper we mainly study the case for which I is an ideal of
height 2, a notion which we introduce in this paragraph. We firstly give some
information on the nilpotent ideals of b+ (see [4]). If I is a nilpotent ideal of
b+ , then I is contained in n+ . For example n+ itself is a nilpotent ideal of b+ .
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For α ∈ ∆+ let Xa denote an arbitrary root vector corresponding to α, i.e.,
[H, Xα ] = hα, Hi Xα for all H ∈ h. Consider a subset, Φ, of ∆+ which has the
property that, if α ∈ Φ, then every root of the form α + β with β ∈ ∆+ belongs
to Φ; we call such a set Φ an admissible set of roots. For such α and β the Jacobi
identity implies that [Xα , Xβ ] is a multiple of Xα+β . It follows that the (vector
space) span of {Xα | α ∈ Φ} is a nilpotent ideal of b+ . Most importantly every
nilpotent ideal of b+ is of this form for a certain admissible set of roots Φ. Thus
the nilpotent ideals of a given Borel subalgebra b+ of g are parametrized by the
family of all subsets Φ of Π+ , which have the property that, if α ∈ Φ, then every
root of the form α + β with β ∈ ∆+ belongs to Φ.
Every positive P
root α ∈ ∆+ can be written as a linear combination of the
simple roots, α = `i=1 ni αi , where all ni are nonnegative integers. The integer
P
ht(α) := `i=1 ni is called the height of α. For k ∈ N, let Φk denote the set of
all roots of height larger than k. It is clear that Φk is an admissible set of roots.
We denote the corresponding ideal of b+ by Ik and we call it a height k ideal.
An alternative description of Ik is as adkn+ n+ . For k = 1, I1 = [n+ , n+ ] is the
ideal which leads to the classical Toda lattice. We consider in the sequel mainly
I2 = [n+ , [n+ , n+ ]] and the corresponding affine space MI2 .
Example 2. Consider a Lie algebra of type C4 . Take Φ = {α1 , α2 , α3 , α4 , α1 +
α2 , α2 + α3 , α3 + α4 }. It gives rise to a height 2 Toda system.
The Lax matrix is


a1 1 0 0
0
0
0
0
 b1 a2 1 0
0
0
0
0 


 c1 b2 a3 1
0
0
0
0 


 0 c2 b3 a4
1
0
0
0 

.
L=
0
0 
 0 0 c3 b4 −a4 −1

 0 0 0 c3 −b3 −a3 −1

0


 0 0 0 0 −c2 −b2 −a2 −1 
0

0

0

0

0

−c1

−b1

−a1

The function
a1 − a2 + a3 − a4 +

2b1 b2 c3 + b1 c2 b4 + b3 b4 c1
c1 c3

is a Casimir. We need five functions to establish
integrability. Since det(L − λI)
P
is an even polynomial of the form λ8 + 3i=0 fi λ2i , we obtain four polynomial
integrals f0 , f1 , f2 , f3 . Using an one-chop we obtain a characteristic polynomial of
the form Aλ2 + B. The function f4 = B/A is the fifth integral.

3

Computation of the rank

In this section we compute the index of the Lie algebra b+ /I2 when b+ is a Borel
subalgebra of a simple Lie algebra of type A` , B` or C` . It yields the rank of the
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corresponding intermediate Kostant–Toda phase space (see Subsection 2.3). We
firstly recall a few basic facts about stable linear forms, the index of a Lie algebra
and the relation to the rank of the corresponding Lie–Poisson structure.

3.1

Stable linear forms

Let a be any complex algebraic Lie algebra and a∗ its dual vector space. The
stabilizer of a linear form ϕ ∈ a∗ is given by
aϕ := {x ∈ a | ad∗x ϕ = 0} = {x ∈ a | ∀y ∈ a, hϕ, [x, y]i = 0}.
The integer min{dim aϕ | ϕ ∈ a∗ } is called the index of a and is denoted by
Ind(a). Since the symplectic leaves of the canonical Lie–Poisson structure on a∗
are the coadjoint orbits, the codimension of the symplectic leaf through ϕ is the
dimension of aϕ . It follows that the index of a is the codimension of a symplectic
leaf of maximal dimension, i.e., the rank of the canonical Lie–Poisson structure on
a∗ is given by dim a − Ind(a); notice that, since the latter rank is always even, the
index of a and the dimension of a have the same parity. A linear form ϕ ∈ a∗ is said
to be regular if dim aϕ = Ind(a). Thus we can use regular linear forms to compute
the index of a and hence the rank of the canonical Lie–Poisson structure on a∗ .
We use the following proposition to compute the index of b+ /I2 .
Proposition 3. Let a be a subalgebra of a semisimple complex Lie algebra g.
Suppose that ϕ is a linear form on a such that aϕ is a commutative Lie algebra
composed of semisimple elements. Then ϕ is regular so that the index of a is given
by dim aϕ .
Proof . A linear form ϕ ∈ a∗ is said to be stable if there exists a neighborhood
U of ϕ in a∗ such that for every ψ ∈ U the stabilizer aψ is conjugate to aϕ with
respect to the adjoint group of a. According to [8] every stable linear form is
regular. According to [7] and [8, Theorem 1.7, Corollary 1.8] ϕ is stable if and
only if [a, aϕ ] ∩ aϕ = {0}. The latter equality holds when aϕ is a commutative Lie
algebra composed of semisimple elements (see [8, Lemma 2.6]). Thus ϕ is stable,
hence regular.


3.2

Computation of the index

In this paragraph we compute the index of b/I under the following assumption
on (the root system of) g:
(H) The roots of height 2 of g are given by {αk + αk+1 | 1 ≤ k ≤ ` − 1}.
For classical Lie algebras the basis Π can be ordered such
P that this assumption
occurs when g is of type A` , B` or C` . Let g = h ⊕ α∈∆+ (gα + g−α ) be the
decomposition of g according to the adjoint action of h. To each positive root α
there corresponds a triple (Xα , X−α , Hα ) of elements of g, where Xα ∈ gα , X−α ∈
g−α , Hα ∈ h and (Xα , X−α , Hα ) generates a subalgebra isomorphic to sl2 (C). We
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recall shortly how such a triple can be constructed. Let hα be the unique element
in h such that hα, Hi = hhα |Hi for all H ∈ h. Define a scalar product on the real
vector-space h∗R by
hα | βi := hhα hβ i = hβ, hα i = hα, hβ i
for all α and β ∈ ∆. We set Hα :=

2
hα . It is clear that hα, Hα i = 2. Choose
hα | αi

Xα ∈ gα , X−α ∈ g−α such that
hXα | X−α i =

2
.
hα | αi

Then (Xα , X−α , Hα ) is the required triple. Moreover




X±αk , X∓αk ∓αk+1 = ±
X
,
X
,
X
= ηk± X∓αk ,
∓α
±α
∓α
∓α
k+1
k+1
k
k+1
k
±
where each of the integers ±
k and ηk is equal to 1 or to −1 depending upon g.
For all α, β ∈ Π let

Cαβ := hβ, Hα i = 2

hα | βi
.
hα | αi

The ` × `-matrix C := (Cij , 1 ≤ i, j ≤ `), where Cij := Cαi αj , is invertible. It is
called the Cartan matrix of g.
Proposition 4. Consider the linear form ϕ on b+ defined for Z ∈ b+ by hϕ, Zi :=
hX | Zi, where X is defined by
X := δ` X−α` +

`−1
X

X−αi −αi+1

(10)

i=1

with δ` := 1 if ` is odd and δ` := 0 otherwise. Denote by ϕ̄ the induced linear
form on b+ /I2 .
(1) ϕ̄ is a regular linear form on b+ /I2 ;
(2) dim(b+ /I2 )ϕ̄ = 1 − δ` ;
(3) The index of b+ /I2 is 1 if the rank ` of g is even and is 0 otherwise.

4

Integrability

We now get to the integrability of the intermediate Kostant–Toda lattice on MI2 ⊂
g for any semisimple Lie algebra g of type A` , B` or C` . Recall that this means
that the Hamiltonian is part of a family of s independent functions in involution,
where s is related to the dimension and the rank of the Poisson manifold MI2
by the formula dim MI2 = 21 Rk MI2 + s. Since dim MI2 = 3` − 1 and since the
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corank of MI2 is 1 if ` is even and 0 otherwise (see item (3) in Proposition 4), we
need s = [3`/2] such functions. According to the Adler–Kostant–Symes Theorem
the ` basic Ad-invariant polynomials provide already ` independent functions
in involution. Thus one needs [`/2] additional ones. As we see, they can be
constructed by restricting certain chop-type integrals, except for the case of C`
for which another integral (Casimir) is needed. We firstly recall from [5] the
construction of the chop integrals on M := ε + b− in the case that g = slN (C)
and explain why they are in involution. Since MI2 is a Poisson submanifold of M ,
their restrictions to MI2 are still in involution (but they may become trivial or
dependent).
We consider g = slN (C) with the standard choice of h and Π (see Subsection 2.1). Let k be an integer, 0 ≤ k ≤ [ N 2−1 ]. For any matrix X we denote by
Xk the matrix obtained by removing the first k rows and last k columns from X.
We denote by Gk the subgroup of GLN (C) consisting of all N × N invertible
matrices of the form


∆ A B
(11)
g = 0 D C ,
0 0 ∆0
where ∆ and ∆0 are arbitrary upper triangular matrices of size k × k and A, B, C
and D are arbitrary2 . The Lie algebra of Gk is denoted by gk . A first, fundamental
and nontrivial observation, due to [5], is that for all g ∈ Gk , decomposed as in (11),
det gXg −1


k

=

det ∆0
det Xk .
det ∆

(12)

This leads to (rational) Gk -invariant functions on g (and hence on M ) which
are constructed as follows. For X ∈ g and for an arbitrary scalar l consider the socalled k-chop polynomial of X defined by Qk (X, λ) := det(X − λ IdN )k . In view of
(12) the coefficients of Qk (as a polynomial in l) define polynomial functions on g,
which transform under the action of g ∈ Gk with the same factor det ∆0 / det ∆.
We write
Qk (X, λ) =

NX
−2k

Ei,k (X)λN −2k−i .

i=0

Each of the rational functions Ei,k /Ej,k is Gk -invariant. By restriction to M this
yields Gk -invariant elements of F(M ). They are called k-chop integrals because
they are integrals (constants of motion) for the full Kostant–Toda lattice. Notice
that the constants of motion Hi := 1i Tr X i are 0-chop integrals and that the Toda
Hamiltonian is expressible in terms of them as H = (H12 − 2H2 )/2.
We show that all chop integrals are in involution. To do this we let F be a
k-chop integral and let F̃ denote its extension to a Gk -invariant rational function
2

With the understanding that, since X is supposed invertible, ∆, ∆0 and D are invertible.
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on g. Similarly let G be a l-chop integral with G` -invariant extension G̃. We may
suppose that k ≤ `. Infinitesimally the fact that F̃ is Gk invariant yields that
iE
D h
=0
(13)
X ∇X F̃ , Y
for all X ∈ g and for all Y ∈ gk . Since b+ ⊂ gk , it follows that
D
h
iE
D
h
iE
X
(∇X F̃ )+ , ∇X G̃ = 0 = X
∇X F̃ , (∇X G̃)+
so that (6) can be rewritten for X ∈ M as
D
h
iE
{F, G}(X) = − X | ∇X F̃ , ∇X G̃ .

(14)

We claim that ∇X G̃ ∈ g` . This follows from the construction of the function
G̃ ∈ F(g): the rational function G̃(X) depends only upon X` , the `-chop of X,
while, if an element Z of g satisfies hg` | Zi = 0, then Z` is the zero matrix. Thus
∇X G̃ ∈ g` ⊂ gk so that (13) implies that the right hand side of (14) is zero for
all X ∈ M . It follows that F and G have zero Poisson bracket.
Notice that in the case of the height 2 intermediate Kostant–Toda lattice all
k-chops with k > 1 vanish and that only a few 1-chops survive. In what follows
we consider separately the cases of A` , B` and C` .

4.1

The case of A`

We firstly consider g = sl`+1 (C), the Lie algebra of traceless matrices of size
N = ` + 1, and take for h, Π and ε the standard choices as before. A general
element of MI2 is then of the form


a1 1
0 ... ...
0

.. 
..
 b1 a2 1
.
. 



.. 
..
 c1 b2 a3
.
1
. 

X=


 0 c2 b3 . . . . . .

0


 .. . . . .

..
..
.
.
.
.
.
1 
0
with

P`+1

...

0

c`−1

b`

a`+1

ai = 0. The 1-chop matrix of X is given by


b1 aλ2
1
0 ...
0

.. 
..
c1 b2 aλ 1
.
.
3




.
.
.
.
 0 c2 b3
.
.
0

,
(X − λ Id`+1 )1 =  . .

..
.. c
 ..
.
b4
1
3


 ..

.. ..
..
λ
.
.
.
. a` 
0 . . . . . . 0 c`−1 b`
i=1
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where aλi is a shorthand for ai − λ. We also use the matrix X(λ, α), defined by


b1 aλ2 α13 . . . . . .
α1`

.. 
c1 b2 aλ α24
. 
3



.. 
 0 c2 b3 . . . . . .
. 
.
X(λ, α) = 
 .. . .

..
.

. c3
.
b
α
4
`−2,`


 ..

..
..
..
.
.
.
.
aλ` 
0 ... ...
0 c`−1
b`
Proposition 5. The polynomials det(X − λ Id`+1 )1 and det X(λ, α) have degree
d := [ 2` ] in λ.

4.2

The case of B`

A Lie algebra of type B` can be realized as the Lie algebra g of all square matrices
of size N = 2` + 1, satisfying XJ + JX t = 0, where J is the matrix of size
2` + 1, all of whose entries are zero except for the entries on the antidiagonal,
which are all equal to one. Clearly X satisfies XJ + JX t = 0 if and only if X
is skew-symmetric with respect to its antidiagonal. It follows for such X that
det(X − λ Id`+1 ) = (−1)N det(X + λ Id`+1 ) so that the characteristic polynomial
is an odd polynomial in λ. The 1-chop matrix X1 satisfies the same relation
X1 J + JX1t = 0 so that its determinant is an even polynomial in λ. As a Cartan
subalgebra of g one can take the diagonal matrices in g and one can take as a basis
for ∆+ the matrices Ei,i+1 − E2`−i,2`−i+1 for i = 1, . . . , `. If one finally chooses
P
ε to be the matrix `i=1 (Ei,i+1 − E2`−i,2`−i+1 ), then the height 2 phase space is
given by all matrices of the form


a1 1



 b1 . . . . . .





 c1 . . . . . .
1




..


.
b
a
1
n−1
n


.

cn−1 bn
0
−1




..


.
0
−bn
−an




..
..


.
.
−c
−b
n−1
n−1




..
..
.
.

−1
−c1 −b1 −a1
In this case N = 2` + 1, the 1-chop polynomial is even and so the 1-chop
polynomial is degree ` when ` is even and of degree ` − 1 when ` is odd. This
yields 2` integrals when ` is even and `−1
2 when ` is odd. Therefore the number of
integrals is correct in each case.
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The case of C`

A Lie algebra of type C` can be realized as the Lie algebra g of all square matrices
of size N = 2`, satisfying XJ + JX t = 0, where J is the matrix of size 2`, given
by


0 Il
J=
.
−Il 0
It follows for such X that det(X − λ Id`+1 ) = (−1)2l det(X + λ Id`+1 ) so that
the characteristic polynomial is an even polynomial in λ. The 1-chop matrix X1
satisfies the same relation X1 J + JX1t = 0 so that its determinant is an even
polynomial in λ. As a Cartan subalgebra of g one can take the diagonal matrices
in g and one can take as a basis for ∆+ the matrices Ei,i+1 − E2`−1−i,2`−i for
i = 1, . . . , `. The height 2 phase space for C` is given by all matrices of the form


a1 1


..

 b1 a2
.




.
..
 c1 b2

1




..
..


.
.
an
1


.

cn−1 bn
−an
−1




.
.
.
.


.
.
cn−1 −bn−1




.
.
.
.
.
.


.
.
.
−cn−2




..
..
.
.

−1
−c1 −b1 −a1
In this case, N = 2`, the 1-chop polynomial is even so that we get 2l −1 integrals
from the 1-chop when l is even and l−2
2 integrals when l is odd. Therefore the odd
case gives the correct number of integrals. For the even case there exists a Casimir
function which does not arise from the method of chopping and we describe it as
follows:
The Casimir f has the form f = A + B/C, where
A=

`−1
X
i=1

(ai − ai+1 ),

B=

X
i,j

dij mij ,

and C =

`−1
Y

c2i−1 .

i=1

The term mij in B is determined as follows: We associate the variables b1 , b2 ,
. . . , bl to the simple roots α1 , α2 , . . . , αl and the variables c1 , c2 , . . . , cl−1 to the
height 2 roots α1 + α2 , α2 + α3 , . . . , αl−1 + αl .
Take simple roots αi and αj (with corresponding variables bi , bj ) such that i
is odd and j is even. The remaining variables correspond to the height two roots
αk + αk+1 , where k 6= i, i − 1, k 6= j, j − 1. The term mij is a product of bi , bj
and l−1
2 c variables.
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The coefficient dij is 2 if mij includes the term cl−1 (corresponding to the root
αl−1 + αl ) and is equal to 1 otherwise.
Example 3. l = 6.
f = a1 − a2 + a3 − a4 + a5 − a6
b5 b6 c1 c3 + 2b1 b4 c2 c5 + b3 b6 c1 c4 + 2b1 b2 c3 c5 + 2b3 b4 c1 c5 + b1 b6 c2 c4
.
+
c1 c3 c5

4.4

The case of D`

We conclude with some comments on the case of D` . A Lie algebra of type D`
can be realized as the Lie algebra g of all square matrices of size N = 2` satisfying
XJ + JX t = 0, where J is the matrix of size 2`, given by


0 Il
.
J=
Il 0
As in the case of C` the characteristic polynomial is an even polynomial. On
the other hand the 1-chop polynomial is odd so that the degree of this polynomial
is `−1 when ` is even. However, when ` is odd the degree of the 1-chop polynomial
is again `. This gives 2` − 1 integrals when ` is even and `−1
2 integrals when ` is
odd. In the even case we need an additional function, i.e. a Casimir, but at this
point we do not have an explicit formula. There is no stable form in this case,
but we can produce a form which gives a lower bound for the rank and this lower
bound is good enough, once we have the Casimir.
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We search for nonclassical symmetries of a class of generalized Huxley equations
of the form ut = uxx + k(x)u2 (1 − u). We completely classify the functions
k(x) such that this class admits nonclassical symmetries of the form Q =
∂t + ξ∂x + η∂u .

1

Introduction

We consider reaction-diffusion equation of the form
ut = uxx + k(x)u2 (1 − u),

(1)

where k(x) 6= 0. This equation models many phenomena that occur in different
areas of mathematical physics and biology. In particular, it can be used to describe
the spread of a recessive advantageous allele through a population in which there
are only two possible alleles at the locus in question. Equation (1) is interesting
also in the area of nerve axon potentials [18]. Case k = const is the known Huxley
equation. For more details about application see [3, 4] and references therein.
Group analysis of differential equations provides us with systematic methods
for deducing exact solutions of nonlinear general partial differential equations.
One of these methods, called by the authors “non-classical”, was introduced by
Bluman and Cole [2]. A precise and rigorous definition of nonclassical invariance was firstly formulated in [10] as “a generalization of the Lie definition of
invariance” (see also [21]). Later operators satisfying the nonclassical invariance
criterion were also called, by different authors, nonclassical symmetries, conditional symmetries, Q-conditional symmetries and reduction operators [8, 9, 13].
The necessary definitions, including ones of equivalence of reduction operators,
and relevant statements on this subject are collected in [17, 19].
Initially Bradshaw-Hajek et al. [3, 4] studied the class (1) from the symmetry
point of view. More precisely, they found some cases of equations (1) admitting
Lie and/or nonclassical symmetries. Complete classification of Lie symmetries of
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class (1) is performed in [12]. Conditional symmetries of Huxley and Burgers–
Haxley equations having nontrivial intersection with class (1) are investigated
in [1, 5–7, 11]. The present paper is a step towards to the complete classification
of nonclassical symmetries of the class (1).
Reduction operators of equations (1) have the general form Q = τ ∂t +ξ∂x +η∂u ,
where τ , ξ and η are functions of t, x and u, and (τ, ξ) 6= (0, 0). In order to derive
such operators one needs to consider two cases:
1. τ 6= 0. Without loss of generality τ = 1.
2. τ = 0, ξ 6= 0. Without loss of generality ξ = 1.
Here we present the complete classification for the case 1 and we give the first
steps for the case 2.

2

Equivalence transformations and Lie symmetries

As classification of nonclassical symmetries is impossible without detailed knowledge of Lie invariance properties, we review [12] the equivalence group and results
of the group classification of class (1). The complete equivalence group G∼ of
class (1) contains only scaling and translation transformations of independent
variables t and x. More precisely it consists of transformations
t̃ = ε21 t + ε2 ,

x̃ = ε1 x + ε3 ,

ũ = u,

k̃ = ε−2
1 k,

where εi , i = 1, 2, 3 are arbitrary constants, ε1 6= 0.
Theorem 1. There exists three G∼ -inequivalent cases of equations from class (1)
admitting nontrivial Lie invariance algebras (the values of k are given together
with the corresponding maximal Lie invariance algebras, c = const) (see [12]):
1:

∀k,

2:

k = c,

3:

h∂t i;
h∂t , ∂x i;
−2

k = cx

,

h∂t , 2t∂t + x∂x i.

In the following section we search for nonclassical symmetries which are not
equivalent to the above Lie symmetries.

3

Nonclassical symmetries

Firstly, we recall the definition of nonclassical symmetry (or conditional symmetry, or reduction operator). Reduction operators (nonclassical symmetries,
Q-conditional symmetries) of a differential equation L of form L(t, x, u(r) ) = 0
have the general form
Q = τ ∂t + ξ∂x + η∂u ,
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where τ , ξ and η are functions of t, x and u, and (τ, ξ) 6= (0, 0). Here u(r) denotes
the set of all the derivatives of the function u with respect to t and x of order not
greater than r, including u as the derivative of order zero.
The first-order differential function Q[u] := η(t, x, u) − τ (t, x, u)ut − ξ(t, x, u)ux
is called the characteristic of the operator Q. The characteristic PDE Q[u] = 0
is called also the invariant surface condition. Denote the manifold defined by the
set of all the differential consequences of the characteristic equation Q[u] = 0 in
the jet space J (r) by Q(r) .
Definition 1. The differential equation L of form L(t, x, u(r) ) = 0 is called conditionally (nonclassicaly) invariant with respect to the operator Q if the relation
Q(r) L(t, x, u(r) ) L∩Q(r) = 0 holds, which is called the conditional invariance criterion. Then Q is called an operator of conditional symmetry (or Q-conditional
symmetry, nonclassical symmetry, reduction operator etc) of the equation L.
In Definition 1 the symbol Q(r) stands for the standard r-th prolongation of
the operator Q [14, 15].
The classical (Lie) symmetries are, in fact, partial cases of nonclassical symmetries. Therefore, below we solve the problem on finding only pure nonclassical
symmetries which are not equivalent to classical ones. Moreover, our approach
is based on application of the notion of equivalence of nonclassical symmetries
with respect to a transformation group (see, e.g., [17]). For more details, necessary definitions and properties of nonclassical symmetries we refer the reader
to [16, 17, 19, 21].
Since (1) is an evolution equation, there exist two principally different cases of
finding Q: 1. τ 6= 0 and 2. τ = 0.
In the present paper, we consider the case with τ 6= 0. Here without loss of
generality we can assume that τ = 1. The results are summarized in the following
theorem.
Theorem 2. All possible cases of equations (1) admitting nonclassical symmetries
with τ = 1 are exhausted by the following ones:
1. k = c tan2 x:

Q = ∂t − cot x∂x ,

2. k = c tanh2 x:

Q = ∂t − coth x∂x ,

3. k = c coth2 x:

Q = ∂t − tanh x∂x ,

4. k = cx2 :
5. k =

c2
2

Q = ∂t − x1 ∂x ,

(c > 0):

6. k = 2x−2 :

Q = ∂t ± 2c (3u − 1)∂x −

Q = ∂t + x3 (u − 1)∂x −

where c is an arbitrary constant.

3
u(u
x2

3c2 2
4 u (u

− 1)∂u

− 1)2 ∂u ,
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Proof . We search for operators of nonclassical (Q-conditional) symmetry (reduction operators) in form Q = ∂t + ξ(t, x, u)∂x + η(t, x, u)∂u . Then the system of
determining equations for the coefficients of operator Q has the form
ξuu = 0,
2ξξu − 2ξxu + ηuu = 0,
2ξξx − 2ηξu − 3kξu u3 + 3kξu u2 + 2ηxu − ξxx + ξt = 0,
−kηu u2 (1 − u) + 2kξx u2 (1 − u) + ηxx − 2ξx η
= ηt − kx ξu2 (1 − u) − 2kηu + 3kηu2 .
From the first equation we obtain immediately that
ξ = φ(t, x)u + ψ(t, x).
Substituting it to the second equation we derive
1
η = − φ2 u3 − φψu2 + φx u2 + A(t, x)u + B(t, x).
3
Then, splitting the rest of determining equations with respect to different powers
of u implies the following system of equations for coefficients φ, ψ, A and B.
2 3
φ − 3kφ = 0, −4φφx + 2φ2 ψ + 3kφ = 0,
3
−2φx ψ + φt − 2φψx − 2φA + 3φxx = 0,
2ψψx − 2φB + 2Ax − ψxx + ψt = 0,
1
1
− φ2 φx + kφ2 + kφψ = 3kφx + kx φ,
3
3
2
8
2 2
φ ψx − φφxx − φ2x − 2kψx − 2kA + 2φφx ψ
3
3
3
2
= − φφt − 2kφx − kx φ + kx ψ,
3
−2φx A + φxxx + 2φψψx + kA − φxx ψ − 4φx ψx − φψxx + 2kψx
= φtx − φt ψ − φψt − kx ψ + 3kB,
Axx − 2ψx A = At + 2φx B − 2kB,
−2ψx B + Bxx = Bt .

(2)

Now from the first equation of (2) it is obvious that either (i) φ = 0 or (ii) φt = 0,
k = 29 φ2 . Consider separately these two possibilities.
Case (i). φ(t, x) = 0. System (2) is read now like
2Ax − ψxx + 2ψψx + ψt = 0,
−2kψx − 2kA − ψkx = 0,
2kψx + kA + kx ψ − 3kB = 0,
Axx − 2Aψx + 2kB − At = 0,
Bxx − 2ψx B − Bt = 0.
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From the second and third equations we deduce that A = −3B. After substituting
this to the previous system we obtain
2ψψx − 6Bx − ψxx + ψt = 0,
kx ψ + 2kψx − 6kB = 0,
6ψx B − 3Bxx + 3Bt + 2kB = 0,
Bxx − 2Bψx − Bt = 0.
It follows from the last two equations that B = 0. Then the rest of the determining
equations is read like
2ψψx − ψxx + ψt = 0,

kx ψ + 2kψx = 0.

General solution of this system is
k = c,

ψ = const,
ax + b
c
, ψ=
,
k=
2
(ax + b)
2ta + m
c
k = 2 , ψ 0 = ψ 2 + a.
ψ

and

Nonclassical symmetry operator obtained from the first two branches of the solution of the above system are equivalent to the usual Lie symmetry. The third
branch (up to equivalence transformations of scaling and translations of x) gives
cases 1–4 of the theorem.
Case (ii). φt = 0, k = 92 φ2 . Substituting this to system (2) we obtain easily that
ψt = At = Bt = 0. Then, the rest of the system (2) has the form
2
−4φx + 2φψ + φ2 = 0,
3
−2φx ψ − 2ψx φ − 2φA + 3φxx = 0,
2ψψx − 2φB + 2Ax − ψxx = 0,
2
8
4
14
8
2 2
φ ψx − φφxx − φ2x − φ2 A + φψφx = − φ2 φx ,
9
3
3
9
9
9
4 2
2 2
2 2
φxxx + φ ψx − φ B + φ A − φψxx − φxx ψ − 4φx ψx − 2φx A + 2φψψx
9
3
9
4
= − φφx ψ − φψt ,
9
4
Axx − 2ψx A = − φ2 B + 2φx B + At ,
9
Bxx = 2ψx B + Bt .
It follows then that
B=

9(2ψx A − Axx )
,
2(2φ2 − 9φx )

ψ=

6φx − φ2
,
3φ

A=

4φφx − 3φxx
.
6φ
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Substituting this values to the above system we obtain a system of 4 differential
equations for one function φ only that has first order differential consequence of
form 3φ2x + φ2 φx = 0. It is not difficult to show that general solution of this
3
constraint φ = x+c
, φ = c satisfies the whole system for φ. These two values of φ
(taken up to equivalence transformations) give respectively cases 6 and 5 of the
theorem.

Note 1. Cases 1, 2 and 4 with c > 0 were known in [3, 4], constant coefficient
case 5 with c = 2 can be found in, e.g., [11], while cases 1, 2 and 4 with c < 0, 3
and 6 are new.

4

Final remarks

Here we have partially completed an open problem of classification of nonclassical
symmetries for the class (1). In particular, we have presented all forms of (1)
that admit nonclassical symmetry operators of the form Q = ∂t + ξ(x, t, u)∂x +
η(t, x, u)∂u . The problem can be completed by determining all nonclassical symmetry operator of the form
Q = ∂x + η(t, x, u)∂u .
Any nonclassical symmetry operator of the above form satisfies the following
equation
ηt − ηxx − 2ηηxu − η 2 ηuu + (kηu − kx )u2 (1 − u) − 2kηu + 3kηu2 = 0.

(3)

The corresponding invariant surface condition is ux = η. Eliminating ux and uxx ,
equation (1) reads
ut = ηηu + ηx + k(x)u2 (1 − u).

(4)

Using a solution of (3), we can find u by integrating invariance surface condition
and then substituting in (4) to derive a solution of (1).
Now, as was shown in [16, 20] for the more general case of (1 + n)-dimensional
evolution equations, integration of equation (3) is, in some sense, equivalent to
integration of the initial equation (1). Therefore it is impossible to integrate the
equation completely (such a situation for the evolution equation is often called the
“no-go case”). Since it contains larger number of unknown variables, it is possible
to construct certain partial solutions. Thus, for example, we have succeeded to
find all (G∼ -inequivalent) partial solutions of equation (3) of the form
η(x, t, u) =

n
X

φp (x, t)up ,

p=−m

where m and n are positive integers and φp (x, t) are unknown functions. However,
all the explicit forms of k(x) found, which are expressed in terms of elementary
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functions, that admit new nonclassical symmetries lead to similarity solutions
obtainable either by Lie symmetries or the nonclassical symmetries with τ = 1.
Further forms of k(x) that admit nonclassical symmetries exist, for example, in
terms of Bessel functions or though certain nonlinear ordinary differential equations which need to be solved.
More detailed investigation of conditional symmetries, especially for the no-go
case, and construction of associate similarity solutions of equations from class (1)
will be the subject of a forthcoming paper.
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We generalize the notion of a Lie algebroid over an infinite jet bundle by replacing the variational anchor with an N -tuple of differential operators the images
of which in the Lie algebra of evolutionary vector fields of the jet space are
subject to collective commutation closure. The linear space of such operators
becomes an algebra with bidifferential structural constants, of which we study
the canonical structure. In particular we show that these constants incorporate
bidifferential analogues of Christoffel symbols.

1

Introduction

Lie algebroids [21] are an important and convenient construction that appear, e.g.,
in classical Poisson dynamics [2] or the theory of quantum Poisson manifolds [1,
22]. Essentially Lie algebroids extend the tangent bundle T M over a smooth
manifold M , retaining the information about the C ∞ (M )-module structure for
its sections. In the paper [10] we defined Lie algebroids over the infinite jet
spaces for mappings between smooth manifolds (e.g., from strings to space-time);
the classical definition [21] is recovered by shrinking the source manifold to a
point. A special case of Lie algebroids over spaces of finite jets for sections of
the tangent bundle was firstly considered in [15]. Within the variational setup
the anchors become linear matrix differential operators that map sections which
belong to horizontal modules [13] to the generating sections ϕ of evolutionary
derivations ∂ϕ on the jet space; by assumption the images of such anchors are
closed under commutation in the Lie algebra of evolutionary vector fields. The two
main examples of variational anchors are the recursions with involutive images [8]
and the Hamiltonian operators (see [12, 13, 19] and [8]) the domains of which
consist of variational vectors and covectors, respectively.
In [8] we studied the linear compatibility of variational anchors, meaning that
N operators with a common domain span an N -dimensional linear space A such
that each point Aλ ∈ A is itself an anchor with involutive image. For example
Poisson-compatible Hamiltonian operators are linearly compatible and vice versa
(Hamiltonian operators are Poisson-compatible if their linear combinations remain
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Hamiltonian). The linear compatibility1 allows
P us to reduce the case of many
operators A1 , . . ., AN to one operator Aλ = λi · Ai with the same properties.
In this paper we introduce a different notion of compatibility for the N operators. Strictly speaking we consider the class of structures which is wider than the
set of Lie algebroids over jet spaces, namely, we relax the assumption that each
operator alone is a variational anchor, but instead we deal with N -tuples of total
differential operators Ah1 , . . ., AN the images of iwhich are subject to the collective
PN
PN
PN
commutation closure:
i=1 im Ai ,
j=1 im Aj ⊆
k=1 im Ak . This involutivity
condition converts the linear space of operators to an algebra with bidifferential
structural constants ckij , see (6) below. The Magri scheme [16] for the restriction
of compatible Hamiltonian operators to the hierarchy of Hamiltonians yields an
example of such an overlapping for N = 2 with ckij ≡ 0.
We study the standard decomposition of the structural constants ckij , which is
similar to the previously known case (1) for N = 1 ( [7, 8, 10]). From the bidifferential constants ckij we extract the components Γkij that act by total differential
operators on both arguments at once. Our main result, Theorem 3, states that
under a change of coordinates in the domain the symbols Γkij are transformed by a
proper analogue (11) of the classical rule Γ 7→ g Γg −1 + dg g −1 for the connection
1-forms Γ and reparametrizations g. We note that the bidifferential symbols Γkij
are symmetric in their lower indices if the common domain of the N operators Ai
consists of the variational covectors and hence its elements acquire their own odd
grading.2
This note is organized as follows. In Section 2 we introduce operators with
collective closure under commutation. For consistency we recall here the cohomological formulation [11] of the Magri scheme which gives us an example. In
Section 3 we study the properties of the bidifferential constants that appear in
such algebras of operators. The analogues of Christoffel symbols emerge here; as
an example we calculate them for the symmetry algebra of the Liouville equation.

2

Compatible differential operators

We begin with some notation; for a more detailed exposition of the geometry of
integrable systems we refer to [19] and [4,12,14,17]. In the sequel the ground field
is the field R of real numbers and all mappings are C ∞ -smooth.
Let π : E m+n −−m
→ B n be a vector bundle over an orientable n-dimensional
M

manifold B n and, similarly, let ξ : N d+n −−→ B n be another vector3 bundle
1
When the set of admissible linear combinations {λ} ( RN has punctures near which the
homomorphisms Aλ exhibit a nontrivial analytic behaviour, this concept reappears in the theory
of continuous contractions of Lie algebras (see [18] and references therein).
2
Throughout this paper we deal with a purely commutative setup, refraining from the treatment of supermanifolds. However, we emphasize that on a supermanifold the two notions of
parity and grading (or weight) may be totally uncorrelated, see [22].
3
For this paper the established term ‘vector bundle’ is particularly unfortunate because in our
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over B n . Consider the bundle π∞ : J ∞ (π) → B n of infinite jets of sections
∗ (ξ) : N d+n × n J ∞ (π) → J ∞ (π)
for the bundle π and take the pull-back π∞
B
∞ (J ∞ (π))-module of sections
of the bundle
ξ
along
π
.
By
definition
the
C
∞

∗ (ξ) = Γ(ξ) ⊗ ∞ n C ∞ (J ∞ (π)) is called horizontal, see [13] for further
Γ π∞
C (B )
details.

∗ (π) are the
For example let ξ := π. Then the variational vectors ϕ ∈ Γ π∞
generating sections of evolutionary derivations∂ϕ on J ∞ (π).
we
 For convenience

∗
∗
use the shorthand notation κ(π) ≡ Γ π∞ (π) and ΓΩ ξπ ≡ Γ π∞ (ξ) in the
general setup.
We consider firstly the case N = 1 for which there is only one total differential
operator, A : ΓΩ(ξπ ) → κ(π), with involutive image
[im A, im A] ⊆ im A.

(1)


The operator A transfers the bracket in the Lie algebra g(π) = κ(π), [ , ] to the
Lie algebraic structure [ , ]A on the quotient of its domain by the kernel. The
standard decomposition of this bracket is [8, 10]
[p, q]A = ∂A(p) (q) − ∂A(q) (p) + {{p, q}}A ,

p, q ∈ ΓΩ(ξπ ).

(2)

The linear compatibility
P of operators (4), which means that their arbitrary linear
combinations Aλ = i λi · Ai satisfy (1), reduces the case of N ≥ 2 operators to
the previous case with N = 1 as follows.
P
Theorem 1 ([8]). The bracket {{ , }}Aλ induced by the combination Aλ = i λi ·
Ai on the domain of the linearly compatible normal 4 operators Ai is
{{ , }} P
N
i=1

=
λi Ai

N
X

λi · {{ , }}Ai .

i=1

The pairwise linear compatibility implies the collective linear compatibility of
A1 , . . . , AN .
P

P
Proof . Consider the commutator
i λi Ai (p),
j λj Aj (q) , here p, q ∈ ΓΩ(ξπ ).
On one hand it is equal to
X


=
λi λj Ai (p), Aj (q)
i6=j

+

X


λ2i Ai ∂Ai (p) (q) − ∂Ai (q) (p) + {{p, q}}Ai .

(3)

i

main Example 1 the sections of such a bundle are variational covectors and obey a nonvectorial
transformation law.
4
By definition, a total differential operator A is normal if A ◦ ∇ = 0 implies ∇ = 0; in other
words it may be that ker A 6= 0, but the kernel does not have any functional freedom for its
elements, see [7].
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On the other hand the linear compatibility of Ai implies



= Aλ ∂Aλ (p) (q) − Aλ ∂Aλ (q) (p) + Aλ {{p, q}}Aλ .
The entire commutator is quadratically homogeneous in λ, whence the bracket
{{ , }}Aλ is linear in λ. From (3) we see that the individual brackets {{ , }}Ai are
contained in it. Therefore
X
X
λ` · γ` (p, q),
λ` · {{p, q}}A` +
{{p, q}}Aλ =
`

`

where γ` : ΓΩ(ξπ ) × ΓΩ(ξπ ) → ΓΩ(ξπ ).
We claim that all summands γ` (·, ·), which do not depend upon λ at all, vanish.
Indeed, assume the converse. Let there be ` ∈ [1, . . . , N ] such that γ` (p, q) 6= 0;
without loss of generality suppose that ` = 1. Then set λ = (1, 0, . . . , 0), whence
hX
i h
X

 i


λi Ai (p),
λj Aj (q) = λ1 A1 (p), λ1 A1 (q) = λ1 A1 λ1 γ1 (p, q)
i

+ λ 1 A1

j





∂(λ1 A1 )(p) (q)−∂(λ1 A1 )(q) (p)+λ1 {{p, q}}A1 = λ1 A1 λ1 [p, q]A1 .

Consequently, γ` (p, q) ∈ ker A` for all p and q. Now we use the assumption that
each operator A` is normal. This implies that γ` = 0 for all ` which concludes the
proof.

Now we let N > 1 and consider N -tuples of linear total differential operators

A1 , . . . , AN : ΓΩ ξπ −→ κ(π),
(4)
the images of which in the Lie algebra g(π) of evolutionary vector fields on J ∞ (π)
are subject to collective closure of commutators.
Definition 1. We say that N ≥ 2 total differential operators (4) are strongly
compatible if the sum of their images is closed under commutation in the Lie
algebra g(π) = κ(π), [ , ] of evolutionary vector fields,
hX
i X
X
im Ai ,
im Aj ⊆
im Ak ,
1 ≤ i, j, k ≤ N.
(5)
i

j

k

The involutivity (5) gives rise to the bidifferential operators
ckij : ΓΩ(ξπ ) × ΓΩ(ξπ ) → ΓΩ(ξπ )
through

 X

Ai (p), Aj (q) =
Ak ckij (p, q) ,

p, q ∈ ΓΩ(ξπ ).

(6)

k

The structural constants ckij absorb the bidifferential action on p, q under commutation in the images of the operators.
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Remark 1. If N = 1 and there is a unique operator A : ΓΩ(ξπ ) → κ(π) satisfying (1), then we recover the definition of the variational anchor in the Lie
algebroid over the infinite jet space J ∞ (π), see [10]. By construction, c111 ≡ [ , ]A1
if N = 1. However, for N > 1 we obtain a wider class of structures because we
do not assume that the image of each operator Ai alone is involutive. Therefore
it may well occur that ckii 6= 0 for some k 6= i.
The Magri scheme [16] for the restriction of two compatible Hamiltonian operators A1 , A2 onto the commutative hierarchy of the descendants Hi of the Casimirs
H0 for A1 gives us an example of (5) with N = 2 and ckij ≡ 0. We consider it
in more detail; from now we standardly identify the Hamiltonian operators A
with the variational Poisson bivectors A, see [13]. We recall that the variational
Schouten bracket [[ , ]] of such bivectors satisfies the Jacobi identity
[[[[A1 , A2 ]], A3 ]] + [[[[A2 , A3 ]], A1 ]] + [[[[A3 , A1 ]], A2 ]] = 0.

(7)

Hence the defining property [[A, A]] = 0 for a Poisson bivector A implies that
k . Obviously
dA = [[A, · ]] is a differential, giving rise to the Poisson cohomology HA
the Casimirs H0 such that [[A, H0 ]] = 0 for a Poisson bivector A constitute the
0.
group HA
0 is a Casimir of A and
Theorem 2 ([11,16]). Suppose [[A1 , A2 ]] = 0, H0 ∈ HA
1
1
the first Poisson cohomology w.r.t. dA1 = [[A1 , · ]] vanishes. Then for any k > 0
there is a Hamiltonian Hk such that

[[A2 , Hk−1 ]] = [[A1 , Hk ]].

(8)


Put ϕk := A1 δ/δu(Hk ) such that ∂ϕk = [[A1 , Hk ]]. The Hamiltonians Hi , i ≥ 0,
pairwise Poisson commute w.r.t. either A1 or A2 , the densities of Hi are conserved
on any equation utk = ϕk and the evolutionary derivations ∂ϕk pairwise commute
for all k ≥ 0.
Standard proof of existence. The main homological equality (8) is established
by induction on k. Starting with a Casimir H0 we obtain
0 = [[A2 , 0]] = [[A2 , [[A1 , H0 ]]]] = −[[A1 , [[A2 , H0 ]]]]

mod [[A1 , A2 ]] = 0,

1 = 0 is trivial by
using the Jacobi identity (7). The first Poisson cohomology HA
1
an assumption of the theorem. Hence the closed element [[A2 , H0 ]] in the kernel
of [[A1 , ·]] is exact: [[A2 , H0 ]] = [[A1 , H1 ]] for some H1 . For k ≥ 1 we have

[[A1 , [[A2 , Hk ]]]] = −[[A2 , [[A1 , Hk ]]]] = −[[A2 , [[A2 , Hk−1 ]]]] = 0
1 = 0 we have that [[A , H ]] =
using (7) and by [[A2 , A2 ]] = 0. Consequently by HA
2
k
1
[[A1 , Hk+1 ]], and we thus proceed infinitely.
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We see now that the inductive step — the existence of the (k+1)th Hamiltonian
functional in involution — is possible if and only if H0 is a Casimir,5 and therefore
the operators A1 and A2 are restricted onto the linear subspace which is spanned
in the space of variational covectors by the Euler derivatives of the descendants
of H0 , i.e. of the Hamiltonians of the hierarchy. We note that the image under A2
of a generic section from the domain of operators A1 and A2 cannot be resolved
w.r.t. A1 by (8). For example the first and second Hamiltonian structures for the
d3
d
KdV equation, which equal, respectively, A1 = d/dx and A2 = − 12 dx
3 +2u dx +ux ,
are not strongly compatible unless they are restricted onto some subspaces
of their
R
arguments. On the linear subspace of descendants of the Casimir u dx we have
im A2 ⊂ im A1 and, since the image of the Hamiltonian operator A1 is involutive,
we conclude that [im A1 , im A2 ] ⊂ im A1 .
On the other hand the strong compatibility of the restrictions of Poissoncompatible operators A1 and A2 onto the hierarchy is valid since their images
are commutative Lie algebras. Regarding the converse statement as a potential
generator of multidimensional completely integrable systems we formulate the
open problem: Is the strong compatibility of Poisson-compatible Hamiltonian operators achieved only for their restrictions onto the hierarchies of Hamiltonians
in involution so that the bidifferential constants ckij necessarily vanish? If so, this
would have a remarkable similarity with the technique of the Bethe ansatz, one
component of which is the extension of a commutative algebra of Hamiltonian
operators on a Hilbert space to a bigger noncommutative algebra.

3

Bidifferential Christoffel symbols

Similarly to (2), we extract the total bidifferential parts of the structural constants ckij in (6) and obtain
ckij = ∂Ai (p) (q) · δjk − ∂Aj (q) (p) · δik + Γkij (p, q),

p, q ∈ ΓΩ(ξπ ),

(9)


where Γkij ∈ CDiff ΓΩ(ξπ )×ΓΩ(ξπ ) → ΓΩ(ξπ ) and δik , δjk are the Kronecker delta
symbols. By definition the three indices in Γkij match the respective operators Ai ,
Aj , Ak in (6). (The total number of the indices is much greater than three;
moreover the proper upper or lower location of the omitted indices depends upon
the (co)vector nature of the domain ΓΩ(ξπ ).) Obviously the convention
Γ111 = {{ , }}A1
holds if N = 1. At the same time for fixed i, j, k the symbol Γkij remains a
(class of) matrix differential operator in each of its two arguments p, q ∈ ΓΩ(ξπ ).
5

The Magri scheme starts from any two Hamiltonians Hk−1 , Hk that satisfy (8), but we
operate with maximal subspaces of the space of functionals such that the sequence {Hk } cannot
be extended with k < 0.
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The symbol Γkij represents a class of bidifferential operators because they are not
uniquely defined. Indeed they are gauged by the conditions
N
X



Ak ∂Ai (p) (q)δjk − ∂Aj (q) (p)δik + Γkij (p, q) = 0,

p, q ∈ ΓΩ(ξπ ).

(10)

k=1

P
We let the r.h.s. of (10) be zero if the sum ` im A` of the images is indecomposable,
mean

 that no nontrivial sections commute with all the others:
Pwhich
N
Ak (p), `=1 im A` = 0 implies that p ∈ ker Ak . For this it is sufficient that the
sum of the images of A` in g(π) be semisimple and the Whitehead lemma holds
for it [5]. Otherwise the right-hand side of (10) belongs to the linear subspace of
such nontrivial sections.
Example 1 (see [9, 10]). Consider the Liouville equation ELiou = {uxy =
exp(2u)}. The differential generators of its conservation laws are w = u2x − uxx ∈
d
d
d
and w̄ = u2y − uyy ∈ ker dx
. The operators6  = ux + 21 dx
and
ker dy
E
E
Liou

Liou

1 d
2 dy

determine higher symmetries ϕ, ϕ̄ of ELiou by the formulas


ϕ =  p(x, [w]) , ϕ̄ =  p(y, [w̄])

 = uy +

for any variational covectors p, p. The images of  and  are closed w.r.t. the
d
commutation; for instance the bracket (2) for  contains {{p, q}} = dx
(p) ·
d
q − p · dx (q), and similarly for . The two summands in the symmetry algebra
.
sym ELiou ' im  ⊕ im  commute between each other, [im , im ] = 0 on ELiou .
The operators ,  generate the bidifferential symbols
Γ
 = {{ , }} =
=
Γ


d
dy

⊗ 1,

d
dx

⊗1−1⊗

Γ
= −1 ⊗


d
dx ,
d
dx ,

= {{ , }} =
Γ

Γ
= −1 ⊗


d
dy ,

d
dy

⊗1−1⊗

Γ
=


d
dx

d
dy ,

⊗ 1,

.
.
.
where the notation is obvious. We note that Γ
(p, q) = Γ
(p, q) = Γ
(q, p) =



.
Γ
(q, p) = 0 on ELiou for any p(x, [w]) and q(y, [w̄]).

The matrix operators ,  are well defined [7] for each 2D Toda chain EToda associated with a semisimple complex Lie algebra. They exhibit the same properties
as above.
Remark 2. The operators ,  yield the involutive distributions of evolutionary
vector fields that are tangent to the integral manifolds, the 2D Toda differential
equations. Generally there is no Frobenius theorem for such distributions. Still,
if the integral manifold exists and is an infinite prolongation of a differential
equation E ⊂ J ∞ (π), then by construction this equation admits infinitely many
symmetries of the form ϕ = Ai (p) with free functional parameters p ∈ ΓΩ(ξπ ).
This property is close but not equivalent to the definition of systems of Liouville
type (see [7, 9] and references therein).
6

We denote the operators by  and  following the notation of [7, 9], see also references
therein.
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The method by which we introduced the symbols Γkij suggests that, under reparametrizations g in the domain of the operators (4), they obey a proper analogue
of the standard rule Γ 7→ g Γ g −1 + dg · g −1 for the connection 1-forms Γ. This is
indeed so.
Theorem 3 (Transformations of Γkij ). Let g be a reparametrization p 7→ p̃ =
gp, q 7→ q̃ = gq of sections p, q ∈ ΓΩ(ξπ ) in the domains7 of strongly compatible
operators (4). In this notation the operators A1 , . . ., AN are transformed by
the formula Ai 7→ Ãi = Ai ◦ g −1 w=w[w̃] . Then the bidifferential symbols Γkij ∈

CDiff ΓΩ(ξπ ) × ΓΩ(ξπ ) → ΓΩ(ξπ ) are transformed according to the rule



Γkij (p, q) 7→ Γ̃k̃ı̃̃ p̃, q̃ = g ◦ Γk̃ı̃̃ g −1 p̃, g −1 q̃


+ δı̃k̃ · ∂Ã̃ (q̃) (g) g −1 p̃ − δ̃k̃ · ∂Ãı̃ (p̃) (g) g −1 q̃ .

(11)

Proof . Denote A = Ai and B = Aj ; without loss of generality we assume i = 1
and j = 2. We calculate the commutators of vector fields in the images of A and B
using two systems of coordinates in the domain. We equate the commutators
straighforwardly because the fibre coordinates in the images of the operators are
not touched at all. So we have originally




A(p), B(q) = B ∂A(p) (q) − A ∂B(q) (p)
N

 X

B
+ A ΓA
(p,
q)
+
B
Γ
(p,
q)
+
Ak ΓkAB (p, q) .
AB
AB
k=3



On the other hand we substitute p̃ = gp and q̃ = gq into Ã(p̃), B̃(q̃) whence
by the Leibnitz rule we obtain





Ã(p̃), B̃(q̃) = B̃ ∂Ã(p̃) (g)(q) + B̃ ◦ g ∂Ã(p̃) (q)



− Ã ∂B̃(q̃) (g)(p) − Ã ◦ g ∂B̃(q̃) (p)


 B̃

−1
+ A ◦ g −1 ΓÃ
(gp,
gq)
+
B
◦
g
Γ
(gp,
gq)
ÃB̃
ÃB̃
+

N
X



Ak̃ ◦ g −1 Γk̃ÃB̃ (gp, gq) .

k̃=3

Therefore


−1
(gp, gq) − g −1 ◦ ∂B(q) (g) (p),
ΓA
◦ ΓÃ
AB (p, q) = g
ÃB̃


−1
−1
ΓB
◦ ΓB̃
(gp,
gq)
+
g
◦
∂
(g)
(q),
A(p)
AB (p, q) = g
ÃB̃

ΓkAB (p, q) = g −1 ◦ ΓkÃB̃ (gp, gq)
for k ≥ 3.
7

Under an invertible change w̃ = w̃[w] of fibre coordinates (see Example 1) the variational
 (w) † −1
covectors are transformed by the inverse of the adjoint linearization g = `w̃
whereas for
(w)
variational vectors, g = `w̃ is the linearization.
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Acting by g upon these equalities and expressing p = g −1 p̃, q = g −1 q̃ we obtain (11) and conclude the proof.

Remark 3. Within the Hamiltonian formalism it is very productive to postulate
that the arguments of Hamiltonian operators, the variational covectors, are odd,8
see [22] and [13]. Indeed in this particular situation they can be conveniently
identified with Cartan 1-forms times the pull-back of the volume form dvol (B n ) for
the base of the jet bundle. We preserve this grading for such domains of operators
(when N = 1, we referred to such operators in [10] as variational anchors of second
kind). If moreover π and ξ are superbundles with Grassmann-valued sections,
then the operators become bigraded [22]. Their proper grading is −1 because
their images in g(π) have grading zero, but the Z2 -parity, if any, can be arbitrary.
Corollary 1. For strongly compatible operators the domain ΓΩ(ξπ ) of which consists of variational covectors, the grading of the arguments equals 1. Therefore for
any i, j, k ∈ [1, . . . , N ] and for any p, q ∈ ΓΩ(ξπ ) we have that
Γkij (p, q) = −Γkji (q, p) = (−1)|p|gr ·|q|gr · Γkji (q, p)

(12)

due to the skew -symmetry of the commutators in (5). Hence the symbols Γkij are
symmetric in this case.
Proposition 1. If two normal operators Ai and Aj are simultaneously linear and
strongly compatible, then their ‘individual’ brackets Γiii and Γjjj are
{{p, q}}Ai = Γjij (p, q) + Γjji (p, q)

and

{{p, q}}Aj = Γiij (p, q) + Γiji (p, q)

for any p, q ∈ ΓΩ(ξπ ).
Proof . For brevity denote A = Ai , B = Aj and consider the linear combination µA + νB; by assumption its image is closed under commutation. By Theorem 1 we have


µA + νB {{p, q}}µA+νB




= µ2 A {{p, q}}A +µν ·A {{p, q}}B +µν ·B {{p, q}}A +ν 2 B {{p, q}}A .
On the other hand
h

 i
µA + νB (p), µA + νB (q)








= µ2 A(p), A(q) + µν A(p), B(q) − µν A(q), B(p) + ν 2 B(p), B(q) .
Taking into account (9) and equating the coefficients of µν we obtain


A {{p, q}}B + B {{p, q}}A




B
A
B
= A ΓA
AB (p, q) + B ΓAB (p, q) − A ΓAB (q, p) − B ΓAB (q, p) .
B
A
B
Using the formulas ΓA
AB (q, p) = −ΓBA (p, q) and ΓAB (q, p) = −ΓBA (p, q), see
(12), we isolate the arguments of the operators and obtain the assertion.

8

Here we assume for simplicity that all fibre coordinates in π are permutable.
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Conclusion
For every k-vector space V the space of endomorphisms Endk (V ) is a monoid with
respect to the composition ◦. In this context one can study relations between
recursion operators. For instance the structural relations for recursion operators
of the Krichever–Novikov equations are described by hyperelliptic curves, see [3].
Likewise we have the relation R1 ◦ R2 − R2 ◦ R1 = R12 between two recursions for
the dispersionless 3-component Boussinesq system, see [6]. Simultaneously the
space of endomorphisms carries the structure of a Lie algebra which is given by
the formula [Ri , Rj ] = Ri ◦ Rj − Rj ◦ Ri for every Ri , Rj ∈ Endk (V ).
In this paper we proceed further and consider the class of structures on the
linear spaces of total differential operators that generally do not in principle admit
any associative composition. (The bracket of recursion operators that appears
through (6) is different from the Richardson–Nijenhuis bracket [12], although we
use similar geometric techniques.) The classification problem for such algebras of
operators is completely open.

Discussion
We performed all the reasonings for local differential operators in a purely commutative setup; all the structures were defined on the empty jet spaces. A rigorous
extension of these objects to Z2 -graded nonlocal operators on differential equations is a separate problem for future research. In addition the use of difference
operators subject to (5) can be a fruitful idea au début for the discretization
of integrable systems with free functional parameters in their symmetries (e.g.,
Toda-like difference systems [20]).
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We study realizations of the Poincaré groups P (1, 1) and P (1, 2) acting as local
transformation groups in the space of one dependent variable and two and three
independent variables, respectively. Realizations of the Lie algebras p(1, 1),
p̃(1, 1), c(1, 1) and p(1, 2) by vector fields are classified. Using the classification
results, we construct sets of second-order scalar Poincaré-invariant differential
equations in the two- and three-dimensional space-time.

1

Introduction

In this paper we consider the problem of construction of partial differential equations of certain order admitting a given group G as an invariance group, which
is one of the most important problems of classical group analysis of differential
equations. It is well known that the complete solution of this problem requires the
classification of realizations of the group G as a group of point transformations
and the construction of a complete set of functionally independent differential invariants of certain order for each of the realizations found. Then any G-invariant
equation is equivalent to the condition of the vanishing of a function of invariants of certain realization. The above problem seems algorithmically solvable for
realizations in spaces of low dimension.
In theoretical and mathematical physics an important role is played by the
Euclid, Poincaré, Galilei groups and their natural generalizations that are invariance groups of a number of model equations including the d’Alambert, Euclid,
heat, Schrödinger, Dirac, Maxwell equations etc. Differential invariants of these
groups were widely investigated in the literature. In particular Fushchych and
Yehorchenko [1–3] obtained the exhaustive set of functionally independent secondorder differential invariants for known scalar realizations (representations) of the
Euclid, Poincaré and Galilei algebras by linear differential first-order operators.
In an investigation of wave and evolution equations in two-dimensional space-time
that are invariant with respect to the Galilei and Poincaré algebras Rideau and
Winternitz [4, 5] preliminarily described realizations of these algebras by vector
fields in the space of three variables. As a result new realizations were obtained
that made it possible, after finding the corresponding differential invariants, to
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construct new Galilei- and Poincaré-invariant equations. Special attention was
paid to nonlinear realizations of important Lie algebras in papers by Fushchych,
Zhdanov, Yehorchenko, Boyko, Tsyfra and others [6–11], in which new realizations of Lie algebras of the Poincaré groups P (1, 2), P (1, 3) and Galilei groups
G(1, 2), G(1, 3) were constructed.
The main purpose of this paper is to obtain a complete list of realizations of
Lie algebras of the Poincaré groups P (1, 1) and P (1, 2) by vector fields and to
describe the corresponding invariant partial differential equations.

2

Realizations of Lie algebras of groups P (1,1), P̃ (1,1)
and C(1,1) and invariant equations

In this section we study realizations of the Poincaré algebra p(1, 1), which is
Lie algebra of the Poincaré group P (1, 1), and its natural generalizations (the
extended Poincaré algebra p̃(1, 1) and the conformal algebra c(1, 1)) in the space
V = X × U of two independent and one dependent variables. Here X is the
two-dimensional Minkowski space with coordinates t and x and U is the space of
the dependent variable u = u(t, x). Vector fields on the realization space V have
the form
v = τ ∂t + ξ∂x + η∂u ,

(1)

where τ = τ (t, x, u), ξ = ξ(t, x, u) and η = η(t, x, u) are arbitrary smooth functions
in a domain of the space V , ∂t = ∂/∂t, ∂x = ∂/∂x and ∂u = ∂/∂u.
Realizations of the above algebras with operators of the form (1) are Lie invariance algebras of a number of known two-dimensional partial differential equations
of relativistic physics (for example, the Klein–Gordon, Liouville, sin-d’Alambert
and eikonal equations).
We say that the operators Pµ , K, D and Cµ of the form (1) realize a representation of the conformal algebra c(1, 1) if they are linearly independent and satisfy
the following commutation relations:
[P0 , K] = P1 , [P1 , K] = P0 , [Pµ , D] = Pµ , [C0 , K] = C1 ,
[C1 , K] = C0 , [Cµ , D] = −Cµ , [Pµ , Cν ] = 2(gµν D − εµν K),

(2)

[K, D] = [P0 , P1 ] = [C0 , C1 ] = 0.
Here g00 = −g11 = 1, g01 = g10 = 0, ε01 = −ε10 = 1, ε00 = ε11 = 0, the subscripts µ and ν run from 0 to 1 and [v1 , v2 ] ≡ v1 v2 − v2 v1 denotes the commutator
(Lie bracket) of vector fields. The subalgebra of the algebra c(1, 1) with the basic
operators P0 , P1 and K is the Poincaré algebra p(1, 1) and the subalgebra spanned
by the operators P0 , P1 , K and D is the extended Poincaré algebra p̃(1, 1).
It is obvious that commutation relations (2) are not changed under the pushforward of the basic operators of a realization by any nondegenerate point transformation
t → t̄ = f (t, x, u),

x → x̄ = g(t, x, u),

u → ū = h(t, x, u),

(3)
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where f , g and h are arbitrary smooth functions with vanishing Jacobian. Such
transformations form a group (the diffeomorphism group) that generates a natural
equivalence relation on the set of all possible realizations of the algebra c(1, 1).
Realizations of the conformal algebra are called equivalent if their respective basic
operators can be simultaneously transformed to each other by a change of variables
of the form (3). Realizations of the algebra c(1, 1) will be described up to this
equivalence.
A list of inequivalent realizations of the algebras p(1, 1), p̃(1, 1) and c(1, 1) were
obtained in [4] under the assumption that the operators P0 and P1 are reduced
to the form
P0 = ∂t , P1 = ∂x

(4)

by a point transformation. The list comprises the following realizations:
1. Inequivalent realizations of the algebra p(1, 1):
p1 (1, 1) : P0 = ∂t , P1 = ∂x , K = x∂t + t∂x ;
p2 (1, 1) : P0 = ∂t , P1 = ∂x , K = x∂t + t∂x + u∂u .

(5)

2. Inequivalent realizations of the algebra p̃(1, 1):
p̃1 (1, 1) : p1 (1, 1), D = t∂t + x∂x ;
p̃2 (1, 1) : p1 (1, 1), D = t∂t + x∂x + u∂u ;
3

2

p̃ (1, 1) : p (1, 1), D = (t + au + bu

−1

(6)

)∂t + (x + au − bu

−1

)∂x + λu∂u ,

where (a, b) = (1, 0) if λ = 1, (a, b) = (0, 1) if λ = −1 and (a, b) = (0, 0) otherwise.
3. Inequivalent realizations of the algebra c(1, 1):
c1 (1, 1) : p̃1 (1, 1), C0 = (t2 + x2 )∂t + 2tx∂x ,
C1 = −(t2 + x2 )∂x − 2tx∂t ;
c2 (1, 1) : p̃2 (1, 1), C0 = (t2 + x2 + au2 )∂t + 2tx∂x + 2tu∂u ,
C1 = −(t2 + x2 + au2 )∂x − 2tx∂t − 2xu∂u , a ∈ {0, 1, −1};
3

3

c (1, 1) : p̃ (1, 1), λ ∈ R, a = b = 0,
C0 = (t2 + x2 + cu2 + du−2 )∂t + (2tx + cu2 − du−2 )∂x +
+ (2u(x + λt) + eu2 + k)∂u , C1 = −[K, C0 ].
In the last realization, c3 (1, 1),
c=d=e=k=0

if λ ∈ R\{−1, 1};

d = k = 0, c = ±1, e ∈ R

or c = 0, e = 0, ±1

c = e = 0, d = ±1, k ∈ R

or d = 0, k = 0, 1

if λ = 1;
if λ = −1.

(7)
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In general the basic elements P0 and P1 are not always reduced to the form (4).
As a result inequivalent realizations of the algebras p(1, 1) and p̃(1, 1) are not
exhausted by realizations (5) and (6), respectively. Below we show that there
are exactly one more inequivalent realization of the algebra p(1, 1) and two more
inequivalent realizations of the algebra p̃(1, 1).
Lemma 1. Let P0 and P1 be linearly independent operators of the form (1). Then
there exists a point transformation (3) that reduces these operators to either the
form (4) or the following form:
P0 = ∂t , P1 = x∂t .

(8)

Proof . Denote by M the matrix formed by coefficients of the operators P0 and P1 .
Case 1. rank M = 2. It is well-known that then the commuting operators P0
and P1 can be reduced by change of variables (3) to the form (4).
Case 2. rank M = 1. Using a point transformation, we reduce the operator
P0 to the form P0 = ∂t . Then we have P1 = τ (x, u)∂t , where (τx , τu ) 6= (0, 0), in
view of rank M = 1 and [P0 , P1 ] = 0. Hence the transformation
t̄ = t,

x̄ = τ (x, u),

ū = h(x, u),

∂(τ, h)
6= 0,
∂(x, u)

reduces the operators P0 and P1 to the form (8).



Theorem 1. Inequivalent realizations of the algebra p(1, 1) are exhausted by (5)
and the realization
p3 (1, 1) : P0 = ∂t , P1 = x∂t , K = xt∂t + (x2 − 1)∂x .

(9)

Proof . Inequivalent realizations of the two-dimensional Abelian algebra with the
basic operators P0 and P1 are exhausted by realizations (4) and (8). The case of
realization (4) was analyzed in [4]. Let the operators P0 and P1 have the form (8).
We take the operator K having the general form (1). The commutation relations
[P0 , K] = P1 and [P1 , K] = P0 imply that
K = [tx + τ (x, u)]∂t + (x2 − 1)∂x + η(x, u)∂u .
Using the change of variables t̄ = t + f (x, u), x̄ = x, ū = h(x, u), where the
functions f and h are solutions of the system
Kf = xf − τ,

Kh = 0,

hu 6= 0,

we reduce the operators P0 , P1 and K to the form (9).



Theorem 2. Inequivalent realizations of the algebra p̃(1, 1) are exhausted by (6)
and the realizations
p̃4 (1, 1) : p3 (1, 1), D = t∂t ,
p̃5 (1, 1) : p3 (1, 1), D = t∂t + u∂u .

(10)
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Theorem 3. Inequivalent realizations of the algebra c(1, 1) are exhausted by (7).
The proofs of Theorems 2 and 3 are similar to the proof of Theorem 1. Note
only that the realizations p̃4 (1, 1) and p̃5 (1, 1) do not admit extensions by vector
fields of the form (1) into realizations of the conformal algebra.
The general form of invariant equations corresponding to the above realizations
can be found by a standard procedure within the framework of the classical Lie
approach. Let vector fields va , a = 1, . . . , p, form a basis of the Lie algebra of
a local transformation group G which acts in the space V . In the case under
consideration V is the space of the variables t, x and u and vector fields va have
the form (1). A second-order partial differential equation
Φ(t, x, u, ut , ux , utt , uxx , utx ) = 0

(11)

is invariant with respect to the group G if the function Φ satisfies the system
pr(2) va Φ = 0,

a = 1, . . . , p.

(12)

Here pr(2) va denotes the second prolongation of the operator va , a = 1, . . . , p.
When we solve system (12), we obtain a complete set of functionally independent
second-order differential invariants
Jk = Jk (x, t, u, uµ , uµν ),

(µ, ν) = (t, x),

k = 1, . . . , s.

Then all G-invariant equations from the class (11) have the form
F (J1 , . . . , Js ) = 0.

(13)

In other words the description of equations invariant with respect to the group
G is reduced to construction of a basis of differential invariants of this group.
P (1, 1)-, P̃ (1, 1)-, and C(1, 1)-invariant equations which possess realizations
(5)–(7) were studied in [4]. To complete the description of equations of the general
form (11), which are invariant with respect to the groups P (1, 1) and P̃ (1, 1), it
remains to consider realizations (9) and (10). The function Φ depends upon eight
arguments and the general orbits of the second prolongations of these realizations
are of dimensions three and four, respectively. Therefore bases of second-order
differential invariants of realization (9) and realizations (10) consist of five and
four invariants, respectively.
The results of the calculation of these bases are given below.
1. Elementary invariants of the algebra p3 (1, 1):
I2 = u2t (x2 − 1),

I1 = u,

I3 = utt (x2 − 1),

I4 = (x2 − 1)2 (ux utt − ut utx ) − x(x2 − 1)u2t ,
2

3

I5 = (x − 1) (utt uxx −
− x2 (x2 − 1)u2t .

u2tx )

2

2

+ 2x(x − 1) (ux utt − ut utx )−

(14)
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2. Elementary invariants of the algebra p̃4 (1, 1):
Σ1 = I1 ,

Σ2 = I2−1 I3 ,

Σ3 = I2−2 I4 ,

Σ4 = I2−5 I5 .

(15)

Here and in what follows I1 , . . . , I5 have the form (14).
3. Elementary invariants of the algebra p̃5 (1, 1):
Σ1 = I1 I3 , Σ2 = I2 , Σ3 = I4 , Σ4 = I5 .

(16)

As a result we obtain new classes P (1, 1)- and P̃ (1, 1)-invariant equations of
the form (11):
Φ(I1 , I2 , . . . , I5 ) = 0

(17)

Φ(Σ1 , . . . , Σ4 ) = 0,

(18)

and

where Σ1 , . . . , Σ4 are presented in (15) or (16).
Note that classes of equations (17) and (18) include equations which are natural
generalizations of the well-known Monge–Amperé equation.

3

Realizations of Lie algebras of the group P (1, 2)

Consider the space V = X × U , where X is the three-dimensional Minkowski
space with coordinates x0 , x1 and x2 and U is the space of the real dependent
variable u = u(x0 , x1 , x2 ). Vector fields on the space V have the general form
v = ξ µ (x, u)∂xµ + η(x, u)∂u ,

(19)

where ξ µ and η are real smooth functions defined in an open domain of the space V .
The Greek indices run from 0 to 2 and we use the summation convention for repeated indices. Additional or other constraints on indices are indicated explicitly.
We say that the operators Pµ and Jµν = −Jµν of the form (19) form a basis
of a realization of the Lie algebra p(1, 2) of the Poincaré group P (1, 2) if they are
linearly independent and satisfy the commutation relations
[Pµ , Jαβ ] = gµα Pβ − gµβ Pα ,

[Pµ , Pν ] = 0,

[Jµν , Jαβ ] = gµβ Jνα + gνα Jµβ − gµα Jνβ − gνβ Jµα ,
where
gµν




1, µ = ν = 0,
0, µ =
6 ν,
=

−1, µ = ν ∈ {1, 2}.

(20)
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We study realizations of the algebra p(1, 2) in the class of vector fields (19) up
to equivalence which is defined by the action of the local diffeomorphism group
xµ → x¯µ = f µ (x, u), u → ū = g(x, u),

(21)

where f µ and g are arbitrary smooth functions on the space V with nonvanishing
Jacobian.
Commutation relations (20) imply that p(1, 2) = o(1, 2) ∈ T , where o(1, 2) =
hJµν i and T = hPµ i is a commutative ideal. This is why we begin the study of
realizations of the algebra p(1, 2) with the consideration of possible realizations of
the translation operators Pµ .
Lemma 2. There exist transformations (21) that reduce the operators Pµ to one
of the following triples of operators:
(a) P0 = ∂x0 , P1 = ∂x1 , P2 = ∂x2 ,
(b) P0 = ∂x0 , P1 = ∂x1 , P2 = x2 ∂x0 + u∂x1 ,
(c) P0 = ∂x0 , P1 = ∂x1 , P2 = h(x2 )∂x0 + ϕ(x2 )∂x1 ,

(22)

(d) P0 = ∂x0 , P1 = x1 ∂x0 , P2 = ∂x2 ,
(e) P0 = ∂x0 , P1 = x1 ∂x0 , P2 = ψ(x1 )∂x0 ,
(g) P0 = ∂x0 , P1 = x1 ∂x0 , P2 = x2 ∂x0 ,
where ϕ, ψ and h are arbitrary smooth functions of their arguments, and, in view
of the linear independence of the operators Pµ , ψx1 x1 6= 0 and (hx2 , ϕx2 ) 6= (0, 0).
As the proof of Lemma 2 is cumbersome but similar to the proof of Lemma 1,
we do not present it here.
Further the realizations (22) of the ideal T should be extended to realizations
of the algebra p(1, 2) with operators Jµν of the form (19). As the realizations (22)
are inequivalent to each other, the realizations of the algebra p(1, 2) corresponding
to different realizations from (22) also are inequivalent.
Note that the problem of expansion of the ideal T to the algebra p(1, 2) for
the first triple of operators (22) was solved in [9, 12] and other papers of the same
authors. It was shown that the operators Jµν have one of the following forms:
Jµν = gµγ xγ ∂xν − gνγ xγ ∂xµ

(23)

or
J01 = x0 ∂x1 + x1 ∂x0 + sin u∂u ,
J02 = x0 ∂x2 + x2 ∂x0 + cos u∂u ,

(24)

J12 = −x1 ∂x2 + x2 ∂x1 + sin u∂u .
When we made the expansion of the ideal T to the algebra p(1, 2) for remaining
realizations (22), we have obtained the number of new realizations of the algebra
p(1, 2). A complete result of classification of inequivalent realizations of the algebra p(1, 2) in the class of Lie vector fields (19) is represented in the following
theorem that we give without proof.
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Theorem 4. Inequivalent realizations of the algebra p(1, 2) are exhausted by realizations (22) (a), (23); (22) (a), (24); and by the following realizations
1. Pµ of the form (22) (b),
J01 = x0 ∂x1 + x1 ∂x0 + u∂x2 + x2 ∂u ,
J02 = x0 x2 ∂x0 + x0 u∂x1 + (x22 − 1)∂x2 + x2 u∂x1 ,

(25)

2

J12 = −x1 x2 ∂x0 − ux1 ∂x1 − ux2 ∂x2 − (1 + u )∂u .
2. Pµ of the form (22) (c), where h(x2 ) = x2 ,
J01 = x0 ∂x1 + x1 ∂x0 + ϕ∂x2 ,
J02 = x0 x2 ∂x0 + x0 ϕ∂x1 + ϕ2 ∂x2 + a∂x0 + b∂x1 + q∂u ,

(26)

J12 = −x1 x2 ∂x0 − ϕx1 ∂x1 − ϕx2 ∂x2 + α∂x0 + β∂x1 + p∂u ,
p
where ϕ = ± x22 − 1, |x2 | > 1, and for the functions a, b, α, β, p and q we have
one of the following cases:
1) α = β = const, a = b = e−2u , q = −x2 , p = ϕ,  = 0, 1;


u
1
1+u
λ1
2) α = β = λ1
+ ln
+ λ2 , a = b =
,
2
1−u
2
1−u
1 − u2
q = ϕ − x2 u, p = ϕu − x2 , λ1 , λ2 = const;
3) a = −β = λx2 ϕ,

b = λx22 ,

4) a = −β = x2 ϕu,

x22 u,

b=

α = −λϕ2 ,
2

α = −ϕ u,

p = q = 0,

λ = const;

p = q = 0.

3. Pµ of the form (22) (e),
J01 = (x0 x1 + Bψ)∂x0 − ψ 2 ∂x1 + (Cx1 + Dψ)∂x2 + Aψ∂u ,
J02 = (x0 ψ − x1 B)∂x0 + x1 ψ∂x1 + (Cψ − x1 D)∂x2 − Ax1 ∂u ,

(27)

J12 = ψ∂x1 ,
p
where ψ = ± 1 − x21 , |x1 | < 1, and the parameters A, B, C and D take one of
the following values:
1) A = B = C = D = 0;
p
2) A = |x2 |g(u), B = x2 ,
3) A = x2 f (u),

B = 0,

C = 2x2 ,

C = x2 ,

D = x2

p
|x2 |f (u);

D = x22 g(u),

with f and g being arbitrary smooth functions of u.
4. Pµ of the form (22) (g),
J01 = x0 x1 ∂x0 + (x22 − 1)∂x1 + x1 x2 ∂x2 + x2 θ∂x0 + x2 ρ∂u ,
J02 = x0 x2 ∂x0 + x1 x2 ∂x1 + (x22 − 1)∂x2 − x1 θ∂x0 − x1 ρ∂u ,

(28)

J12 = x2 ∂x1 − x1 ∂x2 ,
−1
where either θ =
f being an arbitrary function of u or
pf (u)(1 − ω ), ρ =2 0 with
−1
θ = 0, ρ = ω
|ω − 1| with ω = x1 + x22 .
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Note that the realization (22) (d) of the ideal T does not admit an extension
to a realization of the algebra p(1, 2).

4

Discussion of results and summary

As it follows from the results of the present paper, the problem of classification
of inequivalent realizations of Poincaré algebras p(1, 1) and p(1, 2) in the class
of vector fields in the space of a low dimension is completely constructive. The
lists of realizations found here and in the papers mentioned give the complete
solution of this problem in spaces of three and four variables, respectively. By the
way the partition of variables into dependent and independent variables is quite
conditional. Here we consider a single variable as a dependent one in order to
describe later the general form of scalar equations which admit the realizations
obtained as Lie invariance algebras. These realizations can be also used for the
description of Poincaré-invariant systems of differential equations in spaces of low
dimensions.
We also completely solve of the problem of description of Poincaré-invariant
scalar second-order partial equations in the two-dimensional space-time. The
problem of description of Poincaré-invariant equations in a three-dimensional
space-time should be additionally studied. Currently there exist only partial solutions of this problem. Thus for the realizations (22) (a), (23) and (22) (a), (24)
this problem was solved in the works of W. Fushchych and I. Yehorchenko [1–3,9].
We have succeeded to obtain other four of seven differential invariants for the last
realization from Theorem 4, where θ = ρ = 0. These are the invariants
I2 = u2x0 ux0 x0 , I3 = (Σ1 − 1)2 u2x0 ,


I4 = Σ−1
(1 − Σ1 )3 (2Σ1 Σ2 u2x0 + (1 − Σ1 )Σ22 + Σ23 ) + (1 − Σ1 )2 Σ21 u4x0 ,
1

I1 = u,

where
Σ1 = x21 + x22 ,

Σ2 = x1 (ux1 ux0 x0 − ux0 ux0 x1 ) + x2 (ux2 ux0 x0 − ux0 ux0 x2 ),

Σ3 = x2 (ux1 ux0 x0 − ux0 ux0 x1 ) − x1 (ux2 ux0 x0 − ux0 ux0 x2 ).
The remaining cases are not considered up to now. Also note that the list
of realizations found for the algebra p(1, 2) facilitates solution of the problem on
classification of inequivalent realizations of the algebra c(1, 2).
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We explore the application of symmetry in the sense of Lie’s Theory to the algebraic resolution of evolution partial differential equations for problems arising
in Financial Mathematics and demonstrate that many problems are susceptible to an algorithmic treatment. In particular we show how certain equations
which have been solved by ad hoc methods are easily solved using the algebraic approach. Some equations considered are the Cox–Ingersoll–Ross equation with time-dependent parameters and the Heston Problem of Stochastic
Volatility.

1

Introduction

Although the application of symmetry to the resolution of differential equations –
be they ordinary or partial – is well established in the traditionally exact sciences,
there are some fields of scientific investigation newly entering into the realm of
mathematical exactitude in which such application is largely absent, nay, even
rejected. Such a troglodytic approach is difficult to understand when one considers
the advantages of an algorithmic approach to the determination of solutions of
differential equations. Given that it is almost 140 years since Lie developed his
theory of examining differential equations for their symmetries to make clear the
route to solution, one can only be surprised that there exists those who still believe
that the only route to take is that of the stage magician armed with tophat and
an incredible supply of rabbits to be drawn from it.
Financial transactions in the markets of the World have become increasingly
complex over the last four decades. There was a time when matters such as options, insurance and reinsurance were not so prominent in the scheme of financial
affairs. This is no longer the case. As has happened with so many other areas of
human endeavour, Finance in its broader interpretation has become increasingly
mathematical, as opposed to its intrinsically arithmetical nature, and now the
topic of Financial Mathematics is a discipline unto itself.
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One of the measures of the extent of the quantification of a discipline is the
degree to which its processes are modelled by differential equations1 . When differential equations are introduced into a discipline, it should be automatic that
effective methods of the treatment of differential equations should also be introduced. It is the purpose of this paper to aid that process in the case of the
application of symmetry to the solution of evolution partial differential equations
which arise in Financial Mathematics.
We begin our discussion with a brief resumé of the classical heat equation
in terms of its origin and of its properties, well-known, in terms of Lie point
symmetries. We then compare this with the standard form of modelling of a
financial process so that the emergence of evolution partial differential equations
as an important aspect of Financial Mathematics becomes obvious. In subsequent
sections we illustrate several applications of Lie theory in the solution of such
differential equations both in the linear and the nonlinear situations.
The heat equation for a uniform one-dimensional medium is
∂u
∂2u
=
,
∂t
∂x2

(1)

in which u(t, x) represents the temperature of the medium at time, t, and position, x. Although the original derivation of (1) was from considerations of the
continuum due to Laplace and in terms of Fourier’s Law, the development of
Statistical Physics as a natural evolution from the observation of the behaviour
of particles of very small mass by Brown provided a probabilistic basis for the
equation. A model for the observed apparently random motions of these particles
was provided by the concept of stochastic processes. This led to some very useful
results, the Lemma of Itô [18], in terms of the relationship between stochastic
processes and evolution partial differential equations. The Theorems of Fokker–
Planck [15,26] and Feynman–Kac [14,19] are important in that under appropriate
conditions they guarantee uniqueness of the solution of the equation subject to
some conditions which are not terribly onerous.
Equation (1) has the Lie point symmetries2
Γ1 = ∂x ,

Γ2 = 2t∂x − xu∂u ,

Γ5 = 2t∂t + x∂x ,

Γ4 = ∂t ,

Γ6 = 4t ∂t + 4tx∂x − 2t + x2 u∂u ,
2

Γ3 = u∂u ,

Γ7 = f (t, x)∂u ,

where f (t, x) is any solution3 of (1). In the Mubarakzyanov Classification Scheme
[22–25] the algebra is {A3,8 ⊕s A3,1 } ⊕s ∞A1 which in a more common parlance is
written as {sl(2, R) ⊕s W3 } ⊕s ∞A1 , where W3 is the three-element Heisenberg–
Weyl algebra more familiar from considerations of the simple harmonic oscillator
1

We are well aware that other approaches to mathematical modelling are to be found and
their worth is not to be gainsayed!
2
Calculated using the Mathematica add-on, Sym [7–9]. One should note that the calculation
is not original and the symmetries can be found listed in such texts as Bluman and Kumei [3].
3
One must emphasise the anyness of the solution. There is no need to take into consideration
initial or boundary conditions.
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in Quantum Mechanics. In terms of point symmetries this algebra is the maximal
algebra for a (1 + 1) evolution partial differential equation.
Normally the heat equation, (1), is solved with some requirement such as an
initial condition or some boundary conditions. In terms of finance one would be
looking for a solution, u(t, x), which would lead to the dependent variable, u(t, x),
having a particular value, U , at some time in the future, say T .
Essentially the problem reduces to finding a symmetry or symmetries of (1)
compatible with the dual requirements
t=T

∀ x.

and u(T, x) = U

(2)

To determine the symmetry we take the linear combination4
Γ=

i=6
X

αi Γi .

(3)

i=1

We apply the symmetry in (3) to the dual conditions in (2) to obtain a system
of equations,
0 = α4 + 2T α5 + 4T 2 α6

and


0 = −xU α2 + U α3 − 2T + x2 U α6 .

(4)

Since x is a free variable, (4) separates into
0 = U α3 − 2T U α6 ,

0 = −U α2

and 0 = −U α6

from which it is evident that α6 = 0, α2 = 0, α3 = 0, α4 + 2T α5 = 0 and α1 is
arbitrary so that there are two symmetries of (1) compatible with the requirements
and they are given by
Σ1 = ∂x

and

(5)

Σ2 = 2(t − T )∂t + x∂x .
The obvious symmetry for the reduction of (1) is (5) and it follows immediately
that the solution is u(t, x) = U, which perhaps may not be regarded as terribly
interesting.
On the other hand, if one takes T = 0 and sets u(0, x) = U (x), the application
of (3) to the dual conditions gives
0 = α4

and U 0 (x)α1 + U 0 (x)xα5 = −xU (x)α2 + U (x)α3 − x2 U (x)α6 .

From the latter we obtain
U 0 (x)
xα2 − α3 + x2 α6
=−
U (x)
α1 + xα5
4

Note that we do not include the infinite-dimensional subalgebra contained in Γ7 . As the
coefficient function is a solution of the differential equation, (1), it cannot play a role in the
discriminatory procedure being undertaken.
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which for the purposes of this example we simplify by taking α2 = α1 , α6 = α5
and α3 = 0. Then
U 0 (x)
= −x
U (x)

=⇒

U (x) = K exp[− 12 x2 ]

(6)

and the corresponding symmetries are
Σα1 = (1 + 2t)∂x − xu∂u

and


Σα5 = 2t(1 + 2t)∂t + (1 + 4t)x∂x − 2t + x2 u∂u .
Since [Σα1 , Σα5 ]LB = Σα1 , the preferred route for reduction is via Σα1 . The
invariants are t and u exp[x2 /(2(1 + 2t))]. The reduction and reduced equation
are


x2
ġ(t)
1
u(t, x) = exp −
g(t) and
=−
2(1 + 2t)
g(t)
1 + 2t
so that the solution corresponding to the initial distribution (6) is


x2
K
exp −
.
u(t, x) = √
2(1 + 2t)
1 + 2t
We have dealt in some length with these two elementary solutions of the classical heat equation, (1), to provide simple demonstrations of the methods of solution for some of the equations which arise in Financial Mathematics. In the
first example we tailored the solution to fit a precise terminal condition. In the
second example we tailored5 the terminal condition so that it would admit some
symmetry which would then permit reduction and solution.
In the sections below we examine the following problems. The first is a generalisation of the Cox–Ingersoll–Ross Equation [6], which models the zero-coupon
bond-pricing problem, to the case in which the parameters are explicitly timedependent. The second is the equation describing a model of stochastic volatility
developed by Heston [17] in which a second varible is introduced to allow for the
assumed stochastic nature of the volatility. We conclude with an adaptation of
the Black–Scholes model [4] to allow for a market which is illiquid due to the dominance of a single trader. These examples give some idea of the uses of symmetry
in the resolution of the evolution partial differential equations which arise in the
field of Financial Mathematics.

2

The Cox–Ingersoll–Ross Equation with a difference

The Cox–Ingersoll–Ross Equation [6]6
ut + 12 σ 2 xuxx − (κ − λx) ux − xu = 0
5
Note that the degree of ‘tailoring’ was designed to produce a simple calculation. It should
be quite evident that a far more complicated function would be obtained if the restrictions on
the parameters, αi , were relaxed.
6
Studies of similar equations are to be found in [5, 10, 16, 27].
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is an example of an equation which has a number of symmetries which varies
depending upon the existence or lack of existence of a specific relationship between
the parameters. The equation is rather typical of equations to be found in the
practical applications of the theory underlying Financial Mathematics. In the
development of the partial differential equations from the underlying stochastic
equations all sorts of possible dependencies can be carried since they are not really
relevant to the probabilistic aspects being considered. However, when it comes to
the solution of the resultant partial differential equations, functions quickly seem
to develop a nature of constancy rarely to be found in the real world. We recall
that the parameters have the meaning of variance in the case of σ, an underlying
trend rate in the case of κ and a measure of reversion to the mean in the case of λ.
Here we examine the case in which all of the parameters can depend upon
time. Admittedly this is not a complete case since one could also imagine a
scenario in which the parameters were affected by the underlying price/cost of
the commodity under consideration. Nevertheless the allowance for a temporal
variation in the parameters is a move in the direction of accepting reality. We
examine the equation
ut + 12 σ(t)2 xuxx − (κ(t) − λ(t)x) ux − xu = 0

(7)

for its Lie point symmetries using Sym in interactive mode. The consequent
calculations are notable more for the complexity of the expressions rather than
the complexity of the actual calculations and so there is no real point to repeat
them here. What we do find is a symmetry which depends upon three functions,
a(t), b(t) and g(t), of a fairly familiar form, ie

a(t)∂t + (b(t) + xf1 (a, σ))∂x + x2 f2 (a, σ, λ) + xf3 (a, σ, λ, κ) + g u∂u ,
in which we omit the infinite-dimensional subalgebra of solution symmetries which
are a consequence of the linearity of (7).
The three functions to be determined, a(t), b(t) and g(t), to establish the
coefficient functions of the symmetries of (7) solutions of three linear ordinary
differential equations. For the function a(t) the equation is of the third order and
has the typical structure for the time-dependent function in an sl(2, R) subalgebra,
namely
...
a (t) + 2p(t)ȧ(t) + ṗ(t)a(t) = 0,
where p(t) depends upon s(t) and λ(t). The equation for b(t) is of the second
order and somewhat more complicated, but is consistent with one part being a twodimensional subalgebra and the other being related to the coefficient function a(t).
The same story applies to g(t) which is determined as the solution of a first-order
equation with the nonhomogeneous terms depending upon the other coefficient
functions.
The interesting point about the time-dependent version of the Cox–Ingersoll–
Ross Equation is that it admits the maximal number of Lie point symmetries.
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Consequently one would expect to be able to solve any problem with a terminal
condition. This is an interesting development for it broadens the class of models
for which one can add least construct the structure of an analytic solution. It
must be admitted that a viewing of the third-, second- and first-order ordinary
differential equations to be satisfied by a(t), b(t) and g(t) does not imbue one with
an expectation to be able to determine a solution in closed form. Nevertheless
this lack of a solution in closed form may not present a serious impediment to
progress. It may happen that one must resort to numerical procedures to go
from the second-last line to the last line [20]. That one must eventually resort
to numerical procedures is more or less a fact of life since very few equations
can be solved in a form which obviates the necessity for numerics. The critical
point is at which level one must make these numerical computations. As a general
observation one may state quite comfortably that the further into the resolution
of a given problem that one can defer the implementation of numerical procedures
the more effective the modelling undertaken.
In the case of the Cox–Ingersoll–Ross Equation with time-dependent parameters we have an explicit expression for the structure of the symmetries. The very
fact that we know the precise dependence of the symmetries upon x and u makes
it possible to construct the form of the invariants for the reduction of the equation to an ordinary differential equation. It is this ability to be able to reduce
the problem which makes the application of symmetry even in this somewhat
nebulous form advantageous.

3

Stochastic Volatility: the Heston Model

The Heston Model of Stochastic Volatility [17] leads to the (1+2) evolution partial
differential equation
∂V
∂2V
∂2V
∂2V
∂V
+ 12 S 2 y 2 + εrSy
+ 12 ε2 y 2 + (r − D)S
∂t
∂S
∂S∂y
∂y
∂S
∂V
+(ω − yθ − Λ)
− rV = 0,
∂y

(8)

where V is the valuation of a volatility-dependent instrument, S the value of the
underlying asset, D the yield on the asset, r is the interest rate and the coefficient
of uy is the real-world drift term less the market price of risk. The terminal
conditions are
t=T

and V (T, S, y) = Max{S − K, 0},

where K is the cut-off value of the asset. In the case that the coefficient of Vy
was taken to have the form κθ − (κ + λ)y Heston [17] has provided a solution in
closed form. The exponent on y need not be so simple. In a more general model
the exponent of y in the mixed derivative is γ + 12 and of the second derivative
with respect to y it is 2γ, where γ is the exponent of the variance in the stochastic
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differential equation for the variance. In the case that γ = 12 the two exponents
become simpler and more tractible numbers. The solution for general values of γ
proves to be elusive [29].
The only Lie point symmetries of (8), apart from the infinite class of solution
symmetries, are the obvious ones of
Γ1 = V ∂V ,

Γ2 = S∂S

and Γ3 = ∂t .

The first is a consequence of the linearity of (8) and the third of the autonomy
of the equation. The second symmetry is a consequence of the equation being
autonomous in the variable log S. We make a change of variables from the original
equation. The change of variables is given by
τ = T − t,

x = log S + (r − D)τ

y = y,

V = ue−rτ .

Equation (8) is now
 2

2
∂u
∂ u
∂u
∂2u
∂u
∂u
2∂ u
2
+ 2κθ .
=y
+
2εr
+
ε
−
−
2(κ
+
λ)
∂τ
∂x2
∂x∂y
∂y 2
∂x
∂y
∂y

(9)

(10)

We take the Fourier transform of (10) with respect to x to obtain the (1 + 1)
evolution equation


2
∂ ũ
∂ ũ
∂ ũ
∂ ũ
2
2 ∂ ũ
+ y ω ũ − 2iωεr
−ε
+ 2(κ + λ)
− iωũ − 2κθ
= 0. (11)
2
2
∂τ
∂y
∂y
∂y
∂y
Note that we have replaced the coefficient of Vy in (8) with the expression given
by Heston [17], namely κθ − (κ + λ)y. The given terminal condition becomes
1 K iω+1
ũ(0, ω, y) = √
,
2π iω − ω 2

(12)

which is evaluated at τ = 0 and this is significant when one considers the change
of variables given in (9).
An analysis of the Lie point symmetries of (11) gives the result that the symmetry (apart from the generic solution symmetry) has the general form


κθ
√
0
yb(τ ) + ya (τ ) ∂y + C0 + 2 ((κ + λ − iεrω)a(τ )
Γ = a(τ )∂τ +
ε



√
1
1
−a0 (τ ) + 2 √ ε2 − 4κθ b(τ ) + 2 (κ + λ − iεrω)b(τ ) − 2b0 (τ ) y
4ε y
ε


1 
+ 2 (κ + λ − iεrω)a0 (τ ) − a00 (τ ) y u∂u ,
ε
where
a(τ ) = A0 + A1 exp[P τ ] + A2 exp[−P τ ],
b(τ ) = B1 exp[P τ /2] + B2 exp[−P τ /2]
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and the upper case letters are constants of integration with


P 2 = (κ + λ − iεrω)2 − ε2 iω − ω 2 .
There is also the constraint that, if (4κθ − 3ε2 )(4κθ − ε2 ) 6= 0, it follows that b(τ )
must be identically zero.
In the case that the constraint be satisfied (11) has the maximal number of Lie
point symmetries for an (1 + 1) evolution equation and the algebra is {sl(2, R) ⊕
W3 } ⊕∞ A1 . Otherwise the algebra is {sl(2, R) ⊕ A1 } ⊕∞ A1 , ie, the Weyl–
Heisenberg subalgebra is reduced to the single homogeneity symmetry.
When the general symmetry, Γ, with the functional dependence in a(τ ) and
b(τ ) substituted is applied to the terminal conditions, (12), one finds that there
is compatibility provided b(τ ) = 0 and the relations
A0 = −m,

A1 =

m+P
2

and A2 =

m−P
2

hold, where m = κ + λ − iεrω and the common multiplier of the symmetry, C0 ,
is given the value κθP 2 /ε2 . Thus we have
a(τ ) = P sinh P τ − m(1 − cosh P τ ).

(13)

For general values of the parameters, when the expression for the symmetry
compatible with the terminal conditions is simplified, it is
Γc = a(τ )∂t + ya0 (τ )∂y



κθma(τ ) κθa0 (τ )
y
0
00
+ C0 +
−
+ 2 ma (τ ) − a (τ ) u∂u
ε2
ε2
ε

(14)

with a(τ ) and C0 as given above.
The invariants of Γc are
q=

y
a(τ )

and




1
0
z = u exp − 2 κθmτ + mqa(τ ) − κθ log a(τ ) − qa (τ ) + j(τ ) ,
ε
R
where j(τ ) = C0 /a(τ )dt. When we make the substitution

1
ũ(τ, ω, y) = exp 2 (κθmτ + mqa(τ ) − κθ log a(τ )
ε


−qa0 (τ ) + j(τ ) Q(y/a(τ )),
the resulting ordinary differential equation is simply
qQ00 +


2κθ 0 P 2
Q − 4 qP 2 + 2κθ Q = 0
2
ε
ε

(15)

(16)
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which has the solution
 2 2κθ/ε2 −1 
 2 (
)
2P
P q
2κθ 2P 2 q
Q(p) = exp
C1 − C2
,
Γ 1− 2 , 2
ε2
ε2
ε
ε

(17)

where C1 and C2 are the constants of integration and Γ[·, ·] is the incomplete
gamma function. Since the terminal condition is evaluated at τ = 0, the term
involving the incomplete gamma function makes no contribution to the required
solution as its argument becomes infinite and so we set C2 = 0.
From (13), (16) and (17) it follows that
 
1
P 2y
ũ(τ, ω, y) = C1 exp 2
ε P sinh(P τ ) − m(1 − cosh(P τ ))
+κθmτ + κθ [log(sinh(P τ /2)) − log (P cosh(P τ /2) + m sinh(P τ /2))]
−κθ log (P sinh(P τ ) − m(1 − cosh(P τ ))) + my

P y (P cosh(P τ ) + m sinh(P τ ))
.
−
P sinh(P τ ) − m(1 − cosh(P τ ))

(18)

When one takes into account the terminal condition, (12), on the Fourier transform, it follows that
κθ/ε2
2P 2
K iω+1
√
C1 =
iω − ω 2
2π
from (12). After some simplification one finds that
2κθ/ε2
P
K iω+1
P cosh(P τ /2) + m sinh(P τ /2)
(iω − ω 2 )
#

y iω − ω 2 sinh(P τ /2)
mκθτ
× exp
+
.
ε2
P cosh(P τ /2) + m sinh(P τ /2)

1
ũ(τ, ω, y) = √
2π
"



(19)

The solution to (8) follows from the evaluation of the inverse Fourier transform
Z ∞
1
√
exp[−iωx]ũ(τ, ω, y)dω
2π −∞
with ũ(τ, ω, y) as given in (19) and inverting the transformation (9).

4

Black–Scholes in an illiquid market

The Black–Scholes Equation
2ut + σ 2 x2 uxx + bxux − ru = 0
was constructed under certain assumptions regarding the nature of the market.
A departure from those assumptions can be found in the case of what is known as
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an illiquid market which has been modelled in [11–13,28]. One cause can be found
in the existence of a single trader dominating the market for which the equation
governing the model is [4]
2ut (1 − ρxλ(x)uxx )2 + σ 2 (t)x2 uxx = 0,

(20)

where ρ is a measure of the influence of the large-scale trader and λ(x) is intended
to produce the desired payoff, but both must necessarily be estimated from the
realities of the market. One notes that the variance includes a dependence upon
time. In terms of the analysis of the equation this is quite spurious since it may be
removed by means of a rescaling of time. Consequently we treat it as a constant.
Equation (20) has been treated in terms of symmetry by Yang et al [30] in that
they constructed the optimal systems for the equation. Here we consider (20) in
terms of a problem with a standard terminal condition and with the option of a
terminal condition dependent upon the stock price. Yang et al present the Lie
point symmetries of (20) as7
Γ1 = ∂t ,

Γ2 = ∂u ,

Γ3 = x∂u ,

Γ4 = x∂x + (1 − k)u∂u

provided λ(x) = ωxk , where ω is a constant. If this be not the case, Γ4 is absent.
The algebra has a structure which does depend upon the value of the parameter k.
It is A1 ⊕Aa3,5 in the Mubarakzyanov Classification Scheme for general values of k.
For the specific values k = 0 and k = 1 the algebra is 2A1 ⊕ A2 and, if k = 12 , the
algebra is A1 ⊕ A3,4 , where the three-dimensional subalgebra is commonly known
as E(1, 1). Note that in all cases the algebra is the direct sum of a one-dimensional
subalgebra (Γ1 ) and a three-dimensional subalgebra.
We can contemplate (20) as the differential equation for a problem with a
terminal condition of the nature u(T, S) = U (x), ie at some time T in the future
the dependent variable is required to take a specific value depending
upon the
P
price of the underlying asset. We take a linear combination, 4i=1 αi Γi , of the
symmetries above and apply them to the conditions t = T and u(T, S) = U (x).
It is immediately obvious that α1 = 0. The remaining coefficients are related
according to
α2 + α3 x + α4 (1 − k)U (x) = α4 xU 0 (x)
from which it is evident that the terminal function, U (x), is compatible with the
symmetry provided


1 α3 x
α2
1−k
U (x) = U0 x
+
−
,
α4
k
1−k
ie in addition to the parameter, k, of the model there are three constants in the
expression for U (x) which may be chosen at will.
7

We have verified the correctness of the calculation using our own methods. Yang et al. cite
Bordag [4] as their source of these symmetries.
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The corresponding symmetry is


α2 α3
Γ = x∂x +
+
x + (1 − k)u ∂u .
α4 α4
The characteristics are t and


u
1 α3 k
α2
k−1
−
x −
x
α4 k
(1 − k)
x1−k
so that the reduction to an ordinary differential equation is given by


1 α3
α2
u(t, x) =
x−
+ x1−k q(t).
α4 k
1−k
The reduced equation is
q̇(t) =

kσ 2 (1 − k)q(t)
2 (1 + kρω(1 − k)q(t))2

which, not surprisingly, cannot be solved in closed form for q(t). The solution in
implicit form is
t − t0 =

2
4ρω
ρ2 ω 2
log
q(t)
+
q(t)
+
k(1 − k)q 2 (t).
σ 2 k(1 − k)
σ2
σ2

We may, probably without loss of generality, take t0 = T . This means that
q(T ) = U0 which is required to satisfy the equation
0=

2
4ρω
ρ2 ω 2
log
U
+
U
+
k(1 − k)U0 .
0
0
σ 2 k(1 − k)
σ2
σ2

If one assumes that the parameters ρ, ω and σ are beyond the control even of a
dominant trader, there is a necessary relationship between k and U0 which may
or may not be good news for the market.

5

Conclusion

We have considered some examples chosen from the many models which have been
developed in the area now known as Financial Mathematics. Although one may
trace the development of the field back many years, it is generally agreed that
the real thrust in development is to be found in the papers of Merton [21] and
Black and Scholes [1, 2] of about forty years ago. The original context was in the
pricing of options as interpreted in the narrow sense of the stock market. Indeed
Merton observes that ‘since options are specialised and relatively unimportant
financial securities, the amount of time and space devoted to the development of
a pricing theory might be questioned.’ At about the same time Black and Scholes
had observed that their results could be extended to many other situations and,
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in a sense, that virtually every financial instrument could be regarded in terms
of an option. It reminds one of the story about how a man views a doughnut!
Given the explosion of the field in recent decades it would appear that Black and
Scholes had a greater understanding of the practical implications of their models.
Traditionally – if tradition be already established within forty years – the
solvers of the evolution partial differential equations which emerge at the end of
what can be a very long and complicated process of modelling have used ad hoc
methods to solve the equations. Experience counts. What has been observed is
that many of these equations are rich in symmetry. This in itself is not likely to
be a priori expected although one could argue from hindsight that the underlying
processes are very similar in nature to those physical processes which lead through
their modelling to the classical heat equation and its variations.
The employment of the methods of symmetry analysis has become standard
in some fields. In others, we mention Financial Mathematics, Epidemiology and
Ecology in particular, there seems to be not only a marked reluctance to employ
these methods but even to reject them when they are employed. Since so many
of the equations which arise in Financial Mathematics are rich in symmetry, one
finds that this attitude rather strange.
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Orbit functions of a simple Lie group/algebra L consist of exponential functions
summed over the Weyl group of L. They are labeled by the highest weights of
irreducible finite-dimensional representations of L. They are of three types: C-,
S- and E-functions. Orbit functions of the Lie algebras An or, equivalently, of
the Lie group, SU(n+1), are considered. Firstly orbit functions in two different
bases – one orthonormal, the other given by the simple roots of SU(n + 1) –
are written using the isomorphism of the permutation group of n + 1 elements
and the Weyl group of SU(n + 1). Secondly it is demonstrated that there is
a one-to-one correspondence between classical Chebyshev polynomials of the
first and second kinds and C- and S-functions of the simple Lie group SU(2).
It is then shown that the well-known orbit functions of SU(n + 1) are straightforward generalizations of Chebyshev polynomials to n variables. Properties of
the orbit functions provide a wealth of properties of the polynomials. Finally
multivariate exponential functions are considered, and their connection with
orbit functions of SU(n + 1) is established.

1

Introduction

The history of the Chebyshev polynomials dates back over a century. Their
properties and applications have been considered in many papers. Studies of
polynomials in more than one variable were undertaken by several authors, e.g.,
[2–4, 13, 17, 18, 25, 26]. Of these none follow the path we have laid down here.
In this paper we demonstrate that the classical Chebyshev polynomials in one
variable are naturally associated with the action of the Weyl group of SU(2) or
equivalently with the action of the Weyl group W (A1 ) of the simple Lie algebra of
type A1 . The association is so simple that it has been ignored so far. However, by
making W (A1 ) the cornerstone of our rederivation of Chebyshev polynomials, we
have gained insight into the structure of the theory of polynomials. In particular
the generalization of Chebyshev polynomials to any number of variables was a
straightforward task. The polynomials of [14] correspond to our case in spite of a
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different approach and terminology. The 2D generalizations of Chebyshev polynomials of [13] coincide with our polynomials of A2 even if no Lie group connection
is mentioned there. n-dimensional generalizations of Chebyshev polynomials were
also constructed in [15]. Further it was shown in [21] that our polynomials obtained from orbit functions are special cases of the Macdonald polynomials [17].
We proceed in three steps. In Section 2 we exploit the isomorphism of the
group of permutations of n + 1 elements S and the Weyl group of SU(n + 1) or,
equivalently of An , and define the orbit functions of An . This opens the possibility
to write the orbit functions in two rather different bases, the orthonormal basis
and the basis determined by the simple roots of An , which considerably alters the
appearance of the orbit functions. In the paper we use the nonorthogonal basis
because of its direct generalization to simple Lie algebras of types other than An .
In Section 3 we consider classical Chebyshev polynomials of the first and second
kinds and compare them with the C- and S-orbit functions of A1 . We show that
polynomials of the first kind are in one-to-one correspondence with C-functions.
Polynomials of the second kind coincide with the appropriate S-function divided
by the unique lowest nontrivial S-function. We point out that polynomials of the
second kind can be identified as irreducible characters of finite-dimensional representations of SU(2). Useful properties of Chebyshev polynomials can undoubtedly
be traced to that identification because the fundamental object of representation
theory of semisimple Lie groups/algebras is character. In principle all one needs
to know about an irreducible finite-dimensional representation can be deduced
from its character. An important aspect of this conclusion is that characters are
known and uniformly described for all simple Lie groups/algebras.
In Section 4 we provide details of the recursive procedure from which the
classical form of Chebyshev polynomials in n variables can be found. Thus there
are n generic

 recursion relations for An , having at least n + 2 terms, and at most
n+1
[(n+1)/2] + 1 terms. Irreducible polynomials are divided into n + 1 exclusive
classes with the property that monomials within one irreducible polynomial belong
to the same congruence class1 . This follows directly from the recognition of the
presence and properties of the underlying Lie algebra. In Section 4.2 the simple
substitution z = e2πix , x ∈ Rn , is used in orbit functions to form Laurent analogs
of Chebyshev polynomials in n variables in their nontrigonometric form.
In Section 5 we present the orbit functions of An disguised as polynomials built
from multivariate exponential functions of the symmetric group. In Section 2 such
a possibility is described in terms of related bases, one orthonormal (symmetric
group) and the other nonorthogonal (simple roots of An and their dual ω-basis).
Both forms of the same polynomials appear rather different, but may prove useful
in different situations.
The last section contains a few comments and some questions related to the
subject of this paper that we find intriguing.
1

It is well known that each Chebyshev polynomial has only even or odd power monomials.
This is caused by two congruence classes of A1 .
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Preliminaries

This section is intended to fix notation and terminology. We also briefly recall
some facts about Sn+1 and An , dwelling particularly on various bases in Rn+1
and Rn . In Section 2.3 we identify elementary reflections that generate the An
Weyl group W with the permutation of two adjacent objects in an ordered set
of n + 1 objects. Finally we present some standard definitions and properties of
orbit functions.

2.1

Permutation group Sn+1

The group Sn+1 of order (n+1)! transforms the ordered number set [l1 , . . . , ln , ln+1 ]
by permuting the numbers.
We introduce an orthonormal basis in the real Euclidean space Rn+1 ,
ei ∈ Rn+1 ,

hei , ej i = δij ,

1 ≤ i, j ≤ n + 1,

(1)
Pn+1

and use the lk ’s as the coordinates of a point µ in the e-basis: µ = k=1 lk ek ,
lk ∈ R.
The group Sn+1 permutes the coordinates lk of µ thereby generating other
points from it. The set of all distinct points, obtained by application of Sn+1 to
µ, is called the orbit of Sn+1 . We denote an orbit by Wλ , where λ is a unique
point of the orbit, such that l1 ≥ l2 ≥ · · · ≥ ln ≥ ln+1 . If there is no pair of equal
lk ’s in λ, the orbit Wλ consists of (n + 1)! points.
Below we only consider points µ from the n-dimensional subspace H ⊂ Rn+1
defined by the equation
n+1
X

lk = 0.

(2)

k=1

2.2

Lie algebra An

We recall basic properties of the simple Lie algebra An of the compact Lie group
SU(n + 1). Consider the general value (1 ≤ n < ∞) of the rank. The Coxeter–
Dynkin diagram, Cartan matrix C and inverse Cartan matrix C−1 of An are,
respectively,
 2 −1 0 0 0 ... 0 0 0 0 
−1

i i i

...

α1 α2 α3
1·n

 1·(n−1)
 1·(n−2)
1 
 1·(n−3)
..
=
.
n+1
 1·3

1·2
1·1

1·(n−1)
2·(n−1)
2·(n−2)
2·(n−3)

..
.

2·3
2·2
2·1

2 −1

0

0 ...

0

0

0

0

 0 −1 2 −1 0 ... 0 0 0 0 
C=  ... ... ... ... ... . . . ... ... ... ...  ,

i

αn−1 αn


C−1

i

1·(n−2)
2·(n−2)
3·(n−2)
3·(n−3)

..
.

3·3
3·2
3·1

0
0
1·(n−3)
2·(n−3)
3·(n−3)
4·(n−3)

..
.

4·3
4·2
4·1

0 0 0 0 ...
0 −1 2 −1
0 0 0 0 ...
0 0 −1 2

...
1·3
1·2
1·1
...
2·3
2·2
2·1 
...
3·3
3·2
3·1 
...
4·3
4·2
4·1 

..

.

..
.

..
.

..
.

.


(n−2)·1 

... (n−2)·3 (n−2)·2
... (n−2)·2 (n−1)·2 (n−1)·1
... (n−2)·1 (n−1)·1
n·1
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The simple roots αi , 1 ≤ i ≤ n of An form a basis (α-basis) of a real Euclidean
space Rn . We choose them in H:
αi = ei − ei+1 ,

i = 1, . . . , n.

This choice √
fixes the lengths and relative angles of the simple roots. Their length
is equal to 2 with relative angles between αk and αk+1 (1 ≤ k ≤ n − 1) equal
π
to 2π
3 and 2 for any other pair.
In addition to e- and α-bases we introduce the ω-basis as the Z-dual basis to
the simple roots αi :
hαi , ωj i = δij ,

1 ≤ i, j ≤ n.

It is also a basis in the subspace H ⊂ Rn+1 (see (2)). The bases α and ω are
related by the Cartan matrix
ω = C−1 α.

α = Cω,

Throughout the paper we use λ ∈ H. Here we fix the notation for its coordinates relative to the e- and ω-bases:
λ=

n+1
X

lj ej =: (l1 , . . . , ln+1 )e =

j=1

n
X

λi ωi =: (λ1 , . . . , λn )ω ,

i=1

n+1
X

li = 0.

i=1

Consider a point λ ∈ H with coordinates
lj and λi in the e- and ω-bases,
P
respectively. Using α = Cω, i.e., ωi = nk=1 (C−1 )ik αk , we obtain the relations
between λi and lj :
l1 =

n
X

λk C−1
k1 ,

ln+1 = −

n
X

λk C−1
kn ,

k=1
−1
−1
−1
−1
−1
λ1 (C1 j −C1 j−1 )+λ2 (C2 j −C−1
2 j−1 )+ · · · +λn (Cn j −Cn j−1 ),
k=1

lj =

j=2, . . . , n,

or explicitly
λi = li − li+1 ,

i = 1, 2, . . . , n.

(3)

The inverse formulas are much more complicated being
l = Aλ,

(4)

where l = (l1 , . . . , 1n+1 )e , λ = (λ1 , . . . , λn )ω and A is the (n+1) × n matrix
 n n−1 n−2 ···

2
1
A=

1
n+1

−1 n−1 n−2 ···
n−2 ···

 −1 −2
 .. ..
 . .

−1 −2
−1 −2

.. . .
.
.

2
2

..
.

1
1


..  .
. 

−3 ··· −(n−1) 1
−3 ··· −(n−1) −n
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The Weyl group of An

The Weyl group W (An ) of order (n + 1)! acts in H by permuting coordinates in
the e-basis, i.e. as the group Sn+1 . Indeed let ri , 1 ≤ i ≤ n be the generating
elements of W (An ), i.e. reflections with respect to the hyperplanes perpendicular
n+1
P
xk ek = (x1 , x2 , . . . , xn+1 )e and
to αi and passing through the origin. Let x =
k=1

h·, ·i denote the inner product. We then have the reflection by ri :
ri x = x −

2
hαi ,αi i hx, αi iαi =(x1 , x2 , . . . , xn+1 )e −(xi −xi+1 )(ei −ei+1 )

= (x1 , . . . , xi−1 , xi+1 , xi , xi+2 , . . . , xn+1 )e .

(5)

Such transpositions generate the full permutation group Sn+1 . Thus W (An ) is
isomorphic to Sn+1 and the points of the orbit Wλ (Sn+1 ) and Wλ (An ) coincide.

2.4

Definitions of orbit functions

The notion of an orbit function in n variables depends essentially on the underlying
semisimple Lie group G of rank n. In our case G = SU(n + 1) (equivalently, Lie
algebra An ). Let the basis of the simple roots be denoted by α and the basis of
fundamental weights by ω.
The weight lattice P is formed by all integer linear combinations of the ω-basis,
i.e.,
P = Zω1 + Zω2 + · · · + Zωn .
In the weight lattice, P , we define the cone of dominant weights P + and its subset
of strictly dominant weights P ++ as
P ⊃ P + = Z≥0 ω1 + · · · + Z≥0 ωn ⊃ P ++ = Z>0 ω1 + · · · + Z>0 ωn .
Hereinafter W e ⊂ W denotes the even subgroup of the Weyl group formed by
an even number of reflections that generate W . Wλ and Wλe are the corresponding
group orbits of a point λ ∈ Rn .
We also introduce the notion of fundamental region F (G) ⊂ Rn . For An the
fundamental region F is the convex hull of the vertices {0, ω1 , ω2 , . . . , ωn }.
Definition 1. The C orbit function Cλ (x), λ ∈ P + is defined as
X
Cλ (x) :=
e2πihµ,xi , x ∈ Rn .

(6)

µ∈Wλ (G)

Definition 2. The S orbit function Sλ (x), λ ∈ P ++ is defined as
X
Sλ (x) :=
(−1)p(µ) e2πihµ,xi , x ∈ Rn ,
µ∈Wλ (G)

(7)
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where p(µ) is the number of reflections necessary to obtain µ from λ. Of course
the same µ can be obtained by different successions of reflections, but all routes
from λ to µ have a length of the same parity and thus the salient detail given by
p(µ) in the context of an S-function is meaningful and unchanging.
Definition 3. We define E orbit function Eλ (x), λ ∈ P e , as
Eλ (x) :=

X

e2πihµ,xi ,

x ∈ Rn ,

(8)

µ∈Wλe (G)

where P e := P + ∪ ri P + and ri is a reflection from W .
If we always suppose that λ, µ ∈ P are given in the ω-basis and x ∈ Rn is given
n
n
n
P
P
P
in the α basis, namely λ =
λj ωj , µ =
µj ωj , λj , µj ∈ Z and x =
xj αj ,
j=1

j=1

j=1

xj ∈ R, then the orbit functions of An have the following forms
Cλ (x) =

n
P

2πi

X

e

=

Sλ (x) =

p(µ)

(−1)

2πi

e

n
P

µj xj

=

j=1

µ∈Wλ

Eλ (x) =

X
µ∈Wλe

2.5

e2πiµj xj ,

(9)

µ∈Wλ j=1

µ∈Wλ

X

n
X Y

µ j xj

j=1

X

(−1)p(µ)

µ∈Wλ
2πi

e

n
P
j=1

µ j xj

=

X

n
Y

e2πiµj xj .

n
Y

e2πiµj xj ,

(10)

j=1

(11)

µ∈Wλe j=1

Some properties of orbit functions

For S functions the number of summands is always equal to the size of the Weyl
group. Note that in the 1-dimensional case C-, S- and E-functions are respectively
a cosine, a sine and an exponential function up to the constant.
All three families of orbit functions are based on semisimple Lie algebras. The
number of variables coincides with the rank of the Lie algebra. In general C-,
S- and E- functions are finite sums of exponential functions. Therefore they are
continuous and have continuous derivatives of all orders in Rn .
The S-functions are antisymmetric with respect to the (n−1)-dimensional
boundary of F . Hence they are zero on the boundary of F . The C-functions
are symmetric with respect to the (n − 1)-dimensional boundary of F . Their normal derivative at the boundary is equal to zero (because the normal derivative of
a C-function is an S-function).
For simple Lie algebras of any type the functions Cλ (x), Eλ (x) and Sλ (x) are
eigenfunctions of the appropriate Laplace operator. The Laplace operator has
the same eigenvalues on every exponential function summand of an orbit function
with eigenvalue −4πhλ, λi.
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Orthogonality

For any two complex square-integrable functions φ(x) and ψ(x) defined on the
fundamental region, F , we define a continuous scalar product as
Z
(12)
hφ(x), ψ(x)i := φ(x)ψ(x)dx.
F

Here integration is performed with respect to the Euclidean measure, the bar
means complex conjugation and x ∈ F , where F is the fundamental region of
either W or W e (note that the fundamental region of W e is F e = F ∪ ri F , where
ri ∈ W ).
Any pair of orbit functions from the same family is orthogonal on the corresponding fundamental region with respect to the scalar product (12), namely
hCλ (x), Cλ0 (x)i = |Wλ | · |F | · δλλ0 ,

(13)

hSλ (x), Sλ0 (x)i = |W | · |F | · δλλ0 ,

(14)

hEλ (x), Eλ0 (x)i =

|Wλe |

e

· |F | · δλλ0 ,

(15)

where δλλ0 is the Kronecker delta, |W | is the order of the Weyl group, |Wλ | and
|Wλe | are the sizes of the Weyl group orbits (the number of distinct points in the
orbit) and |F | and |F e | are volumes of fundamental regions. The volume |F | was
calculated in [6].
Proof . Proof of the relations (13), (14) and (15) follows from the orthogonality
of the usual exponential functions and from the fact that a given weight µ ∈ P
belongs to precisely one orbit function.

The families of C-, S- and E-functions are complete on the fundamental domain. The completeness of these systems follows from the completeness of the
system of exponential functions, i.e., there does not exist a function φ(x) such
that hφ(x), φ(x)i > 0 and at the same time hφ(x), ψ(x)i = 0 for all functions ψ(x)
from the same system.
2.5.2

Orbit functions of An acting in Rn+1

Relations (4) allow us to rewrite variables λ and x in an orbit function in the
e-basis. Therefore we can obtain the C-, S- and E- functions acting in Rn+1 ,
X
Cλ (x) =
e2πi(s(λ),x) ,
(16)
s∈Sn+1

Sλ (x) =

X

(sgn s)e2πi(s(λ),x) ,

(17)

s∈Sn+1

Eλ (x) =

X
s∈Altn+1

e2πi(s(λ),x) ,

(18)
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where (·, ·) is a scalar product in Rn+1 , sgn s is the permutation sign and Altn+1 is
the alternating group acting on an (n + 1)-tuple of numbers. Note that variables
x and λ are in the hyperplane H. For C- and E-functions it is essential that λ is
a generic point (i.e., does not have zero coordinates in ω-basis).
When one uses the identity hλ, ri xi = hri λ, xi for the reflection ri , i = 1, . . . , n,
it can be verified that
Cλ (ri x) = Cri λ (x) = Cλ (x)

and

Sri λ (x) = Sλ (ri x) = −Sλ (x).

Note that it is easy to see for generic points that Eλ (x) =
and from the relations (19) we obtain
Eri λ (x) = Eλ (ri x) =

1
2

1
2

(19)


Cλ (x) + Sλ (x)

(Cλ (x) − Sλ (x)) = Eλ (x).

(20)

A number of other properties of orbit functions are presented in [8, 9, 11].

3

Orbit functions and Chebyshev polynomials

We recall known properties of Chebyshev polynomials [24] in order to be able subsequently to make an unambiguous comparison between them and the appropriate
orbit functions.

3.1

Classical Chebyshev polynomials

Chebyshev polynomials are orthogonal polynomials which are usually defined recursively. One distinguishes between Chebyshev polynomials of the first kind Tn ,
T0 (x) = 1,
hence

T1 (x) = x,

Tn+1 (x) = 2xTn − Tn−1 ,

T2 (x) = 2x2 − 1,

T3 (x) = 4x3 − 3x,

(21)

...,

(22)

and Chebyshev polynomials of the second kind Un ,
U0 (x) = 1,
in particular

Un+1 (x) = 2xUn − Un−1 ,

U1 (x) = 2x,
2

U2 (x) = 4x − 1,

3

U3 (x) = 8x − 4x,

(23)
... .

(24)

The polynomials Tn and Un are of degree n in the variable x. All terms in a
polynomial have the parity of n. The coefficient of the leading term of Tn is 2n−1
and 2n for Un , n = 1, 2, 3, . . . .
The roots of the Chebyshev polynomials of the first kind are widely used as
nodes for polynomial interpolation in approximation theory. The Chebyshev polynomials are a special case of Jacobi polynomials. They are orthogonal with the
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following weight functions:
Z1
−1


 0, n 6= m,
1
√
π, n = m = 0,
Tn (x)Tm (x)dx =
 π
1 − x2
n = m 6= 0,
2,

Z1 p


1−

x2 Un (x)Um (x)dx

=

−1

0, n 6= m,
π
n = m.
2,

(25)

(26)

There are other useful relations between Chebyshev polynomials of the first
and second kinds.

3.1.1

d
Tn (x) = nUn−1 (x), n = 1, 2, 3, . . . ,
dx
1
Tn (x) = (Un (x) − Un−2 (x)), n = 2, 3, . . . ,
2
Tn+1 (x) = xTn (x) − (1 − x2 )Un−1 , n = 1, 2, 3, . . . ,

(29)

Tn (x) = Un (x) − xUn−1 ,

(30)

n = 1, 2, 3, . . . .

(27)
(28)

Trigonometric form of Chebyshev polynomials

When one introduces the trigonometric variable x = cos y, polynomials of the first
kind become
Tn (x) = Tn (cos y) = cos(ny),

n = 0, 1, 2, . . . ,

(31)

and polynomials of the second kind are written as
Un (x) = Un (cos y) =

sin((n + 1)y)
,
sin y

n = 0, 1, 2, . . . .

The first few lowest polynomials are
T0 (x) = T0 (cos y) = cos(0y) = 1,
T1 (x) = T1 (cos y) = cos(y) = x,
T2 (x) = T2 (cos y) = cos(2y) = cos2 y − sin2 y = 2cos2 y − 1 = 2x2 − 1;
sin y
U0 (x) = U0 (cos y) =
= 1,
sin y
sin(2y)
U1 (x) = U1 (cos y) =
= 2 cos y = 2x,
sin y
sin(3y)
sin(2y) cos y + sin y cos(2y)
U2 (x) = U2 (cos y) =
=
=
sin y
sin y
= 4 cos2 y − 1 = 4x2 − 1.

(32)
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Orbit functions of A1 and Chebyshev polynomials

We consider the orbit functions of one variable. There is only one simple Lie
algebra of rank 1, namely A1 . Our aim is to build the recursion relations in a
way that generalizes to higher rank groups, unlike the standard relations of the
classical theory presented above.
3.2.1

Orbit functions of A1 and trigonometric form of Tn and Un

The orbit of λ = mω1 has two points for m 6= 0, namely Wλ = {(m), (−m)}. The
orbit of λ = 0 has just one point, W0 = {0}.
One-dimensional orbit functions have the form (see (9), (10), (11))
Cλ (x) = e2πimx +e−2πimx = 2 cos(2πmx) = 2 cos(my),
where

>0

y = 2πx, m ∈ Z
2πimx

Sλ (x) = e

−2πimx

−e

>0

for y = 2πx, m ∈ Z

Eλ (x) = e2πimx = y m ,

(33)

;

= 2i sin(2πmx) = 2i sin(my)

(34)

;
where

y = e2πix , m ∈ Z.

(35)

From (33) and (31) it directly follows that polynomials generated from Cm
functions of A1 are doubled Chebyshev polynomials Tm of the first kind for
m = 0, 1, 2, . . . .
Analogously from (34) and (32) it follows that polynomials Sm+1
S1 are Chebyshev
polynomials Um of the second kind for m = 0, 1, 2, . . . .
The polynomials generated from Em functions of A1 form a standard monomial
sequence y m , m = 0, 1, 2 . . . , which is the basis for the vector space of polynomials.
C- and S-orbit functions are orthogonal on the interval F = [0, 1] (see (13)
and (14)) which implies the orthogonality of the corresponding polynomials.
3.2.2

Orbit functions of A1 and their polynomial form

In this subsection we start a derivation of the A1 polynomials in a way which
emphasizes the role of the Lie algebra and, more importantly, in a way that
directly generalizes to simple Lie algebras of any rank n and any type resulting
in polynomials of n variables and of a new type for each algebra. In the present
case of A1 this leads us to a different normalization of the polynomials and their
trigonometric variables than is common for classical Chebyshev polynomials. No
new polynomials emerge than those equivalent to Chebyshev polynomials of the
first and second kinds. Insight is nevertheless gained into the structure of the
problem, which, to us, turned out to be of considerable importance. We are
inclined to consider the Chebyshev polynomials in the form derived here as the
canonical polynomials.
The underlying Lie algebra A1 is often denoted sl(2, C) or su(2). In fact this
case is so simple that the presence of the Lie algebras has never been acknowledged.
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Orbit functions of A1 are of two types (33) and (34); in particular C0 (x) = 2
and S0 (x) = 0 for all x.
The simplest substitution of variables to transform the orbit functions into
polynomials is y = e2πix . Monomials in such a polynomial are y m and y −m .
Instead we introduce new (‘trigonometric’) variables X and Y as follows:
X := C1 (x)=e2πix +e−2πix =2 cos(2πx),

(36)

Y := S1 (x)=e2πix −e−2πix =2i sin(2πx).

(37)

We can now start to construct polynomials recursively in the degrees of X and
Y by calculating the products of the appropriate orbit functions. Omitting the
dependence on x from the symbols we have
X 2 = C2 + 2
=⇒
XC2 = C3 + X
=⇒
XCm = Cm+1 + Cm−1 =⇒

C2 = X 2 − 2,
C3 = X 3 − 3X,
Cm+1 = XCm − Cm−1 ,

(38)
m ≥ 3.

Therefore we obtain the following recursive polynomial form of the C-functions
C0 = 2,

C1 = X,

C2 = X 2 −2,

C3 = X 3 −3X, . . . .

(39)

After the substitution z = 21 X we have
C0 =2 · 1,

C1 =2z,

C2 =2(2z 2 −1),

C3 =2(4z 3 −3z), . . . .

Hence we conclude that Cm = 2Tm for m = 0, 1, . . . .
Remark 1. In our opinion the normalization of orbit functions is also more
‘natural’ for the Chebyshev polynomials. For example the equality C22 = C4 + 2
does not hold for T2 and T4 .
Remark 2. Each Cm also can be written as a polynomial of degree m in X,
Y and Sm−1 . It suffices to consider the products Y Sm . For example C2 =
Y 2 + 2, C3 = Y S2 + X etc. Equating the polynomials obtained in such a way
with the corresponding polynomials from (38), we obtain a trigonometric identity
for each m. Above we find two ways to write C2 , one from the product X 2 and
one from Y 2 . Equating the two we get
X 2 −Y 2 = 4

⇐⇒

sin2 (2πx)+ cos2 (2πx) = 1

because Y is defined in (37) to be purely imaginary.
Just as the polynomials representing Cm were obtained above, it is possible to
to find polynomial expressions for Sm for all m.
Fundamental relations between the S- and C-orbit functions follow from the
properties of the character χm (x) of the irreducible representation of A1 of dimension m + 1.
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The character can be written in two ways: as in the Weyl character formula and
also as the sum of appropriate C-functions. Explicitly we have the A1 character:
(
C2 (x)+1
for m even,
Sm+1 (x)
χm (x)=
=Cm (x)+Cm−2 (x)+ · · · +
S1 (x)
C3 (x)+C1 (x)
for m odd.
We write down a few characters
S1 (x)
S2 (x)
= 1, χ1 =
= C1 = X,
S1 (x)
S1 (x)
S4 (x)
S3 (x)
= C2 + C0 = X 2 − 1, χ3 =
= C3 + C1 = X 3 − 2X,
χ2 =
S1 (x)
S1 (x)
S5 (x)
= C4 + C2 + C0 = X 4 − 3X 2 + 1, . . . .
χ4 =
S1 (x)
χ0 =

Again the substitution z = 12 X transforms these polynomials into the Chebyshev
polynomials of the second kind Sm+1
S1 = Um , m = 0, 1, . . . . Indeed
S1 (x)
= 1,
S1 (x)

S2 (x)
= 2z,
S1 (x)

S3 (x)
= 4z 2 −1,
S1 (x)

S4 (x)
= 8z 3 −4z,
S1 (x)

... .

Remark 3. Note that in the character formula we used C0 = 1, while above
(see (11) and (39)) we used C0 = 2. It is just a question of normalization of
orbit functions. For some applications/calculations it is convenient to scale orbit
functions of nongeneric points on the factor equal to the order of the stabilizer of
that point in the Weyl group W (A1 ).

4

Orbit functions of An and their polynomials

This section proposes two approaches to construct orthogonal polynomials of n
variables based on orbit functions. The first comes from the decomposition of Weyl
orbit products into sums of orbits. Its result is the analog of the trigonometric
form of the Chebyshev polynomials. The second approach is the exponential
substitution in [8].

4.1

Recursive construction

Since the C- and S- functions are defined for An of any rank n = 1, 2, 3, . . . , it
is natural to take C-functions and the ratio of S-functions as multidimensional
generalizations of Chebyshev polynomials of the first and second kinds respectively
Tλ (x) := Cλ (x),
x ∈ Rn ,
Sλ+ρ (x)
, ρ = ω1 + ω2 + · · · + ωn = (1, 1, . . . , 1)ω ,
Uλ (x) :=
Sρ (x)
where λ is one of the dominant weights of An .

x ∈ Rn ,
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The functions Tλ and Uλ can be constructed as polynomials using the recursive
scheme proposed in Section 3.2.2. In the n-dimensional case we start from C-orbit
functions of the fundamental weights,
X1 := Cω1 (x),

X2 := Cω2 (x),

...,

Xn := Cωn (x),

x ∈ Rn .

By decomposing the products Xj (x)Cλ (x), j = 1, 2 . . . , into the sum of orbit
functions, we build polynomials for any C- and S-function.
The generic recursion relations are found as the decomposition of the products
Cωj C(a1 ,a2 ,...,an ) with ‘sufficiently large’ a1 , a2 , . . . , an . Such a recursion relation


has n+1
+ 1 terms, where n+1
is the size of the Weyl orbit of ωj .
j
j
An efficient way to find the decompositions is to work with products of Weyl
group orbits rather than with orbit functions. Their decomposition has been
studied and many examples have been described in [5]. It is useful to be aware of
the congruence class of each product because all of the orbits in its decomposition
necessarily belong to that class. The congruence number # of an orbit λ of An ,
which is also the congruence number of the orbit functions Cλ and Sλ , specifies
the class. It is calculated as follows:
#(C(a1 ,a2 ,...,an ) (x)) = #(S(a1 ,a2 ,...,an ) (x)) =

n
X

kak

mod (n + 1).

(40)

k=1

In particular each Xj , where j = 1, 2, . . . , n, is in its own congruence class. During
the multiplication congruence numbers add mod(n + 1).
Recursions and polynomials in two and three variables originating from orbit
functions of the simple Lie algebras A2 , C2 , G2 , A3 , B3 , and C3 are obtained
in [21] and [22].

4.2

Exponential substitution

There is another approach to multivariate orthogonal polynomials which is also
based on orbit functions. Such polynomials can be constructed by the continuous
and invertible change of variables,
yj = e2πixj ,

xj ∈ R,

j = 1, 2, . . . , n.

(41)

Consider an An orbit function Cλ (x), Sλ (x) or Eλ (x), in the case that λ is given
in the ω-basis and x is given in the α-basis. Each of these functions consists of
n
Q
summands
e2πiµj xj , where µj ∈ Z are coordinates of an orbit point µ. Then
j=1

the summand is transformed by (41) into a monomial of the form

n
Q
j=1

µ

yj j .

It turns out that that C- and S-polynomials formed by these monomials are
the special cases of the Macdonald symmetric polynomials, see [21] for details.
Polynomials of two variables obtained from the orbit functions by the substitution (41) are already described in the literature [13], where they are derived from
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very different considerations. The detailed comparison is made in the following
example.
Example 1. Consider the A2 Weyl orbits of the lower weights (0, m)ω , (m, 0)ω
and the orbit of the generic point (m1 , m2 )ω , m, m1 , m2 ∈ Z>0
W(0,m) (A2 ) = {(0, m), (−m, 0), (m, −m)},
W(m,0) (A2 ) = {(m, 0), (−m, m), (0, −m)},
W(m1 ,m2 ) (A2 ) = {(m1 , m2 )+ , (−m1 , m1 +m2 )− , (m1 +m2 , −m2 )− ,
(−m2 , −m1 )− , (−m1 −m2 , m1 )+ , (m2 , −m1 −m2 )+ }.
Suppose x = (x1 , x2 ) is given in the α-basis. Then the orbit functions assume the
forms
C(0,0) = 1,

C(0,m) (x) = e−2πimx1 +e2πim(x1 −x2 ) +e2πimx2 ,

C(m1 ,m2 ) (x) = e2πim1 x1 e2πim2 x2 +e−2πim1 x1 e2πi(m1 +m2 )x2 +
e2πi(m1 +m2 )x1 e−2πim2 x2 +e−2πim2 x1 e−2πim1 x2 +
e−2πi(m1 +m2 )x1 e2πim1 x2 +e2πim2 x1 e−2πi(m1 +m2 )x2 ,

(42)

S(m1 ,m2 ) (x) = e2πim1 x1 e2πim2 x2 −e−2πim1 x1 e2πi(m1 +m2 )x2 −
e2πi(m1 +m2 )x1 e−2πim2 x2 −e−2πim2 x1 e−2πim1 x2 +
e−2πi(m1 +m2 )x1 e2πim1 x2 +e2πim2 x1 e−2πi(m1 +m2 )x2 .
The polynomials e+ and e− given in (2.6) of [13, III] coincide with those in (42)
whenever the correspondence σ = 2πx1 , τ = 2πx2 is made. So both the orbit
functions’ polynomials of A2 and e± are orthogonal on the interior of Steiner’s
hypocycloid and the regular tessellation of the plane by equilateral triangles considered in [13] is the standard tiling of the weight lattice of A2 . The fundamental
region R of [13] coincides with the fundamental region F (A2 ) in our notations.
The corresponding isometry group is the affine Weyl group of A2 .
Furthermore, continuing the comparison with [13], we point out that orbit
functions are eigenfunctions of the Laplace operator written in the appropriate
basis, e.g. in ω-basis (the corresponding eigenvalues bring −4π 2 hλ, λi, where λ
is the representative from the dominant Weyl chamber, which labels the orbit
function). This property holds not only for the Lie algebra An and not only for
the Laplace operator but also for all simple Lie algebras and for the differential
operators built from the elementary symmetric polynomials, see [8, 9].
An independent approach to the polynomials in two variables is proposed in [26]
and the generalization of classical Chebyshev polynomials to the case of several
variables is also presented in [4].
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Multivariate exponential functions

In this section we consider one more class of special functions which, as it will be
shown, are closely related to orbit functions of An . Such a relation allows us to
view orbit functions in the orthonormal basis and to represent them in the form
of determinants and permanents. At the same time we obtain the straightforward
procedure to construct polynomials from multivariate exponential functions.
Definition 4 ([12]). For a fixed point, λ = (l1 , l2 , . . . , ln+1 )e , such that l1 ≥ l2 ≥
n+1
P
· · · ≥ ln+1 ,
lk = 0, the symmetric multivariate exponential function Dλ+ of
k=1

x = (x1 , x2 , . . . , xn+1 )e is defined as follows
 2πil x
e 1 1
e2πil1 x2
 e2πil2 x1
e2πil2 x2
+
+
.
..
Dλ (x) := det 
..
.

e2πiln+1 x1

e2πiln+1 x2

...
...
..
.

e2πil1 xn+1
e2πil2 xn+1
..
.

...

e2πiln+1 xn+1




.


Here det+ is calculated as a conventional determinant, except that all of its monomial terms are taken with positive sign. It is also called permanent [16] or antideterminant.
It was shown in [12] that it suffices to consider Dλ+ (x) on the hyperplane x ∈ H
(see (2)). Furthermore, due to the following property of the permanent
det+ (aij )m
i,j=1 =

X

a1,s(1) a2,s(2) · · · am,s(m) =

s∈Sm

X

as(1),1 as(2),2 · · · as(m),m ,

s∈Sm

we have
Dλ+ (x)=

X

s∈Sn+1

e2πil1 xs(1) · · · e2πilm xs(n+1) =

X

s∈Sn+1

e2πi(λ,s(x)) =

X

e2πi(s(λ),x) .

s∈Sn+1

Proposition 1. For all λ, x ∈ H ⊂ Rn+1 we have the following connection between the symmetric multivariate exponential functions in n + 1 variables and C
|W |
orbit functions of An : Dλ+ (x) = kCλ (x), where k = |W
, |W | and |Wλ | are sizes
λ|
of the Weyl group and Weyl orbit respectively. In particular for generic points
k = 1.
Proof . The proof follows from the definitions of the functions C and D+ (Definitions 1 and 4, respectively) and properties of orbit functions formulated in
Section 2.5.2.

Definition 5 ([12]). For a fixed point λ = (l1 , l2 , . . . , ln+1 )e such that l1 ≥ l2 ≥
n+1
P
· · · ≥ ln+1 and
lk = 0 the antisymmetric multivariate exponential function Dλ−
k=1
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of x=(x1 , x2 , . . . , xn+1 )e ∈ H is defined as follows
 2πil x
e 1 1
e2πil1 x2 . . .
e2πil1 xn+1
2πil
x
2πil
x
 e 2 1
e 2 2 ...
e2πil2 xn+1

−
.
.
..
.
Dλ (x) := det 
..
..
..
.

e2πiln+1 x1

=

X

e2πiln+1 x2

(sgn s)e2πi(s(λ),x) ,

...



e2πiln+1 xn+1



=


where “sgn” is the permutation sign.

s∈Sn+1

Proposition 2. For all generic points λ ∈ H ⊂ Rn+1 we have the connection
Dλ− (x) = Sλ (x).
The antisymmetric multivariate exponential functions, D− and S orbit functions, equal zero for nongeneric points.
Proof . The proof directly follows from the definitions of functions S and D−
(Definitions 2 and 5, respectively) and properties of S functions formulated in
Section 2.5.2.

Definition 6 ([7]). The alternating multivariate exponential function, DλAlt (x)
for x = (x1 , . . . , xn+1 )e , λ = (l1 , . . . , ln+1 )e , is defined as the function

 2πil1 x1
e
e2πil1 x2 · · ·
e2πil1 xn+1
 e2πil2 x1
e2πil2 x2 · · ·
e2πil2 xn+1 
,
.
.
..
DλAlt (x) := sdet 
.
..
..
..


.
2πil
x
2πil
x
2πil
x
n+1
n+1
n+1
2
n+1
1
··· e
e
e
where Altn+1 is the alternating group (even subgroup of Sn+1 ) and
X
X
n+1
sdet e2πilj xk j,k=1 :=
e2πil1 xw(1) · · · e2πiln+1 xw(n+1) =
e2πi(λ,w(x)) .
w∈Altn+1

w∈Altn+1

Here (λ, x) denotes the scalar product in the (n + 1)-dimensional Euclidean space.
Note that Altm consists of even substitutions of Sm and is usually denoted as
Am ; here we change the notation in order to avoid confusion with the notation
for the simple Lie algebra An .
It was shown in [7] that it is sufficient to consider the function DλAlt (x) on the
hyperplane H : x1 + x2 + · · · + xn+1 = 0 for λ such that l1 ≥ l2 ≥ l3 ≥ · · · ≥ ln+1 .
Alternating multivariate exponential functions are obviously connected with
symmetric and antisymmetric multivariate exponential functions. This connection
is the same as that of the cosine and sine with the exponential function of one
variable DλAlt (x) = 21 (Dλ+ (x) + Dλ− (x)).
Proposition 3. For all generic points λ ∈ H ⊂ Rn+1 , the following relation between the alternate multivariate exponential functions DAlt and E-orbit functions
of An holds true: DλAlt (x) = Eλ (x).
For nongeneric points λ, we have Eλ (x) = Cλ (x) and therefore Eλ (x) =
|W |
kDλ+ (x), where k = |W
.
λ|
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Proof . The proof directly follows from Definitions 3 and 6, from the relation E =
1
2 (C+S) and from the properties of orbit functions formulated in Section 2.5.2. 

6

Concluding remarks
1. Consequences of the identification of W-invariant orbit functions of compact
simple Lie groups and multivariable Chebyshev polynomials merit further
exploitation. Some of the properties of orbit functions translate readily into
properties of Chebyshev polynomials of many variables. However, there
are other properties the discovery of which from the theory of polynomials
is difficult to imagine. As an example, consider the decomposition of the
Chebyshev polynomial of the second kind into the sum of Chebyshev polynomials of the first kind. In one variable it is a familiar problem that can
be solved by elementary means. For two and more variables the problem
turns out to be equivalent to a more general question about representations
of simple Lie groups. In general the coefficients of that sum are the dominant weight multiplicities. Again simple specific cases can be computed,
but a sophisticated algorithm is required to deal with it in general [19]. In
order to provide a solution for such a problem extensive tables have been
prepared [1] (see also references therein).
2. Our approach to the derivation of multidimensional orthogonal polynomials
hinges on the knowledge of appropriate recursion relations. The basic mathematical property underlying the existence of the recursion relation is the
complete decomposability of products of the orbit functions. Numerous examples of the decompositions of products of orbit functions, involving also
other Lie groups than SU(n), were shown elsewhere [8, 9]. An equivalent
problem is the decomposition of products of Weyl group orbits [5].
3. Possibility to discretize the polynomials is a consequence of the known discretization of orbit functions. For orbit functions it is a simpler problem in
that it is carried out in the real Euclidean space Rn . In principle it carries
over to the polynomials, but variables of the polynomials happen to be on
the maximal torus of the underlying Lie group. Only in the case of A1 are
the variables are (the imaginary unit multiplying the S-functions can be
normalized away). For An with n > 1 the functions are complex valued.
Practical aspects of discretization deserve to be thoroughly investigated.
Several important results are already obtained in [6] and [20].
4. For simplicity of formulation we insisted throughout this paper that the
underlying Lie group be simple. The extension to compact semisimple Lie
group and their Lie algebras is straightforward. Orbit functions are products
of orbit functions of simple constituents and different types of orbit functions
can be mixed.
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5. Polynomials formed from E-functions by the same substitution of variables
should be equally interesting once n > 1. We know of no analogs of such
polynomials in the standard theory of polynomials with more than one variable. Intuitively they would be formed as ‘halves’ of Chebyshev polynomials
although their domain of orthogonality is twice as large as that of Chebyshev
polynomials [11].
6. Notions of multivariate trigonometric functions [10] lead us to the idea of
new, yet to be defined, classes of W -orbit functions based on trigonometric
sine and cosine functions. From another point of view it is possible to
introduce new orbit functions in the similar “exponential” manner, but the
signs of summands should be chosen in such a way that linear combination
of new orbit functions produce multivariate trigonometric functions.
7. Analogs of orbit functions of Weyl groups can be introduced also for the
finite Coxeter groups that are not Weyl groups of a simple Lie algebra.
Many of the properties of orbit functions extend to these cases. Only their
orthogonality, continuous or discrete, has not been shown so far.
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Group classification of systems of nonlinear equations which model a generalized axion electrodynamics is carried out. The related conservation laws are
discussed. Using the Inönü–Wigner contraction the nonrelativistic limit of
equations of the standard axion electrodynamics is found. An extended class
of closed-form solutions for the electromagnetic and axionic fields is presented.
It is shown that in spite of the manifest relativistic invariance of the theory
such solutions can describe propagation with velocities faster than the velocity
of light.

1

Introduction

Group analysis (GA) of differential equations is a nice and fundamental field
including a number of internal problems, but maybe its main value consists in the
powerful tools presented for construction of solutions of complicated nonlinear
problems. Sometimes the GA looks as the only hope to develop the complicated
physical (chemical, biological, . . . ) problem and it is not a pure accident that the
classical book of Petrov “New Methods in the General Theory of Relativity” [1]
includes the analysis of the low-dimensional Lie algebras and their applications
to construction of solutions of partial differential equations (PDEs).
In this paper we present some results obtained with application of the Lie
theory to the complicated physical model called axion electrodynamics. We start
with physical motivations for this research.
Axions are hypotetical particles belonging to the main candidates to constitute
dark matter, see, e.g. [2] and references therein. Additional arguments to investigate axionic theories appeared in solid states physics. It happens that the interaction terms of axionic type appear in the theoretical description of crystalline solids
called topological insulators [3]. In addition the axionic hypothesis makes it possible to resolve a fundamental problem of quantum chromodynamics connected with
its prediction of the CP symmetry violation in interquark interactions which never
was observed experimentally [4–6]. Thus it is interesting to make group analysis
of axionic theories which are requested in three fundamental branches of physics.
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We present two more motivations which are very inspiring for us. Recently
we have found a new solvable model for neutral Dirac fermions [7] and indicate
existence of other new integrable models for such particles, but these models
involve an external electromagnetic (EM) field which does not satisfy the Maxwell
equations with physically reasonable currents. However, these fields satisfy the
equations of axion electrodynamics.
Some time ago we described the finite-dimensional indecomposable vector representations of the homogeneous Galilei group and constructed Lagrangians which
admit the corresponding symmetries [8–10]. Axion electrodynamics appears precisely to be the relativistic counterpart of some of our models.
In addition axion electrodynamics is a nice and rather complicated mathematical model which certainly needs good group-theoretical grounds. In the present
paper we are trying to create such grounds and also to find an extended class of
closed-form solutions for the equations of axion electrodynamics.

2

Equations of axion electrodynamics

We start with the Lagrangian of axion electrodynamics:
1
1
1
L = pµ pµ − Fµν F µν +
θFµν F̃ µν + ϕ(θ).
2
4
8M

(1)

Here Fµν is the vector-potential of the electromagnetic field, F̃µν = 12 εµνρσ F ρσ ,
pµ = ∂µ θ, θ is the potential of the pseudoscalar axion field, ϕ(θ) is a function of
θ which usually is supposed to be linear and M is a dimensionless constant.
Setting in (1) θ = 0 we obtain the Lagrangian for the Maxwell field. We see that
the axion theory is a nonlinear generalization of Maxwell electrodynamics, which
includes an additional (pseudo)scalar axion field, θ. The interaction Lagrangian
Lint =

1
θFµν F̃ µν
8M

is a (1+3)-dimensional version of the Shern–Simon topological term [11].
We write the Euler–Lagrange equations corresponding to Lagrangian (1):
1
1
p · B, ∂0 E − ∇ × B =
(p0 B + p × E),
M
M
∇ · B = 0, ∂0 B + ∇ × E = 0,
1
2θ = − E · B + F,
M

∇·E=

where
B = {B 1 , B 2 , B 3 }, E = {E 1 , E 2 , E 3 }, E a = F 0a , B a = F̃ 0a ,
∂ϕ
∂
∂θ
F =
, 2 = ∂02 − ∇2 , ∂i =
, p0 =
, p = ∇θ.
∂θ
∂xi
∂x0

(2)
(3)
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In the l.h.s. of (2) we recognize the standard Maxwellian terms. However, in
contrast to the usual electrodynamics there are nonlinear interaction terms in the
r.h.s. of (2) and (3).
We consider also the system
∇·E=

1
p · E,
M

∇ · B = 0,

1
(p0 E − p × B),
M
1
(E2 − B2 ) + F
2θ =
M

∂0 E − ∇ × B =

∂0 B + ∇ × E = 0,

(4)

which models generalized axion electrodynamics with a scalar axionic field (we
recall that in system (2)–(3) this field was pseudoscalar). Only equations (2)–(4)
with an arbitrary (in general nonlinear) function F (θ) is the main subject of the
group classification.

3

Group classification of equations (2)–(3)

Equation (3) includes the free element, F (θ), so we can expect that symmetries
of system (2)–(3) depend upon the explicit form of F .
In accordance to the classical Lie algorithm (refer, e.g., to [12]) to find symmetries of system (2)–(3) w.r.t. continuous groups of transformations B → B0 ,
E → E0 , θ → θ0 , xµ → x0µ we consider the infinitesimal operator
Q = ξ µ ∂µ + η j ∂B j + ζ j ∂E j + σ∂θ ,

(5)

and its prolongation
Q(2) = Q + ηi j

∂
∂Bij

+ ζi j

∂
∂Eij

+ σi ∂θi + ηik j

∂
j
∂Bik

+ ζik j

∂
j
∂Eik

+ σik ∂θik . (6)

The invariance condition for system (2), (3) has the form: Q(2) F|F =0 = 0, where
F is the manifold defined by this system. Integrating the system of determining
equations obtained (see [13] for details) we find that for F arbitrary the generator
Q should be a linear combination of the following operators:
P0 = ∂0 ,

Pa = ∂a ,

Jab = xa ∂b − xb ∂a + B a ∂B b − B b ∂B a + E a ∂E b − E b ∂E a ,

J0a = x0 ∂a + xa ∂0 + εabc E b ∂B c − B b ∂E c ,

(7)

where εabc is the unit antisymmetric tensor, a, b, c = 1, 2, 3.
Operators (7) form a basis of the Lie algebra p(1,3) of the Poincaré group
P(1,3) which is is the maximal continuous invariance group of system (2)–(3)
with an arbitrary function F (θ).
This symmetry is more extensive provided function F has one of the following
particular forms: F = 0, F = c or F = b exp(aθ), where c, a and b are nonzero
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constants. The corresponding additional elements of the invariance algebra are
P4 = ∂θ
X = aD − P4
P4 = ∂θ , D = x0 ∂0 + xi ∂i − B i ∂B i − E i ∂E i

if
if
if

F (θ) = c,
F (θ) = beaθ ,
F (θ) = 0.

(8)

Operator P4 generates shifts of the dependent variable θ, D is the dilatation
operator generating a consistent scaling of dependent and independent variables
and X generates the simultaneous shift and scaling.
Finally the group classification of equations (4) gives the same results: this
system is invariant w.r.t. the Poincaré group for arbitrary F . System (4) admits
more extensive symmetry in the cases enumerated in (8).

4

Nonrelativistic limit

The definition of nonrelativistic limit is not a simple problem in general and in
the case of theories of massless fields in particular. Such limit is not unique and
well defined in general.
To find a nonrelativistic limit of equations (2) and (3) we use the Inönü–Wigner
contraction [14]. Firstly we denote 1/M = κ and rewrite equations (3) with F = 0
in the equivalent form
∂0 p0 − ∇ · p = −κE · B,

(9)

∂0 p − ∇p0 = 0,

(10)

∇ × p = 0.

(11)

Equations (9)–(11) are equivalent to equation (3) together with the definitions
∂0 θ = p0 and ∇θ = p.
Prolonging the basis elements (7) to the first derivatives of θ we obtain generators of the Poincaré group for system (2), (9)–(11):
P̂0 = ∂0 , P̂a = ∂a ,
Jˆab = xa ∂b − xb ∂a + B a ∂B b − B b ∂B a + E a ∂E b − E b ∂E a + pa ∂pb − pb ∂pa ,

(12)
J0a = x0 ∂a + xa ∂0 + εabc E b ∂B c − B b ∂E c + p0 ∂pa − pa ∂p0 .
The Inönü–Wigner contraction consists of transformation to a new basis Jab →
Jab , J0a → εJ0a , where ε is a small parameter associated with the inverse speed
of light. In addition the dependent and independent variables in (12) undergo
the invertible transformations E a → E 0a , B a → B 0a , pµ → p0µ , where the primed
quantities are functions of the initial ones and of ε, and xµ → x0µ , where x0µ =
ϕµ (x0 , x1 , x2 , x3 , ε). For representation (12) this transformation looks as [13]:
x00 = t = εx0 , x0a = xa ,
ε
p0 = (E + p), E0 = ε−1 (p − E),
2

B0 = B,

p00 = p0

(13)
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and so ∂0 = ε∂t and ∂xa = ∂x0a . As a result the system (2), (9)–(10) is reduced to
the following form [13]:
∂t p00 − ∇ · E0 + κB0 · E0 = 0,
∇ · p0 + κp0 · B0 = 0,
0

0

∂t B + ∇ × E = 0,

∂t p0 + ∇ × B0 + κ(p00 B0 + p0 × E0 ) = 0,

∇ · B0 = 0,
0

∂t p −

∇p00

= 0,

(14)
0

∇×p =0

and p00 = ∂t θ0 , p0 = ∇θ0 .
Equations (14) present the nonrelativistic limit of system (2), (9)–(10). These
equations coincide with the Galilei invariant system for an indecomposable tencomponent field obtained earlier [10].

5

Closed-form solutions

5.1

Three-dimensional subalgebras of p(1,3)

To generate solutions of system (2)–(3) we can exploit its invariance w.r.t. the
Poincaré group. To do this we need the three-dimensional subalgebras of algebra p(1,3) which give rise to reductions of this system to ordinary differential
equations.
The subalgebras of algebra p(1,3) defined up to the group of internal automorphisms has been found for the first time by the Belorussian mathematician
Bel’ko [15]. We use a more advanced classification of these subalgebras proposed by Patera, Winternitz and Zassenhaus [16] who proved that there exist 30
nonequivalent three-dimensional subalgebras A1 , A2 , . . . , A30 of the algebra p(1,3)
which we present in the following formulae by specifying their basis elements:
A1 :
A4 :
A7 :
A9 :
A11 :
A13 :
A15 :
A17 :
A19 :
A21 :
A22 :
A24 :
A26 :
A28 :

hP0 , P1 , P2 i; A2 : hP1 , P2 , P3 i;
A3 : hP0 − P3 , P1 , P2 i;
hJ03 , P1 , P2 i; A5 : hJ03 , P0 − P3 , P1 i; A6 : hJ03 + αP2 , P0 , P3 i;
hJ03 + αP2 , P0 − P3 , P1 i;
A8 : hJ12 , P0 , P3 i;
hJ12 + αP0 , P1 , P2 i;
A10 : hJ12 + αP3 , P1 , P2 i;
hJ12 − P0 + P3 , P1 , P2 i;
A12 : hG1 , P0 − P3 , P2 i;
hG1 , P0 − P3 , P1 + αP2 i;
A14 : hG1 + P2 , P0 − P3 , P1 i;
hG1 − P0 , P0 − P3 , P2 i;
A16 : hG1 + P0 , P1 + αP2 , P0 − P3 i;
(15)
hJ03 + αJ12 , P0 , P3 i;
A18 : hαJ03 + J12 , P1 , P2 i;
hJ12 , J03 , P0 − P3 i;
A20 : hG1 , G2 , P0 − P3 i;
hG1 + P2 , G2 + αP1 + βP2 , P0 − P3 i;
hG1 , G2 + P1 + βP2 , P0 − P3 i;
A23 : hG1 , G2 + P2 , P0 − P3 i;
hG1 , J03 , P2 i;
A25 : hJ03 + αP1 + βP2 , G1 , P0 − P3 i;
hJ12 − P0 + P3 , G1 , G2 i;
A27 : hJ03 + αJ12 , G1 , G2 i;
hG1 , G2 , J12 i;
A29 : hJ01 , J02 , J12 i;
A30 : hJ12 , J23 , J31 i.

Here Pµ and Jµν are generators of the Poincaré group which in our case are given
by relations (7), G1 = J01 −J13 , G2 = J02 −J23 , α and β are arbitrary parameters.
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Using subalgebras (15) we can deduce solutions for system (2)–(3). Note that
to make an effective reduction using the Lie algorithm we can use only such
subalgebras the basis elements of which satisfy the transversality condition, i.e.,
their rank of representation coincides with the rank of representation restricted
to space of independent variables [12]. This condition is satisfied by basis element
of the algebras A1 − A27 , but is not satisfied by A28 , A29 , A30 and A6 with
α = 0. Nevertheless the latter symmetries also can be used to generate solutions
in frames of the weak transversality approach discussed by Grundland, Tempesta
and Winternitz [17].
The completed list of reductions can be found in [13]. We note that there
appear the following types of reductions:
• Reductions to algebraic equations which are induced by algebras A11 , A12 ,
A21 , A22 , A23 and A26 ;
• Reductions to linear ODE induced by A1 , A2 , A3 , A5 , A7 , A15 , A16 and
A25 ;
• Reductions to nonlinear ODE induced by A6 (α 6= 0), A9 (α 6= 0), A10 , A13 ,
A14 , A17 and A18 ;
• Reductions to PDE induced by A6 (α = 0), A28 , A29 and A30 .
Reductions to algebraic or linear equations make it possible to find closed-form
solutions of equations (2) and (3) while a part of the reduced nonlinear equations
is not integrable by quadratures. Nevertheless it is possible to find particular
solutions for any type of the reductions.
In this paper we present solutions of equations (2) and (3) which can be obtained using reductions to algebraic equations and some particular solutions for
the other reductions. The complete list of solutions obtained via reductions induced by three-dimensional subalgebras of p(1,3) can be found in preprint [13].

5.2

Plane-wave solutions

Firstly we note that by scaling the dependent variables we can reduce the constant M in (2)–(3) to unity. Thus without loss of generality we set
M =1

(16)

and search for solutions of system (2)–(3), (16). To obtain solutions for M arbitrary it will be sufficient simply to multiply by M all vectors B, E and scalars θ
presented in the following formulae.
We find solutions which are invariant w.r.t. the subalgebras A1 , A2 and A3 .
Basis elements of these subalgebras can be represented in the following unified
form
A : hP1 , P2 , kP0 + εP3 i,

(17)

where ε and k are parameters. Indeed for ε = −k, ε2 < k 2 or k 2 < ε2 algebra (17)
is equivalent to A3 , A1 or A2 , respectively.
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To find the related invariant solutions it is necessary to change variables in
(2)–(3) by invariants of the group the generators of which are given in (17).
These invariants are Ea , Ba , θ (a = 1, 2, 3) and the only independent variable
ω = εx0 − kx3 . Thus we search for solutions of (2)–(3) which are functions of ω.
As a result we reduce equations (2) to the following system:
Ḃ3 = 0,

Ė3 = θ̇B3 ,

k Ė2 = −εḂ1 ,

εĖ1 − k Ḃ2 = θ̇(kE2 + εB1 ),

k Ė1 = εḂ2 ,

k Ḃ1 + εĖ2 = θ̇(εB2 − kE1 ),

(18)

where Ḃ3 = ∂B3 /∂ω.
The system (18) is easily integrated. For ε2 = k 2 and ε2 6= k 2 we obtain
E1 =

ε
B 2 = ϕ1 ,
k

ε
E 2 = − B 1 = ϕ2 ,
k

E3 = eθ + b,

B3 = e

(19)

and
B1 = ke1 θ − kb1 + εe2 ,

B2 = ke2 θ − kb2 − εe1 ,

E1 = εe2 θ − εb2 − ke1 ,

E2 = −εe1 θ + εb1 − ke2 ,

B3 = e3 ,

E3 = e3 θ − b3 (ε2 − k 2 )

(20)
(21)

correspondingly. Here ϕ1 and ϕ2 are arbitrary functions of ω while e, b, ba and
ea (a = 1, 2, 3) are constants of integration.
If (19) is valid, then it follows from (3) that the corresponding equation (3) is
reduced to the form e2 θ = F (θ) − be, i.e., θ is proportional to F (θ) − be if e 6= 0.
If both e and F equal to zero, then θ is an arbitrary function of ω.
For ε2 6= k 2 solutions of (18) have the following form:


e2
F
θ̈ = − e21 + e22 + 2 3 2 θ + c + 2
,
(22)
ε −k
(ε − k 2 )
where c = e1 b1 + e2 b2 + e3 b3 .
If F = 0 or F = −m2 θ, then (22) is reduced to the linear equation:
θ̈ = −aθ + c,

(23)

where a = e21 + e22 + (e23 + m2 )/(ε2 − k 2 ).
We present bounded solutions of equation (23) corresponding to a > 0 and
c = 0:
θ = aµ cos ω̃ + bµ sin ω̃,

ω = ε̃x0 − k̃x1 ,

(24)

where we denote a = µ2 , ε̃ = µε, k̃ = µk, aµ and bµ are arbitrary constants.
Equations (20), (24) give plane-wave solutions of system (2)–(3). The corresponding dispersive relations are
ε̃2 = k̃ 2 +

e23 + m2
.
1 − e21 − e22

(25)
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Equation (22) can be solved in closed form for various functions F (θ). In
particular for F = 3λθ2 we obtain a solitary-wave solution:
θ=

2(ε2 − k 2 )
tanh2 (kx3 − εx0 + b) ,
λ

(26)

where b is a constant of integration. The related parameters ε, k and c in (22)
should satisfy the conditions
ε2 = k 2 +

e23
,
8(1 − e21 − e22 )

c=

e23
.
2(1 − e21 − e22 )λ

For F = λθ3 and c = 0 there exists a shock-wave solution
r
ε2 − k 2
θ=
tanh (εx0 − kx3 )
2λ

(27)

(28)

which has to be completed by the following relation:
ε2 = k 2 +

e23
.
2(1 − e21 − e22 )

(29)

In an analogous (but as a rule much more complicated) way we can find solutions corresponding to other subalgebras (15). We present one more particular
solution of equations (2)–(3) with M = 1 and F = 0, obtained with using of
algebras A9 and A10 :
E2 = ck ε cos(εx0 + kx1 ) + dk ε sin(εx0 + kx1 ),
E3 = ck ε sin(εx0 + kx1 ) − dk ε cos(εx0 + kx1 ),
B2 = ck k sin(εx0 + kx1 ) − dk k cos(εx0 + kx1 ),

(30)

B3 = −ck k cos(εx0 + kx1 ) − dk k sin(εx0 + kx1 ),
E1 = e, B1 = 0,

θ = αx0 + νx1 + c3 ,

where e, ck , dk , ε, k, α and ν are arbitrary constants restricted by the constraint
ε2 − k 2 = νε − αk.

(31)

If ε = k, then α = ν and all solutions (30) depend upon the light cone variable
x0 − x1 . However, for ε 6= k we have plane-wave solutions depending upon two
different plane-wave variables, namely εx0 + kx1 and αx0 + νx1 .
We note that for fixed parameters α and ν solutions (30) for Ea and Ba satisfy
the superposition principle, i.e., a sum of solutions with different ε, k, ck and dk
is also a solution of equations (2)–(3), (16) with F = 0. Thus it is possible to sum
(integrate) solutions (30) for Ea and Ba over k treating ck and dk as functions of k.

160

5.3

A.G. Nikitin and O. Kuriksha

Radial and planar solutions

Using invariants of the subalgebra A30 we can find the solution for equations
(2)–(3), (16) with F = −m2 θ in the following form:
Ba =

qxa
,
r3

Ea =

qθxa
,
r3

q

θ = c1 sin(mx0 )e− r ,

(32)

where c1 and q are arbitrary parameters. The components of magnetic field Ba
are singular at r = 0 while Ea and θ are bounded for 0 ≤ r ≤ ∞.
We present solutions which depend upon two spatial variables,
pbut are rather
similar to the three-dimensional Coulombic field. We denote x = x21 + x22 . Then
functions
 
x1
x2
x2
E1 = −B2 = 3 , E3 = 0, B1 = E2 = 3 , B3 = b, θ = arctan
, (33)
x
x
x1
where b is a number, solve equations (2) and (3) with M = 1 and F = 0.
A pecularity of the planar solutions (33) is that the related electric field decreases with an increase of x as the field of a point charge in the three-dimensional
space.
We write one more solution of equations (2), (3) with F = 0:
 
x2 x3
x
x
x1 x3
,
(34)
B1 = 2 , B2 = 2 , B3 = − 2 , θ = arctan
r x
r x
r
x3
xa
Ea = 2 , a = 1, 2, 3,
(35)
r
p
p
where r = x21 + x22 + x23 , x = x21 + x22 . The electric field (35) is directed like
the three-dimensional field of point charge, but its strength is proportional to 1/r
instead of 1/r2 .
We note that functions (34), (35) also solve equations (4) with κ = 1, F = 0.
One more stationary solution for these equations can be written as
Ea =

xa
, B a = ba ,
r

θ = ln r,

(36)

where ba are constants satisfying the condition b21 + b22 + b23 = 1.
Functions (36) solve equations (4) with F = 0 for 0 < r < ∞.

6

Solutions with arbitrary functions

Solutions considered above include arbitrary parameters the number of which can
be extended by application of Lorentz transformations. Here we present a class
of solutions depending upon arbitrary functions. This class covers all reductions
which can be obtained using subalgebras A12 –A14 and A20 –A23 .
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We define
B1 = E2 = ψ1 (x1 , x2 , ω) − x1 ϕ̇1 (ω),

B2 = −E1 = ψ2 (x1 , x2 , ω) + x1 ϕ̇2 (ω) − ϕ1 (ω)θ̇(ω) ,
B3 = ϕ1 (ω),

(37)

E3 = ϕ2 (ω),

where ϕ1 , ϕ2 and ψ1 , ψ2 are functions of ω = x0 + x3 and x1 , x2 , ω, respectively,
and
ϕ1 ϕ2
if m2 6= 0,
θ = ϕ3 (ω), ϕ1 ϕ2 = 0 if m2 = 0.
(38)
θ=− 2
m
Up to the restriction present in (38) functions ϕ1 , ϕ2 and ϕ3 are arbitrary
while ψ1 and ψ2 should satisfy the Cauchy–Riemann condition with respect to
the variables x1 and x2 :
∂1 ψ1 + ∂2 ψ2 = 0,

∂1 ψ2 − ∂2 ψ1 = 0.

(39)

It is easily to verify that Ansatz (37)–(38) does satisfy equations (2)–(3). Thus
any solution of the Cauchy–Riemann equations (39) depending upon the parameter ω and three arbitrary functions ϕ1 (ω), ϕ2 (ω), ϕ3 (ω) satisfying (38) give rise
to solution (37) of system (2)–(3).

7

Discussion

Thus we present the results of the group classification of possible generalizations
of axion electrodynamics the Lagrangian of which includes an arbitrary function
of θ. In accordance with our analysis the Poincaré invariance is the maximal
symmetry of the standard axion electrodynamics. In addition we find three cases
when the theory admits more extensive symmetry, see equations (8). These results
form certain group-theoretical grounds for constructing various axionic models.
The second goal of this paper was to find a correct nonrelativistic limit of
equations of axion electrodynamics. As a result we prove that the limiting case of
these equations is nothing but the Galilei-invariant system obtained earlier in [10].
At the third place we find families of closed-form solutions of equations of axion
electrodynamics using invariants of three-parameter subgroups of the Poincaré
group. Among them are solutions including sets of arbitrary parameters and
arbitrary functions as well. In addition it is possible to generate more extensive
families of solutions by applying inhomogeneous Lorentz transformations.
Except the particular examples (34)–(36) we did not discuss solutions for the
system (4) which has the same symmetries as (2), (3). We note that reductions of
these equations can be made in a very straightforward way. Indeed, making the
gauge transformation Ea → eθ Ea and Ba → eθ Ba , we can reduce these equations
to a system including the Maxwell equation for the electromagnetic field in a
vacuum and the following equation:
2θ = κ(B2 − E2 )e−2θ + F.

(40)
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Since reductions of the free Maxwell equations using three-dimensional subalgebras of p(1,3) have been done in paper [18], to find the related solutions for system
(4) it is sufficient to solve equation (40) with B and E being the closed-form solutions found in [18].
Some of the solutions, especially those which include arbitrary functions or,
like (30), satisfy the superposition principle, are good candidates to solve various
initial- and boundary-value problems in axion electrodynamics. We apply the
solutions found to demonstrate a specific property of the models discussed.
We consider in more detail plane-wave solutions found in Section 5.2, namely,
the solutions given by equations (20), (24) and (30).
Solutions (24) describe oscillating waves moving along the third coordinate
axis. Using the corresponding dispersion relation (25) we can find the corresponding group velocity Vg which is equal to the derivative of ε̃ w.r.t. k̃, i.e.,
Vg = √

1
,
1+δ

where

δ=

e23 + m2
.
(1 − e21 − e22 )k 2

(41)

For fixed e1 and e2 the parameter δ is either positive or negative. In the latter
case solutions (24) describe the waves which propagate faster than the velocity of
light (remember that we use the Heaviside units in which the velocity of light is
equal to 1). These solutions are smooth and bounded functions which correspond
to positive definite and bounded energy density which is defined by the following
relation [13]:
1
T 00 = (E2 + B2 + p20 + p2 ) + V (θ)
2

(42)

2
(in our case V (θ) = m
2 θ ). Thus we can conclude that the tachyon modes are
natural constituents of the axion electrodynamics.
Analogously considering solutions (30) we deal with the dispersion relations
(31). The corresponding group velocity is given by relation (41), where

δ=

ν 2 − α2
.
(2k − α)2

Thus we again can conclude that the axion electrodynamics admits bounded and
smooth solutions propagating faster thnn light. This conclusion is correct in
the case for which the arbitrary function F (θ) is nonlinear, in particular, for
F (θ) = 2λθ2 , λ < 0. The corresponding acausal solutions can be chosen in the
form (20), (26) with e21 + e22 > 1.
We believe that the closed-form solutions presented in Sections 5 and 6 can find
various applications in axion electrodynamics. In particular solutions, which correspond to the algebras A9 , A1 , A17 , A18 and A28 , generate well-visible dynamical
contributions to the axion mass. In addition, as was indicated in [7], the vectors of
the electric and magnetic fields described by relations (33) give rise to an exactly
solvable Dirac equation for a charged particle anomalously interacting with these
fields. We plan to present elsewhere the detailed analysis of the solutions obtained.
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A 2+1-dimensional system governing rotating homentropic magnetogasdynamics with a parabolic gas law is shown to admit an elliptic vortex ansatz determined by an eight-dimensional nonlinear dynamical system with underlying integrable Ermakov–Ray–Reid structure. A novel magnetogasdynamic analogue
of the pulsrodon of shallow water f -plane theory is isolated thereby.

1

Introduction

In general, the nonlinear Lundquist magnetohydrodynamics (mhd) equations are
analytically intractable [1]. However, under certain physically acceptable approximations, reductions have been made to canonical equations of soliton theory.
Thus, in particular, recent work has established that the uniaxial propagation of
magneto-acoustic waves in a cold plasma subject to a purely transverse magnetic
field may be modelled by the integrable resonant nonlinear Schrödinger (NLS)
equation [2]. In [3–5] an anholonomic geometric formalism, originally used in a
magnetohydrodynamics context in [6] was adapted to obtain reduction of a steady
spatial mhd system to an in integrable Pohlmeyer–Regge–Lund model subject to
a volume-preserving constraint. Novel Bernoulli-type integrals of motion for certain planar mhd systems have also recently been shown to provide a means to
construct exact solutions [7].
Integrable reductions via approximation such as in the original study of interaction processes in collisionless plasma by Zabusky and Kruskal [8] are well-known.
The established methods of modern soliton theory such as the Inverse Scattering
Transform and invariance under Bäcklund transformations are then available (see
e.g. [9, 10]). In general, in the absence of approximation, Lie group methods may
be applied in a systematic manner to isolate substitution principles and privileged
symmetry reductions corresponding to restricted classes of exact solutions of the
mhd equations [11–14].
In [15–17], Neukirch et al. introduced a novel solution procedure in which the
nonlinear acceleration terms in the governing Lundquist momentum equations ei-
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ther vanish or, more generally, are assumed to be conservative. Here, an approach
to a 2+1-dimensional mhd system is adopted which has its roots in classical work
in hydrodynamics of Goldsbrough [18] wherein a class of exact elliptical vortex
solutions were constructed in a study of tidal oscillations in an elliptical basin.
This work, in turn, is related to that of Kirchoff [19] on vortex structures in the
classical 2+1-dimensional Euler system. In the present work, a procedure developed in [20] in an oceanographic elliptic warm-core eddy context is adapted to
analyse a 2+1-dimensional magnetohydrodynamic system of the type investigated
in [17]. An elliptical vortex ansatz is introduced and reduction obtained thereby
to an eight-dimensional nonlinear dynamical system. Time-modulated physical
variables are introduced to reduce the system to a form amenable to exact solution, generally, in terms of an elliptic integral representation. In addition, a
magnetogasdynamic analogue of the pulsrodon of [20] is isolated. Moreover, the
mhd system is shown to have remarkable underlying Hamiltonian structure of
Ermakov–Ray–Reid type (see e.g. [21–25]). Nonlinear coupled systems of the latter type have arisen extensively in optics in the description of elliptic Gaussian
beam propagation via paraxial approximation [26–33]. They are distinguished by
their admittance of a novel integral of motion, namely the Ray–Reid invariant.
The Hamiltonian nature of the Ermakov–Ray–Reid system underlying the present
2+1-dimensional magnetogasdynamic system is established.

2

The magnetogasdynamic system

Here, we consider the rotating 2+1-dimensional homentropic magnetogasdynamic
system
∂ρ
+ div(ρ q) = 0,
∂t
∂q
µ
1
+ q · ∇q − curl H × H + f (k × q) + ∇p = 0,
∂t
ρ
ρ
div H = 0,
∂H
= curl(q × H)
∂t
with purely transverse magnetic field
H = hk

(1)
(2)
(3)
(4)

(5)

and where the parabolic pressure-density law p = p0 + ρ2 ,  > 0 is adopted.
The latter law has previously arisen in astrophysical contexts (see e.g. [34]). In
the above, the magneto-gas density ρ(x, t), pressure p(x, t) and H(x, t) are all
assumed to be dependent only on x, y and t. It is noted that the magnetic
induction equation (3) holds identically for the representation (5).
Insertion of (5) into Faraday’s law (4) produces
∂h
+ div(hq) = 0,
∂t
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whence, in view of the continuity equation (1), we set h = λρ, λ ∈ R. Accordingly,
the system reduces to consideration of
∂ρ
+ div(ρq) = 0,
∂t

∂q
+ q.∇q + f (k × q) + (2 + µλ2 )∇ρ = 0.
∂t

This system is in direct analogy with the shallow water f -plane system [20]. Here,
an elliptic vortex type ansatz is introduced with
q = L(t)x + M(t),


ρ = xT E(t)x + h0 (t) /(2 + µλ2 ),


x − q(t)
x=
y − p(t)

(6)
2

2 + µλ 6= 0,

(7)
(8)

where

L=

u1 (t) u2 (t)
v1 (t) v2 (t)




,

M=

q̇(t)
ṗ(t)




,

E=

a(t) b(t)
b(t) c(t)


.

Insertion of the ansatz (6)–(9) into the continuity equation yields
 
  
ȧ
a
3u1 + v2
2v2
0
  b  = 0,
 ḃ  + 
u2
2(u1 + v2 )
v1
c
0
2u2
u1 + 3v2
ċ

(9)

(10)

together with
ḣ0 = −(u1 + v2 )h0 .
Substitution into the momentum equation gives





u̇1
u
a
1
 T

 u̇2 



L
−f I  u2 


 b
 v̇1  +
 v1  + 2  b
f I LT
v̇2
v2
c

(11)



 = 0,


(12)

augmented by the auxiliary equations
p̈ + f q̇ = 0,

q̈ + f ṗ = 0.

(13)

In the sequel, it proves convenient to proceed in terms of new variables
1
1
1
G = u1 + v2 , GR = (v1 − u2 ), GS = (v1 + u2 ), GN = (u1 − v2 ),
2
2
2
(14)
1
B = a + c, BS = b, BN = (a − c).
2
Here, G and GR represent, in turn, the divergence and spin of the velocity field,
while GS and GN represent shear and normal deformation rates.
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On use of the expressions (14), the system (10)–(11) together with (12) produces an eight-dimensional nonlinear dynamical system in {B, BS , BN , G, GS ,
GR , GN , h0 }, namely:
ḣ0 + h0 G = 0,

Ḃ + 2[BG + 2(BN GN + BS GS )] = 0,

ḂS + 2BS G + GS B − 2BN GR = 0,
ḂN + 2BN G + GN B + 2BS GR = 0,
Ġ + G2 /2 + 2(G2N + G2S − G2R ) − 2f GR + 2B = 0,
ĠR + GGR + f G/2 = 0,

(15)

ĠN + GGN − f GS + 2BN = 0,

ĠS + GGS + f GN + 2BS = 0.
If we now introduce Ω via
G=

2Ω̇
,
Ω

(16)

then (15)6 and (15)1 , yield, in turn,
1
GR + f = c0 Ω−2 ,
2

(17)

and h0 = cI Ω−2 , where c0 , cI are arbitrary constants of integration.
New modulated variables are now introduced according to
B̄ = Ω4 B, B̄S = Ω4 BS , B̄N = Ω4 BN , ḠS = Ω2 GS , ḠN = Ω2 GN

(18)

whence the system (15) reduces to
B̄˙ + 4(B̄N ḠN + B̄S ḠS )/Ω2 = 0,
B̄˙ S + (B̄ ḠS − 2c0 B̄N )/Ω2 + f B̄N = 0,
B̄˙ + (B̄ Ḡ + 2c B̄ )/Ω2 − f B̄ = 0,
N

N

0

S

S

Ḡ˙ N − f ḠS + 2B̄N /Ω2 = 0,
Ḡ˙ S + f ḠN + 2B̄S /Ω2 = 0,

(19)
(20)
(21)
(22)
(23)

together with
Ω3 Ω̈ +

f2 4
Ω − c20 + Ḡ2N + Ḡ2S + B̄ = 0.
4

(24)

Combination of (20) and (21) with use of (19) produces the integral of motion
2
B̄S2 + B̄N
−

B̄ 2
= cII ,
4

(25)

while (22) and (23) together give a further integral of motion
Ḡ2S + Ḡ2N − B̄ = cIII ,
where cII , cIII are constants of integration.

(26)
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A parametrisation

The integrals of motion (25) and (26) may be conveniently parametrised, in turn,
according to
r

r
1 2
1
B̄S = ± cII + B̄ cos φ(t), B̄N = ± cII + B̄ 2 sin φ(t),
4
4
p
p
ḠS = ± cIII + B̄ sin θ(t), ḠN = ± cIII + B̄ cos θ(t).

(27)

Here, signs in (27) will be adopted which are compatible with the subsequent
construction of pulsrodon-type solutions whence, we set
r

r
1 2
1
B̄S = − cII + B̄ cos φ(t), B̄N = − cII + B̄ 2 sin φ(t),
4
4
p
p
ḠS = − cIII + B̄ sin θ(t), ḠN = + cIII + B̄ cos θ(t).

(28)

Substitution of the parametrisation (28) into (19) yields
4
B̄˙ + 2
Ω

q
p
cII + B̄ 2 /4 cIII + B̄ sin(θ − φ) = 0,

(29)

while conditions (20) and (21) reduce to the single requirement
q

cII +

B̄ 2 /4



2c0
B̄ p
φ̇ + 2 − f − 2 cIII + B̄ cos(θ − φ) = 0
Ω
Ω

(30)

and similarly, conditions (22), (23) produce the single additional condition
p

2
cIII + B̄ f − θ̇ − 2
Ω
h

i

q

cII + B̄ 2 /4 cos(θ − φ) = 0.

(31)

Two relations which are key to the subsequent development and which may be
established by appeal to system (15) are now recorded:
Theorem 1.
Ṁ = −3GM,

Q̇ = −3GQ,

(32)

where


f
M = a u2 −
2





f
+ b(v2 − u1 ) − c v1 +
2


,

Q = −a(u22 + v22 ) + 2b(u1 u2 + v1 v2 ) − c(u21 + v12 ) + 44
and 4 = ac − b2 .
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Corollary 1. On use of (16) and (14), it is seen that
M = cIV Ω−6 ,

Q = cV Ω−6 ,

(33)

where

M = 2(BN GS − BS GN ) − B


f
+ GR ,
2

(34)

1
Q = −B(G2S + G2N + G2R + G2 ) + 4GR (BN GS − BS GN )
4
+2G(BS GS + BN GN ) + 44,
and cIV , cV are arbitrary constants of integration.
In particular, the relations (17), (33) and (34) show that
c0 B̄ = −cIV + 2(B̄N ḠS − B̄S ḠN )
whence one obtains:
Corollary 2.
c0 B̄ = −cIV + 2

q
(CII + B̄ 2 /4)(cIII + B̄) cos(θ − φ).

(35)

Elimination of cos(θ − φ) between (35) and (30), (31) in turn, yields




−2c0 + B̄ (c0 B̄ + cIV )  ,

2
B̄ 2 
(cII +
)
4

φ̇ = f +

1
Ω2

θ̇ = f −

1 (c0 B̄ + cIV )
.
Ω2 (cIII + B̄)

(36)

and
(37)

It remains to consider the nonlinear equation (24) for Ω, namely
Ω3 Ω̈ +

f2 4
Ω + cIII + 2B̄ − c20 = 0
4

(38)

If B̄ = λ + µΩ4 , then (38) reduces to the classical Steen–Ermakov equation [35,36]
with explicit solution given via its well-known nonlinear superposition principle.
In general, use of Theorem 1 shows that
(Ω2¨B̄) + f 2 Ω2 B̄ = −2(Q + f M )Ω6 = −2(cV + f cIV )
whence,
(
2

Ω B̄ =

cVI cos f t + cVII sin f t − 2(cV + f cIV )/f 2 , f 6= 0
−cV t2 + cVI t + cVII , f = 0.

(39)
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On elimination of θ − φ and Ω in (29) via the relations (35) and (39) it is seen
that if B̄ 6= const, then B̄ is given by the elliptic integral relation
ZB̄
cVIII

dB̄ ∗
B̄ ∗

p

Zt
= −2

(B̄ ∗2 + 4cII )(B̄ ∗ + cIII ) − (c0 B̄ ∗ + cIV )2

dt∗
cVI cos f t∗ + cVII sin f t∗ − 2(cV + f cIV )/f 2

(f 6= 0)

(40)

0

Zt
= −2

dt∗
−cV t∗2 + cVI t∗ + cVII

(f = 0)

0

where B̄|t=0 = cVIII . With B̄ obtained thereby, Ω is given via (39) and may be
shown to be compatible with the nonlinear equation (38). The angles θ(t), φ(t)
are determined by (36), (37) while the velocity components u1 , u2 , v1 , v2 and the
quantities a, b, c are given, in turn, by
Ω̇
1 p
f
1 p
c0
+ 2 cIII + B̄ cos θ(t), v1 = − 2 cIII + B̄ sin θ(t) + 2 − ,
Ω Ω
Ω
Ω
2
1 p
c0
f
Ω̇
1 p
u2 = − 2 cIII + B̄ sin θ(t) − 2 + , v2 = − 2 cIII + B̄ cos θ(t),
Ω
Ω
2
Ω Ω
u1 =

together with
#
r
B̄ 2
1
B̄ 2
cII +
sin φ(t) , b = − 4 cII +
cos φ(t),
4
Ω
4
"
#
r
1 B̄
cI
B̄ 2
c= 4
+ cII +
sin φ(t) , h0 = 2 .
Ω
2
4
Ω

1
a= 4
Ω

"

B̄
−
2

r

The above completes the solution of the nonlinear dynamical system (10)–(12)
if B̄ 6= const.

4

The pulsrodon

If B̄ = const then (38) shows that Ω is determined by the nonlinear oscillator
equation


f2
c2 − cIII − 2B̄
Ω̈ +
Ω= 0
.
(41)
4
Ω3
This is commonly known as the Ermakov equation although it originated in a
paper of 1874 by Steen [35]. It arises in a wide range of areas of physical importance, most notably in quantum mechanics, optics and nonlinear elasticity
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(see e.g. [37–39]). It is characterised by its admittance of a well-known nonlinear
superposition principle. Thus, the general solution of (41) is given by
q
(42)
Ω = λΩ21 + 2µΩ1 Ω2 + νΩ22
where Ω1 , Ω2 are linearly independent solutions of Ω̈L + f 2 ΩL /4 = 0, with unit
Wronskian W (Ω1 , Ω2 ) = Ω1 Ω̇2 −Ω2 Ω̇1 where the constants λ, µ, ν are constrained
by the relation
λν − µ2 = c20 − cIII − 2B̄.

(43)

If we set
Ω1 =

2
ft
cos ,
f
2

Ω2 =

2
ft
sin
f
2

(f 6= 0)

then the general solution of (41) is given by
p
Ω = ζ cos(f t + φ) + η

(44)

where ζ, η are arbitrary constants subject to ζ < η and φ is a phase chosen as to
accommodate the constraint (43).
In view of the condition B̄ = const, the relation (29) shows that, if B̄ 2 /4+cII 6=
0 and B̄ + cIII 6= 0 then θ = φ + nπ whence (36), (37) yield
θ̇ = φ̇ = f −

1 (c0 B̄ + cIV )
Ω2 (cIII + B̄)

with consistency condition






B̄
1
1
 = 1.
(c0 B̄ + cIV ) 
+


2

2
B̄ + cIII 
B̄
2 cII +
4
Here, we proceed with θ = φ so that the relations (18) together with the
parametrisation (28) yield
r
r
1
B̄ 2
1
B̄ 2
BS = − 4 cII +
cos θ(t), BN = − 4 cII +
sin θ(t),
Ω
4
Ω
4
1 p
1 p
GS = − 2 cIII + B̄ sin θ(t), GN = + 2 cIII + B̄ cos θ(t)
Ω
Ω
where
c0 B̄ + cIV
θ(t) − θ(0) = f t −
B̄ + cIII

Zt

1
Ω2 (τ )

0

dτ
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and Ω is given by (44). The velocity and density distributions are given by the
relations (6)–(9) wherein
Ω̇
G
1 p
+ GN = + 2 cIII + B̄ cos θ(t),
2
Ω Ω
1 p
c0
f
v1 = GS + GR = − 2 cIII + B̄ sin θ(t) + 2 − ,
Ω
Ω
2
c0
f
1 p
u2 = GS − GR = − 2 cIII + B̄ sin θ(t) − 2 + ,
Ω
Ω
2
p
G
Ω̇
1
v2 =
− GN = − 2 cIII + B̄ cos θ(t),
2
Ω Ω
together with
"
#
r
r
1 B̄
B̄ 2
B̄ 2
1
a= 4
− cII +
sin θ(t) , b = − 4 cII +
cos θ(t),
Ω
2
4
Ω
4
"
#
r
cI
1 B̄
B̄ 2
c= 4
+ cII +
sin θ(t) , h0 = 2 ,
Ω
2
4
Ω
u1 =

(45)

(46)

and p, q are given by the coupled system (13).
The magneto-gasdynamic vortex solutions presented above are analogous to the
pulsrodons constructed in the context of a rotating elliptic-warm core hydrodynamic system in [20]. These pulsrodon solutions and their duals were later derived
by Holm via an elegant Lagrangian formulation in [40]. Therein, the pulsrodon
was shown to be orbitally Lyapunov stable to perturbations within the class of
elliptical vortex solutions. Here, the pulsrodons may be shown to describe pulsating, rotating elliptic plasma cylinders bounded externally by a vacuum state
(Rogers and Schief [41]). It is noted that magnetohydrostatic boundary value
problems involving elliptic plasma cylinders bounded by an exterior vacuum state
have been treated via the Grad–Shafranov equation (vide Biskamp [1]).

5

Ermakov–Ray–Reid structure

It turns out that the eight-dimensional nonlinear dynamical system (15) has remarkable underlying structure and may be reduced to consideration of a Ermakov–
Ray–Reid system
α̈ + ω 2 (t)α =

1
F (β/α),
α2 β

β̈ + ω 2 (t)β =

1
G(αβ).
αβ 2

(47)

Such systems have their origin in work of Ermakov [36] and were introduced by
Ray and Reid in [21,22]. The main theoretical interest in the system (47) resides in
its admittance of a distinctive integral of motion, namely, the Ray–Reid invariant
1
I = (αβ̇ − β α̇)2 +
2

β/α
α/β
Z
Z
F (z)dz +
G(w)dw
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together with a concomitant nonlinear superposition principle. In the case of the
Steen–Ermakov reduction (41) this adopts the form (42). This result was set down
originally in the classical paper of Steen.
In the sequel, it proves convenient to proceed with p(t) = q(t) = 0 in the ansatz
(6)–(9). However, the terms involving p, q, ṗ, q̇ are readily re-introduced by use
of a Lie group invariance of the original magnetogasdynamic system.
The semi-axes of the time-modulated ellipse
a(t)x2 + 2b(t)xy + c(t)y 2 + h0 (t) = 0
are given by
s
Φ=

p
[ (a − c)2 + 4b2 − (a + c)]
s

Ψ=

2h0

(ac − b2 > 0)

v
u
=u
t

2h0
p
2
[− (a − c) + 4b2 − (a + c)]

(48)

h0
2
(BN

v
u
=u
t

+

BS2 )1/2

B
−
2

,

h0
2 + B 2 )1/2 −
−(BN
S

B
2

.

On use of (18) and (25), these relations yield
s

1/2
√
B̄ 2
B̄
cII +
− ,
Φ = Ω cI /
4
2
s

1/2
√
B̄ 2
B̄
Ψ = Ω cI / − cII +
−
4
2
whence, the ratio of the semi-axes is given by
"
#
1/2
√
−1
B̄ 2
B̄
−cII
=√
cII +
+
Φ/Ψ = 
>0
1/2
4
2
−cII
B̄ 2
B̄
cII +
−
4
2

(49)

(50)

(51)

where it is required that B̄ < 0 and B̄ 2 /4 > −cII > 0. Thus, B̄ = B̄(Φ/Ψ) so
that, if B̄ 6= const then the ratio of the semi-axes the ellipse is determined by the
elliptic integral relation (40). If B̄ = const, corresponding to the pulsrodon case,
then the ratio of the semi-axes of the ellipse (48) is likewise constant.
The relation (51) together with (29) and (35) produce the Ray–Reid type
relation Ψ̇Φ − ΨΦ̇ = Z(Φ/Ψ), where
2cI p
B̄ + cIII sin(θ − φ)
Z(Φ/Ψ) = √
−cII
s
2cI
(B̄ 2 + 4cII )(B̄ + cIII ) − (B̄ + cIV )2
=√
−cII
B̄ 2 + 4cII
√
and B̄ = − −cII [Ψ/Φ + Φ/Ψ] ,with the requirement that 0 < |B̄| < cIII .
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It is now readily established that the semi-axes Φ, Ψ of the ellipse (48) are
governed by the Ermakov–Ray–Reid system


k
2


(Z + )
1
1 
ZZ 0
Ψ

4
Φ̈ + f 2 Φ = 2 
−
,
4
Φ Ψ [1 + (Ψ/Φ)2 ]
Φ [1 + (Ψ/Φ)2 ]2

  (Z 2 + k )
1
ZZ 0
1 
Φ

4
Ψ̈ + f 2 Ψ = 2 −
−
,
2
2
2
4
Ψ Φ
Ψ [1 + (Φ/Ψ) ]
[1 + (Ψ/Φ) ]


(52)

where


4
2
2 2
2
k = (cI /cII ) f (cVI + cVII ) − 2 (cV + f cIV )
f
2

(f 6= 0).

In addition, the system (52) is seen to be Hamiltonian with invariant


1 2
1
1 2 2
k
2
2
2 2
H = (Φ̇ + Ψ̇ ) −
Z + f (Φ + Ψ ) +
2
2(Φ2 + Ψ2 )
4
4
and is readily integrated via the general procedure summarised below.

6

Hamiltonian Ermakov systems

The Ermakov–Ray–Reid system
α̈ + Θ0 (α2 + β 2 )α =

1
F (β/α),
α2 β

β̈ + Θ0 (α2 + β 2 )β =

1
G(α/β)
αβ 2

(53)

is Hamiltonian with α̈ = −∂V /∂α, β̈ = −∂V /∂β provided




∂
1
∂
1
F (β/α) =
G(α/β) .
∂β α2 β
∂α αβ 2
Accordingly, the system (53) necessarily adopts the form
  

β
dJ(α/β)
1
α̈ + Θ0 (α2 + β 2 )α = 2 2
J(α/β) −
,
α β
α
d(α/β)
β̈ + Θ0 (α2 + β 2 )β =

1 dJ(α/β)
αβ 2 d(α/β)

so that V = J(α/β)/α2 + Θ(α2 + β 2 )/2 and the Hamiltonian is given by
H=

i
1h 2
1
α̇ + β̇ 2 + Θ(α2 + β 2 ) + 2 J(α/β).
2
α

(54)
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The Ray–Reid invariant becomes
1
I = (αβ̇ − α̇β)2 +
2



α2 + β 2
α2


J(α/β)

(55)

and combination with (54) yields
1
1
(α2 + β 2 )H − I = (αα̇ + β β̇)2 + (α2 + β 2 )Θ(α2 + β 2 ).
2
2

(56)

If we set Σ = α2 + β 2 , then (56) shows that


1 2
1
Σ̇ + Θ(Σ) − H Σ + I = 0.
8
2
√
In particular, if Θ = Σ then Σ = [H ± H 2 − 2I sin 2(t − t0 )].
Introduction of the expression Λ = 2αβ/(α2 + β 2 )into the Ray–Reid invariant (55) yields
1 (α2 + β 2 )4
I = Λ̇2 2
+
8 (α − β 2 )2



α2 + β 2
α2


J(α/β),

while, introduction of T according to dT /dt = 1/Σ shows that
s


dΛ
2β
2
= ±2 2(1 − Λ ) I −
J(α/β)
dT
Λα
√
where β/α is given in terms of Λ via β/α = (1 ± 1 − Λ2 )/Λ. Thus, Λ is given by
1
± √
2 2

Z 

Λ
2
(1 − Λ )(ΛI − 2L(Λ))

1/2
dΛ = T + T0 ,

where L(Λ) = (β/α)J(α/β). The original Ermakov variables α, β are given in
terms of Σ and Λ by the relations
α=

hp

β=

hp
i
p
Σ(1 + Λ) ± Σ(1 − Λ) /2.

Σ(1 + Λ) ∓

p

i
Σ(1 − Λ) /2,

For the Ermakov–Ray–Reid system (52), once Φ, Ψ have been determined then
Ω and B̄ are given by (49)–(50) and then θ, φ are obtained by integration of the
relations (36), (37). The residual magnetogasdynamic variables are then readily
constructed.
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We study a model proposed in some recent papers by Ruggieri and Valenti
from the point of view of the theory of symmetry reduction of partial differential equations. The author, among the solutions admitted by such a class of
viscoelastic models, obtains travelling waves.

1

Introduction

In some recent papers, motivated by a number of physical problems discussed
in [1, 2], Ruggieri and Valenti have studied the group properties of
wtt = f (wx )wxx + [λ(wx ) wtx ]x ,

(1)

where f and λ are smooth functions, w(t, x) is the dependent variable and subscripts denote partial differentiation with respect to the independent variables t
and x.
Ruggieri and Valenti in Ref. [3], after having observed that by setting wx = u
and wt = v equation (1) can be written as a 2 × 2 system in conservative form

Z u
= 0,
(2)
f (s) ds + λ(u) vx
ut − vx = 0, vt −
x

have proved that the group classifications of (1) and (2) are identical in the sense
that for any f and λ a point symmetry admitted by (1) induces a point symmetry
admitted by (2) and vice versa.
Moreover it is worthwhile noting that system (2) can be regarded as the potential system associated with the equation
utt = [f (u)ux ]x + [λ(u) ut ]xx

(3)

so that point symmetries of the potential system (2), if they exist, allow one to
obtain nonlocal symmetries (potential symmetries [4]) of equation (3).
In a recent work [5] Ruggieri and Valenti studied the group properties of equation (3) and, comparing the classification of the equation (3) to that of the system
(2), they stated that the point symmetries of the system (2) do not induce any potential symmetries of the equation (3) but only point symmetries; conversely there
are point symmetries of the equation (3) which do not induce point symmetries of
the potential system (2).
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When λ(u) ≡ 0, equation (3) includes the nonlinear homogeneous vibratingstring equation utt = [f (u) ux ]x which was classified by Ames et al. [6] and gives
rise to numerous publications on symmetry analysis of nonlinear wave phenomena
(see [7] and references therein for a review).
When λ(u) ≡ λ0 with λ0 a positive constant, a complete symmetry classification can be found in the papers of Ruggieri and Valenti [8, 9]. Moreover, when
λ0 = ε  1, a study performed by means of approximate symmetries can be found
in Valenti [10, 11].
In [5] Ruggieri and Valenti also found travelling-wave solutions for equation
(3) in the case of ideally hard material, the main feature of which is that the
Lagrangian speed of sound increases monotonically without bound.
In this paper the author seeks travelling-wave solutions of the third-order partial differential equation (3) in other cases of physical interest.

2

Travelling-wave solutions

We consider an homogeneous viscoelastic bar of uniform cross-section and assume
that the material is a nonlinear Kelvin solid. This model is described by a stressstrain relation of the following form [12]
τ = σ(wx ) + λ(wx ) wxt ,
where τ is the stress, x the position of a cross-section in the homogeneous rest
configuration of the bar, w(t, x) the desplacement at time t of the section from
the rest position, σ(wx ) is the elastic part of the stress while λ(wx )wtx is the
dissipative part.
In the absence of body forces the equation of linear momentum, wtt = τx , can
be reduced to equation (3) after setting wx = u and introducing the function f (u)
such that
Z u
σ(u) =
f (s) ds.
(4)
In this section we search for travelling-wave solutions of equation (3) for specific
functional forms of f and λ of physical interest.
Travelling waves are very interesting from the point of view of applications.
These types of waves do not change their shapes during propagation and are thus
easy to detect. Of particular interest are three types of travelling waves: the
solitary waves, which are localized travelling waves, asymptotically zero at large
distances; the periodic waves; and the kink waves, which rise or descend from one
asymptotic state to another.
In order to search for travelling-wave solutions for equation (3) we consider
that the Principal Lie Algebra LP of (3) (see Ref. [5]) is two-dimensional and is
spanned by the operators
X1 =

∂
,
∂t

X2 =

∂
∂x
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and we observe that the third-order partial differential equation (3) admits travelling-wave solutions for arbitrary f and λ.
Reducing the equation (3) by means of Principal Lie Algebra we obtain that
the similarity variable, the similarity solution and the reduced ordinary differential
equation (ODE) of (3) respectively are
z = x − c2 t,
c22 φ00

u = φ(z),


0 0

− fφ

(5)


0 00

+ c2 λ φ

=0

(6)

with f and λ arbitrary functions of φ.
We consider the following form for the tension function, σ(u),
1

−σ(u) = 2 γ̃ 2 ρ0 (−u) 2 ,

γ̃ = const,

which arises, as Bell has shown [13,14], in polycrystalline solids during a dynamic
uniaxial compression.
When we make this assumption, take into account (4) and choose for the
compatibility of the problem [5] the following expression for the function λ =
1
λ0 (−φ)− 2 with λ0 > 0, the reduced equation (6) becomes
i0
i00
h
h
1
1
c22 φ00 − γ̃ 2 ρ0 (−φ)− 2 φ0 + c2 λ0 (−φ)− 2 φ0 = 0.

(7)

A closed-form solution of (7) is


2

2 γ̃ 2 ρ0

φ=
e

− γ̃ 2 ρ0
c 2 λ0

(z+k1 )

(8)


+

c22

with k1 an arbitrary constant of integration.
When we revert to the original variables (5) and take (8) into account, the
solution can be written as
2

2
2γ̃ ρ0
 .
(9)
u =  − γ̃ 2 ρ
0 (x−c t+k )
2
1
2
c
λ
+ c2
e 2 0
Another solution of physical interest can be obtained when we consider the
following form of the tension

σ(u) = −σ0

3T0
ρV02

3 

3T0
+u
ρV02

−3
+ σ0 ,

which models the ideal soft material the main feature of which is that the lagrangian speed of sound decreases monotonically to zero as u increases without
bound [13, 15].
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In this case, after we take into account (4) and choose for the compatibility of
the problem [5] the following expression for the function


3T0 −4
λ = λ0 φ +
ρV02
with λ0 > 0, the reduced equation (6) becomes
"
#0

3T0 −4 0
2
2 3 00
4
c2 (ρV0 ) φ − (3T0 )
φ+
φ
ρV02
"
−4 #00
3T
0
φ0 = 0.
+c2 λ0 (ρV02 )3
φ+
ρV02

(10)

A closed-form solution of (10) is
"
φ = 3T0 (ρV02 )3

e

108 T04
c2 λ0 ρ3 V06

(z+k)

!#− 14
− 3 c22

−

3T0
ρV02

(11)

with k an arbitrary constant of integration.
When we revert to the original variables (5) and take (11) into account, the
solution can be written as
!#− 41
"
108 T04
(x−c
t+k)
2
3T0
3 6
− 3 c22
u = 3T0 (ρV02 )3 e c2 λ0 ρ V0
−
.
(12)
ρV02
The travelling-waves solutions (9)–(12) have the form of a kink and it is known that
kinks may propagate in a viscoelastic medium (see [2] and bibliography therein).
It is worthy of note that by means of the relations wx = u and wt = v,
starting from the above solutions, we can construct solutions of the equation (1)
and system (2). More precisely solutions (9)–(12) give rise to invariant solutions
of (1) and (2). In fact it is a simple matter to ascertain that, if we set ψ 0 = φ,
expressions (8)–(11) satisfy the reduced equation (15) in Ref. [16] when c4 = 0.
In fact, if we consider (9) from
Z z
ψ=
φ(s)ds,
we obtain the solution

γ̃ 2 ρ z
− c λ0
2 0 + c2 )
z
λ
log
(e
0
2
+ 4−
ψ = 4 γ̃ 4 ρ20 
3
2
γ̃ ρ0 c2
c2


λ0
c2

γ̃ 2 ρ

−

0e

γ̃ 2 ρ0 z
c 2 λ0


+

(13)

c32 γ̃ 2 ρ0

for the reduced equation (15) in [16] and coming back to the original variables
we can obtain the corresponding invariant solutions of both equation (1) and
system (2).
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InR a similar way it is possible to proceed to the solution of (12). In fact from
z
ψ=
φ(s)ds we obtain the solution
p
ψ = log  p

1

µ − 3c22 − 3 4

p

2 |c2 | µ − 3c22

1
4

+

√

3|c2 |

p/2


1 √
1p
µ − 3c22 + 3 4 2 |c2 | µ − 3c22 4 + 3|c2 |





1
1


2 µ − 3c22 4
2 µ − 3c22 4
+ 1 + arctan  1 p
− 1 ,
+p arctan  1 p


3 4 2 |c2 |
3 4 2 |c2 |

where

µ = exp

108T04 (z + k)
c2 λ0 (ρV02 )3

9


,

(ρV 2 ) 4 c2 λ0
,
p = 9 0p
3 4 2 2|c|T04

of the reduced equation (15) in [16] and coming back to the original variables
we can obtain the corresponding invariant solutions of both equation (1) and
system (2).

3

Conclusions

In this paper we have derived travelling-wave solutions for the third-order partial
differential equation (3) in the cases of ideal soft material and in polycrystalline
solids during a dynamic uniaxial compression.
We have also observed that, by means of the relations wx = u and wt =
v, starting from these solutions of the equation (3) we can construct invariant
solutions of the equation (1) and the system (2).
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We construct six multiparameter families of Hermitian quasi-exactly solvable
matrix Schrödinger operators in one variable and five multiparameter families of exactly solvable Schrödinger operators. The method for finding quasiexactly operators relies heavily upon a special representation of the Lie algebra
o(2, 2) ∼
= sl(2) ⊕ sl(2) the representation space of which contains an invariant
finite-dimensional subspace. For finding exactly solvable model a special set
of operators is used, which is an expansion of the matrix representation of the
solvable four-dimensional algebra. Furthermore we select those models that
have square integrable eigenfunctions on R. These models are in direct analogy with the quasi-exactly solvable scalar Schrödinger operators obtained by
Turbiner and Ushveridze.

1

Introduction

In papers [1, 2] we have extended the Turbiner–Shifman approach [3–5] to the
construction of quasi-exactly solvable (QES) models on line for the case of matrix
Hamiltonians. We recall that originally their method was applied to scalar onedimensional stationary Schrödinger equations. Later it was extended to the case
of multidimensional scalar stationary Schrödinger equations [5–8] (see also [9]).
The procedure of constructing a QES matrix (scalar) model is based upon the
concept of a Lie-algebraic Hamiltonian. We call a second-order operator in one
variable Lie-algebraic if the following requirements are satisfied:
• The Hamiltonian is a constant coefficient quadratic form of first-order operators, Q1 , Q2 , . . . , Qn , forming a Lie algebra g;
• The Lie algebra g has a finite-dimensional invariant subspace, I, of the
whole representation space.
Now, if a given Hamiltonian H[x] is Lie-algebraic, then after being restricted
to the space I it becomes a matrix operator H the eigenvalues and eigenvectors of
whhich are computed in a purely algebraic way. This means that the Hamiltonian
H[x] is quasi-exactly solvable (for further details on scalar QES models see [9]).
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We impose no a priori restrictions on the form of basis elements of the space I,
namely we fix the class to which the basis elements of the Lie algebra g should
belong. Following [1, 2] we choose this class L as the set of matrix differential
operators of the form
L = {Q : Q = a(x)∂x + A(x)} .
Here a(x) is a smooth real-valued function and A(x) is an N × N matrix the
entries of which are smooth complex-valued functions of x. Hereafter we denote
d/dx as ∂x .
Evidently L can be treated as an infinite-dimensional Lie algebra with a standard commutator as a Lie bracket. Given a subalgebra hQ1 , Q2 , . . ., Qn i of the
algebra L, the representation space of whhich contains a finite-dimensional invariant subspace, we can easily construct a QES matrix model. To this end we
compose a bilinear combination of the operators Q1 , Q2 , . . ., Qn (one of them
may be the unit N × N matrix I) with constant complex coefficients αjk and get

H[x] = 

n
X


αjk Qj Qk  .

(1)

j,k=1

As is well-known, a physically meaningful QES matrix Schrödinger operator
has to be Hermitian. This requirement imposes restrictions on the choice of QES
models which somehow were beyond considerations of our previous papers [1,2]. It
should be noted that a problem of reducing QES scalar operator to an Hermitian
form is fairly trivial and is solved straightforwardly by rearranging a dependent
variable and making an appropriate gauge transformation of the wave-function.
However, for the case of matrix QES first- or second-order operators the problem
of transforming these to Hermitian Schrödinger forms becomes nontrivial and
requires very involved calculations. It occurs that, in contrast to the scalar case,
not every second-order matrix QES operator can be reduced to an Hermitian form.
One of the principal aims of the present paper is to develop a systematic algebraic
procedure for constructing QES Hermitian matrix Schrödinger operators
Ĥ[x] = ∂x2 + V (x).

(2)

This requires a slight modification of the algebraic procedure used in [2]. We
consider as an algebra g the direct sum of two sl(2) algebras which is equivalent to
the algebra o(2, 2). The necessary algebraic structures are introduced in Section 2.
The next section is devoted to constructing in a regular way Hermitian QES matrix
Schrödinger operators on line which is a core result of the paper. We give the list
of QES models thus obtained in Section 4.
A stronger constraint imposed on the QES Schrödinger operators is that the
basis elements of invariant space I must be square integrable on R. A detailed
study of this problem for the case of scalar QES Schrödinger operators has been
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carried out recently in [10]. Using the results mentioned above we have constructed in the present paper several classes of QES matrix Schrödinger operators
(Hamiltonians) having finite-dimensional invariant spaces the basis elements of
which are square integrable on R. As examples we present below two such Hamiltonians without giving derivation details which are based on tedious calculations
of Sections 2–4.
Model 1. (Ĥ[y] + E)ψ(y) = 0, where
y6
4m − 1 2 1 2
+
y − y σ3 − σ1 .
256
16
4
The invariant space I of this operator has the dimension 2m and is spanned by
the vectors
 4 
y
y 2j
f~j = exp −
~e1 ,
64
2
 4  
 y 2k−2 
y
y 2k
~gk = exp −
m
~e2 − k
~e1 ,
64
2
2
Ĥ[y] = ∂y2 −

where j = 0, . . . , m − 2, k = 0, . . . , m, ~e1 = (1, 0)T , ~e2 = (0, 1)T and m is an
arbitrary natural number.
It is not difficult to verify that the basis vectors of the invariant space I are
square integrable on the interval (−∞, +∞). One further remark is that there
exists an analogous QES scalar Schrödinger operator the invariant space of which
has square integrable basis vectors (see, for more details [3, 11]).
Model 2. (Ĥ[y] + E)ψ(y) = 0, where
1 1
1
Ĥ[y] = ∂y2 − − exp(−2y) + m exp(−y) + exp(2y)
4
4
2
" √
#
√
√ y
√ y
√ y
3+1
6
+ m
sin( 2e ) −
cos( 2e ) − exp(−y) sin( 2e ) σ1
2
2
" √
#
√
√ y
√ y
√ y
3+1
6
+ m
cos( 2e ) +
sin( 2e ) − exp(−y) cos( 2e ) σ3 .
2
2
The invariant space I of this operator has dimension 2m and is spanned by the
vectors
f~j = U −1 (y) exp(−jy)~e1 ,
~gk = U −1 (y) (m exp(−ky)~e2 − k exp(−(k − 1)y)~e1 ) ,
where j = 0, . . . , m − 2, k = 0, . . . , m, m is an arbitrary natural number and


 y
1
1 −y
−1
U (y) = √ exp −
exp − e
2
2
2 2
"
#
√
√
√
√ y
√ y
i 3σ2 − σ1
√
× ( 3 + 2 − σ3 ) cos( 2e ) +
sin( 2e ) .
2
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The basis vectors of the invariant space I are square integrable. Indeed
the functions f~j (y) and ~gk (y) behave asymptotically as exp{−(2j + 1)y/2} and
exp{−(2k + 1)y/2}, correspondingly, with y → +∞. Furthermore they behave
as exp{−(2j + 1)y/2} exp{−e−y /2} and exp{−(2k + 1)y/2} exp{−e−y /2}, correspondingly, with y → −∞. This means that they vanish rapidly provided
y → ±∞.

2

Extension of the algebra sl(2)

Following [1, 2] we consider the realization of the algebra sl(2)
sl(2) = hQ− , Q0 , Q+ i
D
E
m−1
= ∂x , x∂x −
+ S0 , x2 ∂x − (m − 1)x + 2S0 x + S+ ,
2

(3)

where S0 = σ3 /2, S+ = (iσ2 + σ1 )/2, σk are the 2 × 2 Pauli matrices,






1 0
0 −i
0 1
,
, σ3 =
, σ2 =
σ1 =
0 −1
i 0
1 0
and m ≥ 2 is an arbitrary natural number. This representation gives rise to
a family of QES models and furthermore algebra (3) has the following finitedimensional invariant space
Isl(2) = I1 ⊕ I2 = h~e1 , x~e1 , . . . , xm−2~e1 i⊕
hm~e2 , . . . , mxj ~e2 − jxj−1~e1 , . . . , mxm~e2 − mxm−1~e1 i.

(4)

Since the spaces I1 , I2 are invariant with respect to an action of any of the
operators (3), the above representation is reducible. A more serious problem
is that it is not possible to construct a QES operator, that is equivalent to a
Hermitian Schrödinger operator, by taking a bilinear combination (1) of operators
(3) with coefficients being complex numbers. To overcome this difficulty we use
the idea indicated in [2] and let the coefficients of the bilinear combination (1) be
constant 2 × 2 matrices. To this end we introduce a wider Lie algebra and add
to (3) the following three matrix operators:
R− = S− ,

R 0 = S− x + S0 ,

R+ = S− x2 + 2S0 x + S+ ,

(5)

where S± = (iσ2 ± σ1 )/2. It is straightforward to verify that the space (4) is
invariant with respect to an action of a linear combination of the operators (5).
Consider next the following set of operators:
hT± = Q± − R± , T0 = Q0 − R0 , R± , R0 , Ii,

(6)

where Q and R are operators (3) and (5), respectively, and I is a unit 2 × 2
matrix. By a direct computation we check that the operators T± , T0 as well
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as the operators R± , R0 , fulfill the commutation relations of the algebra sl(2).
Furthermore any of the operators T± , T0 commutes with any of the operators R±
and R0 . Consequently operators (6) form the Lie algebra
sl(2) ⊕ sl(2) ⊕ I ∼
= o(2, 2) ⊕ I.
In the sequel we denote this algebra as g. The Casimir operators of the Lie algebra
g are multiples of the unit matrix
 2

m −1
3
2
C1 = T0 − T+ T− − T0 =
I, K2 = R02 − R+ R− − R0 = I.
4
4
Using this fact it can be shown that the representation of g realized on the space
Isl(2) is irreducible.
One more remark is that the operators (6) satisfy the following relations:
1
2
= 0,
R02 = , R+
4
{R− , R0 } = 0, {R+ , R0 } = 0, {R− , R+ } = −1,
1
1
1
R− R0 = R − , R 0 R+ = R+ , R − R+ = R0 − .
2
2
2

2
R−
= 0,

(7)

Here {Q1 , Q2 } = Q1 Q2 + Q2 Q1 . One of the consequences of this fact is that the
algebra g may be considered as a superalgebra which shows an evident link to the
results of the paper [12].

3

The general form of the Hermitian QES operator

Using the commutation relations of the Lie algebra g together with relations (7)
one can show that any bilinear combination of the operators (6) is a linear combination of twenty-one (basis) quadratic forms of these operators. Then it is necessary to transform the bilinear combination (1) to the standard form (2). What
is more it is essential that the corresponding transformation should be given by
explicit formulae since we need to write explicitly the matrix potential V (x) of the
QES Schrödinger operator thus obtained and the basis functions of its invariant
space.
The general form of QES model obtainable within the framework of our approach is as follows
H[x] = ξ(x)∂x2 + B(x)∂x + C(x),

(8)

where ξ(x) is some real-valued function and B(x) and C(x) are matrix functions
of the dimension 2 × 2. Let U (x) be an invertible 2 × 2 matrix-function satisfying
the system of ordinary differential equations
 0

1
ξ (x)
0
U (x) =
− B(x) U (x),
(9)
2ξ(x)
2
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Z
dx
.
f (x) = ± p
ξ(x)
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Then the change of variables reducing (8) to the standard form (2) is
x → y = f (x),

H[x] → Ĥ[y] = Û −1 (y)H[f −1 (y)]Û (y),

(11)

where f −1 stands for the inverse of f and Û (y) = U (f −1 (y)).
Performance of the transformation (11) yields the Schrödinger operator
Ĥ[y] = ∂y2 + V (y)

(12)

with
(



1 2
1 0
ξ0
V (y) = U (x) − B (x) − B (x) + B(x) + C(x) U (x)+
4ξ
2
2ξ
)
2
00
0
ξ
3ξ
+ −
.
4
16ξ
−1
−1

x=f

(13)

(y)

Hereinafter the notation {W (x)}x=f −1 (y) means that we should replace x with
f −1 (y) in the expression W (x).
Furthermore, if we denote the basis elements of the invariant space (4) as f~1 (x),
. . ., f~2m (x), then the invariant space of the operator Ĥ[y] takes the form
D
E
Îsl(2) = Û −1 (y)f~1 (f −1 (y)), . . . , Û −1 (y)f~2m (f −1 (y)) .
(14)
In view of the remark made at the beginning of this section we are looking for
such QES models that the transformation law (11) can be given explicitly. This
means that we should be able to construct a solution of system (9) in an explicit
form. To achieve this goal we select from the above-mentioned set of twenty-one
linearly independent quadratic forms of operators (6) the twelve forms,
A0 = ∂x2 , A1 = x∂x2 , A2 = x2 ∂x2 + (m − 1)σ3 ,
B0 = ∂x , B1 = x∂x + σ23 , B2 = x2 ∂x − (m − 1)x + σ3 x + σ1 ,
C1 = σ1 ∂x + m
C2 = iσ2 ∂x + m
C3 = σ3 ∂x ,
2 σ3 ,
2 σ3 ,
(15)
3
2
2
D1 = x ∂x − 2σ1 x∂x + (3m − m − 3)x + (2m − 3)xσ3 + (4m − 4)σ1 ,
D2 = x3 ∂x2 − 2iσ2 x∂x + (3m − m2 − 3)x + (2m − 3)xσ3 + (4m − 4)σ1 ,
D3 = 2σ3 x∂x + (1 − 2m)σ3 ,
the linear combinations of whhich have such a structure that system (9) can be
integrated in closed form. However, in the present paper we study systematically
the first nine quadratic forms from the above list and exclude the quadratic forms
D1 , D2 and D3 from further considerations.
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Thus the general form of the Hamiltonian to be considered in the sequel is
P
P
H[x] = 2µ=0 (αµ Aµ + βµ Bµ ) + 3i=1 γi Ci = (α2 x2 + α1 x + α0 )∂x2
+ (β2 x2 + β1 x + β0 + γ1 σ1 + iγ2 σ2 + γ3 σ3 )∂x + β2 σ3 x
h
i
β1
m
− β2 (m − 1)x + β2 σ1 + α2 (m − 1) + 2 + 2 (γ1 + γ2 ) σ3 .

(16)

Here α0 , α1 , α2 are arbitrary real constants and β0 , . . . , γ3 are arbitrary complex
constants.
If we denote
γ̃1 = γ1 , γ̃2 = iγ2 , γ̃3 = γ3 , δ = 2α2 (m − 1) + β1 + m(γ1 + γ2 ),
ξ(x) = α2 x2 + α1 x + α0 , η(x) = β2 x2 + β1 x + β0 ,
then the general solution of system (9) is




Z
Z
η(x)
1
1
1
U (x) = ξ 1/4 (x) exp −
dx exp − γ̃i σi
dx Λ,
2
ξ(x)
2
ξ(x)

(17)

(18)

where Λ is an arbitrary constant invertible 2 × 2 matrix. Performance of the
transformation (11) with U (x) being given by (18) reduces the QES operator (16)
to the Schrödinger form (12), where
(
1 −1
V (y) =
Λ {−η 2 + 2ξ 0 η − 2ξη 0 − 4β2 (m − 1)xξ − γ̃i2
4ξ
+ 2(ξ 0 − η)γ̃i σi + 4β2 ξU −1 (x)σ1 U (x) + (4β2 x + 2δ)ξ
)
α2 3(2α2 x + α1 )2
−1
×U (x)σ3 U (x)}Λ +
−
.
2
16ξ
−1
x=f

(19)

(y)

Here ξ and η are the functions of x defined in (17) and f −1 (y) is the inverse of
f (x) which is given by (10).
The requirement of hermiticity of the Schrödinger operator (12) is equivalent
to the requirement of hermiticity of the matrix V (y). To select from the multiparameter family of matrices (19) those which are Hermitian we make use of the
following technical lemmas (we omit the proof of the first).
Lemma 1. The matrices zσa , w(σa ± iσb ), a 6= b, with {z, w} ⊂ C, z ∈
/ R, w 6= 0
cannot be reduced to Hermitian matrices with the help of a transformation
A → A0 = Λ−1 AΛ,

(20)

where Λ is an invertible constant 2 × 2 matrix.
Lemma 2. Let ~a = (a1 , a2 , a3 ), ~b = (b1 , b2 , b3 ), ~c = (c1 , c2 , c3 ) be complex vectors
and ~σ be the vector the components of which are the Pauli matrices (σ1 , σ2 , σ3 ).
Then the following assertions hold true.
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1. A nonzero matrix ~a~σ is reduced to a Hermitian form with the help of a
transformation (20) iff ~a2 > 0 (this inequality means, in particular, that
~a2 ∈ R);
2. Nonzero matrices ~a~σ , ~b~σ with ~b 6= λ~a, λ ∈ R, are reduced simultaneously to
Hermitian forms with the help of a transformation (20) iff
~a2 > 0, ~b2 > 0, (~a × ~b)2 > 0;
3. Matrices ~a~σ , ~b~σ , ~c~σ with ~a 6= ~0, ~b =
6 λ~a, ~c 6= µ~b, {λ, µ} ⊂ R are reduced
simultaneously to Hermitian forms with the help of a transformation (20)
iff
~a2 > 0, ~b2 > 0, (~a × ~b)2 > 0,
n
o
~a~c, ~b~c, (~a × ~b)~c ⊂ R.
Here we designate the scalar product of vectors ~a, ~b as ~a~b and their vector product
as ~a × ~b.
Proof . We firstly prove the necessity of Assertion 1 of the lemma. Suppose that
the nonzero matrix ~a~σ can be reduced to a Hermitian form. We prove that hence
the inequality ~a2 > 0 follows.
Consider the matrices:

√
a2 + b2 − b iσ , a 6= 0,
 1+
ijk
k
a
Λij (a, b) =
(21)

1,
a = 0,
where (i, j, k) = cycle (1, 2, 3). It is not difficult to verify that these matrices are
invertible provided
p
a2 + b2 6= 0.
(22)
Under the given condition, (22), the following relations hold


σk ,
l = k,





 bσ
√ i + aσj ,
l = i,
−1
a2 + b2
σl → Λij (a, b) σl Λij (a, b) =





−aσ + bσj

 √ 2i
, l = j.
a + b2

(23)

As ~a is a nonzero vector, there exists at least one pair of the indices i, j such
that a2i + a2j 6= 0. Applying the transformation (23) with a = ai and b = aj we get
0

~a~σ → ~a ~σ =

q

a2i + a2j σj + ak σk

(24)
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(no summation over the indices i, j, k is carried out). As the direct check shows,
the quantity ~a2 is invariant with respect to transformation (23), i.e. ~a2 = ~a02 .
If ~a2 = 0, then a0 2j + a0 2k = 0, or a0i = ±ia0k . Hence by force of Lemma 1 it
follows that the matrix (24) cannot be reduced to a Hermitian form. Consequently
~a2 6= 0 and the relation a0 2j + a0 2k 6= 0 holds true. Applying transformation (23)
q
with a = a2i + a2j and b = ak we get
~a0~σ →

√
~a2 σk .

(25)

√
Due to Lemma 1, if the number ~a2 is complex, then the above matrix cannot
be transformed to a Hermitian matrix. Consequently, the relation ~a2 > 0 holds
true.
The sufficiency of Assertion 1 of the lemma follows from the fact that, given
the condition ~a2 > 0, the matrix (25) is Hermitian.
Now we prove the necessity of Assertion 2 of the lemma. Firstly we note that
due to Assertion 1, ~a2 > and ~b2 > 0. Next, without loss of generality, we can
again suppose that a2i + a2j 6= 0. The superposition of two transformations of the
q
form (23) with a = ai , b = aj and a = a2i + a2j , b = ak yields
√
q
2
2
2
q
Λij (ai , aj )Λjk ( ai + aj , ak ) = 1 + iijk ~a − ak σi
a2i + a2j
q
q
a2i + a2j − aj
a2i + a2j − aj √ 2
q~a − ak σj
σk − iijk
+iijk
ai
ai
a2i + a2j

(26)

(here the finite limit exists when ai → 0). When we use this formula and take
into account (23), it follows that
√
~a2 σk ,
~b − bk~a2
~
i aj − bj ai
~b~σ → ~b0~σ = bq
σi + √ak~aq
σj + √~ab2 σk .
2
2
2
2
~a
ai + aj
~a2 ai + aj
~a~σ →

(27)

√
We show that the necessary condition for the matrices ~a2 σk , ~b0~σ to be reducible to Hermitian forms simultaneously means ~a~b ∈ R. Indeed, as the matrices
~b0~σ , σk are simultaneously reduced to Hermitian forms, the matrix ~b0~σ + λσk can
be reduced to a Hermitian form with any real λ. Hence, in view of Assertion 1,
we conclude that
2

2

b0 i + b0 j + (b0 k + λ)2 > 0,

(28)

where λ √
is an arbitrary real number. The above equality may be valid only when
b0k = ~a~b/ ~a2 ∈ R.

On algebraic classification of Hermitian Schrödinger operators

193

The choice λ = −b0k in (28) yields b0 2i + b0 2j > 0. Since b0 2i + b0 2j = (~a × ~b)2 , we
get the desired inequality (~a × ~b)2 > 0. The necessity is proved.
In order to prove the sufficiency of Assertion 2 we consider transformation (23)
with
bi aj − bj ai
a= q
,
a2i + a2j

ak~a~b − bk~a2
b= √ q
.
~a2 a2i + a2j

(29)

√
This transformation leaves the matrix ~a2 σk invariant while the matrix ~b0~σ (27)
transforms as
q
(~a × ~b)2
~a~b
~b0~σ → ~b00~σ =
√
σj + √ σk ,
(30)
~a2
~a2
whence the sufficiency of Assertion 2 follows.
The proof of Assertion 3 of the lemma is similar to that of Assertion 2. The
first three conditions are obtained with account of Assertion 2. A sequence of
transformations (23) with a, b of the form (26), (29) transforms the matrix ~c~σ to
ijk~a(~c × ~b)
(~a × ~b)(~a × ~c)
~a~c
σi + q
~c~σ → ~c 00~σ = q
√ σj + √ 2 σk .
~a
(~c × ~b)2
(~c × ~b)2 ~a2

(31)

Using the standard identities for the mixed vector products we establish that the
coefficients by the matrices σi , σj , σk are real if and only if the relations
n
o
~a~c, ~b~c, (~a × ~b)~c ⊂ R
hold true.



Lemma 2 plays the crucial role when reducing the potentials (19) to Hermitian forms. This is done as follows. Firstly we reduce the QES operator to the
Schrödinger form
∂y2 + f (y)~a~σ + g(y)~b~σ + h(y)~c~σ + r(y).
Here f, g, h and r are some linearly independent real-valued functions and ~a =
(a1 , a2 , a3 ), ~b = (b1 , b2 , b3 ) and ~c = (c1 , c2 , c3 ) are complex constant vectors whose
~ ~γ . Next, using Lemma 2, we obcomponents depend on the parameters α
~ , β,
~ and ~γ that provide a simultaneous
tain the conditions for the parameters α
~, β
~
reducibility of the matrices ~a~σ , b~σ and ~c~σ to Hermitian forms. Then, making use
of formulae (21), (26) and (29), we find the form of the matrix Λ. Formulae (25),
(30) and (31) yield explicit forms of the transformed matrices ~a~σ , ~b~σ , ~c~σ and,
consequently, the Hermitian form of the matrix potential V (y).
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QES matrix models

Applying the algorithm mentioned at the end of the previous section we have
obtained a complete description of QES matrix models (16) that can be reduced to
Hermitian Schrödinger matrix operators. We give below the final results, namely,
the restrictions on the choice of parameters and the explicit forms of the QES
Hermitian Schrödinger operators and then consider in some detail a derivation of
the corresponding formulae for one of the six inequivalent cases. In the formulae
below we denote the disjunction of two statements A and B as [A] ∨ [B].
Case 1. γ̃1 = γ̃2 = γ̃3 = 0 and
[β0 , β1 , β2 ∈ R] ∨ [β2 = 0, β1 = 2α2 , β0 = α1 + iµ, µ ∈ R];
(
1
{−β22 x4 − [2β1 β2 + 4α2 β2 (m − 1)]x3 +
Ĥ[y] = ∂y2 +
2
4(α2 x + α1 x + α0 )


+ 2α2 β1 − 2α1 β2 − β12 − 2β0 β2 − 4α1 β2 (m − 1) x2 +
+ [4α2 β0 − 2β0 β1 − 4mα0 β2 ] x + 2α1 β0 − 2α0 β1 − β02 +
+ 4β2 (α2 x2 + α1 x + α0 )σ1 + (4β2 x + 2δ)(α2 x2 + α1 x + α0 )σ3 }+
)
α2
3(2α2 x + α1 )2
+
−
,
2
16(α2 x2 + α1 x + α0 )
−1
x=f

(y)

Λ = 1.
Case 2. β2 , δ = 0 and
2α2 β1 − β12 ∈ R, 2α2 β0 − β0 β1 ∈ R, 2α1 β0 − 2β1 α0 − β02 − γ̃i2 ∈ R,




(2α2 − β1 )2 γ̃i2 > 0 ∨ [2α2 − β1 = 0] , (α1 − β0 )2 γ̃i2 > 0 ∨ [α1 − β0 = 0] ;
(
(
1
Ĥ[y] = ∂y2 +
β1 (2α2 − β1 )x2 + 2β0 (2α2 − β1 )x+
4(α2 x2 + α1 x + α0 )
)
q
+ 2α1 β0 − 2β1 α0 − β02 − γ̃i2 + [2(2α2 − β1 )x + 2(α1 − β0 )] γ̃i2 σ3 +
)
α2
3(2α2 x + α1 )2
+
−
,
2
16(α2 x2 + α1 x + α0 )
−1
x=f (y)
q
Λ = Λ12 (γ̃1 , γ̃2 )Λ23 ( γ̃12 + γ̃22 , γ̃3 ), γ̃12 + γ̃22 6= 0.
(If γ̃12 + γ̃22 = 0, then one can choose another matrix Λ (27) with γ̃i2 + γ̃j2 6= 0.)
Case 3. α2 6= 0, β2 6= 0 and

q
{β2 , γ1 } ⊂ R, γ3 = 0, γ2 = γ12 − 2α2 γ1 , α2 γ1 < 0,

α1
α0
β1 = 2α2 + β2 , β0 = α1 + β2
;
α2
α2
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(

(
2
α
3(2α
x
+
α
)
1
2
2
1
Ĥ[y] = ∂y2 +
−
+
−β22 x4 −
2
16(α2 x2 + α1 x + α0 ) 4(α2 x2 + α1 x + α0 )
"
#


2
β
α
1
+ 4α2 β2 m x3 − 22 (α12 + 2α0 α2 ) + 2α1 β2 (1 + 2m) x2 −
− 2β22
α2
α2


2
2α1 β2 (α1 α2 + α0 β2 )
α0 α1
2
2 α0
−
+
4α
β
m
x
+
α
−
β
− 4β2
−
0
2
1
2
2
2
α2
α2
α2
− 4α0 α2 − 2α2 γ1 + 4β2 x(α2 x2 + α1 x + α0 )×
h 


 i
p
p
× sin θ(y) −2α2 γ1 σ1 + cos θ(y) −2α2 γ1 σ3 +
+ 2(α2 x2 + α1 x + α0 )×
!
"

√
q
p
sin θ(y) −2α2 γ1
√
×
δ −2α2 γ1 σ1 − 2β2 γ12 − 2α2 γ1 σ3 +
−2α2 γ1
!#))

 2β pγ 2 − 2α γ
p
2 1
2
1
√
+ cos θ(y) −2α2 γ1
σ1 + δσ3
,
−2α2 γ1
−1
x=f (y)
r

r
2α2
−2α2
1−
−
σ3 .
Λ=1+
γ1
γ1
Case 4. α2 6= 0, β2 = 0.
Subcase 4.1. δ 6= 0, γ1 , γ2 do not vanish simultaneously and
γ12 − γ22 < 0, γ3 = iµ, {µ, δ} ⊂ R, i(α1 − β0 ) ∈ R, β1 = 2α2 ;
(
(
α2
3(2α2 x + α1 )2
1
2
Ĥ[y] = ∂y +
−
+
−β02 + 2α1 β0 − 2α0 β1 −
2
16(α2 x2 + α1 x + α0 ) 4ξ
q


" q
sin θ(y) −γ̃i2
q
+
− γ̃i2 + 2(α2 x2 + α1 x + α0 ) δ γ22 − γ12 σ1
−γ̃i2
p
#

q
−iδγ3 γ22 − γ12 σ2 + δ(γ12 − γ22 )σ3
2
+
+
cos θ(y) −γ̃i
γ̃i2
"
#
2δα1 γ3
2δα2 γ3 2 (2α1 − 2β0 )γ̃i2 + 2δα0 γ3
+
x+
x +
×
γ̃i2
γ̃i2
γ̃i2
q
) )
× i γ22 − γ12 σ2 + γ3 σ3
,
x=f −1 (y)

Λ = Λ21 (iγ1 , γ2 ).
Subcase 4.2. δ 6= 0, γ1 = γ2 = 0, γ3 6= 0 and
{δ, β1 (2α2 − β1 ), β0 (2α2 − β1 ), −β02 + 2α1 β0 − 2α0 β1 , γ3 (2α2 − β1 ),
γ3 (α1 − β0 )} ⊂ R;
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(
Ĥ[y] = ∂y2 +

α2
3(2α2 x + α1 )2
1
−
+
×
2
2
2
16(α2 x + α1 x + α0 ) 4(α2 x + α1 x + α0 )

× {β1 (2α2 − β1 )x2 + 2β0 (2α2 − β1 )x − β02 + 2α1 β0 − 2β1 α0 −

− γ32 + 2δα2 x2 + 2x((2α2 − β1 )γ3 + δα1 ) + 2(α1 − β0 )γ3 +
)
+ 2δα0 ] σ3 }

,
x=f −1 (y)

Λ = 1.
Case 5. α2 = 0, β2 6= 0 and
γ̃i2
,
2α1
{β0 , β1 , β2 , γ2 , δ(γ22 − γ12 ) + 2β2 γ1 γ3 , i(2α0 β2 γ3 − β1 γ̃i2 +
α1 6= 0, γ12 − γ22 < 0, γ̃i2 < 0, γ3 =

+2β2 α1 γ1 + δα1 γ3 ), i((α1 − β0 )γ̃i2 + 2β2 α0 γ1 + δα0 γ3 )} ⊂ R;
(
(
2
3α
1
1
Ĥ[y] = ∂y2 + −
+
−β22 x4 − 2β1 β2 x3 +
16(α1 x + α0 ) 4(α1 x + α0 )


+ (2 − 4m)α1 β2 − β12 − 2β0 β2 x2 − [2β0 β1 + 4mα0 β2 ] x+
+ 2α1 β0 − 2α0 β1 − β02 − γ̃i2 + 4x(α1 x + α0 )×
q


" q
sin θ(y) −γ̃i2
q
× β2 γ22 − γ12 σ1
+
−γ̃i2
q

#
q
β2 (γ12 − γ22 )γ̃i2
σ3 cos θ(y) −γ̃i2
+
+ 2(α1 x + α0 )×
γ̃i2
q

 
"
2
−γ̃
sin
θ(y)
2
2
2
i
2β γ γ̃
δ(γ − γ ) + 2β2 γ1 γ3

q 2 2 i
q
σ
−
+
×  2 p 12
σ
1
3
γ2 − γ12
−γ̃i2
(γ12 − γ22 )γ̃i2



#
q
2
2
δ(γ
−
γ
)
−
2β
γ
γ
2β
γ
2
1
3
2
2
1
2
q
+ q
σ1 +
σ3  cos θ(y) −γ̃i2
+
2
2
2
2
2
(γ1 − γ2 )γ̃i
γ2 − γ1
"
4α0 β2 γ3 − 2β1 γ̃i2 + 4α1 β2 γ1 + 2δα1 γ3
+ x
+
γ̃i2
# q
) )
(2α1 − 2β0 )γ̃i2 + 4α0 β2 γ1 + 2δα0 γ3
+
−i −γ̃i2 σ2
,
γ̃i2
−1
x=f (y)


q
Λ = Λ21 (iγ1 , γ2 )Λ23 −iγ3 γ22 − γ12 , γ12 − γ22 .
Case 6. α2 = 0, β2 = 0.
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Subcase 6.1. γ̃1 and γ̃2 do not vanish simultaneously, δ 6= 0 and
γ̃i2 < 0, {δ 2 (γ12 − γ22 ) < 0, β0 , β1 } ⊂ R,
{i(−β1 γ̃i2 + δα1 γ3 ), i((α1 − β0 )γ̃i2 + δα0 γ3 )} ⊂ R;
(
(
2
1
3α
1
−β12 x2 − 2β0 β1 x + 2α1 β0 −
+
Ĥ[y] = ∂y2 + −
16(α1 x + α0 ) 4(α1 x + α0 )
q


" q
sin θ(y) −γ̃i2
q
− 2α0 β1 − β02 − γ̃i2 + 2(α1 x + α0 ) δ γ22 − γ12 σ1
+
2
−γ̃i
# "


q
δ(γ 2 − γ22 )
−2β1 γ̃i2 + 2δα1 γ3
+q 1
σ3 cos θ(y) −γ̃i2
+
+ x
γ̃i2
(γ12 − γ22 )γ̃i2
# q
) )
(2α1 − 2β0 )γ̃i2 + 2δα0 γ3
2
+
−i −γ̃i σ2
,
γ̃i2
−1
x=f (y)


q
Λ = Λ21 (iγ1 , γ2 )Λ23 −iγ3 γ22 − γ12 , γ12 − γ22 .
Subcase 6.2.
γ1 = γ2 = 0, γ3 6= 0, {β12 , β0 β1 } ⊂ R,
{−β1 γ3 + δα1 , (α1 − β0 )γ3 + δα0 , −β02 + 2α1 β0 − 2α0 β1 } ⊂ R;
(
3α12
Ĥ[y] = ∂y2 + −
16(α1 x + α0 )
+

1
{−β12 x2 − 2β0 β1 x + 2α1 β0 − 2α0 β1 − β02 − γ32
4(α1 x + α0 )
)

+ 2(α1 x + α0 )[2xβ1 (α1 − γ3 ) + 2(α1 − β0 )γ3 + 2β1 α0 ]σ3 }

,
x=f −1 (y)

Λ = 1.
In the above formulae we denote the inverse of the function
Z
dx
√
,
y = f (x) ≡
2
α2 x + α1 x + α0
as f −1 (y), moreover the function θ = θ(y) is defined as
Z

dx
θ(y) = −
α2 x2 + α1 x + α0 x=f −1 (y)
and γ̃i2 stands for γ̃12 + γ̃22 + γ̃32 .
The whole procedure of derivation of the above formulae is very cumbersome
and here we omit it.
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A further restriction narrowing the choice of QES matrix Hamiltonians is a
requirement that the basis elements of the corresponding invariant space be square
integrable on the interval (−∞, ∞). For example, if we put in Case I α1 = 1,
β2 = −1, β0 = 1/2, the remaining coefficients being equal to zero, then we arrive
at the model 1 from the list of QES Hamiltonians given in the Introduction. The
second model given there is obtained in an analogous way.

5

Some conclusions

A principal aim of the paper is to give a systematic algebraic treatment of Hermitian QES Hamiltonians within the framework of the approach to constructing
QES matrix models suggested in our papers [1, 2]. The whole procedure is based
upon a specific representation of the algebra o(2, 2) given by formulae (3), (5)
and (6). Making use of the fact that the representation space of the algebra (6)
has a finite-dimensional invariant subspace (4) we have constructed in a systematic way six multiparameter families of Hermitian QES Hamiltonians on line.
Due to computational reasons we do not present here a systematic description of
Hermitian QES Hamiltonians with potentials depending upon elliptic functions.
The problem of constructing all Hermitian QES Hamiltonians of the form (16)
having square integrable eigenfunctions is also beyond the scope of the present paper. We restricted our analysis of this problem to giving several examples of such
Hamiltonians and postpone its further investigation for our future publications.
A very interesting problem is a comparison of the results of the present paper
based on structure of representation space of the representation (3), (5), (6) of the
Lie algebra o(2, 2) to those of the paper [12], where some superalgebras of matrixdifferential operators come into play. The link to the results of [12] is provided
by the fact that the Lie algebra o(2, 2) has a structure of a superalgebra. This is
a consequence of the fact that operators (6) fulfill identities (7).
One more challenging problem is a utilization of the obtained results for integrating the multidimensional Pauli equation with the help of the method of separation of variables. As an intermediate problem to be solved within the framework
of the method in question is a reduction of the Pauli equation to four second-order
systems of ordinary differential equations with the help of an Ansatz of separation.
The next step is studying whether the corresponding matrix-differential operators
belong to one of the six classes of QES Hamiltonians constructed in Section 4.
Investigation of the problems enumerated above is in progress now and we hope
to report the results obtained in one of our future publications.
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The differential equations describing vibrational convection in a binary mixture with the Soret effect are considered. The limit of high frequency and
small amplitude of vibration allows the application of an averaging approach.
The symmetry classification of averaged equations with respect to the physical
parameters of the system is performed.

1

Introduction

It is well known that symmetry analysis provides a powerful tool for studying
partial and ordinary differential equations [1]. This method is especially fruitful
in application to the equations of physics and mechanics since many of them are
derived on the basis of invariance principles.
This paper deals with the symmetry analysis of equations describing vibrational convection in a binary mixture. Vibrational convection refers to the specific flows that appear when a fluid with density gradient is subjected to external
vibration [2]. In a binary mixture the density gradient can be induced by the gradients of temperature and concentration. The flow dynamics in mixtures is more
complex than in one-component fluids due to an interplay between convection,
heat conduction, diffusion and thermal diffusion (or the Soret effect). Note that
convection induced by vibrations can appear in pure weightlessness. It provides
a mechanism of heat and mass transfer in the absence of gravity and can be used
to control and operate fluids in space. Experimental and theoretical study of
vibrational convection in one-component fluid has been recently reported in [3,4].
The symmetries of equations for convection in binary mixture in the absence
of vibration were investigated in several works. The symmetry classification of
the governing equations was performed for linear dependence of density on temperature and concentration [5, 6] as well as for the general case, where density is
an arbitrary function of temperature, concentration, and pressure [7]. Based on
these results closed-form solutions describing the flow of a binary mixture in plane
and cylindrical layers were constructed [8, 9].
In this paper we investigate the symmetries of equations describing vibrational
convection in a binary mixture. The symmetry classification of the system with
respect to the control parameters is performed.
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Governing equations

Consider a binary mixture with the equation of state
ρ = ρ0 (1 − βT T − βC C),
where ρ0 is the density of the mixture at mean values of the temperature T0 and
concentration C0 , T and C are the deviations from these mean values, βT and
βC are the thermal and concentration expansion coefficients, respectively. It is
assumed that C is the concentration of the lighter component so that βC > 0.
The binary mixture is subjected to harmonic oscillations with angular frequency ω and displacement amplitude A in the direction of the unit vector e =
(e1 , e2 , e3 ). In what follows we consider the limit of high-frequency vibrations. It
means that the period of vibration τ = 2π/ω is much smaller than all characteristic hydrodynamic times:
τ  min(L2 /ν, L2 /χ, L2 /D),
where L is the characteristic scale and ν, χ and D are the kinematic viscosity,
thermal diffusivity and diffusion coefficient, respectively. In this case the velocity,
pressure, temperature and concentration fields can be represented as a sum of
two parts: ‘slow’ averaged part (which is obtained by averaging the corresponding
quantity over the period of vibration) and ‘fast’ oscillatory part (the difference
between the corresponding quantity and its averaging). We assume that the
amplitude of oscillation is sufficiently small so that the equations for the averaged
fields can be written as [2]
2
ut + (u · ∇)u = −ρ−1
0 ∇p + ν∇ u − (βT T + βC C)g +

(Aω)2
+
((βT T + βC C)e − ∇Φ) · ∇ ∇Φ,
2
Tt + u · ∇T = χ∇2 T,

(1)

Ct + u · ∇C = D∇2 C + DT ∇2 T,

(3)

∇ · u = 0,

(4)

2

∇ Φ − (βT ∇T + βC ∇C) · e = 0,

(2)

(5)

while the oscillatory fields are described by the formulas
u0 = −Aω sin(ωt)w,

p0 = −ρ0 Aω 2 cos(ωt)Φ,

T 0 = −A cos(ωt)w · ∇T,

C 0 = −A cos(ωt)w · ∇C.

The vector w and function Φ, which characterize the amplitudes of velocity and
pressure oscillations, respectively, are related to the decomposition of the vector
(βT T + βC C)e into an irrotational part, ∇Φ, and a solenoidal part, w:
(βT T + βC C)e = w + ∇Φ,

(6)

∇ · w = 0,

(7)

w·n

Γ

= 0.

The vector w has zero normal projection to the boundary Γ of the domain of
motion.

202

I.V. Stepanova and I.I. Ryzhkov

In system (1)–(5) x = (x1 , x2 , x3 ) is the coordinate vector, u = (u1 , u2 , u3 )
is the velocity vector, p is the difference between total and hydrostatic pressure,
g = (g1 , g2 , g3 ) is the acceleration due to a constant external force and DT is the
thermal diffusion coefficient. The case DT < 0 (DT > 0) corresponds to positive
(negative) Soret effect in which the lighter component is driven towards the higher
(lower) temperature region.

3

Symmetry properties of the governing equations

The equations of motion (1)–(5) contain fifteen arbitrary constant parameters (including components of vectors g and e). In this section we consider the symmetry
classification of governing equations with respect to these parameters. It is supposed that g, βT , βC and DT can be zero (in this case the corresponding terms in
2 6= 0. Oththe equations are omitted). At the same time we assume that βT2 + βC
erwise it follows from (5)–(7) that Φ = 0 and equations (1)–(5) are reduced to the
model of gravitational convection in a binary mixture (the symmetry properties
of this model were investigated in [5, 6]). We also assume that |e| =
6 0 and ρ0 , ν,
χ, D, A and ω are positive.
We introduce the following notation. If f (x, t) is an arbitrary function, then
its derivatives are denoted as follows:
∂f
= ft ,
∂t

∂f
= fi ,
∂xi

∂f
= fti ,
∂t∂xi

∂f
= fij ,
∂xi ∂xj

i, j = 1, 2, 3.

To find the admissible Lie symmetry group, we calculate the corresponding Lie
symmetry algebra of the generators of infinitesimal transformations. The admissible generator is sought in the form
X = ξt

∂
∂
∂
∂
∂
∂
∂
+ ξ i i + ηi i + ηp
+ ηT
+ ηC
+ ηΦ
.
∂t
∂x
∂u
∂p
∂T
∂C
∂Φ

Its coordinates depend upon all dependent and independent variables (summation over i = 1, 2, 3 is assumed). To derive the determining equations we need to
apply the prolongation generator X to equations (1)–(5) and to make the tran2

sition to the manifold given by this system. However, the equations are not in
involution, which makes it difficult to choose the external and internal variables.
We supplement the system with its differential consequence
2
(∇u)2 + 2(u12 u21 + u13 u31 + u23 u32 ) + ρ−1
0 ∇ p + ∇J · g +

(Aω)2 h 2
Φ11 + Φ222 +
2
i

+ Φ233 + 2(Φ212 + Φ213 + Φ223 ) − ∇J · (Υe) + (∇Φ − Je) · (Υ∗ e) = 0.

(8)

Here J = βT T +βC C, while Υ and Υ∗ are matrices of the second spatial derivatives
with components {Υ}ij = Φij and {Υ∗ }ij = Jij , i, j = 1, 2, 3. Relation (8) is
obtained by differentiating equations (1) with respect x1 , x2 , x3 , respectively,
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and using (4) and (5). When making the transition to the manifold, we also take
into account the differential consequences from (4):
u1t1 + u2t2 + u3t3 = 0,

u11i + u22i + u33i = 0,

i = 1, 2, 3.

(9)

Equations (1)–(5), (8) and (9) are in involution and it is easy to choose the
external variables: u111 , u211 , u311 , p11 , T11 , C11 , Φ11 , u11 , u3t3 , u313 , u323 , u333 . The
determining equations are found by applying the prolongation generator X to the
2

system and substituting the expressions for external variables in the equations
obtained. After a considerable amount of calculations the solution is written in
the form
ξ t = 2c4 t + c0 ,
ξ 1 = c4 x1 + c1 x2 + c2 x3 + f 1 (t),

η 1 = −c4 u1 + c1 u2 + c2 u3 + ft1 (t),

ξ 2 = −c1 x1 + c4 x2 + c3 x3 + f 2 (t),

η 2 = −c1 u1 − c4 u2 + c3 u3 + ft2 (t),

ξ 3 = −c2 x1 − c3 x2 + c4 x3 + f 3 (t),

η 3 = −c2 u1 − c3 u2 − c4 u3 + ft3 (t),

η p = −ρ0 ftt1 (t)x1 + ftt2 (t)x2 + ftt3 (t)x3 +

+ (βT c5 + βC c6 )(g1 x1 + g2 x2 + g3 x3 ) − 2c4 p + f 0 (t),
T

η = c7 T + c9 C + c5 ,
Φ

(10)

C

η = c8 T + c10 C + c6 ,
1

η = (βT c5 + βC c6 )(e1 x + e2 x2 + e3 x3 ) + ϕ(t).
Here c0 –c10 are the group constants and f i (t), i = 0, 1, 2, 3, and ϕ(t) are smooth
arbitrary functions. The group constants are connected with the parameters of
system (1)–(5) by the classifying equations

βT (c7 + 3c4 ) + βC c8 g + βT Gc = 0,

βT c9 + βC (c10 + 3c4 ) g + βC Gc = 0,

βT (c7 + c4 ) + βC c8 e + βT Ec = 0,
(11)

βT c9 + βC (c10 + c4 ) e + βC Ec = 0,

E ∗ c = 0, DT βC e1 (c4 + c10 ) − e2 c1 − e3 c2 = 0,
DT (c10 − c7 ) + (χ − D)c8 = 0,

DT c9 = 0,

(χ − D)c9 = 0,

where
 
c1

c = c2  ,
c3



−g2 −g3
0
0
−g3  ,
G =  g1
0
g1
g2


−e2 −e3
0
0 −e3  ,
E =  e1
0
e1
e2


 2

e1 + e22
e2 e3
−e1 e3
e21 + e23
e1 e2  .
E ∗ =  e2 e3
2
−e1 e3
e1 e2
e2 + e23
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Table 1. Symmetry classification of the governing equations
Basic Lie algebra

X0 , Hi , H0 , HΦ , UT , UC

DT

βT

βC

g × e 6= 0

g × e = 0,
g 6= 0

g=0

Additional
generators

0

0

6= 0

T1

T 1 , XR

T 1 , XR , ZC

T 2 (D = χ)

0

6= 0

0

C1

C 1 , XR

C 1 , XR , ZT

C 2 (D = χ)

0

6= 0

6= 0

—

XR

XR , Z

R1 , R2 (D = χ)

6= 0

0

6= 0

—

XR

XR , Z

—

6= 0

6= 0

0

L

L, XR

L, XR ,

Z (D = χ)

ZT∗ (D 6= χ)
6= 0

6= 0

6= 0

—

XR

XR ,
Z (DT 6=

X0 =

∂
,
∂t

Xij = xi

∂
∂
∂
∂
− xj i + ui j − uj i ,
∂xj
∂x
∂u
∂u

R1 ,
DT∗ )

∗
ZC

(DT = DT∗ )

H0 (f 0 (t)) = f 0 (t)

∂
,
∂p

∂
∂
∂
i
+ fti (t) i − ρ0 xi ftt
(t) , i, j = 1, 2, 3 (i < j),
∂xi
∂u
∂p

3 
X
∂
∂
∂
∂
∂
HΦ (ϕ(t)) = ϕ(t)
,
Z0 = 2t +
xi i − ui i − 2p ,
∂Φ
∂t i=1
∂x
∂u
∂p
Hi (f i (t)) = f i (t)

UT = −ρ0 βT g1 x1 + g2 x2 + g3 x3

 ∂
∂
∂
+
+ βT e1 x1 + e2 x2 + e3 x3
,
∂p
∂T
∂Φ

UC = −ρ0 βC g1 x1 + g2 x2 + g3 x3
T1 = T

∂
,
∂T

T2 = C

ZT = Z0 − T 1 ,

∂
,
∂T

∂
 ∂
∂
+
+ βC e1 x1 + e2 x2 + e3 x3
,
∂p
∂C
∂Φ
C1 = C

Z C = Z0 − C 1 ,

ZT∗ = ZT +

DT
C2,
D−χ

R1 = T 1 −

βT 2
C ,
βC

∗
ZC
= ZC −

R2 = C 1 −

(12)

∂
,
∂C

C2 = T

∂
,
∂C

Z = Z0 − T 1 − C 1 ,
DT
C2,
D−χ

βC 2
T ,
βT

L = (DT T + (D − χ)C)

∂
,
∂C

XR = e3 X12 − e2 X13 + e1 X23 .

Using formulas (10) and equations (11) we can find the Lie symmetry algebras
admitted by the governing equations depending upon the values of parameters.
The results of the symmetry classification are given in Table 1. The generators
X0 , Hi , H0 , HΦ , UT and UC are admitted by the system independently of the
values of parameters and construct the basic Lie algebra. Possible extensions of
this algebra are also presented in Table 1. The values of parameters DT , βT and
βC are specified in the first three columns. The generators, which are admitted
when the vectors g and e are noncollinear, collinear, and when g is equal to zero
are presented in the next three columns. The additional generators admitted in
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the cases of D = χ or DT = DT∗ (where DT∗ = βT (D − χ)/βC ) are presented in
the seventh column. Note that in the case DT 6= 0, βT 6= 0, βC = 0 and g = 0
the equations admit the generator ZT∗ when D 6= χ. Similarly, if DT , βT and βC
are nonzero and g = 0, then the generator Z is admitted when DT 6= DT∗ .
We now describe the one-parameter transformation subgroups that correspond
to the generators (12). These subgroups are obtained by solving the corresponding Lie equation for each generator. The transformations generated by X0 , Xij ,
Hi and H0 are well-known [6] and are not presented here. The generator HΦ
corresponds to addition of an arbitrary function of time to the amplitude of the
oscillations of the pressure, Φ, while the generator XR corresponds to rotation in
the plane perpendicular to the vector e (XR is admitted when the vectors e and
g are collinear or g = 0). The transformations induced by other generators have
the form
UT :

pe = p − aρ0 βT (g1 x1 + g2 x2 + g3 x3 ),
e = Φ + aβT (e1 x1 + e2 x2 + e3 x3 );
Φ

Te = T + a,

UC :

pe = p − aρ0 βC (g1 x1 + g2 x2 + g3 x3 ),
e = Φ + aβC (e1 x1 + e2 x2 + e3 x3 );
Φ

e = C + a,
C

T1 :
C1 :

Te = ea T ;
e = ea C;
C

Z0 :

e
t = e2a t,

T2 :
C2 :
x
ei = ea xi ,

Te = T + aC;
e = C + aT ;
C
u
ei = e−a ui ,

pe = e−2a p,

i = 1, 2, 3;

e = C + βT (1 − ea )T ;
R1 : Te = ea T, C
βC
e = ea C, Te = T + βC (1 − ea )C;
R2 : C
β
 T

e = C + DT T ea(D−χ) − DT T.
L: C
D−χ
D−χ
Here a is a real parameter (every subgroup has its own parameter). The variables
not mentioned in the above formulas remain unchanged. The transformations
generated by Z, ZT , ZC , ZT∗ , ZC∗ are obtained by extending the one-parameter
subgroup corresponding to the generator Z0 by the following transformations:
ZT : Te = e−a T ;

e = e−a C; Z : Te = e−a T, C
e = e−a C;
ZC : C
e = C + aDT T ;
ZT∗ : Te = e−a T, C
D−χ
D
T
e = e−a C +
(e−a − 1)T.
ZC∗ : C
D−χ
Note that the generators X0 , Xij , Hi and H0 are admitted by many models of
continuum mechanics, while the other generators are specific for the equations of
vibrational convection.

206

I.V. Stepanova and I.I. Ryzhkov

In this work the equivalence transformations of parameters were not taken into
account when performing the symmetry classification. These transformations are
usually used to simplify the arbitrary elements entering into the equations. When
arbitrary elements are constants, the aim is to set as many constants as possible to
zero or to unity. However, the equations so obtained do not possess the necessary
physical parameters and to use them to construct physically meaningful solutions
with the help of symmetries is not convenient. In contrast to this approach the
classification presented here shows the dependence of symmetry properties upon
physical effects incorporated into the model.
Finally it should be noted that many analytical solutions of equations (1)–(5)
presented in [2] turn out to be invariant or partially invariant with respect to
the subgroups of the admissible transformation group. The symmetry analysis
performed in this work allows a systematic investigation the equations of invariant
submodels for vibrational convection and the construction of their solutions.
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Reduction operators (called also nonclassical or Q-conditional symmetries)
of variable coefficient semilinear reaction-diffusion equations with exponential
source f (x)ut = (g(x)ux )x + h(x)emu are investigated using the algorithm involving a mapping between classes of differential equations, which is generated
by a family of point transformations. Special attention is paid to check whether
reduction operators are inequivalent to Lie symmetry operators. The derived
reduction operators are applied to construction of closed-form solutions.

1

Introduction

Various processes in nature are successfully modeled by nonlinear systems of partial differential equations (PDEs). In order to study the behaviour of these processes, it is important to know solutions of corresponding model equations. Lie
symmetries and the classical reduction method present a powerful and algorithmic
technique for the construction of solutions (of systems) of PDEs [14, 16]. In [2]
Bluman and Cole introduced a new method to find solutions of PDEs. It was
called “non-classical” to emphasize its difference from the classical method of Lie
reduction. A precise and rigorous definition of nonclassical invariance was firstly
formulated in [6] as “a generalization of the Lie definition of invariance” (see
also [26]). Subsequently operators satisfying the nonclassical invariance criterion
were called nonclassical symmetries, conditional symmetries and Q-conditional
symmetries by different authors [4, 5, 7, 12]. All names are in use till now. See,
e.g., [11, 15, 20] for comprehensive reviews of the subject. Following Ref. [19] we
call nonclassical symmetries reduction operators. The necessary definitions, including ones of equivalence of reduction operators, and statements relevant for
this paper are collected in [24].
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The problem of finding reduction operators for a PDE reduces to the integration of an overdetermined system of nonlinear PDEs. The complexity increases
essentially in the case of classification problem of reduction operators for a class
of PDEs having nonconstant arbitrary elements.
The experience of classification of Lie symmetries for classes of variable coefficient PDEs shows that the usage of equivalence and gauging transformations can
essentially simplify the group classification problem and even be a crucial point
in solving the problem [8, 22, 24]. The above transformations are of major importance for studying reduction operators since under their classification one needs to
overcome much more essential obstacles then those arising under the classification
of Lie symmetries.
In [24] we propose an algorithm involving mapping between classes for finding
reduction operators of the variable coefficient reaction-diffusion equations with
power nonlinearity
f (x)ut = (g(x)ux )x + h(x)um ,

(1)

where f , g and h are arbitrary smooth functions of the variable x and m is an
arbitrary constant such that f gh 6= 0 and m 6= 0, 1. In [23] reduction operators of
the equations from class (1) with m 6= 2 were investigated using this algorithm.
The case m = 2 was not systematically considered since it is singular from the Lie
symmetry point of view and needs an additional mapping between classes (see [24]
for more details). Nevertheless all the reduction operators constructed in [23] for
the general case m 6= 0, 1, 2 are also fit for the values m = 0, 1, 2.
In this paper we implement the same technique to find reduction operators of
the variable coefficient reaction-diffusion equations with exponential nonlinearity
f (x)ut = (g(x)ux )x + h(x)emu .

(2)

Here f , g and h are arbitrary smooth functions of the variable x, f gh 6= 0 and m
is an arbitrary nonvanishing constant.
The structure of this paper is as follows. For the convenience of readers section 2 contains a short review of results obtained in [21] and used here, namely, in
this section the necessary information concerning equivalence transformations, the
mapping of class (2) to the so-called “imaged” class and the group classification of
equations from the imaged class is collected. Moreover all additional equivalence
transformations connecting the cases of Lie symmetry extensions (cf. Table 1) are
first found and presented therein. As a result the classifications of Lie symmetry
extensions up to all admissible point transformations in the imaged and, therefore, initial classes are also obtained. Section 3 is devoted to the description of the
original algorithm for finding reduction operators of equations from class (2) using
a mapping between classes generated by a family of point transformations. The
results of section 4 are completely new and concern the investigation of reduction
operators for equations from the imaged class. Reduction operators obtained in
an explicit form are used for the construction of solutions of equations from both
the imaged and initial classes.
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Lie symmetries and equivalence transformations

Class (2) has complicated transformational properties. An indicator of this is that
it possesses the nontrivial generalized extended equivalence group, which does not
coincide with its usual equivalence group, cf. Theorem 1 below. To produce the
group classification of class (2) it is necessary to gauge arbitrary elements of this
class with equivalence transformations and a subsequent mapping of it onto a
simpler class [21, 24]. It appears that the preimage set of each equation from the
imaged class is a biparametric family of equations from the initial class (2). Moreover preimages of the same equation belong to the same orbit of the equivalence
group of the initial class. It allows one to look only for the simplest representative
of the preimage to obtain its symmetries, solution etc., and then to reproduce
these results for a two-parametric family of equations from the initial class using
equivalence transformations.
Theorem 1. The generalized extended equivalence group Ĝ∼
exp of class (2) consists
of the transformations
t̃ = δ1 t + δ2 ,
δ0 δ1
f˜ =
f,
ϕx

x̃ = ϕ(x),
g̃ = δ0 ϕx g,

ũ = δ3 u + ψ(x),


δ0 δ3
m
h̃ =
exp − ψ h,
ϕx
δ3

m̃ =

where ϕ is an arbitrary nonconstant smooth function of x, ψ = δ4
δj , j = 0, 1, . . . , 5, are arbitrary constants such that δ0 δ1 δ3 6= 0.

m
,
δ3
R

dx
g(x)

+ δ5 and

Corollary 1. The usual equivalence group of class (2) is the subgroup of Ĝ∼
exp
singled out by the condition δ4 = 0.
The transformations from Ĝ∼
exp associated with varying the parameter δ0 in fact
do not change equations from class (2) and hence form the gauge equivalence group
of this class. The values of arbitrary elements connected by a such transformation
correspond to different representations of the same equation.
Analogously to the power case we firstly map class (2) onto its subclass
f (x)ut = (f (x)ux )x + h(x)eu

(3)

(we omit tildes over the variables) using the family of equivalence transformations
parameterized by the arbitrary elements f , g and m,
1
Z
f (x) 2
dx, ũ = m u.
(4)
t̃ = sign(f (x)g(x)) t, x̃ =
g(x)
The new arbitrary elements are expressed via the old ones in the following way:
1
2

f˜(x̃) = g̃(x̃) = sign(g(x))|f (x)g(x)| ,

g(x)
h̃(x̃) = m
f (x)

1
2

h(x), m̃ = 1.
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The next step is to change the dependent variable in class (3):
v(t, x) = u(t, x) + G(x),

where

G(x) = ln |f (x)−1 h(x)|.

(5)

Finally we obtain the class
vt = vxx + F (x)vx + εe v + H(x),

(6)

where ε = sign(f (x)h(x)) and the new arbitrary elements F and H are expressed
via the arbitrary elements of class (6) according to the formulas
F = fx f −1

and H = −Gxx − Gx F.

(7)

All results on Lie symmetries and solutions of class (6) can be extended to
class (3) by the inversion of transformation (5).
The arbitrary elements f and h of class (6) are expressed via the functions F
and H in the following way:


R
R
f = c0 exp F dx , h = εc0 exp F dx + G ,


R
R
(8)
R
R
where G = e− F dx c1 − He F dx dx dx + c2 .
Here c0 , c1 and c2 are arbitrary constants, c0 6= 0. The constant c0 is inessential
and can be set to the unity by an obvious gauge equivalence transformation.
The equations from class (3), that have the same image in class (6) with respect
to transformation (5), i.e. the arbitrary elements of which are given by (8) and
differ only by values of constants c1 and c2 , are Ĝ∼
exp -equivalent. The equivalence
transformation
R
R
t̃ = t, x̃ = x, ũ = u + c1 e− F dx dx + c2
(9)
maps an equation (6) having f and h of the form (8) with c21 + c22 6= 0 to the
one with c1 = c2 = 0. Hence up to Ĝ∼
exp -equivalence we can consider, without
loss of generality, only equations from class (3) that have the arbitrary elements
determined by (8) with c1 = c2 = 0.
Theorem 2. The generalized extended equivalence group G∼
exp of class (6) coincides with its usual equivalence group and is formed by the transformations
t̃ = δ12 t + δ2 ,
F̃ = δ1−1 F,

x̃ = δ1 x + δ3 ,

ṽ = v − ln δ12 ,

H̃ = δ1−2 H,

where δj , j = 1, 2, 3, are arbitrary constants, δ1 6= 0.
The kernel of the maximal Lie invariance algebras of equations from class (6)
is the one-dimensional algebra h∂t i. It means that any equation from class (6)
is invariant with respect to translations by t and there are no more common Lie
symmetries.
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Theorem 3. G∼
exp -inequivalent cases of extension of the maximal Lie invariance
algebras in class (6) are exhausted by those presented in Table 1.
Table 1. The group classification of the class vt = vxx + F (x)vx + εe v + H(x).
Basis of Amax

N

F (x)

H(x)

0

∀

∀

∂t

1

αx−1 + µx

βx−2 + 2µ

∂t , e−2µt (∂t − µx∂x + 2µ∂v )

2

αx−1

βx−2

∂t , 2t∂t + x∂x − 2∂v

3

µx

γ

∂t , e−µt ∂x

4

λ

γ

∂t , ∂x

5

µx

2µ

∂t , e−µt ∂x , e−2µt (∂t − µx∂x + 2µ∂v )

6

λ

0

∂t , ∂x , 2t∂t + (x − λt)∂x − 2∂v

∼
2
2
Here λ ∈ {0, 1} mod G∼
exp , µ = ±1 mod Gexp ; α, β and γ are arbitrary constants, α + β 6= 0.
We also have γ 6= 2µ and γ 6= 0 in Cases 3 and 4, respectively.

The corresponding results on group classification of class (2) up to Ĝ∼
exp -equivalence is given in Table 3 of [21].
Additional equivalence transformations between G∼
exp -inequivalent cases of Lie
symmetry extension are also constructed. The pairs of point-equivalent cases from
Table 1 and the corresponding transformations are exhausted by the following:
1 7→ 2̃,

5 7→ 6̃|λ̃=0 : t̃ =

4 7→ 4̃|λ̃=0 ,

1 2µt
e ,
2µ

6 7→ 6̃|λ̃=0 : t̃ = t,

x̃ = eµt x,

ṽ = v − 2µt,
(10)

x̃ = x + λt,

ṽ = v.

The inequivalence of other different cases of Table 1 can be proved using differences
in properties of the corresponding maximal Lie invariance algebras, which should
coincide for similar equations. Thus the dimensions of the maximal Lie invariance
algebras are one, three and two in the general case (Case 0), Cases 5 and 6 and
the other cases, respectively. In contrast to Cases 1–3, the algebra of Case 4 is
commutative. The derivative of the algebra of Case 3 has the zero projection onto
the space of t and this is not the case for Cases 1 and 2. Possession of the zero
(resp. nonzero) projection onto the space of t is an invariant characteristic of Lie
algebras of vector fields in the space of the variables t, x and v with respect to
point transformations connecting a pair of evolution equations since for any such
transformation the expression of the transformed t is well known to depend only
on t [9, 13].
A more difficult problem is to prove that there are no more additional equivalences within a parameterized case of Table 1. (In fact all the cases are parameterized.) This needs at least a preliminary study of form-preserving [9] (or
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admissible [17, 18]) transformations. In contrast to transformations from the corresponding equivalence group, which transform each equation from the class L of
differential equations under consideration to an equation from the same class, a
form-preserving transformation should transform at least a single equation from L
to an equation from the same class. The notion of admissible transformations is a
formalization of the notion of form-preserving transformations. The set of admissible transformations of the class L is formed by the triples each of which consists
of the tuples of arbitrary elements corresponding to the initial and target equations and a point transformation connecting these equations. It is obvious that
each transformation from the equivalence group generates a family of admissible
transformations parameterized by arbitrary elements of the class L.
A preliminary description of the set of admissible transformations of the
class (6), which is sufficient for our purpose, is given by the following statements.
Proposition 1. Any admissible point transformation in the class (6) has the form
p
t̃ = T (t), x̃ = δ Tt x + X(t), ṽ = v − ln Tt ,
where δ = ±1 and T and X are arbitrary smooth functions of t such that Tt > 0.
The corresponding values of the arbitrary elements are related via the formulas
δ
δ Ttt
Xt
F̃ = √ F − √ 3 x −
,
2 Tt
Tt
Tt

H̃ =

1
Ttt
H − 2.
Tt
Tt

Corollary 2. Only equations from the class (6) the arbitrary elements of which
have the form
F = µx + λ +

α
,
x+κ

H=γ+

β
,
(x + κ)2

(11)

where α, β, γ, κ and µ are constants, possess admissible transformations that are
not generated by transformations from the equivalence group G∼
exp . The subclass of
the class (6), singled out by condition (11), is closed under any admissible transformation within class (6). The (constant) parameters of the representation (11)
are transformed by an admissible transformation in the following way:
p
α̃ = α, β̃ = β,
κ̃ = δ Tt κ − X if (α, β) 6= (0, 0),
γ
Ttt
µ
1 Ttt
Xt
δλ
γ̃ =
− 2 , µ̃ =
−
, λ̃ = −µ̃X −
+√ .
2
Tt
Tt 2 Tt
Tt
Tt
Tt
In particular Ttt = 0 if γ 6= 2µ.
Finally we can formulate the assertion on group classification with respect to
the set of admissible transformations.
Theorem 4. Up to point equivalence cases of extension of the maximal Lie invariance algebras in class (6) are exhausted by Cases 0, 2, 3, 4λ=0 and 6|λ=0 of
Table 1.
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Algorithm of finding reduction operators
via mappings between classes

At first we adduce the definition of nonclassical symmetries [7, 19, 26], adapting it for the case of one second-order PDE with two independent variables,
relevant for this paper. Consider a second-order differential equation L of the
form L(t, x, u(2) ) = 0 for the unknown function u of the two independent variables t and x, where u(2) = (u, ut , ux , utt , utx , uxx ). Let Q be a first-order differential operator of the general form
Q = τ (t, x, u)∂t + ξ(t, x, u)∂x + η(t, x, u)∂u ,

(τ, ξ) 6= (0, 0).

Definition 1. The differential equation L is called conditionally invariant with
respect to an operator Q if the relation
Q(2) L(t, x, u(2) )

L∩Q(2)

=0

(12)

holds, which is called the conditional (or nonclassical) invariance criterion. Then
Q is called a conditional symmetry (or nonclassical symmetry, Q-conditional symmetry or reduction operator) of the equation L.
The symbol Q(2) stands for the standard second prolongation of Q (see e.g. [14,
16]). Q(2) is the manifold determined in the second-order jet space by the differential consequences of the characteristic equation Q[u] := η − τ ut − ξux = 0,
which have, as differential equations, orders not greater than two.
It was proven in [26] that a differential equation L is conditionally invariant
with respect to the operator Q if and only if the Ansatz constructed with this
operator reduces the equation L. That is why it seems natural to call operators
of conditional (nonclassical) symmetries reduction operators.
Here we present the algorithm of application of equivalence transformations,
gauging of arbitrary elements and mappings between classes of equations to classification of reduction operators of class (2)
1. Firstly we gauge class (2) to subclass (3) constrained by the condition f = g.
Then class (3) is mapped to the imaged class (6) by transformation (5).
2. Reduction operators should be classified up to the equivalence relations generated by the corresponding equivalence groups or even by the whole sets of
admissible transformations. As the singular case τ = 0 is “no-go” [10, 25],
only the regular case τ 6= 0 (reduced to the case τ = 1) should be considered.
Operators equivalent to Lie symmetry ones should be neglected.
3. It is well-known (see e.g. [1,3]) that the equations from the imaged class (6)
with F = 0 and H = const, and therefore all equations similar to them with
respect to point transformations, possess no regular reduction operators
that are inequivalent to Lie symmetry operators. This is why all the above
equations should be excluded from consideration.
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4. Preimages of the nonclassical symmetries obtained and of equations admitting them should be found using the inverses of gauging transformations
and the push-forwards by these inverses on the sets of operators.
Reduction operators of equations from class (3) are easily found from reduction
operators of corresponding equations from (6) using the formula
Q̃ = τ ∂t + ξ∂x + (η − ξGx ) ∂u .

(13)

Here τ , ξ and η, respectively, are the coefficients of ∂t , ∂x and ∂v in a reduction
operator of an equation from class (6). The function G is defined in (8).
In [23, 24] we discussed two ways to use mappings between classes of equations
in the investigation of reduction operators and their usage to find solutions. The
preferable way is based on the implementation of reductions in the imaged class
and preimaging of the obtained solutions instead of preimaging the corresponding
reduction operators.

4

Reduction operators and solutions

Following the above algorithm we look for G∼
exp -inequivalent reduction operators
with nonvanishing coefficient of ∂t for the equations from the imaged class (6).
Up to the usual equivalence of reduction operators we need to consider only the
operators of the form
Q = ∂t + ξ(t, x, v)∂x + η(t, x, v)∂v .
Applying conditional invariance criterion (12) to equation (6) we obtain a thirddegree polynomial of vx with coefficients depending on t, x and v which has to
identically equal zero. Separation respect to different powers of vx results in the
following determining equations for the coefficients ξ and η:
ξvv = 0,

ηvv = 2(ξxv − ξξv − F ξv ),

ξt − ξxx + 2ξx ξ + 3ξv (H + εev ) + 2ηvx − 2ξv η + F ξx + ξFx = 0,

(14)

ηt − ηxx + 2ξx η = ξHx + F ηx + (2ξx − ηv )H + εev (η + 2ξx − ηv ) .
Integration of the first two equations of (14) gives us the expressions for ξ and
η with an explicit dependence on v:
ξ = av + b,

1
η = − a2 v 3 + (ax − ab − aF )v 2 + cv + d,
3

(15)

where a = a(t, x), b = b(t, x), c = c(t, x) and d = d(t, x) are smooth functions of t
and x.
Substituting the expressions (15) for ξ and η into the third and forth equations
of (14) and collecting the coefficients of different powers of v in the resulting
equations, we derive the conditions a = c = 0, d = −2bx and two classifying

Reduction operators of diffusion equations with an exponential source

215

equations, which contain both the coefficient b = b(t, x) and the arbitrary elements
F = F (x) and H = H(x). Summarising the above consideration we have the
following assertion.
Proposition 2. Any regular reduction operator of an equation from the imaged
class (6) is equivalent to an operator of the form
Q = ∂t + b∂x − 2bx ∂v ,

(16)

where the coefficient b = b(t, x) satisfies the overdetermined system of partial
differential equations
bt − bxx + 2bbx + F bx + bFx = 0,
bHx + 2bx H − 4bbxx − 2(F b)xx − 2F bxx = 0

(17)

with the corresponding values of the arbitrary elements F = F (x) and H = H(x).
The second equation of (17) can be written in the more compact form
4(b + F )bxx = 2Kbx + Kx b,
where K = H − 2Fx , which is more convenient for the study of compatibility.
Analogously to the power case, we were not able to completely study all the
cases of integration of system (17) depending upon values of F and H. This is
why we try to solve this system under different additional constraints imposed
either on b or on (F, H).
The most interesting results are obtained for the constraint bt = 0. Then F
and H are expressed, after a partial integration of (17), via the function b = b(x)
that leads to the following statement.
Theorem 5. For any nonvanishing smooth function b = b(x) the equation from
the class (6) with the arbitrary elements
F =


1
bx + k1 − b2 ,
b

H=


2
k2 + bx (k1 − b2 ) + bbxx ,
2
b

(18)

where k1 and k2 are constants, admits the reduction operator (16) with the same b.
An Ansatz constructed by the reduction operator (16) with bt = 0 has the form
Z
dx
v = z(ω) − 2 ln |b|, where ω = t −
.
b
The substitution of the Ansatz into equation (6) leads to the reduced ODE
zωω − k1 zω + εe z + 2k2 = 0.
For k1 = 0 the general solution of (19) is written in the implicit form
Z
1
(c1 − 4k2 z − 2εe z )− 2 dz = ±(ω + c2 ).

(19)

(20)
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Up to similarity of solutions of equation (6) the constant c2 is inessential and can
be set to equal zero by a translation of ω, which is always induced by a translation
of t.
Setting additionally k2 = 0 in (20), we are able to integrate (20) in closed form
and to write explicitly the general solution of (19). If ε = 1, then c1 > 0 and (20)
gives the following expression for ez :
2s21
.
cosh (s1 ω + s2 )
p
Here and below s1 = |c1 |/2 and s2 = c2 s1 . If ε = −1, the integration leads to

2s21


, c1 > 0,


2

sinh (s1 ω + s2 )



2s21
ez =
, c1 < 0,

cos2 (s1 ω + s2 )




2



,
c1 = 0.
(ω + c2 )2
ez =

2

As a result, for the equation from class (6) of the form
vt = vxx +


1
2
bx − b2 vx + εev + (bxx − bbx )
b
b

(21)

with ε = −1, we construct three families of closed-form solutions
√



Z
2
dx
v = −2 ln
b sinh s1 t − s1
+ s2 ,
2s1
b
√


Z
2
dx
v = −2 ln
b cos s1 t − s1
+ s2 ,
2s1
b
√


Z
2
dx
v = −2 ln
b t−
+ c2 ,
2
b

(22)

where s1 , s2 and c2 are arbitrary constants, s1 6= 0. Also we obtain a family of
solutions
√


Z
2
dx
v = −2 ln
b cosh s1 t − s1
+ s2
(23)
2s1
b
of the equation (21) with ε = 1.
We continue the consideration by studying whether the equations from class (6)
possessing nontrivial Lie symmetry properties, i.e. having the maximal Lie invariance algebras of dimension two or three, have nontrivial (i.e. inequivalent to Lie
ones) regular reduction operators. It has been already remarked that constant
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coefficient equations from class (6) do not admit such reduction operators [1, 3].
Hence it is needless to consider Cases 4 and 6 of Table 1 as well as Case 5 connected with Case 6 by point transformation (10). As Case 1 reduces to Case 2
with the same transformation (10), we have to study only two cases, namely
Cases 2 and 3. We substitute the pairs of values of the parameter-functions F
and H corresponding to Cases 2 and 3 into system (17) in order to find relevant
values for b. We ascertain that bt = 0 is a necessary condition for existing non-Lie
regular reduction operators for equations with the above values of (F, H). This
is why we can use equations (18) instead of (17) for further studying.
The investigation of Case 3 of Table 1 leads to the conclusion that there are
no non-Lie regular reduction operators for this case.
The functions F and H presented in Case 2 of Table 1 satisfy (18) if and only
if β = 2(1 − α), i.e., they have the form F = αx−1 , H = 2(1 − α)x−2 , and
k1 = k2 = 0. The corresponding value of b is b = −(1 + α)x−1 . Hence α 6= −1
since otherwise b = 0. Substituting the derived form of the function b into the
formulas (22) and (23), we find that the equation
vt = vxx +

α
2(1 − α)
vx + εev +
x
x2

(24)

has the families of solutions
√


s1 x2
2(1 + α)
v = −2 ln
cosh s1 t +
+ s2
2s1 x
2(1 + α)
if ε = 1 and
√



2(1 + α)
s1 x2
v = −2 ln
sinh s1 t +
+ s2 ,
2s1 x
2(1 + α)
√


2(1 + α)
s1 x2
v = −2 ln
cos s1 t +
+ s2 ,
2s1 x
2(1 + α)
√


2(1 + α)
x2
v = −2 ln
t+
+ c2
2x
2(1 + α)
if ε = −1. Recall that s1 , s2 and c2 are arbitrary constants with s1 6= 0.
As a representative of the preimage of equation (24) with respect to the transformation (5) we can choose the equation
xα ut = (xα ux )x + εxα+2 eu .

(25)

Solutions of this equation can be easily constructed from the above solutions of
equation (24) using the transformation u = v − 2 ln |x|. If α = 1, the chosen
equation (25) can be replaced, e.g., by xut = (xux )x + εxeu which is just another
representation of equation (24).
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Non-Lie solutions of the equation
vt = vxx +


2(1 − α)
+ µx vx + εev +
+ 2µ,
x
x2

α

where α 6= −1 (Case 1 of Table 1), can be easily obtained from exact solutions
of the equation (25) using the transformation (10). The corresponding reduction
operator has the form (16) with b = −(1 + α)x−1 − µx.
We also prove the following assertions.
Proposition 3. Equations from class (6) with F = const or H = const may
admit only nontrivial regular reduction operators that are equivalent to operators
of the form (16), where the function b does not depend upon the variable t.
Proposition 4. Any reduction operator of an equation from class (6), having the
form (16) with bxx = 0, is equivalent to a Lie symmetry operator of this equation.
The proofs of these propositions are quite cumbersome and will be presented
elsewhere.
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We find the Lie point symmetries and conservation laws for a (1+1)-dimensional
system of hydrodynamic type describing relaxing media which was first studied
by V.A. Vladimirov [Rep. Math. Phys., 2008, V.61, 381–400].

Vladimirov [7] (see also [1]) undertook analytical and numerical studies of the
system of hydrodynamic type describing relaxing media,
ut + px = γ,
vt − ux = 0,
(1)
χ
κ
τ pt + 2 ux = − p,
v
v
where t is time, x is mass coordinate, u is mass velocity, v is specific volume, p is
pressure and γ is acceleration of the external force, κ and χ/τ are squares of the
equilibrium and “frozen” sound velocities, respectively (so τ 6= 0 by assumption).
Inter alia in [7] it was shown that compacton-like solutions for (1) can be found
among the set of traveling-wave solutions. In view of the investigation of the
stability properties of such solutions undertaken in [7] it is interesting to study
the conservation laws of (1), as their existence helps the stability analysis and the
symmetries, in order to find further solutions for (1).
Computing the Lie point symmetries of (1) yields the following assertion.
Theorem 1. The most general Lie point symmetry of (1) is a linear combination
of the operators
v1 =

∂
,
∂t

v2 =

∂
,
∂x

∂
v5 = exp(−t/τ ) ,
∂p

∂
∂
∂
v4 = p
+x
−v ,
∂p
∂x
∂v


∂
∂
v6 = exp(−t/τ ) τ
+x
∂u
∂p
v3 =

∂
,
∂u

(2)

with the commutation relations (all remaining commutators vanish)
1
1
[v1 , v5 ] = − v5 , [v1 , v6 ] = − v6 ,
τ
τ
[v2 , v6 ] = v5 , [v4 , v5 ] = −v5 .

[v2 , v4 ] = v2 ,

(3)
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The symmetries v1 , v2 , v4 were found in [7]; those remaining are new. Note
that the Lie algebra spanned by the vector fields (2) is solvable; actually it is a
direct sum of the one-dimensional abelian Lie algebra g1 , spanned by v3 , and a
five-dimensional solvable Lie algebra which is isomorphic to the algebra A5,19 in
the notation of [6] (as an aside note that all real five-dimensional Lie algebras were
first classified in [4]). The vector field v1 is the time-translation symmetry, v2 is
the x-translation symmetry, v3 reflects the invariance of (1) under the shift of u
by a constant, v4 is the scaling symmetry, v5 expresses the invariance of (1) under
the shift of p by a constant times exp(−t/τ ) and v6 corresponds to the invariance
of (1) under the simultaneous shift of p by a constant times exp(−t/τ )x and of u
by the same constant times τ exp(−t/τ ).
Using the above symmetries enables us to find a number of particular solutions
for (1). For instance,
u = γt + C1 + C2 τ exp(−t/τ ) + C3 κt,
v = −1/(C3 x),
p = x(C2 exp(−t/τ ) − C3 κ),
where Ci are arbitrary constants (C3 6= 0), is the most general solution of (1)
which is invariant under the symmetry v4 .
Exponentiating the vector fields (2) allows us (cf. e.g. [5]) to proliferate known
solutions of (1):
Corollary 1. If u = U (x, t), v = V (x, t) and p = P (x, t) is a solution of (1),
then so is
u = U (exp(c4 )x + c2 , t + c1 ) + c3 + c6 τ exp(−t/τ ),
v = exp(−c4 )V (exp(c4 )x + c2 , t + c1 ),
p = exp(c4 )P (exp(c4 )x + c2 , t + c1 ) + c5 exp(−t/τ ) + c6 x exp(−t/τ ),
where c1 , . . . , c6 are arbitrary constants.
Theorem 2. The system (1) possesses the following local conservation laws:
Dt (u) = Dx (γx − p),
Dt (v) = Dx (u),

(4)

Dt (tu + xv) = Dx (xu − tp + γtx),
where Dt and Dx are total derivatives.
We conjecture that for generic values of the parameters γ, κ, χ and τ system (1) has no generalized symmetries other than those given in (2) and no local
conservation laws inequivalent to (4). This conjecture is supported by the direct computation of symmetries and cosymmetries of order up to three using the
software Jets [3].
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If we define the potentials w1 , w2 , w3 associated with (4) by the relations
(w1 )x = u,

(w1 )t = γx − p

(w2 )x = v,

(w2 )t = u,

(w3 )x = tu + xv,

(5)

(w3 )t = xu − tp + γtx,

then we find that (1) supplemented by (5) also admits a nonlocal conservation
law
(w2 )t = (w1 )x .

(6)

The corresponding potential w4 is defined by the system
(w4 )x = w2 ,

(w4 )t = w1 .

However, it is readily verified that we have
tw1 + xw2 − w3 − w4 = const,
i.e., the potential w4 is a function of the rest (up to an inessential constant) and
thus is not really independent. In the terminology of [2] the conservation law (6)
is induced by the local conservation laws (4).
Proposition 1. If χ = κτ , then system (1), possesses an additional conservation
law of special form,


κ 
= 0,
(7)
Dt exp(t/τ ) p −
v
i.e., the quantity q = exp(t/τ ) (p − κ/v) is an integral of motion for (1).
In fact (7) implies that the system (1) for χ = κτ has infinitely many conservation laws of the form

Dt ρ(x, q, Dx (q), Dx2 (q), . . .) = 0,
(8)
where ρ is an arbitrary smooth function of its arguments. However, these conservation laws bear virtually no essential new information in comparison with (7).
When one passes to new dependent variables u, v, q, the system (1) with χ = κτ
takes the form
ut = γ − exp(−t/τ )qx − exp(−t/τ )κvx /v 2 ,

vt = u x ,

qt = 0.

(9)

The last equation is decoupled and yields q = q0 (x), where q0 is an arbitrary
smooth function of its argument. The second equation is solved by introducing
the potential w = w2 , see (5). Thus (9) is reduced to a single second-order
equation for w,
wtt = γ −

dq0 (x)
κwxx
exp(−t/τ ) − exp(−t/τ ) 2 ,
dx
wx

from which u and v are recovered as
u = wt ,

v = wx .

(10)
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Proposition 2. If κ = 0, then the first conservation law in (4) is equivalent to

χvx 
(11)
Dt u − γt − τ px − 2 = 0,
v
i.e., the quantity r = u − γt − τ px − χvx /v 2 is an integral of motion for (1).
Just as in the previous case (11) implies that (1) for κ = 0 has infinitely many
conservation laws of the form

Dt ρ(x, r, Dx (r), Dx2 (r), . . .) = 0,
(12)
where ρ is an arbitrary smooth function of its arguments. Obviously these conservation laws again bring no substantially new information in comparison with (11).
Note that for κ = 0 the extended system which consists of (1) and of the first
pair of equations of (5) admits an additional conservation law,

χ
Dt w1 − γtx − τ p +
= 0,
(13)
v
i.e., s = w1 − γtx − τ p + χ/v is a nonlocal integral of motion.
When one passes to new dependent variables r, v, p, the system (1) with κ = 0
takes the form
rt = 0,
χvxx
2χvx2
+
τ
p
−
− τ rx ,
xx
v2
v3
χ2 vxx χpxx 2χ2 vx2
χrx
p
pt = −
− 2 +
+ 2 − .
4
5
τv
v
τv
v
τ

vt =

(14)

Again the first equation is readily solved to yield r = r0 (x), where r0 is an arbitrary
smooth function of x, and substituting this into the remaining two equations we
gives a two-component second-order system,
vt =

χvxx
2χvx2
dr0 (x)
+
τ
p
−
−τ
,
xx
2
3
v
v
dx

(15)

χ dr0 (x) p
χ2 vxx χpxx 2χ2 vx2
− .
pt = −
− 2 +
+ 2
4
5
τv
v
τv
v
dx
τ
We have deliberately left aside the degenerate case for which κ = χ = 0 because
then (1) becomes linear and its general solution is readily found to be
u = u0 (x) + γt + τ exp(−t/τ )p0 (x),
v = v0 (x) +

du0 (x)
dp0 (x)
+ τ exp(−t/τ )
,
dx
dx

p = p0 (x) exp(−t/τ ),
where u0 , v0 , and p0 are arbitrary smooth functions of x.

224

P. Vojčák
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We study possible Lie and nonclassical reductions of multidimensional wave
equations and the special classes of reduced equations possible – their symmetries and equivalence classes. Such an investigation allows one to find many
new conditional and hidden symmetries of the original equations.

1

Why nonlinear wave equation

We study Lie and nonclassical reductions of multidimensional wave equations and
special classes of reduced equations possible – their symmetries and equivalence
classes as well as the types of reduced equations which represent interesting classes
of two-dimensional equations – parabolic, hyperbolic and elliptic. This paper
continues the discussion in [1].
Ansätze and methods used for reduction of the d’Alembert (n-dimensional
wave) equation can be also used for arbitrary Poincaré-invariant equations. Below
we show that this seemingly simple and partial problem involves many important
aspects in the studies of the partial differential equation (PDE).
The topic we consider demonstrates relations of the symmetry methods (see
e.g. [2, 3]) to other aspects of investigation of PDEs – compatibility of systems
of equations, methods of finding general solutions (e.g. by means of hodograph
transformations).
The methods we used were not fully algorithmic – it was necessary to decide
when to switch methods and many hypotheses had to be tested.
We consider the multidimensional wave equation
2u = F (u),

2 ≡ ∂x20 − ∂x21 − · · · − ∂x2n ,

u = u(x0 , x1 , . . . , xn )

It seems to have been thoroughly studied and almost trivial. We list only some
papers in which solutions of this equation are studied specifically – [4, 12].
However, this equation appears to have many new facets and ideas to discover.
We observe that investigation of hyperbolic equations, both with respect to their
conditional symmetry and classification, is considerably more difficult than the
same problem for equations in which at least for one variable the partial derivatives
have only lower order than the order of equation.
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Reduction of nonlinear wave equations – ansatz

We found conditions of reduction of the multidimensional wave equation
2u = F (u),
by means of the ansatz with two new independent variables.
u = ϕ(y, z),

(1)

where y, z are new variables. Henceforth n is the number of independent spatial
variables in the initial d’Alembert equation.
Reduction conditions for such an ansatz are a system of the d’Alembert equations and three equations of Hamiltonian type
yµ yµ = r(y, z),
2y = R(y, z),

yµ zµ = q(y, z),

zµ zµ = s(y, z),

(2)

2z = S(y, z).

We proved necessary conditions for compatibility of such a system of conditions
for reduction (see [1]). However, the resulting conditions and reduced equations
needed further research.

3

General background

There are two major methods of reduction of PDEs to ODEs or PDEs with a
lower number of independent variables:”
Symmetry reduction to equations with a lower number of independent variables
or to ordinary differential equations (for the algorithms see e.g. the books by
Ovsyannikov [2] or Olver [3]).
“Direct method” (giving wider classes of solutions than the symmetry reduction) was proposed by P. Clarkson and M. Kruskal [13]). See more detailed investigation of the direct reduction and conditional symmetry in [4, 13–19]. This
method for the majority of equations results in considerable difficulties as it requires investigation of compatibility and solution of cumbersome conditions of
reduction of the initial equation.
These conditions for reduction are much more difficult for investigation and
solution in the case of equations containing second and/or higher derivatives for
all independent variables and for multidimensional equations – e.g. in the situation
of nonlinear wave equations.
We would like to point out once more that the problem we consider has two
specific difficulties. Firstly it is always more technically difficult to work with
hyperbolic equations such as the nonlinear wave equation than with parabolic ones
(such as evolution equations). Secondly normally the methods and algorithms
for working with reductions and solutions are designed and applied for a limited
number of variables – usually two or three. Here we work with an arbitrary number
of variables although we limit the number of variables for specific examples.
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Compatibility of the conditions for reduction:
summary

A similar problem was considered previously for an ansatz with one independent
variable
u = ϕ(y),

(3)

where y is a new independent variable.
Compatibility analysis of the d’Alembert–Hamilton system
2u = F (u),

uµ uµ = f (u)

(4)

in the three-dimensional space was done by Collins [20].
The sufficient conditions of reduction of the wave equation to an ordinary
differential equation (ODE) and the general solution of the system (4) in the case
of three spatial dimensions were found by Fushchych, Zhdanov and Revenko [21].
For a discussion of previous results in this area see [22]. It is evident that the
d’Alembert–Hamilton system (4) may be reduced by local transformations to the
form
2u = F (u),

uµ uµ = λ,

λ = 0, ±1.

(5)

Statement [23]. For the system (5) (u = u(x0 , x1 , x2 , x3 )) to be compatible it is
necessary and sufficient that the function F have the following form:
F =

λ
,
N (u + C)

N = 0, 1, 2, 3.

Ansätze of the type (1) for some particular cases were studied in [24–27].

5

Transformations of compatibility conditions

Substitution of the ansatz u = ϕ(y, z) into the equation 2u = F (u) leads to the
following equation (see [1]):
ϕyy yµ yµ + 2ϕyz zµ yµ + ϕzz zµ zµ + ϕy 2y + ϕz 2z = F (ϕ)


∂y
∂ϕ
yµ =
, ϕy =
,
∂xµ
∂y

(6)

whence we get a system of equations:
yµ yµ = r(y, z),
2y = R(y, z),

yµ zµ = q(y, z),

zµ zµ = s(y, z),

(7)

2z = S(y, z).

System (7) is a condition of reduction for the multidimensional wave equation (1) to the two-dimensional equation (6) by means of ansatz u = ϕ(y, z).
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The system of equations (7), depending upon the sign of the expression rs−q 2 ,
may be reduced by local transformations to one of the following types:
1) elliptic case: rs − q 2 > 0, v = v(y, z) is a complex-valued function,
2v = V (v, v ∗ ),

2v ∗ = V ∗ (v, v ∗ ),

vµ∗ vµ = h(v, v ∗ ),

vµ vµ = 0,

vµ∗ vµ∗ = 0

(8)

(the reduced equation is of elliptic type);
2) hyperbolic case: rs − q 2 < 0, v = v(y, z), w = w(y, z) are real functions,
2v = V (v, w),

2w = W (v, w),

vµ wµ = h(v, w),

vµ vµ = 0,

wµ wµ = 0

(9)

(the reduced equation is of hyperbolic type);
3) parabolic case: rs − q 2 = 0, r2 + s2 + q 2 6= 0, v(y, z), w(y, z) are real functions,
2v = V (v, w),
vµ wµ = 0,

2w = W (v, w),

vµ vµ = λ (λ = ±1),

wµ wµ = 0

(10)

(if W 6= 0, then the reduced equation is of parabolic type);
4) first-order equations: (r = s = q = 0), y → v, z → w
vµ vµ = wµ wµ = vµ wµ = 0,
2v = V (v, w),

2w = W (v, w).

(11)

Elliptic case.
Theorem 1. System (8) is compatible if and only if
V =

h(v, v ∗ )∂v∗ Φ
,
Φ

∂v∗ ≡

∂
,
∂v ∗

where Φ is an arbitrary function for which the following condition is satisfied
(h∂v∗ )n+1 Φ = 0.
The function h may be represented in the form h = 1/Rvv∗ , where R is an
arbitrary sufficiently smooth function and Rv , Rv∗ are partial derivatives with
respect to the respective variables.
n+1
P
Then the function Φ may be represented in the form Φ =
fk (v)Rvk , where
k=0

fk (v) are arbitrary functions and
n+1
P

V =

kfk (v)Rvk

k=1
n+1
P
k=0

.
fk (v)Rvk
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The respective reduced equation has the form


∂v∗ Φ
∂v Φ∗
∗
= F (φ).
h(v, v ) 2φvv∗ + φv
+ φv∗ ∗
Φ
Φ

(12)

The equation (12) may also be rewritten as an equation with two real independent variables (v = ω + θ, v ∗ = ω − θ):
e
h(ω, θ)(φωω + φθθ ) + Ω(ω, θ)φω + Θ(ω, θ)φθ = F (φ).
Hyperbolic case.
Theorem 2. System (9) is compatible if and only if
V =

h(v, w)∂w Φ
,
Φ

W =

h(v, w)∂v Ψ
,
Ψ

where the functions Φ and Ψ are arbitrary functions for which the following conditions are satisfied
(h∂v )n+1 Ψ = 0,

(h∂w )n+1 Φ = 0.

The function h may be presented in the form h = 1/Rvw , where R is an arbitrary sufficiently smooth function and Rv , Rw are partial derivatives with respect
to the respective variables. Then the functions Φ and Ψ may be represented in
the form
Φ=

n+1
X

fk (v)Rvk ,

Ψ=

n+1
X

k
gk (w)Rw
,

k=0

k=0

where fk (v) and gk (w) are arbitrary functions,
n+1
P

V =

n+1
P

kfk (v)Rvk

k=1
n+1
P
k=0

,
fk (v)Rvk

W =

k
kgk (w)Rw

k=1
n+1
P

.
k
gk (w)Rw

k=0

The respective reduced equation has the form


∂w Φ
∂v Ψ
+ φw
= F (φ).
h(v, w) 2φvw + φv
Φ
Ψ

(13)

The equation (13) may also be rewritten as a standard wave equation (v = ω + θ,
w = ω − θ):
e
h(ω, θ)(φωω − φθθ ) + Ω(ω, θ)φω + Θ(ω, θ)φθ = F (φ).
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Parabolic case.
Theorem 3. System (10) is compatible if and only if
V =

λ∂v Φ
,
Φ

∂vn+1 Φ = 0,

W ≡ 0.

Equation 2u = F (u) cannot be reduced to a parabolic equation by means
of the ansatz u = ϕ(y, z) – in this case one of the variables enters the reduced
ordinary differential equation of the first order as a parameter.
System (11) is compatible only in the case V = W ≡ 0, that is, the reduced
equation may be only an algebraic equation F (u)=0. Thus we cannot reduce
equation 2u = F (u) by means of the ansatz u = ϕ(y, z) to a first-order equation.
Proof of the theorems above is done by means of the well-known Hamilton–
Cayley theorem in accordance to which a matrix is a root of its characteristic
polynomial.

6

Reduction and conditional symmetry

Solutions obtained by the direct reduction are related to symmetry properties
of the equation – Q-conditional symmetry of this equation (symmetries of such
type are also called nonclassical or non-Lie symmetries. It is also possible to see
from previous papers that symmetry of the two-dimensional reduced equations
is often wider than symmetry of the initial equation, that is, the reduction to
two-dimensional equations allows one to find new non-Lie solutions and hidden
symmetries of the initial equation (see e.g. papers by Abraham-Schrauner and
Leach [28, 29]). The Hamiltonian equation may also be considered, irrespective
of the reduction problem, as an additional condition for the d’Alembert equation
that allows extending the symmetry of this equation.
Consider the wave equation in two spatial dimensions. Reduction of 2u = F (u)
by our ansatz u = ϕ(v, w) means Q-conditional invariance this equation under the
operator
Q = ∂x0 + τ1 (x0 , x1 , x2 )∂x1 + τ2 (x0 , x1 , x2 )∂x2 .
This equivalence of reduction and Q-conditional symmetry was proved by Zhdanov, Tsyfra and Popovych [18]. New variables, v and w, are invariants of the
operator Q:
Qv = Qw = 0.

7

Study of the reduced equations

Equivalence of quasilinear wave equations is well studied, but we consider a particular class of such equations.
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We consider the reduced equation of the form


∂v Ψ
∂w Φ
= F (φ),
+ φw
h(v, w) 2φvw + φv
Φ
Ψ
where Φ and Ψ are arbitrary functions for which the following conditions are
satisfied
(h∂v )n+1 Ψ = 0,

(h∂w )n+1 Φ = 0.

Equivalence transformations of the reduced equations are only of the type
h(v, w) → k(v)l(w)h(v, w),

v ↔ w;

φ → aφ + b.

There are special additional equivalence groups only for special forms of the function F . Special class of the reduced equations – h(v, w) = k(v)l(w); in this case the
equations can be reduced to the case h(v, w) = const. All symmetry reductions
have h(v, w) = const and linear Φ and Ψ.
We have a quite narrow equivalence group of the reduced equation as we actually took a single representative of an equivalence class of hyperbolic reduced
equations.
Description of all possible reductions involves classification of the reductions
found and nomination of certain inequivalent representatives. Any classification
problem is a description of equivalence classes under certain equivalence relations.
Selection of an equivalence group for classification may be in principle arbitrary,
but as a rule one of the following is selected: either the symmetry group of the
conditions describing the initial limited class or the group of automorphisms of
some general class.
There is a generally accepted method for classification of symmetry reductions
– by subalgebras inequivalent up to conjugacy. This method does not work for
general reductions and we have to choose another method of classification.
Another important note is that, if we do classification in several steps, we have
to consider commutativity and associativity of classification conditions (e.g. under
some equivalence group) adopted at each step.

8

Example: Solutions for the two-dimensional case

We will look for parametric solutions for the system
2v = V (v, w),
vµ wµ = h(v, w),

2w = W (v, w),
vµ vµ = 0,

wµ wµ = 0,

µ = 0, 1, 2.

Firstly we construct parametric or explicit solutions for the equations wµ wµ = 0,
vµ vµ = 0 and then use them to find solutions of other equations.
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Rank 0. General solution of the equations vµ vµ = 0, wµ wµ = 0
v = Aµ xµ + B,
Aµ Aµ = 0,

w = Cµ xµ + D,

Cµ Cµ = 0.

p, q are parametric functions on x, Aµ (µ = 1, 2), B, Cµ (µ = 1, 2), D are arbitrary
constants up to conditions. In this case h is constant, 2v = 2w = 0 and we have
solutions that can be obtained by symmetry reduction.
Rank 1. General solution of the equations vµ vµ = 0, wµ wµ = 0.
v = Aµ (p)xµ + B(p),
Aµp xµ

+ Bp = 0,

w = Cµ (q)xµ + D(q),

Cqµ xµ

+ Dq = 0,

Aµ Aµ = 0,

Cµ Cµ = 0.

p, q are parametric functions on x, Aµ (µ = 1, 2), B, Cµ (µ = 1, 2) and D are
arbitrary functions up to conditions.
Rank 2. General solution of the equations vµ vµ = 0, wµ wµ = 0.
v = Aµ (p1 , p2 )xµ + B(p1 , p2 ),
Aµpk xµ

+ Bpk = 0,

Cqµk xµ

w = Cµ (q1 , q2 )xµ + D(q1 , q2 ),

+ Dqk = 0,

Aµ Aµ = 0,

Cµ Cµ = 0.

p, q are parametric functions on x, Aµ (µ = 1, 2), B, Cµ (µ = 1, 2) and D are
arbitrary functions up to conditions.
It is easy to prove that that for vµ wµ = h(v, w) solutions of vµ vµ = 0 and
wµ wµ = 0 should have the same rank. Further we can find partial parametric
solutions taking the same parameter functions p for v and w. This way we have
new non-Lie solutions with hidden infinite symmetry. (For a definition of hidden
symmetry see [28].)
It is well-known [30] that the general solution of the system (4) with F = f = 0,
n = 1, 2, can be written as
u = Aµ (p1 , p2 )xµ + B(p1 , p2 ),
Aµpk xµ + Bpk = 0,

Aµ Aµ = 0,

Aµpk Aµpm = 0.

Similarly we can construct a parametric solution for (9) with V = W = 0, h =
const.
v = Aµ (p1 , p2 )xµ + B(p1 , p2 ),
Aµpk xµ + Bpk = 0,

Aµ Aµ = 0,

Aµpk Aµpm = 0,

w = Cµ (p1 , p2 )xµ + D(p1 , p2 ),
Cpµk xµ + Dpk = 0,

Cµ Cµ = 0,

Cpµk Cpµm = 0,

Aµ Cµ = const .

The operator of Q-conditional symmetry that gives such an ansatz has the
form
Q = ∂0 + τ1 ∂1 + τ2 ∂2 ,
C0 A2 − A0 C2
C0 A1 − A0 C1
τ1 =
, τ2 =
.
A1 C2 − A2 C1
A1 C2 − A2 C1

Reduction of multidimensional wave equations
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Conclusion

The topic we discuss is closely related to majority of main ideas in the symmetry analysis of a PDE – direct reduction of the PDE; conditional symmetry; Qconditional symmetry; finding solutions directly using nonlocal transformations;
group classification of equations and systems of equations.
Our general problem – study of reductions of the nonlinear wave equation (and
of other equations in general) – requires several classifications up to equivalence
on the way.
At each step we have to define correctly the criteria of equivalence and check
commutativity and associativity of these equivalence conditions or otherwise take
into account a lack of such properties.

10

Further research

1. Study of Lie and conditional symmetry of the system of the conditions for
reduction.
2. Investigation of Lie and conditional symmetry of the reduced equations.
Finding closed-form solutions of the reduced equations.
3. Finding of places of previously found solutions on the general equivalence
map.
4. Relation of the equivalence group of the class of the reduced equations with
symmetry of the initial equation.
5. Finding and investigation of compatibility conditions and classes of the reduced equations for other types of equations, in particular, for Poincaré–
invariant scalar equations.
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