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BDCEB
ln πn+1(x) =

n∑

j=0

ln(x − xj),

⇒ π
(1)
n+1(x)

πn+1(x)
=

n∑

j=0

1

x − xj
,

⇒ π
(1)
n+1(x) = πn+1(x)

n∑

j=0

1

x − xj
,

⇒ π
(1)
n+1(xi) = (xi − x0) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xn).FHG�IKJMLONQP

li(x) =
n∏

j=0,j 6=i

[(x − xj)/(xi − xj)] =
πn+1(x)

π
(1)
n+1(xi)(x − xi)

.

RSL�T
UOG�VQIKG�W�X Y�Z[L�\�]KJ�W�^�T
UOZ_^�\
`�WOT�a
n
J!b IK\OX�\�Yc]
X ^�Z�PHdeX \fL�T
UOG�NQIKG�WO\[^�\
`�WOT�a ≤ n ⇒

xk =
n∑

i=1

li(x)xk
i , k ≤ n.

gih
X \Ob jKJ�]K\ck�WOJ
k = 0

k
1 =

n∑

i=1

li(x).

BDC � l mon j�V
πn+1(x) =

∏n
i=0(x − xi) pQq�r jKJ_j�T n�set UOWO\uL�\�]KJ�W�^�T�UOZ�P[J!b IK\OX

y(x) − pn(x) =
y(n+1)(ξ)

(n + 1)!
πn+1(x),

v



w xzy�{ �#� |o} {�~c�!{ ���D 
deX \uY t L�T�X T

ξ = ξ(x) ∈ [x0, xn] p ⇒
||y − pn|| ≤

1

(n + 1)!
||πn+1|| · ||y(n+1)||.

q \��K��j�T�a�WOJ�IK\�\�LOT�jKJMUO� n WO\
j!\�L�]KTOY�a�LOj!T�G�I�JML�J!X hKZ
||π2|| =

h2

4

Y�\OX ||π4|| = h4.

� ��ç��Põ�� �Põ­ë ö��
• � WOJMj!\ n�� ��WO\�j
X n W r P x → hx + x0

T�hK��d�J!b n jK� n�� � n �
πn+1 = hn+1π̂n+1, r L�T�G π̂n+1(x) = x(x − 1) · · · (x − n).FHG�IKJMLONQP ||πn+1|| = hn+1 maxx∈[0,n] |π̂n+1| p ⇒ � X \�jK��I�\�LOUOTOL�T�b � n ��jMVQIL�] t�� JMVQIOkQL�]KT n h
X T�]
b n jKJ�j�T ||πn+1||

\�L�T�jK��I�L�X T�L t I�V n�� � n �cko\ s T�a�L�]�NDj�\^�]KJ!b jKJ�j!T
maxx∈[0,n] |π̂n+1| p

• � X \�j�T�hKJ�a�jKJ�]KT�WO��]KT�P�jK��P l �_n Y�� n ��P��[� r dcV n G�WOWOJMjK]
b \�P�j�T n ��WOJ!b T x = 3/2J!b IK\OX n ��WOJ!b T�Y�\�W�L�Z�P_j�T�G
π̂4 p

BDC�  l mon jMV
pn+1 ∈ IPn+1

j�T�L�T�UOG�NQIKG�WOT�L�\�]KJ�W�^�T�UOZ�P�jK��P
y
n j!\

n + 2
n ��WOJ!b \

xi
k

i = 0, 1, . . . , n
kcY�\OX

x 6= xi po¡ ��UO\�hKZ�j�T pn+1
LOUO��]KT�b�j
X P n G�I!`�Z�Y�J�P

pn+1(xi) = y(xi), i = 0, 1, . . . , n,
Y�\OX

pn+1(x) = y(x).

⇒ R¢\�IK\�L�\�] t�n j!\ n �
Newton

j!T�G
pn+1

J!b IK\OX
pn+1(t) = pn(x) + y[x0, x1, . . . , xn, x]

n∏

i=0

(t − xi)

⇒ y(x) − pn(x) = y[x0, x1, . . . , xn, x]

n∏

i=0

(x − xi).

BDC � l mon jMV
pn
j!T£L�T
UOG�NQIKG�WOT�L�\�]KJ�W�^�T
UOZ�PfjK��P

y
n j�\ n ��WOJ!b \

xi
k
i = 0, 1, . . . , n

kY�\OX
� n j�V
en := y − pn p�q�r jKJ en ∈ Cn[a, b]

Y�\OX
en(xi) = 0

k
i = 0, 1, . . . , n p ⇒mos \�]KW r �KTOI�j�\�Pfj!T£¤[JMNQ]K��WO\ Rolle n

s T�]K��P
�
e(n)
n (ξ) = 0,

deX \uY t L�T�X T
ξ ∈ [a, b], ⇒ y(n)(ξ) = p(n)

n (ξ).l � W�VQP
pn(x) = y(x0) + y[x0, x1](x − x0) + y[x0, x1, x2](x − x0)(x − x1)

+ · · · + y[x0, x1, . . . , xn](x − x0) · · · (x − xn−1).FHG�IKJMLONQP
p(n)

n (x) = n! × y[x0, x1, . . . , xn] ⇒ y[x0, x1, · · · , xn] =
1

n!
y(n)(ξ).

BDC�¥ R¦`�J�WOJMU�X NQhK��\�IK\�L�\�] t�n j!\ n ��j!T�G
H3
J!b IK\OX
§¨^OU p §i© p �Oª¬« §i© p v ª ) �

H3(x) = a(x)y0 + b(x)y1 + c(x)y
(1)
0 + d(x)y

(1)
1 ,
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r L�T�G

a(x) =
1

h2
(x1 − x)2[2(x − x0) + h]

b(x) =
1

h2
(x − x0)

2[2(x1 − x) + h]

c(x) =
1

h2
(x1 − x)2(x − x0)

d(x) =
1

h
(x − x0)

2(x − x1).

km L�b n ��P�kQ\�I
y ∈ C4[x0, x1]

kDj r jKJ�§¶\�L r j�T�¤[JMNQ]K��WO\·© p Ù ª j�T n�set UOWO\�L�\�]KJ�W�^�T
UOZ�PJ!b IK\OX
y(x) − H3(x) =

y(4)(ξ)

4!
{π2(x)}2, r L�T�G π2(x) = (x − x0)(x − x1),deX \uY t L�T�X T

ξ = ξ(x) ∈ [x0, x1] p ⇒
||y − H3|| ≤

1

24
||y(4)|| · ||π2

2 ||,

⇒ ||y − H3|| ≤
h4

384
||y(4)||,

JML�J!X hKZ ||π2|| = h2/4
Y�\OX n G�IKJMLONQP ||π2

2 || = h4/16 p
BDC�¸ � L r jK��I l �_n Y�� n �¹© p � � � T�G�W�J r j
Xo\�I y ∈ C4[x0, x1]

kHj r jKJ ||y − H3|| ≤
h4||y(4)||/384 p

• x0 = 1
Y�\OX

x1 = 2 ⇒ h = 1 p l m L�b n ��P y(x) = 1/x ⇒ y(4)(x) = 24/x4 ⇒
||y(4)|| ≤ 24 ⇒ ||y − H3|| ≤ 1/16 p

• x0 = 0
Y�\OX

x1 = 0.1 ⇒ h = 0.1 p m L�b n ��P y(x) = sinx ⇒ y(4)(x) = sin x ⇒
||y(4)|| = sin 0.1 ⇒ ||y − H3|| ≤ (0.1)4 sin 0.1/384 ≤ 2.6 × 10−8 p

BDC¬º
H(2)

3 (x) =
1

h
{(x1 − x)y

(2)
0 + (x − x0)y

(2)
1 }.l � ]K\

H(1)
3 (x) =

1

2h
{−(x1 − x)2y

(2)
0 + (x − x0)

2y
(2)
1 } + A,Y�\OX

H3(x) =
1

6h
{(x1 − x)3y

(2)
0 + (x − x0)

3y
(2)
1 } + Ax + B

=
1

6h
{(x1 − x)3y

(2)
0 + (x − x0)

3y
(2)
1 } + C(x1 − x) + D(x − x0),

r L�T�G�J s \�]KW r �KT�I�j!\�P[j
X P n G�I!`�Z�Y�J�P H3(x0) = y0
Y�\OX H3(x1) = y1

k
C =

1

h
[y0 −

h2

6
y
(2)
0 ]

Y�\OX
D =

1

h
[y1 −

h2

6
y
(2)
1 ].
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BDC�¼ l mon jMV

p2
j!T�L�T�UOG�NQIKG�W�T�L�\�]KJ�W�^�T�UOZ�P�jK��P

y
n j�\ n ��WOJ!b \

x0, x0 + ε
Y�\OX

x1Y�\OX
p̂2
j!T�L�T
UOG�NQIKG�WOT£L�T�G�L�]KTOY�G�LOjKJ!b�\�L r j!T p2

Y�\
`eNQP
ε → 0 puq�r jKJ
k n jK��WOT�] s Z

Newton
k

p2(x) = y(x0) + y[x0, x0 + ε](x − x0) + y[x0, x0 + ε, x1](x − x0)(x − x0 − ε).l � ]K\
p̂2(x) = lim

ε→0
p2(x)

= y(x0) + y[x0, x0](x − x0) + y[x0, x0, x1](x − x0)
2,

r L�T�G
y[x0, x0] = y(1)(x0)

Y�\OX
y[x0, x0, x1] =

1

h
{ 1

h
(y(x1) − y(x0)) − y(1)(x0)}.

½_]KT s \�I�NQP�k
p̂2(x0) = y(x0)

k
p̂
(1)
2 (x0) = y(1)(xo)

Y�\OX
p̂2(x1) = y(x1) ⇒ q T�L�T�UOG�N «IKG�WOT

p̂2
J!b IK\OX�j!T��K��j�T�a�WOJ�IKT�hKJ�G�jKJ�]KT�^ t `�W�X TuL�T�UOG�NQIKG�WOT

Hermite H2 p� L r j!T£¤[JMNQ]K��WO\£© p � k
e2(x) := y(x) − p2(x) =

1

3!
(x − x0)(x − x0 − ε)(x − x1)y

(3)(η),

deX \uY t L�T�X T
η
n j!T�h
X t�n jK��WO\uL�T�G�T�]
b �KJMj�\OX�\�L r j�\ n ��WOJ!b \ x0, x0 + ε

Y�\OX
x1 p ⇒

y(x) − H2(x) = lim
ε→0

e2(x)

=
1

3!
(x − x0)

2(x − x1)y
(3)(ξ),

r L�T�G ξ ∈ [x0, x1] p
BDC�¾ q \��K��j!T�a�WOJ�IK\�\�L�T�jKJMUO� n WO\�j!\�L�]KTOY�a�LOj!T�G�I�J s \�]KW r �KT�I�j!\�P�kz\�I�j
b n j�T�X � \ckoj!\¤[JMVQ]KZ�WO\�j!\�© p w Y�\OX�© p v WOJ n = 2

k
m0 = m1 = 1

Yc\OX
m2 = 0 p

BDCEB �
(i)

y[x0, x0, x0, x1] =
1

h
{y[x0, x0, x1] − y[x0, x0, x0]}

=
1

h
{ 1

h
[(y1 − y0) − y

(1)
0 ] − 1

2
y
(2)
0 }

=
1

2h3
{2(y1 − y0) − 2hy

(1)
0 − h2y

(2)
0 }.m L�b n ��P

y[x0, x0, x0, x1, x1] =
1

h
{y[x0, x0, x1, x1] − y[x0, x0, x0, x1]}

=
1

h4
{−2(y1 − y0) + h(y

(1)
1 + y

(1)
0 )}

− 1

2h3
{2(y1 − y0) − 2hy

(1)
0 − h2y

(2)
0 }

=
1

2h4
[−6(y1 − y0) + 2h(y

(1)
1 + 2y

(1)
0 ) + h2y

(2)
0 ],
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Y�\OX

y[x0, x0, x0, x1, x1, x1] =
1

h
{y[x0, x0, x1, x1, x1] − y[x0, x0, x0, x1, x1]}

=
1

h
{ 1

h
(y[x0, x1, x1, x1] − y[x0, x0, x1, x1])

− y[x0, x0, x0, x1, x1]}
= · · · · · · · · · · · · · · · · · · · · · · · · · · ·
=

1

2h5
[12(y1 − y0)

− 6h(y
(1)
1 + y

(1)
0 ) + h2(y

(2)
1 − y

(2)
0 )].

(ii)
� L r j!T£¤[JMNQ]K��WO\£© p w WOJ n = 1

Y�\OX
m0 = m1 = 2

�
H5(x) = y0 + y[x0, x0](x − x0) + y[x0, x0, x0](x − x0)

2

+ y[x0, x0, x0, x1](x − x0)
3

+ y[x0, x0, x0, x1, x1](x − x0)
3(x − x1)

+ y[x0, x0, x0, x1, x1, x1](x − x0)
3(x − x1)

2.

(iii)
� L r j!T£¤[JMNQ]K��WO\£© p v WOJ n = 1

Y�\OX
m0 = m1 = 2

§¶hK��U p WOJ N = 5
ª k

y(x) − H5(x) =
1

6!
y(6)(ξ)π3

2(x), ξ ∈ [x0, x1],

r L�T�G π2(x) = (x − x0)(x − x1) p ⇒
||y − H5|| ≤

1

720
||y(6)||||π3

2 ||.

q T�\�L�T�jK�MUOJ n WO\�L�]KTOY�a�LOjKJ!X�JML�J!X hKZ ||π2|| = h2/4
Y�\OX n G�IKJMLONQP ||π3

2 || = h6/64 p
BDCEBQB ¿ ]K� n X WOTOL�T�X NQI�j!\�PujK��`�J�WOJMU�X NQhK��W�T�] s Z�§ l �_n Y p © p ��ª Z£jK� Newton

WOT�] s Z§¶½_\�] p © p  Oª j�T�G H3
k

∫ x1

x0

H3(x)dx =

∫ x1

x0

[a(x)y0 + b(x)y1 + c(x)y
(1)
0 + d(x)y

(1)
1 ]dx

=

∫ x1

x0

{y0 + y[x0, x0](x − x0) + y[x0, x0, x1](x − x0)
2

+ y[x0, x0, x1, x1](x − x0)
2(x − x1)}dx

=
h

2
(y0 + y1) +

h2

12
(y

(1)
0 − y

(1)
1 ).l mon j�V

E(y) =

∫ x1

x0

y(x)dx − [
h

2
(y0 + y1) +

h2

12
(y

(1)
0 − y

(1)
1 )].

q�r jKJu§¨^OU p l �_n Y p © p ��ª
E(y) =

∫ x1

x0

[y(x) − H3(x)]dx

=
1

4!

∫ x1

x0

(x − x0)
2(x − x1)

2y(4)(η)dx,
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r L�T�G η = η(x) ∈ [x0, x1] p l � ]K\uj!T�`�JMNQ]K��WO\�J�IKh
X t WOJ n ��P_j
X WOZ�P ⇒

E(y) =
1

4!
y(4)(ξ)

∫ x1

x0

(x − x0)
2(x − x1)

2dx =
1

720
h5y(4)(ξ),

deX \uY t L�T�X T
ξ ∈ [x0, x1] p

BDCEB � l mon j�V
L(y) := −y

(4)
0 + αy

(4)
1 + (3 − 2α)y

(4)
2 − (2 − α)y

(4)
3 .

q�r jKJ
kc\�IK\�LOjKa n�n T�I�j!\�P_Y�\�j t Taylor
n j!T n ��WOJ!b T

x1
k

L(y) = h2{−1

2
y(6)(ξ1) +

1

2
(3 − 2α)y(6)(ξ2) − 2(2 − α)y(6)(ξ3)},

r L�T�G ξi ∈ [x0, x3]
k
i = 1, 2, 3 p ⇒ L(p) = 0

k ∀p ∈ IP5 p ⇒ � L r j!T�¤[JMNQ]K��WO\ Peano
k

L(y) =

∫ x3

x0

K(t)y(6)(t)dt,

r L�T�G
K(t) =

1

5!
L{(x − t)5+}

= −(x0 − t)+ + α(x1 − t)+ + (3 − 2α)(x2 − t)+ − (2 − α)(x3 − t)+.À PfL�]KT�P[j!T�L�] r n ��WOT�j!T�GuL�G�]KZ�IK\ K
�

� X \ t ∈ [x2, x3]
k

K(t) = −(2 − α)(x3 − t) ≤ 0,
\�I

α ≤ 2.

� X \ t ∈ [x1, x2]
k
K(t) = (3 − 2α)(x2 − t) − (2 − α)(x3 − t),Zck�WOJ

t = x2 − µh
k
0 ≤ µ ≤ 1

k
K(t) = K(x2 − µh) = (3 − 2α)µh − (2 − α)(1 + µ)h

= (α − 2)(1 − µ) ≤ 0,
\�I

α ≤ 2.

� X \ t ∈ [x0, x1]
k

K(t) = α(x1 − t) + (3 − 2α)(x2 − t) − (2 − α)(x3 − t),Zck�WOJ
t = x1 − µh

k
0 ≤ µ ≤ 1

k
K(t) = K(x1 − µh) = αµh + (3 − 2α)(1 + µ)h − (2 − α)(2 + µ)h

= µ − 1 ≤ 0.

⇒ K(t) ≤ 0
k ∀t ∈ [x0, x3] p ⇒ mos \�]KW r �KT�I�j!\�P[j!T�`�JMND]K��WO\�WO� n ��P[j
X WOZ�P�k
L(y) =

∫ x3

x0

K(t)y(6)(t)dt = y(6)(ξ)

∫ x3

x0

K(t)dt,

=
1

2
[−α(x1 − t)2+ − (3 − 2α)(x1 − t)2+ + (2 − α)(x3 − t)2+]x3

x0

= (α − 3)h2y(6)(ξ),r L�T�G ξ ∈ [x0, x3].
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BDCEB
  R¢\�IK\�L�\�] t�n j!\ n ��§i© p © ª¬« §i© p ��ª j�T�G p2

J!b IK\OX
p2(x) =

1

2h2
{(x − x1)(x − x2)y(x0)

− 2(x − x0)(x − x2)y(x1) + (x − x0)(x − x1)y(x2)}.m L�b n ��P�kc\�L r j!T£¤[JMNQ]K��WO\£© p � k
y(x) = p2(x) + e2(x),

r L�T�G
e2(x) =

1

3!
(x − x0)(x − x1)(x − x2)y

(3)(ξ),
WOJ

ξ = ξ(x) ∈ [x0, x2].

⇒
∫ x2

x0

y(x)dx =

∫ x2

x0

p2(x)dx +

∫ x2

x0

e2(x)dx

=
h

3
{y(x0) + 4y(x1) + y(x2)} + E(y),

r L�T�G
E(y) =

∫ x2

x0

e2(x)dx =
1

3!

∫ x2

x0

(x − x0)(x − x1)(x − x2)y
(3)(ξ)dx.

FHG�IKJMLONQP
E(1) = E(x) = E(x2) = 0 p m L�b n ��P�k�U r dcVÁjK��P n G�WOWOJMjK]
b \�P�j!T�G�L�T�UOG�V «IKa�WOT�G

(x − x0)(x − x1)(x − x2)
VQPfL�]KT�P[j!T�I t�� T�IK\uj!T�G

x
k

E(x3) =

∫ x2

x0

(x − x0)(x − x1)(x − x2)dx = 0.

⇒ E(p) = 0
k ∀p ∈ IP3 p ⇒ � L r j�T�¤[JMNQ]K��WO\ Peano

k
E(y) =

∫ x2

x0

K(t)y(4)(t)dt,

r L�T�GckcJML�J!X hKZ
E(y) =

∫ x2

x0

y(x)dx − h

3
{y(x0) + 4y(x1) + y(x2)},

T�L�G�]KZ�IK\�P
K
J!b IK\OX

K(t) =
1

6
E{(x − t)3+}

=
1

24
{(x2 − t)4+ − (x0 − t)4+} −

h

18
{(x0 − t)3+ + 4(x1 − t)3+ + (x2 − t)3+}

=
1

72
{3(x2 − t)4+ − 4h(x2 − t)3+ − 16h(x1 − t)3+}.À PfL�]KT�P[j!T�L�] r n ��WOT�j!T�G K

�
� X \ t ∈ [x1, x2]

k
K(t) =

1

72
{3(x2 − t)4+ − 4h(x2 − t)3+},
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Zck�WOJ

t = x1 + µh
k
0 ≤ µ ≤ 1

k
K(t) = K(x1 + µh) =

h4

72
{3(1 − µ)4 − 4(1 − µ)3}

= −h4

72
(1 − µ)3(3µ + 1) ≤ 0.

� X \ t ∈ [x0, x1]

K(t) =
1

72
{3(x2 − t)4+ − 4h(x2 − t)3+ − 16h(x1 − t)3+},Zck�WOJ

t = x1 − µh
k
0 ≤ µ ≤ 1

k
K(t) = K(x1 − µh) =

h4

72
{3(1 + µ)4 − 4(1 + µ)3 − 16µ3}

=
h4

72
(3µ + 1)(µ − 1)3 ≤ 0.

⇒ K(t) ≤ 0
k ∀t ∈ [x0, x2] p ⇒ mos \�]KW r �KT�I�j!\�P[j!T�`�JMND]K��WO\�WO� n ��P[j
X WOZ�P�k
E(y) =

∫ x2

x0

K(t)y(4)(t)dt = y(4)(η)

∫ x2

x0

K(t)dt

=
1

72
y(4)(η)[−3

5
(x2 − t)5+ + h(x2 − t)4+ + 4h(x1 − t)4+]x2

x0

= − 1

90
h5y(4)(η),

r L�T�G η ∈ [x0, x2].
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spline

� CEB FHJ�Y t `�J£��IK\·\�L r j�\·h
X \ n jKZ�WO\�j!\ [−1, 1)
Y�\OX

[1, 2)
�

s
J!b IK\OXo��IK\�Y�G
^�X Y rL�T�UOG�NQIKG�WOTekOJ�I�N n J�Y t `�J���IK\�\�L r j�\�hKa�T�\�Y�]K\Ob \�h
X \ n jKZ�WO\�j!\ (−∞,−1)

Y�\OX
[2,∞)�

s
J!b IK\OXc��IK\ud�]K\�WOW�X Y r L�T�UOG�NQIKG�WOT p m L�b n ��P

s(−1∓) = −1, s(1)(−1∓) = 2, s(2)(−1∓) = 0,

s(1∓) = 11, s(1)(1∓) = 14, s(2)(1∓) = 12,

s(2∓) = 29, s(1)(2∓) = 20, s(2)(2∓) = 0.

¡ ��UO\�hKZ s ∈ C2(−∞,∞) p ⇒ R
s
J!b IK\OX
W�X \ s G n X Y�Z£Y�G
^�X Y�Z n G�I t ]�jK� n �

spline
WOJY r W�^�T�G�P n j�\ n ��WOJ!b \ −1

k
1
Y�\OX

2 p
� C � l mon j�V

s(x) = b0 + b1x + b2x
2 + c1(x − 1)2+ + c2(x − 2)2+.

q�r jKJ
s(1)(x) = b1 + 2b2x + 2c1(x − 1)+ + 2c2(x − 2)+.

⇒ � X n G�I!`�Z�Y�J�P[L�\�]KJ�W�^�T�UOZ�P[h
b IKT�G�I�j
X PfJ � X n N n J!X P
b0 = −1,
b0 + b1 + b2 = 0,
b0 + 2b1 + 4b2 + c1 = 5,
b0 + 3b1 + 9b2 + 4c1 + c2 = 12,





§ � p �3 Oª
J�I�N¦� n G�I!`�Z�Y�� t Y�]�VQI

s(1)(0) = 0
h
b IKJ!X r j
X b1 = 0 p ⇒ RËUOa n ��j�T�G n G n jKZ�WO\�j!T�P§ � p �3 Oª J!b IK\OX b0 = −1

k
b1 = 0

k
b2 = 1

k
c1 = 2

Y�\OX
c2 = −4 p ⇒

s(x) = −1 + x2 + 2(x − 1)2+ − 4(x − 2)2+.

� C�  l mon j�V
s(x) = ao + a1x + c0(x + 1)3+ + c1(x − 1)3+ + c2(x − 2)3+,

© �
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r L�T�G n a�W s VQIK\�WOJ_j!T�¤[JMNQ]K��WO\ � p � k

c0 + c1 + c2 = 0,
−c0 + c1 + 2c2 = 0.

} § � p � Ù ª
m L�b n ��P�kcT�X n G�I!`�Z�Y�J�P_L�\�]KJ�W�^�T�UOZ�P_h
b IKT�G�I�j
X PfJ � X n N n J!X P

a0 − a1 = −1,
a0 + a1 + 8c0 = 11,
a0 + 2a1 + 27c0 + c1 = 29.





§ � p ����ª
RÌUOa n �£j�T�G£d�]K\�WOW�X Y�T�a n G n jKZ�WO\�j!T�P�§ � p � Ù ª¬« § � p ����ª J!b IK\OX a0 = 1

k
a1 = 2

k
c0 = 1

k
c1 = −3

Y�\OX
c2 = 2 p ⇒
s(x) = 1 + 2x + (x + 1)3+ − 3(x − 1)3+ + 2(x − 2)3+.

� C�¸
e := y − s ⇒ e(xi) = 0

k
i = 0, 1, . . . , k

k�Y�\OX
e(j)(a) = e(j)(b) = 0

k
j = 1, 2, . . . ,m − 1 p ⇒ q T��HZ�WOWO\ � p ©�WOJ φ = e

h
b IKJ!X
∫ b

a

s(m)(x)e(m)(x)dx = 0.

� C¬º
s ∈ Sπ

2m−1(∆k) ⇒ s(j)(0) = s(j)(1)
k
j = 0, 1, . . . , 2m − 2 p gih
X \Ob jKJ�]K\ck

s(2m−2)(0) = s(2m−2)(1),
§ � p ���Oª

r L�T�G
s(2m−2)(x) = (2m − 2)!b2m−2 + (2m − 1)!b2m−1x + (2m − 1)!

k−1∑

i=1

ci(x − i

k
)+

⇒

s(2m−2)(0) = (2m − 2)!b2m−2,

s(2m−2)(1) = (2m − 2)!b2m−2 + (2m − 1)!b2m−1 + (2m − 1)!

k−1∑

i=1

ci(1 − i

k
).

l � ]K\ck���§ � p ���Oª h
b IKJ!X
b2m−1 +

k−1∑

i=1

ci(1 − i

k
) = 0, ⇒

k−1∑

i=1

(k − i)ci = −kb2m−1.
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spline

 zCEB Ö Jfj!T�G�P n G�IKZ
`�J!X P n G�W�^�T
U�X n WOT�a�P��
x0 = −1

k
x1 = 1

k
x2 = 2

k�Y�\OX
y0 = −2

k
y1 = −4

k
y2 = −12 p FHG�IKJMLONQP�k h1 = 2

k
h2 = 1

Y�\OX
§¨^OU p §   p v ª Y�\OX
§   p © wOª )
γ1 = 1/3, δ1 = 2/3

Y�\OX
d1 = −17.

⇒ RÌ§   p © v ª h
b IKJ!X�jK��I�J � b n V n � n G�IK� � J!X \�P
1

3
m0 + 2m1 +

2

3
m2 = −17,

⇒
m L�J!X hKZ�T�X n G�I!`�Z�Y�J�P t Y�]�VQI£J!b IK\OX

m0 = 5
Y�\OX

m2 = −7
k×�£L�X T�L t I�V;J � b n V n �h
b IKJ!X r j
X m1 = −7 p ⇒ � L r j
X P�§   p µOª Y�\OX�§   p ©�» ª kcWOJ i = 1

Y�\OX
i = 2

�
s(x) = −x − 3x2, x ∈ [−1, 1),

Y�\OX
s(x) = −2 + 5x − 9x2 + 2x3, x ∈ [1, 2].

§ åÉé�æPé£ê©ó�æO��ô
�
� R
s
J!b IK\OXc�uY�G
^�X Y�Z n G�I t ]�jK� n �

spline
j!T�G�½_\�]K\�hKJ!b d�WO\�j!T�P � p � p ª

 zC �
x0 = −1

k
x1 = 1

Y�\OX
x2 = 2 ⇒

l � LOVQP[Y�\OX n jK��I l �_n Y�� n �   p ©�k
h1 = 2, h2 = 1

Y�\OX
γ1 = 1/3, δ1 = 2/3.m L�b n ��P�k

y0 = −1
k
y1 = 11

Y�\OX
y2 = 29 p ⇒ � L r jK��I�§   p v ª k c1 = 24 p ⇒ RØ§   p �Oªh
b IKJ!XcjK��I�J � b n V n � n G�IK� � J!X \�P

2

3
M0 + 2M1 +

1

3
M2 = 24.

© v
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m L�J!X hKZ��

s
J!b IK\OX s G n X Y�Z n G�I t ]�jK� n �

spline
k
M0 = M2 = 0 p ⇒ M1 = 12 p ⇒ � L rjK��I�§   p ��ª WOJ i = 1

Y�\OX
i = 2

�
s(x) = 2 + 5x + 3x2 + x3, x ∈ [−1, 1),

Y�\OX
s(x) = 5 − 4x + 12x2 − 2x3, x ∈ [1, 2).

 zC�  � X \ x ∈ [xi−1, xi)
k
i = 1, 2, . . . , k

k
s(2)(x) =

1

h
{Mi−1(xi − x) + Mi(x − xi−1)} ⇒ s(3)(x) =

1

h
{Mi − Mi−1},

Y�\OXcdeX \
x ∈ [xi, xi+1)

k
i = 0, 1, . . . , k − 1

k
s(2)(x) =

1

h
{Mi(xi+1 − x) + Mi+1(x − xi)} ⇒ s(3)(x) =

1

h
{Mi+1 − Mi}.

⇒ s(3)(xi+) − s(3)(xi−) =
1

h
{Mi−1 − 2Mi + Mi+1}, i = 1, 2, . . . , k − 1.

 zC � ¿ ]K� n X WOTOL�T�X NQI�j!\�P[jK��I�\�IK\�L�] t�n j!\ n �£§   p µOª jK��P s
k

∫ xi

xi−1

s(x)dx =

∫ xi

xi−1

{yi−1 + s[xi−1, xi−1](x − xi−1)

+ s[xi−1, xi−1, xi](x − xi−1)
2

+ s[xi−1, xi−1, xi, xi](x − xi−1)
2(x − xi)}dx

=
h

2
(yi−1 + yi) +

h2

12
(mi−1 − mi), i = 1, 2, . . . , n.

� X \ i = 1, 2, . . . , n
k���§   p Ù ª ⇒
mi =

h

6
Mi−1 +

h

3
Mi +

1

h
(yi − yi−1),

Y�\OX���§   p ��ª ⇒
mi−1 = −h

3
Mi−1 −

h

6
Mi +

1

h
(yi − yi−1).

l � ]K\ck
mi−1 − mi = −h

2
(Mi−1 + Mi), i = 1, 2, . . . , n,

⇒
∫ xi

xi−1

s(x)dx =
h

2
(yi−1 + yi) −

h3

24
(Mi−1 + Mi), i = 1, 2, . . . , n.
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© µ

q �MUOT�P�k
∫ xn

x0

s(x)dx =

n∑

i=1

{
∫ xi

xi−1

s(x)dx}

=
h

2

n∑

i=1

(yi−1 + yi) +
h2

12

n∑

i=1

(mi−1 − mi)

=
h

2
{y0 + 2(y1 + y2 + · · · + yn−1) + yn} +

h2

12
(m0 − mn).

 zC�¥ FHJ[Y t `�J[h
X t�n jK��WO\
Ii
k
i = 1, 2, . . . , k

k
s ∈ IP2 ⇒ s(1) ∈ IP1

⇒ s(1)(x) =
1

h
{mi−1(xi − x) + mi(x − xi−1)}

⇒ s(x) =
1

2h
{−mi−1(xi − x)2 + mi(x − xi−1)

2} + A,

r L�T�G�J s \�]KW r �KT�I�j!\�P[jK� n G�I!`�Z�Y��uL�\�]KJ�W�^�T
UOZ�P s(xi−1/2) = yi−1/2
§
i = 1, 2, . . . , k

ª k
A =

h

8
(mi−1 − mi) + yi−1/2.

⇒ s(x) =
1

2h
{−mi−1(xi − x)2 + mi(x − xi−1)

2}

+
h

8
(mi−1 − mi) + yi−1/2, x ∈ Ii, i = 1, 2, . . . , k.

� jK] r L�T�PHY�\�j!\ n Y�J�G�Z�PojK��P s ⇒ �
s(1) J!b IK\OX n G�IKJ � Z�P n j�T [x0, xk] p ⇒ � X \fIK\f� � T�G�WOJ

s ∈ C1[x0, xk]
L�]K�ML�J!X�j!\�G�j r � ]KT�IK\uIK\�X n�� a�J!X r j
X

s(xi−) = s(xi+), i = 1, 2, . . . , k − 1.l � ]K\ck
h

2
mi +

h

8
(mi−1 − mi) + yi−1/2 = −h

2
mi +

h

8
(mi − mi+1) + yi+1/2,

⇒ mi−1 + 6mi + mi+1 =
8

h
(yi+1/2 − yi−1/2), i = 1, 2, . . . , k − 1.

§   p ��µOª
q �MUOT�P�k

s(2)(x) =
1

h
(−mi−1 − mi), x ∈ Ii, i = 1, 2, . . . , k.

l � ]K\ckcdeX \
i = 1, 2, . . . , k − 2

k
s
(2)
i−1/2 =

1

h
(−mi−1 + mi), s

(2)
i+1/2 =

1

h
(−mi + mi+1)

Y�\OX
s
(2)
i+3/2 =

1

h
(−mi+1 + mi+2)

⇒ s
(2)
i−1/2 + 6s

(2)
i+1/2 + s

(2)
i+3/2 =

1

h
(−mi−1 − 5mi + 5mi+1 + mi+2).
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⇒
¿ ]K� n X WOTOL�T�X NQI�j!\�P[jK��I�§   p ��µOª k

s
(2)
i−1/2 + 6s

(2)
i+1/2 + s

(2)
i+3/2 =

1

h
{−(mi−1 + 6mi + mi+1)

+ (mi + 6mi+1 + mi+2)}

=
8

h2
(yi−1/2 − 2yi+1/2 + yi+3/2),

i = 1, 2, . . . , k − 2.

 zC�¸ � X \�jK��I�\�LOUOTOL�T�b � n ��j�VQI�L�] t�� JMVQIOk�J s \�]KW r �KT�G�WOJ�j�T�W�JMj!\ n�� ��WO\�j
X n W r x →
hix + xi−1

Y�\OX�L�\�]K\�jK��]KT�a�WOJ r j
X
ci(x) = hiĉi(x), r L�T�G ĉi(x) = (x − 1)2x,Y�\OX
di(x) = hid̂i(x), r L�T�G d̂i(x) = x2(x − 1).

⇒ c
(j)
i (x) = h1−j

i ĉ
(j)
i (x)

Y�\OX
d
(j)
i (x) = h1−j

i d̂
(j)
i (x), j = 0, 1, 2, 3.l � ]K\

max
xin[xi−1,xi]

{|c(j)
i (x)| + |d(j)

i (x)|} = h1−j max
x∈[0,1]

{|ĉ(j)
i (x)| + |d̂(j)

i (x)|}, j = 0, 1, 2, 3.

q T��K��j!T�a�WOJ�IKT�\�LOjK�MUOJ n WO\�L�]KTOY�a�LOjKJ!XcJML�J!X hKZck r LOVQPfJ!b IK\OXcJ�a�Y�T�UOT�IK\�hKJ!X � jKJ!bÞk
max

x∈[0,1]
{|ĉ(j)

i (x)| + |d̂(j)
i (x)|} ≤ Aj , j = 0, 1, 2, 3.

 zC¬º l mon j�V
τ = xi − t pQq�r jKJ
kcdeX \ t ∈ [xi−1, xi]

k
K(t) = K(xi − τ) =

γi

2hi
τ3 +

δi

2hi+1
{(τ + hi+1)

3 − τ3}

− τ2 − δi

2
(τ + hi+1)

2

=
γi

2hi
τ3 +

δi

2
{(τ + hi+1)

2 + (τ + hi+1)τ + τ2}

− τ2 − δi

2
(τ + hi+1)

2

=
γi

2hi
τ3 +

δi

2
{2τ2 + hi+1τ} − τ2

=
1

2hi
τ{γiτ

2 + 2(δi − 1)hiτ + δihihi+1}.l � ]K\�§¶JML�J!X hKZ
δi − 1 = −γi

Y�\OX
δihihi+1 = h2

i γi
ª kcdeX \

x ∈ [xi−1, xi]
k

K(t) = K(xi − τ) =
1

2hi
τ{γiτ

2 − 2hiγiτ + h2
i γi}

=
γi

2hi
(τ − hi)

2τ

=
γi

2hi
(xi−1 − t)2(xi − t) = K1(t).
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� ©

� I
x ∈ [xi, xi+1]

kcj r jKJ
K(t) =

δi

2hi+1
(xi+1 − t)3 − δi

2
(xi+1 − t)2

=
δi

hi+1
(xi+1 − t)2(xi+1 − t − hi+1)

=
δi

2hi+1
(xi+1 − t)2(xi − t) = K2(t).

 zC�¼ R;Y�\�j t
Taylor

\�I t LOjKG � ��j!T�G n G�IK\�]�jK� n X \�Y�T�a
β0 =

3

h1
(y1 − y0) −

h1

2
y
(2)
0 − 2y

(1)
0 − y

(1)
1 =: L(y),

n j!T n ��WOJ!b T
x0
h
b IKJ!X

L(y) =
h3

1

8
y(4)(η) − h3

1

6
y(4)(θ), r L�T�G η, θ ∈ [x0, x1].

⇒ L(p) = 0
k ∀p ∈ IP3 p ⇒ � L r j!T£¤[JMNQ]K��WO\ Peano

L(y) =

∫ x1

x0

K(t)y(4)(t)dt,

r L�T�G
K(t) =

1

3!
Lx{(x − t)3+}.

⇒ � X \ t ∈ [x0, x1]
k

K(t) =
1

2h1
(x1 − t)3 − 1

2
(x1 − t)2

=
1

2h1
(x0 − t)(x1 − t)2 ≤ 0.

⇒
mos \�]KW r �KT�I�j!\�Pfj�T�¤[JMNQ]K��WO\�WO� n ��P[j
X WOZ�P

L(y) = y(4)(ξ0)

∫ x1

x0

K(t)dt

=
1

2h1
y(4)(ξ0){[−

1

3
(x0 − t)(x1 − t)3]x1

x0
+

1

3

∫ x1

x0

(x1 − t)3dt}

= − 1

24
h4

1y
(4)(ξ0), r L�T�G ξ0 ∈ [x0, x1].

q T�\�L�T�jK�MUOJ n WO\�deX \uj�T βk
\�L�T�hKJ!X Y�IKa�JMj!\�XcWOJ[\�Y�]
X ^ONQP[j!T�Iub h
X T�jK] r L�T p

 zCEBQB ½_\�]K\�jK��]KT�a�WOJ�j!\�J � Z�P��
• q \�hKJ�hKT�WO��IK\�j!T�G�L�]KT
d�] t WOWO\�j!T�P�J!b IK\OX�T�X�Y r W�^�T�X xi

k
i = 0, 1, . . . , k

k�jK��P n G «I t ]�jK� n ��P
spline s

Y�\
`eNQP�Y�\OX�T�X�j
X WO��P
yi
k
i = 0, 1, . . . , k

k�Y�\OX
αi
k
βi
k
i = 0, k p
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• � XzL�\�] t WOJMjK]KT�X mi

k
i = 0, 1, . . . , k

k_jK��P
s
LOUO��]KT�a�I�j!TßjK]
X h
X \�dcNQI
X Tßd�]K\�W «W�X Y r n a n jK��WO\�L�T�G�L�]KTOY�a�LOjKJ!X�\�L r j�X P[J � X n N n J!X P n G�IK� � J!X \�P�§   p © v ª Y�\OX�j
X P_hKa�Tn G�I!`�Z�Y�J�P t Y�]�VQI po� X \ujK��I�JML�b UOG n ��j!T�Gud�]K\�WOW�X Y�T�a�\�G�j!T�a n X n jKZ�WO\�j!T�P � ]K� n X «WOTOL�T�X T�a�WOJ[��IK\�\�L r j!\�h
X \
`�� n X WO\�§ n jK��^�X ^OU�X T
d�]K\ s b \uZ n j!T£h
X \�h
b Y�jKG�T ª J!X h
X Y tG�L�TOL�]KT�d�] t WOWO\�j�\�§

subroutines
ª \�L�\�UOT�X s Z�P

Gauss
Z

LU
« L�\�]K\�d�TOI�j�TOL�T�b � n ��PdeX \[jK]
X h
X \�dcNQI
X \[d�]K\�WOW�X Y tfn G n jKZ�WO\�j!\ p §¶àHU p k deX \_L�\�] t hKJ!X d�WO\ckcá � k §3.4â deX \f��IK\J!X h
X Y r \�U�d r ]
X `�WOT LU

« L�\�]K\�d�T�I�j!TOL�T�b � n ��P p ª
• � X \�j!T�IuG�L�T�UOT
deX n W r jK��P�j
X WOZ�PfjK��P s

k n J�TOL�T�X T�hKZ�L�T�jKJ n ��WOJ!b T
x
j!T�G

[x0, xk]
k� ]K� n X WOTOL�T�X T�a�WOJ�jK��I�\�IK\�L�\�] t�n j�\ n ��§   p µOª¬« §   p ©�» ª §¶ZckãX n T�hKa�IK\�WO\ck�jK��I�§   p � » ª¬«§   p � © ª ) kO\ s T�a[L�]�NDj!\[L�]KT n h
X T�]
b n T�G�WOJoj!T�G�L�T�h
X t�n jK��WO\ [xi−1, xi]

n j!T�TOL�T�b T�j!Tn G�dcY�JMY�]
X WO��IKT n ��WOJ!b T
x
\�IKZ�Y�J!X p

 zCEB �
ä  zCEB
  ½_\�]K\�jK��]KT�a�WOJ�j�\�J � Z�P n�� JMj
X Y t WOJ_j
X P[j
X WO��P[j�VQI
αi
Y�\OX

βi
k
i = 0, 1

�
• � X n G�I!`�Z�Y�J�P t Y�]�VQI�jK��P n G�I t ]�jK� n ��P D1-spline

J!b IK\OX
mi = y

(1)
i

k
i = 0, k p ⇒

αi = 0
Y�\OX

βi = y
(1)
i

k
i = 0, k p

• � X n G�I!`�Z�Y�J�P t Y�]�VQI s
(2)
i = y

(2)
i

k
i = 0, k

k
jK��P n G�I t ]�jK� n ��P
D2-spline

W�L�T�]KT�a�IIK\�JMY s ]K\ n j!T�a�I n jK��WOT�] s Z�§   p   © ª¬« §   p  ­ Oª WOJ u2 = y
(2)
0

Y�\OX
v2 = y

(2)
k p ⇒

αi =
1

2
, i = 0, k,

β0 =
h1

4
{ 6

h2
1

(y1 − y0) − y
(2)
0 } Y�\OX βk =

hk

4
{ 6

h2
k

(yk − yk−1) + y
(2)
k },

r L�T�G hi = xi − xi−1
k
i = 1, 2, . . . , k p

• � X n G�I!`�Z�Y�J�P t Y�]�VQI�jK��P s G n X Y�Z�P n G�I t ]�jK� n ��P spline
J!b IK\OX

s
(2)
i = 0

k
i = 0, k p

⇒

αi =
1

2
, i = 0, k,

β0 =
3

2h1
(y1 − y0)

Y�\OX
βk =

3

2hk
(yk − yk−1).

 zCEB �å� I_T�X�Y r W�^�T�X�J!b IK\OXOX n \�L�� � T�I�j
J�PHWOJ hi = h
k
i = 1, 2, . . . , k

k�Y�\OX�G�L�T�`�� n T�G�WOJ
r j
X

e[j](k) ≈ Cjh
mj , j = 1, 2, 3,

r L�T�G�T�X n j!\
`�J�]K��P Cj
J!b IK\OX�\�IKJ �Kt ]�jK��jKJ�P_j!T�G

h
k�j r jKJ

e[j](2k) ≈ Cj(h/2)mj , ⇒ e[j](k)/e[j](2k) ≈ 2mj , j = 1, 2, 3,

⇒

r[j](k) := log2{e[j](k)/e[j](2k)} ≈ mj , j = 1, 2, 3.FHG�IKJMLONQP�k�T�Xcj
X WO��P
r[j](k)

k
j = 1, 2, 3

k�J!b IK\OX�JMY�j
X WOZ n J!X P[j�VQI�j t�� JMVQI n a�dcY�U�X n ��P_j�VQIj
X W�NQI
s(j)(xi)

k
j = 1, 2, 3 p
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�3 

Ö Jfj!T�I�b h
X T�j
] r L�T�W�L�T�]KJ!beIK\�hKJ!X � jKJ!b r j
X�T�Xej
X WO��P R[j](k)
k
j = 0, 1, 2, 3

k�J!b IK\OXeJMY�j
X «WOZ n J!X P[j�VQI�j t�� JMVQI�T�WOT�X r WOT�] s ��P n a�dcY�U�X n ��P[jMVQI n G�IK\�]�jKZ n JMVQI s(j) k j = 0, 1, 2, 3 p
 zCEB
¥ FHa�W s VQIK\�WOJ�jK��`�JMVQ]
b \æ§¨^OU p ¤[JMNQ]K��WO\   p   Y�\OXQ½ r ]
X n WO\   p © ª kHT�XQj
X WO��P
r[j](10)

Y�\OX
R[j](10)

L�T�G�\�I�j
X n j�T�X � T�a�I n j
X P n G�IK\�]�jKZ n J!X P
D1-spline

Y�\OX
D2-spline\�IK\�WO��IKTOI�j�\OXcIK\�J!b IK\OXcVQP�J � Z�P��

• � X \ujK��I D1-spline
�

r[1](10) ≈ 4, r[2](10) ≈ 2
Y�\OX

r[3](10) ≈ 1.

• � X \ujK��I D2-spline
�

r[1](10) ≈ 3, r[2](10) ≈ 2
Y�\OX

r[3](10) ≈ 1.

• � X \ujK��I D1-spline
Y�\OXcjK��I

D2-spline
�

R[j](10) ≈ 4 − j, j = 0, 1, 2, 3.

� X \£j�X P�\�IK\�WOJ�I r WOJ�IKJ�Puj
X WO��PuL�T�G�\�I�j
X n j�T�X � T�a�I n jK� s G n X Y�Z n G�I t ]�jK� n � spline
k�^OU p½_\�]K\�jKZ�]K� n �   p © � p

 zCEB
¸ � X
L�\�] t WOJMjK]KT�X µi
k
i = 1, 2, . . . , k−1

k
jK��P
σ
X Y�\�IKTOL�T�X T�a�Ioj!T

(k−1)×(k−1)jK]
X h
X \�dcNQI
X T�d�]K\�WOW�X Y r n a n jK��WO\
6µ1 + 3µ2 = d1

µi−1 + 6µi + 3µi+1 = di, i = 2, 3, . . . , k − 2,
§   p � » ª

3µk−2 + 6mk−1 = dk−1

r L�T�G
d1 =

1

3h
(−10y0 − 9y1 + 18y2 + y3) − y

(1)
0 ,

di =
1

3h
(−10yi−1 − 9yi + 18yi+1 + yi+2), i = 1, 2, . . . , k − 2,Y�\OX

dk−1 =
1

3h
(−yk−3 − 18yk−2 + 9yk−1 + 10yk) − y

(1)
k .

RÐa�L�\�] � �£Y�\OX
WOT�IK\�h
X Y r jK��j!\�jK��P n G�I t ]�jK� n ��P σ
L�]KTOY�a�LOjKJ!X�\�L r j!T�d�JMd�T�I r P r j
XãTL�b IK\�Y�\�Pzj!T�G�L�X TuL t I�V n G n jKZ�WO\�j!T�P�J!b IK\OX�\�G n jK��] t h
X \�dcNQI
X \�G�L���]�jKJ�]KT�P�Y�\OX n G�IKJMLONQP\�I�j
X n jK]K��ç�X WOT�P pl mon j�V

λi = µi − y
(1)
i , i = 0, 1, . . . , k,Y�\OX

λ = [λ1, λ2, . . . , λk−1]
T .

q�r jKJ λ0 = λk = 0
Y�\OX

Aλ = β,
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r L�T�G A

J!b IK\OX�T�L�b IK\�Y�\�P_j�T�G n G n jKZ�WO\�j!T�P�§   p � » ª Y�\OX
β = [β1, β2, . . . , βk−1]

T ,WOJ
βi =

1

3h
(−10yi−1 − 9yi + 18yi+1 + yi+2)

− (y
(1)
i−1 + 6y

(1)
i + 3y

(1)
i+1), i = 1, 2, . . . , k − 1,

§   p � © ªY�\OX
βk−1 =

1

3h
(−yk−3 − 18yk−2 + 9yk−1 + 10yk)

− (3y
(1)
k−2 + 6y

(1)
k−1 + y

(1)
k ).

§   p �©��ªl � ]K\ck�JML�J!X hKZ£§¨^OU p �HZ�WOWO\   p © ª ||A−1||∞ ≤ 1/2
k

||λ||∞ ≤ ||A−1||∞||β||∞ ≤ 1

2
||β||∞.

§   p �­ Oª
� X \fjK��I[JMY�j
b WO� n �[jK��P�I r ]KWO\�P ||β||∞ kO\�IK\�LOjKa n�n T�G�WOJoY�\�j t Taylor

j!\ n G�IK\�]�jK� n X \�Y t§   p � © ª Y�\OX
§   p �©��ª § n j�\ n ��WOJ!b \ xi
Yc\OX

xk−1
\�I�j
b n j!T�X � \ ª Y�\OX�^�]
b n Y�T�G�WOJ r j
X

βi =
1

60
h5y

(6)
i + O(h6), i = 1, 2, . . . , k − 2,Y�\OX

βk−1 = − 1

60
h5y

(6)
k−1 + O(h6).

FHG�IKJMLONQP
||β||∞ ≤ 1

60
h5||y(6)|| + O(h6).

⇒
� L r jK��I�§   p �­ Oª k

||λ||∞ = max
1≤i≤k−1

|µi − y
(1)
i | ≤ 1

120
h5||y(6)|| + O(h6).

§   p � Ù ª
½_]KT s \�I�NQP�j!TÁ�HZ�WOWO\   p   X n�� a�J!XzY�\OX�deX \�jK� n G�I t jK� n � σ

§¶hK��U p WOJ s = σ
Y�\OX

mi = µi
ª p gih
X \Ob jKJ�]K\ckc��§   p Ù » ª §¶WOJ j = 0

ª n J n G�IKhKG�\ n W r WOJ_jK��I�§   p � Ù ª h
b IKJ!X
||σ − y|| ≤ 1

4
||λ||∞ +

1

384
||y(4)||

≤ 1

384
h4||y(4)|| + 1

480
h6||y(6)|| + O(h7).

� L r j
X P�§   p © Ù ª Y�\OX�§   p © �Oª k�deX \ i = 1, 2, . . . , k − 1
k

σ(2)(xi+) − σ(2)(xi−) = − 2

h
(µi−1 + 4µi + µi+1)

+
6

h2
(yi+1 − yi−1)

= − 2

h
(λi−1 + 4λi + λi+1) + δi,

§   p �O��ª
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���

r L�T�G
δi =

6

h2
(yi+1 − yi−1) −

2

h
(y

(1)
i−1 + 4y

(1)
i + y

(1)
i+1).� IK\�LOjKa n�n TOI�j�\�P[Y�\�j t

Taylor
n j!T n ��WOJ!b T

xi
k

δi = − 1

15
h3y

(5)
i + O(h5), i = 1, 2, . . . , k − 1.

§   p ���Oª
⇒
� L r j
X P�§   p � Ù ª¬« §   p ����ª k�deX \ i = 1, 2, . . . , k − 1

k
|σ(2)(xi+) − σ(2)(xi−)| ≤ 12||λ||∞ + max

1≤i≤k−1
|δi|

≤ 1

15
h3||y(5)|| + 1

10
h4||y(6)|| + O(h5).
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spline

� CEB � X�J � X n N n J!X P n G�IK� � J!X \�P�§   p © µOª k n J n G�IKhKG�\ n W r WOJ�j
X P E(3)
n G�I!`�Z�Y�J�P t Y�]�VQIjK��P

s
§¨^OU p § Ù p  Oª ) T�hK��d�T�a�I n j�T (k + 1) × (k + 1)

d�]K\�WOW�X Y r n a n jK��WO\
m0 + 3m1 = d0

mi−1 + 4mi + mi+1 = di, i = 1, 2, . . . , k − 1,

3mk−1 + mk = dk

r L�T�G mi := s
(1)
i

k
i = 0, 1, . . . , k

kcY�\OX
d0 =

1

6h
{−17y0 + 9y1 + 9y2 − y3},

di =
3

h
(yi+1 − yi−1), i = 1, 2, . . . , k − 1,

dk = − 1

6h
{−17yk + 9yk−1 + 9yk−2 − yk−3}.

(i)
� L r j!\uL�X T�L t I�V�k�\�I λi = mi − y

(1)
i

k
i = 0, 1, . . . , k

kcj r jKJ
λ0 + 3λ1 = β0

λi−1 + 4λi + λi+1 = βi, i = 1, 2, . . . , k − 1,
§ Ù p v © ª

3λk−1 + λk = βk

r L�T�G
β0 = d0 − y

(1)
0 − 3y

(1)
1

=
1

6h
{−17y0 + 9y1 + 9y2 − y3} − y

(1)
0 − 3y

(1)
1 ,

§ Ù p v ��ª
βk = dk − y

(1)
k − 3y

(1)
k−1

= − 1

6h
{−17yk + 9yk−1 + 9yk−2 − yk−3} − y

(1)
k − 3y

(1)
k−1,

§ Ù p v  Oª
� v
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Y�\OX

βi
k
i = 1, 2, . . . , k − 1

k�J!b IK\OX r LOVQP n j�T��HZ�WOWO\   p � pR@\�L�\�UOT�X s Z�jK��P�L�\�]K\�WO�MjK]KT�G
λ0
\�L r j
X P£hKG�T�L�]�NDjKJ�P£J � X n N n J!X P�j!T�G n G n jKZ�WO\�j!T�P§ Ù p v © ª T�hK��d�J!b n jK��I_J � b n V n � λ1 +λ2 = β1−β0

kOJ�I�N��f\�L�\�UOT�X s Z_jK��PHL�\�]K\�WO�MjK]KT�G
λ1\�L r jK�fIK��\f\�G�jKZ[J � b n V n �fY�\OX
jK��I�jK]
b jK�fJ � b n V n �[j!T�G�§ Ù p v © ª T�hK��d�J!b n jK��I 3λ2+λ3 =

β2 − β1 + β0 p RìJ s \�]KWOT
d�Z�jK��P�\�I�j
b n j!T�X � ��P�h
X \�h
X Y t�n X \�P�\�L�\�UOT�X s Z�P n j
X P�jK]KJ!b PjKJMUOJ�G�j!\Ob J�PHJ � X n N n J!X Pzj!T�G n G n jKZ�WO\�j!T�Pf§ Ù p v © ª T�hK��d�J!b n j�X P�J � X n N n J!X P λk−2 +λk−1 =
βk−1−βk

Y�\OX
λk−3 +3λk−2 = βk−2−βk−1 +βk p ⇒ q T�d�]K\�WOW�X Y r n a n jK��WO\�§ Ù p v © ªW�L�T�]KJ!b�IK\�JMY s ]K\ n jKJ!bcVQP

λ0 + 3λ1 = β0,
§ Ù p v¾Ù ª

λ1 + λ2 = β1 − β0,
§ Ù p v ��ª

3λ2 + λ3 = β2 − β1 + β0

λi−1 + 4λi + λi+1 = βi, i = 3, 4, . . . , k − 3,
§ Ù p v �Oª

λk−3 + 3λk−2 = βk−2 − βk−1 + βk

λk−2 + λk−1 = βk−1 − βk,
§ Ù p v�v ª

3λk−1 + λk = βk.
§ Ù p v wOª

(ii) � (k − 3)× (k − 3)
jK]
X h
X \�dcNQI
X T�P[L�b IK\�Y�\�P

A
j!T�G�d�]K\�WOW�X Y�T�a n G n Z�WO\�j!T�P�§ Ù p v �OªJ!b IK\OX×\�G n jK��] t h
X \�dcNQI
X \�G�L���]�jKJ�]KT�P�Y�\OX n G�IKJMLONQP�\�I�j�X n jK]K��ç�X WOT�P p ⇒ q T n a n jK��WO\� � J!X�WOTOIK\�h
X Y�Z�UOa n �

λ = [λ2, λ3, . . . , λk−2]
T .�_s T�a�G�L�T�UOT
deX n jKJ!b
j!T

λ
kOT�Xe§ Ù p v ��ª kÞ§ Ù p v¾Ù ª k�§ Ù p v�v ª Y�\OXe§ Ù p v wOª h
b IKT�G�I_WOT�IKT n Z�WO\�I�j!\[j
X PL�\�]K\�WO�MjK]KT�G�P

λ1
k
λ0
k
λk−1

Y�\OX
λk p ⇒ q T�d�]K\�WOW�X Y r n a n jK��WO\·§ Ù p v¾Ù ª¬« § Ù p v w�ª � � J!XWOTOIK\�h
X Y�Z�UOa n � p

q \fd�]K\�WOW�X Y t�n G n jKZ�WO\�j�\fdeX \[j
X PzL�\�]K\�WO�MjK]KT�G�P mi
Y�\OX

λi
k
i = 0, 1, . . . , k

kO� � T�G�I�j�TOIb h
X T�L�b IK\�Y�\ n G�I�jKJMUOJ n j�NQI p ⇒ í L t ] � J!X
W�X \�WOTOIK\�h
X Y�Z n G�I t ]�jK� n � E(3)
«
spline

L�T�GLOUO��]KT�bcj
X P n X I!`�Z�Y�J�P[L�\�]KJ�W�^�T�UOZ�Pu§ Ù p � » ª p
(iii) (a)

� IK\�LOjKa n�n T�I�j�\�P�Y�\�j t
Taylor

j!\ n G�IK\�]�jK� n X \�Y t § Ù p v ��ª Y�\OXf§ Ù p v  Oª k n j�\n ��WOJ!b \
x1
Y�\OX

xk−1
\�I�j
b n j�T�X � \ck�^�]
b n YcT�G�WOJ r j
X

β0 =
h4

720
{17y(5)(η1) + 9y(5)(η2) − 32y(5)(η3) − 30y(5)(η4)}Y�\OX

βk =
h4

720
{17y(5)(ξ1) + 9y(5)(ξ2) − 32y(5)(ξ3) − 30y(5)(ξ4)},

r L�T�G ηi ∈ [x0, x3]
Y�\OX

ξi ∈ [xk−3, xk]
k
i = 1, 2, 3, 4 p ⇒

|βi| ≤
11

90
h4||y(5)||, i = 0, k.

(b) q T�d�]K\�WOW�X Y r n a n jK��WO\�§ Ù p v �Oª J!b IK\OX
Aλ = β̂
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��µ

r L�T�G
β̂ = [β̂2, β̂3, . . . , β̂k−2]

T ,

WOJ
β̂2 = β2 − β1 − β0

k
β̂i = βi

k
i = 3, 4, . . . , k − 3

k�Y�\OX
β̂k−2 = βk−2 − βk−1 + βk p

⇒
m L�J!X hKZ�§¨^OU��HZ�WOWO\   p © ª ||A−1||∞ ≤ 1/2

k
max

2≤i≤k−2
|λi| = ||λ||∞ ≤ ||A−1||∞||β̂||∞ ≤ 1

2
||β̂||∞.

� L r j!T��HZ�WOWO\   p � k
|βi| ≤

1

30
h4||y(5)||, i = 1, 2, . . . , k − 1,

⇒

|β̂i| = |βi| ≤
1

30
h4||y(5)||, i = 3, 4, . . . , k − 3,

J�I�N
|β̂2| ≤ |β2| + |β1| + |β0|

Y�\OX |β̂k−2| ≤ |βk−2| + |βk−1| + |βk|.

⇒

||β̂||∞ ≤ (
1

15
+

11

90
)h4||y(5)|| =

17

90
h4||y(5)||.

⇒

max
2≤i≤k−2

|λi| ≤
17

180
h4||y(5)||.

(c)
� L r jK��I�§ Ù p v ��ª k

|λ1| ≤ |λ2| + |β1| + |β0|

≤ (
17

180
+

1

30
+

11

90
)h4||y(5)|| =

45

180
h4|y(5)||.

Ö J[j!T�Iub h
X T�jK] r L�Tek � ]K� n X WOTOL�T�X NQI�j�\�P[jK��I�§ Ù p v�v ª ^�]
b n Y�T�G�WOJ r j
X
|λk−1| ≤

45

180
h4|y(5)||.

(d)
� L r jK��I�§ Ù p v¾Ù ª k

|λ0| ≤ 3|λ2| + |β0|

≤ (
135

180
+

11

90
)h4||y(5)|| =

157

180
h4|y(5)||.

Ö J[j!T�Iub h
X T�jK] r L�Tek � ]K� n X WOTOL�T�X NQI�j�\�P[jK��I�§ Ù p v wOª ^�]
b n Y�T�G�WOJ r j
X
|λk−1| ≤

157

180
h4|y(5)||.
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(iv) q T��K��j!T�a�WOJ�IKT�\�L�T�jK�MUOJ n WO\�L�]KTOY�a�LOjKJ!X t WOJ n \�\�L r j!T��HZ�WOW�\   p   §¶WOJ hi = h

k
i = 1, 2, . . . , k

kQY�\OX
j = 0

ª � ]K� n X WOTOL�T�X NQI�j!\�P�j!\ s ] t d�WO\�j�\�deX \�j
X P�L�\�]K\�WO�MjK]KT�G�P
λi = mi − y

(1)
i

k
i = 0, 1, . . . , k

kcL�T�GuG�L�T�UOT�deb n \�WOJ n j�\�WO��]K�
(iii) (b), (c)

Y�\OX
(d) p

� C � � X E(α)
n G�I!`�Z�Y�J�P t Y�]�VQI�§¨^OU p § Ù p  Oª¬« § Ù p Ù ª ) J!b IK\OX

m0 + αm1 =
1

6h
{(−11y0 + 18y1 − 9y2 + 2y3)

+ α(−2y0 − 3y1 + 6y2 − y3)},
§ Ù p v µOªY�\OX

αmk−1 + mk = − 1

6h
{(−11yk + 18yk−1 − 9yk−2 + 2yk−3)

+ α(−2yk − 3yk−1 + 6yk−2 − yk−3)}.
§ Ù p w » ª

(i)
å�ñ�æFë ôtú�éÒþ�ò ä�� q T�\�L�T�jK�MUOJ n WO\�L�]KTOY�a�LOjKJ!X t WOJ n \�\�L r j
X P�§ Ù p v µOª¬« § Ù p w » ª deX \�j
bÞkr LOVQP�J!b IK\OX�J�a�Y�T�UOT�IK\�hKJ!X � jKJ!bÞk

p
(1)
i (xi) =

1

6h
{−11yi + 18yi+1 − 9yi+2 + 2yi+3},

p
(1)
i (xi+1) =

1

6h
{−2yi − 3yi+1 + 6yi+2 − yi+3},

p
(1)
i (xi+2) =

1

6h
{yi − 6yi+1 + 3yi+2 + 2yi+3},

p
(1)
i (xi+3) =

1

6h
{−2yi + 9yi+1 − 18yi+2 + 11yi+3}.

(ii)
å�ñ�æFë ôtú�é×þ�ò î�� ¿ ]K� n X WOTOL�T�X NQI�j!\�P�j
X P�§   p ��ª Y�\OXD§   p wOª k���§ Ù p v µOª W�L�T�]KJ!b�IK\£JMY «s ]K\ n jKJ!b�VQP
−2M0 − (1 + 2α)M1 − αM2 =

1

h2
{−(5 + 2α)(y0 − 2y1 + y2)

+ (2 − α)(y1 − 2y2 + y3)},

=
1

6
{−(5 + 2α)(M0 + 4M1 + M2)

+ (2 − α)(M1 + 4M2 + M3)}.FHG�IKJMLONQP�k
(7M0 − 12M1 + 3M2 + 2M3) + α(−2M0 + 3M1 − M3) = 0,

⇒ (2 − α)(−M0 + 3M1 − 3M2 + M3) + (9 − 3α)(M0 − 2M1 + M2) = 0,

⇒ (2 − α)43M0 + (9 − 3α)42M0 = 0.

q T�\�I�j
b n j!T�X � T�\�L�T�jK�MUOJ n WO\�deX \ujK��I�§ Ù p w » ª \�L�T�hKJ!X Y�IKa�JMj!\�XcWOJf\�I t UOT�d�T�jK] r L�Tek � ]K� «n X WOTOL�T�X NQI�j!\�P[j
X P�§   p Ù ª Y�\OX
§   p wOª p
(iii)

å�ñ�æFë ôtú�éØþ�òqø � L r jK��I l �_n Y�� n �   p   k
di := s(3)(xi+) − s(3)(xi−)

=
1

h
42Mi−1

=
1

h
∇2Mi+1, i = 1, 2, . . . , k − 1.
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q T��K��j�T�a�WOJ�IKT�\�L�T�jK�MUOJ n W�\fL�]KTOY�a�LOjKJ!X t WOJ n \�\�L r \�G�j r j!T�G�½_T�]
b n WO\�j!T�P Ù p � kOJML�J!X hKZ
43M0 = 42M1 −42M0 = h(d2 − d1),Y�\OX

∇3Mk = ∇2Mk −∇2Mk−1 = h(dk−1 − dk−2).

� C�  FojK��IfJ s \�]KWOT�d�Z�j!T�G�L�]KT�d�] t WOWO\�j!T�P�jK��P l �_n Y�� n ��P   p ©�©_T�X�j
X WO��P�j�VQIfL�\�]K\�WO� «jK]�VQI
αi, βi

k
i = 0, k

k�J!b IK\OXcVQP�J � Z�P��
E(0) − spline : α0 = αk = 0, β0 =

1

6h
{−11y0 + 18y1 − 9y2 + 2y3},

βk = − 1

6h
{−11yk + 18yk−1 − 9yk−2 + 2yk−3}.

E(2) − spline : α0 = αk = 2, β0 =
1

6h
{−15y0 + 12y1 + 3y2},

βk = − 1

6h
{−15yk + 12yk−1 + 3yk−2}.

E(3) − spline : α0 = αk = 3, β0 =
1

6h
{−17y0 + 9y1 + 9y2 − y3},

βk = − 1

6h
{−17yk + 9yk−1 + 9yk−2 − yk−3}.

� C � � X
§ Ù p   © ª¬« § Ù p  ©��ª k�WOJ µ = 0
k
i = 1, 2, . . . , k − 1

kcY�\OX
j = 2

kch
b IKT�G�IO�
y
(2)
i = s

(2)
i +

1

24
{s(2)

i−1 − 2s
(2)
i + s

(2)
i+1}P (2)(0) + O(h3)

= s
(2)
i +

1

12
(s

(2)
i−1 − 2s

(2)
i + s

(2)
i+1) + O(h3)

=
1

12
(s

(2)
i−1 + 10s

(2)
i + s

(2)
i+1) + O(h3), i = 1, 2, . . . , k − 1.

R=b h
X \�h
X \�h
X Y�\ n b \ck�\�U�U t WOJ
j = 3

k�h
b IKJ!XÞ�
y
(3)
i = s

(3)
i+ +

1

24h
{s(2)

i−1 − 2s
(2)
i + s

(2)
i+1}P (3)(0) + O(h2)

= s
(3)
i+ − 1

2h
(s

(2)
i−1 − 2s

(2)
i + s

(2)
i+1) + O(h2), i = 1, 2, . . . , k − 1.

l � W�VQP�§¨^OU p jK��UOa n ��jK��P l �_n Y�� n ��P   p  Oª k
s
(3)
i+ =

1

h
(s

(2)
i+1 − s

(2)
i ), i = 1, 2, . . . , k − 1.

FHG�IKJMLONQP�k
y
(3)
i =

1

2h
(s

(2)
i+1 − s

(2)
i−1) + O(h2), i = 1, 2, . . . , k − 1.
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� C�¥ � X�J � X n N n J!X P n G�IK� � J!X \�P_jK��P s

J!b IK\OX�§¨^OU p §   p wOª ) k
s
(2)
i−1 + 4s

(2)
i + s

(2)
i+1 =

6

h2
(yi−1 − 2yi + yi+1), i = 1, 2, . . . , k − 1.

FHG�IKJMLONQP�k�deX \
i = 1, 2, . . . , k − 1

k
κi−1 + 4κi + κi+1 = βi,

Y�\OX
νi−1 + 4νi + νi+1 = γi,

r L�T�Gck
βi =

6

h2
(yi−1 − 2yi + yi+1)

− (y
(2)
i−1 + 4y

(2)
i + y

(2)
i+1) +

h2

12
(y

(4)
i−1 + 4y

(4)
i + y

(4)
i+1),Y�\OX

γi = βi −
h4

360
(y

(6)
i−1 + 4y

(6)
i + y

(6)
i+1).

q \��K��j!T�a�WOJ�IK\�\�L�T�jKJMUO� n WO\�j!\�L�]KTOY�a�LOj!T�G�I�\�IK\�LOjKa n�n T�I�j!\�P[Y�\�j t Taylor
j�\ n G�IK\�] «jK� n X \�Y t

βi
Y�\OX

γi

n j�T n ��WOJ!b T
xi pï���ú�õ�� �Zô
�
� � X \�jK��Iu\�LOUOTOL�T�b � n �uj�VQIuL�] t�� JMVQI � ]K� n X WOTOL�T�X Z n jKJ[j!T�L�X T�Y t jMVÁ\�I t «LOjKG�d�WO\ck�L�T�G�X n�� a�J!XcdeX \

F ∈ C8[a, b]
Y�\OX ∀α ∈ IR

k
Fi−1 + αFi + Fi+1 = (α + 2)Fi + h2F

(2)
i +

h4

12
F

(4)
i +

h6

360
F

(6)
i + O(h8).

� C�¸ � L r jK��I�§   p ��ª k�deX \ i = 0, 1, . . . , k − 1
k

y
(1)
i − s

(1)
i =

h

6
(2s

(2)
i + s

(2)
i+1) −

1

h
(yi+1 − yi) + y

(1)
i

=
h

6
(2κi + κi+1) + Ei

= Ei + O(h5),

r L�T�G
Ei =

h

6
{2(y(2)

i − h2

12
y
(4)
i ) + (y

(2)
i+1 −

h2

12
y
(4)
i+1)} −

1

h
(yi+1 − yi) + y

(1)
i .

� IK\�LOjKa n�n TOI�j�\�P[Y�\�j t
Taylor

j!T n G�IK\�]�jK� n X \�Y r Ei
k n j!T n ��WOJ!b T

xi
k�^�]
b n Y�T�G�WOJ r j
X

Ei =
1

180
h4y

(5)
i + 0(h5).

FHG�IKJMLONQP
y
(1)
i − s

(1)
i =

1

180
h4y

(5)
i + 0(h5), i = 0, 1, . . . , k − 1.

q T�\�I�j
b n j!T�X � T�\�L�T�jK�MUOJ n WO\�deX \ i = k
\�L�T�hKJ!X Y�IKa�JMj�\OXÞk�WOJf\�I t UOT�d�T�jK] r L�Tek � ]K� n X WOT «L�T�X NQI�j!\�P[jK��I�§   p Ù ª \�I�j
bcjK��I�§   p ��ª p
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� X \ x ∈ [xi−1, xi)
k
i = 1, 2, . . . , k

k
s(2)(x) =

1

h
{s(2)

i−1(xi − x) + s
(2)
i (x − xi−1)} ⇒ s(3)(x) =

1

h
(s

(2)
i − s

(2)
i−1),

Y�\OXcdeX \
x ∈ [xi, xi+1)

k
i = 0, 1, . . . , k − 1

k
s(2)(x) =

1

h
{s(2)

i (xi+1 − x) + s
(2)
i+1(x − xi)} ⇒ s(3)(x) =

1

h
(s

(2)
i+1 − s

(2)
i ).

FHG�IKJMLONQP�k�deX \
i = 0, 1, . . . , k − 1

k
s
(3)
i+ =

1

h
(s

(2)
i+1 − s

(2)
i )

=
1

h
{(y(2)

i+1 −
1

h2
y
(4)
i+1) − (y

(2)
i − 1

h2
y
(4)
i )} + O(h3).

⇒
� IK\�LOjKa n�n T�I�j!\�P[Y�\�j t

Taylor
n j!T n ��WOJ!b T

xi
k

s
(3)
i+ = y

(3)
i +

1

2
hy

(4)
i +

1

12
h2y

(5)
i + O(h3),

⇒ y
(3)
i − s

(3)
i+ = −1

2
hy

(4)
i − 1

12
h2y

(5)
i + O(h3), i = 0, 1, . . . , k − 1.

q T�\�I�j
b n j�T�X � T�\�L�T�jK�MUOJ n WO\�deX \ i = 1, 2, . . . , k
\�L�T�hKJ!X Y�IKa�J#j!\OXeWOJ�j�TOI�b h
X T�\�Y�]
X ^ONQPjK] r L�Tek�\�U�U t \�] � b �KT�I�j!\�Pf\�L r jK��I

s
(3)
i− =

1

h
(s

(2)
i − s

(2)
i−1).

m L�J!X hKZ
y ∈ C6[a, b]

kcW�L�T�]KT�a�WOJ�IK\�`�JMVQ]KZ n T�G�WOJ�\�\�IK\�LOjKa�d�WO\�j!\
Taylor

j!T�G��HZ�WOWO\ «j!T�P Ù p ©fWOJf��IK\�JML�X L�] r n `�JMj!T r ]KT pQq \�\�IK\�LOjKa�d�WO\�j!\�\�G�j t J!b IK\OXÞ�

y(xi + µh) − s(xi + µh) = µh(y
(1)
i − s

(1)
i ) +

1

2
µ2h2(y

(2)
i − s

(2)
i )

+
1

6
µ3h3(y

(3)
i − s

(3)
i+ ) +

1

24
µ4h4y

(4)
i +

1

120
µ5h5y

(5)
i + O(h6),

y(1)(xi + µh) − s(1)(xi + µh) = y
(1)
i − s

(1)
i + µh(y

(2)
i − s

(2)
i )

+
1

2
µ2h2(y

(3)
i − s

(3)
i+ ) +

1

6
µ3h3y

(4)
i +

1

24
µ4h4yi(5) + O(h5),

y(2)(xi + µh) − s(2)(xi + µh) = y
(2)
i − s

(2)
i + µh(y

(3)
i − s

(3)
i+ )

+
1

2
µ2h2y

(4)
i +

1

6
µ3h3 + O(h4),

y(3)(xi + µh) − s(3)(xi + µh) = y
(3)
i − s

(3)
i+ + µhy

(4)
i +

1

h
µ2h2y

(5)
i + O(h3).

R:\�I�j
X Y�\�j t�n j!\ n �£j�VQI r ]�VQI y
(j)
i − s

(j)
i

k
j = 1, 2

k×Y�\OX
y
(3)
i − s

(3)
i+

k n j!\�L�X T�L t I�V\�IK\�LOjKa�d�WO\�j!\ck�W�J[j!T�G�P
1

180
h4y

(5)
i + O(h5), − 1

12
h2y

(4)
i + O(h4)

Y�\OX − 1

2
hy

(4)
i − 1

12
h2y

(5)
i + O(h3),
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\�I�j
b n j!T�X � \ckeT�hKZ�d�J!X t WOJ n \ n j�T�\�L�T�j
�MUOJ n WO\ r j
X�deX \ 0 ≤ µ ≤ 1

k
i = 0, 1, . . . , k − 1Y�\OX

j = 0, 1, 2, 3
k

y(j)(xi + µh) = s(j)(xi + µh) +
1

24
h4−jP(j)

0 (µ)y
(4)
i

+
1

120
h5−jP(j)

1 (µ)y
(5)
i + O(h6−j),

§ Ù p w © ª
r L�T�G P0

Y�\OX P1
J!b IK\OXcj!\uL�T
UOG�NQIKG�WO\£§ Ù p �­ Oª Y�\OX
§ Ù p � Ù ª p

� C¬º � L r jK��I l �_n Y�� n � Ù p � k
y
(3)
i − s

(3)
i+ = −1

2
hy

(4)
i − 1

12
h2y

(5)
i + O(h3), i = 0, 1, . . . , k − 1,Y�\OX

y
(3)
i − s

(3)
i− =

1

2
hy

(4)
i − 1

12
h2y

(5)
i + O(h3), i = 1, 2, . . . , k.

FHG�IKJMLONQP�k�deX \
i = 1, 2, . . . , k − 1

k
s
(3)
i+ − s

(3)
i− = hy

(4)
i + O(h3),

⇒ y
(4)
i =

1

h
(s

(3)
i+ − s

(3)
i− ) + O(h2),

⇒ §¨^OU p l �_n Y�� n �   p  Oª y
(4)
i =

1

h2
δ2s

(2)
i + O(h2).

m L�b n ��P�k
y
(4)
0 − 2y

(4)
1 + y

(4)
2 = O(h2),

⇒ y
(4)
0 = 2ỹ

(4)
1 − ỹ

(4)
2 + O(h2),

⇒ y
(4)
0 = ỹ

(4)
0 + O(h2).Ö J[j!T�Iub h
X T�jK] r L�Tek�\�] � b �KT�I�j�\�Pf\�L r j!T

y
(4)
k−2 − 2y

(4)
k−1 + y

(4)
k = O(h2),

^�]
b n Y�T�G�WOJ r j
X y(4)
k = ỹ

(4)
k + O(h2) p

� X \uj
X P[L�]KT n JMdcdeb n J!X P�§ Ù p � v ª¬« § Ù p ��w�ª �
y
(5)
i =

1

2h
(y

(4)
i+1 − y

(4)
i−1) + O(h2)

=
1

2h
(ỹ

(4)
i+1 − ỹ

(4)
i−1) + O(h)

= ỹ
(5)
i + O(h), i = 1, 2, . . . , k − 1.m L�b n ��P�k

y
(5)
0 = y5(x1 − h) = y

(5)
1 + O(h) = ỹ

(5)
1 + O(h), ⇒ y

(5)
0 = ỹ

(5)
0 + O(h).

q T¹�K��j!T�a�WOJ�IKT�\�L�T�jK�MUOJ n WO\æ§ Ù p ��µOª J!b IK\OX t W�J n � n G�IK�ML�J!X \�j!T�GÁ§ Ù p w © ª Y�\OXQj�VQI�L�X TL t I�Væ\�L�T�jKJMUOJ n W t jMVQI p
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� C�¼ � L r jK��I l �_n Y�� n � Ù p v k
y
(2)
i = s

(2)
i +

1

24
h2P(2)

0 (0)ỹ
(4)
i +

1

120
h3P(2)

1 (0)ỹ
(5)
i + 0(h4),

deX \
i = 0, 1, . . . , k − 1

kcY�\OX
y
(2)
k = s

(2)
k +

1

24
h2P(2)

1 (1)ỹ
(4)
k−1 +

1

120
h3P(2)

1 (1)ỹ
(5)
k−1 + 0(h4),

r L�T�G
P(2)

0 (µ) = 12µ2 − 12µ + 2 ⇒ P(2)
0 (0) = P(2)

0 (1) = 2Y�\OX
P(2)

1 (µ) = 20µ3 − 10µ ⇒ P(2)
1 (0) = 0

Y�\OX P(2)
1 (1) = 10.m L�b n ��P

ỹ
(4)
i =

1

h2
(s

(2)
i−1 − 2s

(2)
i + s

(2)
i+1), i = 1, 2, . . . , k − 1,

ỹ
(4)
0 = 2ỹ

(4)
1 − ỹ

(4)
0 =

1

h2
(2s

(2)
0 − 5s

(2)
1 + 4s

(2)
2 − s

(2)
3 )

ỹ
(4)
k = 2ỹ

(4)
k−1 − ỹ

(4)
k =

1

h2
(−s

(2)
k−3 + 4s

(2)
k−2 − 5s

(2)
k−1 + 2s

(2)
k )

ỹ
(5)
k−1 =

1

2h
(ỹ

(4)
k − ỹ

(4)
k−2) =

1

h3
(−s

(2)
k−3 + 3s

(2)
k−2 − 3s

(2)
k−1 + s

(2)
k ).

FHG�IKJMLONQP
y
(2)
0 = s

(2)
0 +

1

12
h2ỹ

(4)
0 + O(h4)

=
1

12
(14s

(2)
0 − 5s

(2)
1 + 4s

(2)
2 − s

(2)
3 ) + O(h4),

y
(2)
i = s

(2)
i +

1

12
h2ỹ

(4)
i + O(h4)

=
1

12
(s

(2)
i−1 + 10s

(2)
i + s

(2)
i+1) + O(h4), i = 1, 2, . . . , k − 1,Y�\OX

y
(2)
k = s

(2)
k +

1

12
h2ỹ

(4)
k−1 +

1

12
h3ỹ

(5)
k−1 + 0(h4)

=
1

12
(−s

(2)
k−3 + 4s

(2)
k−2 − 5s

(2)
k−1 + 14s

(2)
k ) + O(h4).

� CEB �
(i)
� L r j�T�G�P[T�]
X n WOT�a�P[j�VQI H4,i

Y�\OX
P
L�]KTOY�a�LOjKJ!Xc\�WO� n VQP r j
XÞk

P (x) = s(x) + Di(x − xi−1)
2(x − xi)

2, x ∈ Ii, i = 1, 2, . . . , k − 1,

r L�T�Gck�deX \ i = 1, 2, . . . , k − 1
k

Di = s[xi−1, xi−1, xi, xi, xi+1]

=
1

4h4
{−5yi−1 + 4yi + yi+1 − 2h(s

(1)
i−1 + 2s

(1)
i )}, § Ù p w©��ª



 �� xzy�{ �#� |o} {�~c�!{ ���D 
Zck � ]K� n X WOTOL�T�X NQI�j�\�P[jK��I�§   p ��ª Y�\OX n jK� n G�IK� � J!X \�jK��I�§   p wOª k

Di =
1

24h4
{−18(yi−1 − 2yi + yi+1) + h2(4s

(2)
i−1 + 10s

(2)
i + 4s

(2)
i+1)}

=
1

24h2
(s

(2)
i−1 − 2s

(2)
i + s

(2)
i+1)

=
1

24h2
δ2s

(2)
i , i = 1, 2, . . . , k − 1.

§ Ù p w­ Oª
Foj!Tuh
X t�n jK��WO\

Ik
k
P = pk−1 pQ¡ ��UO\�hKZck�j!T�b h
X T�LOT�UOG�VQIKG�W�X Y r jKWOZ�WO\ � ]K� n X WOTOL�T�X J!b j�\OXdeX \uj!T�I�T�]
X n W r j!T�G P

j r n T n j!T Ik−1 r n T�Y�\OX n j!T Ik pQq T r j
X
P (x) = s(x) + Dk−1(x − xk−1)

2(x − xk)2, x ∈ Ik,
§ Ù p w Ù ªW�L�T�]KJ!b�IK\�hKJ!X � jKJ!bcVQP�J � Z�P��

l mon j�V
sk−1

Y�\OX
sk
j!\�L�T
UOG�VQIKG�W�X Y t jKWOZ�WO\�j!\�jK��P

s
n j!\�h
X \ n jKZ�WO\�j!\

Ik−1
Y�\OX

Ik\�I�j
b n j!T�X � \ckO� n j�V
H4,k

j!T�jKJMj!\�]�j!T�^ t `�W�X T�L�T
UOG�NQIKG�WOT
Hermite

L�T�G�LOUO��]KT�b�j
X P n G�I «`�Z�Y�J�P
H4,k(xj) = yj , j = k − 2, k − 1, k,

Y�\OX
H

(1)
4,k(xj) = y

(1)
j , j = k − 1, k,Y�\OX�� n j�V

p̂k
j!T�L�T�UOG�NQIKG�WOT�L�T�G�L�]KTOY�a�LOjKJ!XO\�L r j!T H4,k

\�I�j
X Y�\
`�X n j�NQI�j!\�P�j
X P�L�\�]K\ «dcNDd�T�G�P
y
(1)
k−1

Y�\OX
y
(1)
k

WOJ
s
(1)
k−1

Y�\OX
s
(1)
k

\�I�j
b n j!T�X � \ pDq�r jKJ
pk−1(x) = sk−1(x) + Dk−1(x − xk−2)

2(x − xk−1)
2,

r L�T�G�� Dk−1
h
b IKJMj!\OXc\�L r jK��I�§ Ù p w©��ª ZckeX n T�hKa�IK\�WO\ckc\�L r jK��I�§ Ù p w­ Oª p m L�b n ��P

p̂k(x) = sk(x) + Dk(x − xk−1)
2(x − xk)2,

r L�T�G
Dk = s[xk−2, xk−1, xk−1, xk, xk]

=
1

4h4
{−yk−2 + 4yk−1 − 5yk − 2h(2s

(1)
k−1 + s

(1)
k )},

Zck�JML�J!X hKZ£§¨^OU p   p © µOª ) k
s
(1)
k =

3

h
(yk − yk−2) − s

(1)
k−2 − 4s

(1)
k−1,

Dk =
1

4h4
{−5yk−2 + 4yk−1 + yk − 2h(s

(1)
k−2 + 2s

(1)
k−1)}

= Dk−1.l � ]K\
p̂k(x) = sk(x) + Dk−1(x − xk−1)

2(x − xk)2.l mon j�V
d(x) = pk−1(x) − p̂k(x).
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q�r jKJ
k
d(3)(x) = s

(3)
k−1(x) − s

(3)
k (x) + 24hDk−1

= − 1

h
δ2s

(2)
k−1 + 24hDk−1.

FHG�IKJMLONQP�kc\�L r jK��I�§ Ù p w­ Oª k d(3) = 0 p ⇒ d ∈ IP2 p l � W�VQP
d(xj) = 0, j = k − 2, k − 1, k, ⇒ d(x) ≡ 0, ⇒ pk−1(x) = p̂k(x).l � ]K\���§ Ù p w Ù ª X n�� a�J!X p

(ii)
¿ ]K� n X WOTOL�T�X NQI�j�\�P�j!T£\�L�T�jK�MUOJ n WO\�deX \�j�T n�set UOWO\

y(x) − H4(x)
jK��P l �_n Y�� n ��P© p µ J!b IK\OXcJ�a�Y�T�UOT�IK\�hKJ!X � jKJ!b r j
X

|H4,i(x) − y(x)| ≤ C0h
5||y(5)||, x ∈ [xi−1, xi+1], i = 1, 2, . . . , k − 1,

r L�T�G C0 ∈ IR
J!b IK\OXH\�IKJ �Kt ]�jK��j!T·j!T�G

h p ½[X T¹d�J�I
X Y t W�L�T�]KJ!bHIK\�hKJ!X � jKJ!b r j
XÞkzdeX \
r = 0, 1, 2, 3, 4

k
|H(r)

4,i (x) − y(r)(x)| ≤ Crh
5−r||y(5)||, x ∈ [xi−1, xi+1], i = 1, 2, . . . , k − 1,

r L�T�G�T�X n j!\
`�J�]K��P Cr ∈ IR
k
r = 0, 1, 2, 3, 4

k�J!b IK\OXO\�IKJ �Kt ]�jK��jKJ�Pzj!T�G
h p FHG�IKJMLONQP�k�deX \

x ∈ Ii
k
i = 1, 2, . . . , k

k
|P (r)(x) − y(r)(x)| ≤ |P (r)(x) − H

(r)
4,i (x)| + |H(r)

4,i (x) − y(r)(x)|
= |P (r)(x) − H

(r)
4,i (x)| + O(h5−r), r = 0, 1, 2, 3, 4.FojK� n G�IK� � J!X \�L�\�]K\�jK��]KT�a�WOJ r j
XÞk

P (x) − H4,i(x) = s(x) − H3,i(x) + (Γi −Di)ϕi(x), x ∈ Ii, i = 1, 2, . . . , k,

r L�T�G H3,i
J!b IK\OXcj!T�Y�G
^�X Y r L�T�UOG�NQIKG�WOT�L�\�]KJ�W�^�T
UOZ�P Hermite

j!T�G��HZ�WOWO\�j�T�P   p � k
Γi = y[xi−1, xi−1, xi, xi, xi+1], i = 1, 2, . . . , k − 1,

Γk = y[xk−2, xk−1, xk−1, xk, xk],Y�\OX
ϕi(x) = (x − xi−1)

2(x − xi)
2, i = 1, 2, . . . , k − 1.l � ]K\ckcdeX \

x ∈ Ii
k
i = 1, 2, . . . , k

k�Y�\OX
r = 0, 1, 2, 3, 4

k
|P (r)(x) − y(r)(x)| ≤ |s(r)(x) − H

(r)
3,i (x)| + |(Γi −Di)||ϕ(r)

i (x)| + O(h5−r).� L r \�G�j r L�]KTOY�a�LOjKJ!X r j
X
||P (r) − y(r)|| = O(h5−r), r = 0, 1, 2, 3, 4,JML�J!X hKZc�

•
� L r jK��I�\�L r hKJ!X � ��j�T�G��HZ�WOWO\�j!T�P   p   k

||s(r) − H
(r)
3,i || ≤ Arh

1−r max
0≤i≤k

|s(1)
i − y

(1)
i |, r = 0, 1, 2, 3,

r L�T�G Ar
k
r = 0, 1, 2, 3

k�J!b IK\OX�T�X n j!\
`�J�]K��P�§   p Ù © ª p
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•
l � LOVQPfJ!b IK\OXcJ�a�Y�T�UOT�IK\�hKJ!X � jKJ!b

max
x∈Ii

|ϕ(r)
i (x)| = O(h4−r), r = 0, 1, 2, 3, 4,

Y�\OX
max
1≤i≤k

|(Γi −Di)| ≤ 1.5h3 max
0≤i≤k

|s(1)
i − y

(1)
i |.

� CEBQB l mon j�V
x = xi−1 + µh

k
0 ≤ µ ≤ 1 p�q�r jKJ
koWOJ�j!T�G�P n G�W�^�T�U�X n WOT�a�P�jK��Pl �_n Y�� n ��P Ù p ©�»ck

P (xi−1 + µh) = s(xi−1 + µh) + h4DiQ(µ), i = 1, 2, . . . , k,

r L�T�G
Q(µ) = µ2(µ − 1)2.§ ¡ ��UO\�hKZ�j!T Q

n G�W�L�b LOjKJ!X�WOJ�j�T�L�T�UOG�NQIKG�WOT�§ Ù p � Ù ª j!T�G��HZ�WOWO\�j�T�P Ù p Ù p ª FHG�IKJMLONQP�kdeX \
j = 0, 1, 2, 3, 4

k
P (j)(xi−1 + µh) = s(j)(xi−1 + µh) + h4−jDiQ

(j)(µ), i = 1, 2, . . . , k,
§ Ù p wO��ª

r L�T�G Q(j) = djQ/dµj p_q \��K��j!T�a�WOJ�IK\�\�L�T�jKJMUO� n WO\�j!\uL�]KTOY�a�LOj!T�G�I�\�L r jK��I�§ Ù p wO��ªVQP�J � Z�P��
• � X�]
b �KJ�P[j�VQI�L�T�UOG�VQIKa�W�VQI Q(j) k j = 0, 1, 2, 3,

J!b IK\OX�\�I�j
b n j!T�X � \
µ0 = 0, 1, µ1 = 0, 1/2, 1, µ2 = (3 ±

√
3)/6,

Y�\OX
µ3 = 1/2.FHG�IKJMLONQP

P (j)(xi−1 + µjh) = s(j)(xi−1 + µjh), j = 0, 1, 2, 3, 4, i = 1, 2, . . . , k.§¶àHU p kcJML�b n ��P�kc½ r ]
X n WO\ Ù p � p ª
• RÌ§ Ù p wO��ª kcWOJ µ = 1

Y�\OX
j = 2

Y�\OX n J n G�IKhKG�\ n W r WOJ_jK��I�§ Ù p w­ Oª k�h
b IKJ!X
P (2)(xi) = s

(2)
i +

1

24
Q(2)(0)δ2s

(2)
i

=
1

12
(s

(2)
i−1 + 10s

(2)
i + s

(2)
i+1), i = 1, 2, . . . , k − 1.

§¶àHU p kcJML�b n ��P�k l �_n Y�� n � Ù p Ù p ª
• RÌ§ Ù p wO��ª kcWOJ µ = 1

Y�\OX
j = 3

Y�\OX n J n G�IKhKG�\ n W r WOJ_jK��I�§ Ù p w­ Oª k�h
b IKJ!XÞk
P (3)(xi) = s

(2)
i− +

1

24h
Q(3)(0)δ2s

(2)
i

= s
(3)
i− +

1

2h
(s

(2)
i−1 − 2s

(2)
i + s

(2)
i+1), i = 1, 2, . . . , k − 1.l � W�VQP�k

s
(3)
i− =

1

h
(s

(2)
i − s

(2)
i−1), i = 1, 2, . . . , k.
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FHG�IKJMLONQP
P (3)(xi) =

1

2h
(s

(2)
i+1 − s

(2)
i−1).§¶àHU p kcJML�b n ��P�k l �_n Y�� n � Ù p Ù p ª

• RÌ§ Ù p wO��ª kcWOJ µ = 1
Y�\OX

j = 4
Y�\OX n J n G�IKhKG�\ n W r WOJ_jK��I�§ Ù p w­ Oª k�h
b IKJ!XÞk

P (4)(x) = DiQ
(4)(0)

= 24Di

=
1

h2
(s

(2)
i−1 − 2s

(2)
i + s

(2)
i+1), x ∈ Ii, i = 1, 2, . . . , k − 1.
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spline

¥zCEB � I
S ∈ S3(∆k)

k r L�T�G
∆k : xi = a + ih, i = 0, 1, . . . , k, h = (b − a)/k,j r jKJu§¨^OU p §   p Ù ª kÞ§   p ��ª kÞ§   p © Ù ª k�§   p © �Oª Y�\OX
§   p © µOª ) �

S
(1)
i =

h

6
S

(2)
i−1 +

h

3
S

(2)
i +

1

h
(Si − Si−1), i = 1, 2, . . . , k,

S
(1)
i = −h

3
S

(2)
i−1 −

h

6
S

(2)
i+1 +

1

h
(Si+1 − Si), i = 0, 1, . . . , k − 1,

S
(2)
i =

2

h
(S

(1)
i−1 + 2S

(1)
i ) +

6

h2
(Si−1 − Si), i = 1, 2, . . . , k,

S
(2)
i = − 2

h
(2S

(1)
i + S

(1)
i+1) +

6

h2
(Si+1 − Si), i = 0, 1, . . . , k − 1,

S
(1)
i−1 + 4S

(1)
i + S

(1)
i+1 =

3

h
(Si+1 − si−1), i = 1, 2, . . . , k − 1.

m L�b n ��P�§¨^OU p l �_n Y�� n �   p  Oª k
S(3)(xi+) − S(3)(xi−) =

1

h
{S(2)

i−1 − 2S
(2)
i + S

(2)
i+1}, i = 1, 2, . . . , k − 1.

m L�J!X hKZ
s(2) ∈ S3(∆k)

k r UO\£j!\��K��j!T�a�WOJ�IK\£\�L�T�jKJMUO� n WO\
j!\�L�]KTOY�a�LOj!T�G�I�\�L r j�\�L�X TL t I�V¹`��Mj!T�I�j�\�P
S = s(2) p

¥zC � ½_\�] r UOT�L�T�Gu��h
X \�h
X Y t�n X \�jK��P[Y�\�j t Taylor
\�I t LOjKG � ��P_j!T�G n G�IK\�]�jK� n X \�Y�T�a

βi =
5

h
{−yi−2 − 10yi−1 + 10yi+1 + yi+2}

− {y(1)
i−2 + 26y

(1)
i−1 + 66y

(1)
i + 26y

(1)
i+1 + y

(1)
i+2}

Ù ©
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J!b IK\OXã\�LOUOZck×T�X×\�L�\OX j!T�a�WOJ�IKJ�P�\�]
X `�WO��j
X Yc��P�L�] t�� J!X P�J!b IK\OX×\�]�Y�JMj t JML�b L�TOIKJ�P p�� X \�jK��I\�LOUOTOL�T�b � n ��jMVQI�L�] t�� JMVQIOkcJMY s ] t�n jKJ[j�T n G�IK\�]�jK� n X \�Y r βi

n jK��WOT�] s Z
βi =

5

h
{10(yi+1 − yi−1) + (yi+2 − yi−2)}

− {66y(1)
i + 26(y

(1)
i+1 + y

(1)
i−1) + (y

(1)
i+2 + y

(1)
i−2)},Y�\OX � ]K� n X WOTOL�T�X Z n jKJ�j!\�\�IK\�LOjKa�d�WO\�j!\�j�VQI

yi+1 − yi−1, yi+2 − yi−2, y
(1)
i+1 + y

(1)
i−1

Y�\OX
y
(1)
i+2 − y

(1)
i−2,n j!T n ��WOJ!b T

xi p
¥zC�  � L r jK��I�§ � p © �Oª k�deX \ i = 2, 3, . . . , k − 2

k
Mi =

1

32h
(λi−2 + 32λi−1 − 32λi+1 − λi+2) + βi

= βi + O(hm−1), m ≥ 5, i = 2, 3, . . . , k − 2,

r L�T�G
βi =

1

32h
(y

(1)
i−2 + 32y

(1)
i−1 − 32y

(1)
i+1 − y

(1)
i+2)

+
5

32h2
(yi−2 + 16yi−1 − 34yi + 16yi+1 + yi+2)

=
1

32h
{−32(y

(1)
i+1 − y

(1)
i−1) − (y

(1)
i+2 − y

(1)
i−2))

+
5

32h2
{−34yi + 16(yi+1 + yi−1) + (yi+2 + yi−2)}.

⇒
� IK\�LOjKa n�n T�I�j!\�PuY�\�j t

Taylor
j�T n G�IK\�]�jK� n X \�Y r βi

n j!T n ��WOJ!b T
xi
§¨^OU p j!\�L�X TL t I�V n�� r U�X \�deX \ujK�uUOa n �ujK��P l �_n Y�� n ��P � p ��ª k�^�]
b n Y�T�G�WOJ r j
X

βi = y
(2)
i + O(h4), i = 2, 3, . . . , k − 2.l � ]K\

µi := Mi − y
(2)
i = O(h4), i = 2, 3, . . . , k − 2.

§ � p � © ª
� X \ i = 0, 1, k − 1

Y�\OX
k
k�j!T�\�L�T�jK�MUOJ n WO\�\�L�T�hKJ!X Y�IKa�JMj�\OX�WOJf\�I t UOT
d�T�jK] r L�Tek � ]K� n X «WOTOL�T�X NQI�j!\�P[jK��I

(5.14)
§¶WOJ

i = 1, 2, k − 2
Y�\OX

k − 1
\�I�j
b n j!T�X � \ ª n J n G�IKhKG�\ n W r WOJjK��I�§ � p � © ª p

¥zC � � L r j!T�¤[JMNQ]K��WO\ � p Ù §¶WOJ µ = 0
Y�\OX

j = 2, 4, 5
\�I�j
b n j!T�X � \ ª � � T�G�WOJ r j
X�deX \

i = 1, 2 . . . , k − 1
k
y
(2)
i = s

(2)
i +

1

720
h4P (2)(0) × 1

h2
δ2s

(4)
i + O(h5),

y
(4)
i = s

(4)
i +

1

720
h2P (4)(0) × 1

h2
δ2s

(4)
i + O(h3),

y
(5)
i = s

(5)
i+ +

1

720
hP (5)(0) × 1

h2
δ2s

(4)
i + O(h2),
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Ù  

r L�T�G P (µ) = (2µ6 − 6µ5 + 5µ4 − µ2)/2 p l � ]K\
P (2)(0) = −1, P (4)(0) = 60,

Yc\OX
P (5)(0) = −360.FHG�IKJMLONQP�k�deX \

i = 1, 2, . . . , k − 1
k

y
(2)
i = s

(2)
i − 1

720
h2δ2s

(4)
i + O(h5),

§ � p �©��ª
y
(4)
i = s

(4)
i +

1

12
δ2s

(4)
i + O(h3)

=
1

12
(s

(4)
i−1 + 10s

(4)
i + s

(4)
i+1) + O(h3),

y
(5)
i = s

(5)
i+ − 1

2h
δ2s

(4)
i + O(h5),

§ � p �­ OªY�\OXÞkcJML�J!X hKZ£§¨^OU p § � p ��ª ) deX \ x ∈ [xi, xi+1]
k
i = 1, 2, . . . , k − 1

k
s(5)(x) =

1

h
(s

(4)
i+1 − s

(4)
i ) ⇒ s

(5)
i+ =

1

h
(s

(4)
i+1 − s

(4)
i ),��§ � p �­ Oª W�L�T�]KJ!b�IK\�JMY s ]K\ n jKJ!bcVQP

y
(5)
i =

1

h
(s

(4)
i+1 − s

(4)
i−1) + O(h2).

¿ ]K� n X WOTOL�T�X NQI�j!\�P[jK��I�§ � p Ù µOª k
1

h2
δ2s

(2)
i =

1

h2
δ2y

(2)
i +

1

720
h2δ2y

(6)
i + O(h3), i = 1, 2, . . . , k − 1.

⇒
� IK\�LOjKa n�n T�I�j!\�P[Y�\�j t

Taylor
n j!T n ��WOJ!b T

xi
k

1

h2
δ2s

(2)
i =

1

h2
(h2y

(4)
i +

1

12
h4y

(6)
i + O(h7)) +

1

720
h2(O(h))

= y
(4)
i +

1

12
h2y

(6)
i + O(h3), i = 1, 2, . . . , k − 1.l � ]K\ck�\�L r jK��I�§ � p � © ª k

s
(4)
i =

1

h2
δ2s

(2)
i + O(h3), i = 1, 2, . . . , k − 1.

§ � p � Ù ª
q �MUOT�P�k��S§ � p �©��ª n J n G�IKhKG�\ n W r WOJ�j�TßL�X T¹L t I�VÐ\�LOT�jK�MUOJ n WO\�h
b IKJ!X r j
XÞk�deX \ i =
2, 3, . . . , k − 2

k
s
(4)
i = s

(2)
i − 1

720
δ4s

(2)
i + O(h5)

=
1

720
{−s

(2)
i−2 + 4s

(2)
i−1 + 714s

(2)
i + 4s

(2)
i+1 − s

(2)
i+2} + O(h5).ï���ú�õ�� �Zô
�
� � L r j
X P�§ � p ����ª Y�\OX
§ � p � Ù ª LO]KT�Y�a�LOjKJ!X�JML�b n ��P r j
X

y
(6)
i =

1

h4
δ4s

(2)
i + O(h), i = 2, 3, . . . , k − 2.

⇒ FojK��I�§ � p ��wOª T�XQL�]KT n �MdcdeX n J!X P ỹ
(6)
i

koL�T�G�h
b IKT�I�j�\OXo\�L r jK��I·§ � p ��µOª kHW�L�T�]KT�a�I�IK\\�I�j
X Y�\�j!\ n j!\
`�T�a�IOk�deX \
i = 2, 3, . . . , k − 2

kc\�L r j
X P
ỹ
(6)
i =

1

h4
δ4s

(2)
i .
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B-spline

¸zCEB � X \ n = 1
k

F [x0, x1] = (f1g1 − f0g0)/(x1 − x0)

= {f0(g1 − g0) + (f1 − f0)g1}/(x1 − x0)

= f(x0)g[x0, x1] + f [x0, x1]g(x1).

⇒ � jKa�L�T�P�X n�� a�J!X�deX \ n = 1 p
í L�T�`��Mj!T�G�WOJ r j
X�T�jKa�L�T�PfX n�� a�J!XcdeX \ n = k pQq�r jKJ
F [x0, x1, . . . , xk+1] =

1

xk+1 − x0
{F [x1, x2, . . . , xk+1] − F [x0, x1, . . . , xk]},

r L�T�Gckc\�L r jK��I�JML�\�dcVDdeX Y�ZuG�L r `�J n �ck

F [x0, x1, . . . , xk] =

k∑

r=0

f [xo, x1, . . . , xr]g[xr, xr+1, . . . , xk],

Y�\OX
F [x1, x2, . . . , xk+1] =

k+1∑

r=1

f [x1, x2, . . . , xr]g[xr, xr+1, . . . , xk+1]

=
k∑

r=0

f [x1, x2, . . . , xr+1]g[xr+1, xr+2, . . . , xk+1].

FHG�IKJMLONQP�k

F [x0, x1, . . . , xk+1] = {
k+1∑

r=0

dr}/(xk+1 − x0),

Ù �
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r L�T�G
dr = f [x1, x2, . . . , xr+1]g[xr+1, xr+2, . . . , xk+1] − f [x0, x1, . . . , xr]g[xr, xr+1, . . . , xk]

= f [x0, x1, . . . , xr]{g[xr+1, xr+2 . . . , xk+1] − g[xr, xr+1, . . . , xk]}
+ g[xr+1, xr+2 . . . , xk+1]{f [x1, x2, . . . , xr+1] − f [x0, x1, . . . , xr]}

= f [x0, x1, . . . , xr]g[xr, xr+1, . . . , xk+1](xk+1 − xr)

+ f [x0, x1, . . . , xr+1]g[xr+1, xr+2, . . . , xk+1](xr+1 − x0)

= (xk+1 − xr)cr + (xr+1 − x0)cr+1,WOJ
cr = f [x0, x1, . . . , xr]g[xr, xr+1, . . . , xk+1].l � ]K\ck

F [x0, x1, . . . , xk+1] = {
k∑

r=0

dr}/(xk − x0)

= {
k∑

r=0

[(xk+1 − xr)cr + (xr+1 − x0)cr+1]}/(xk+1 − x0)

=

k+1∑

r=0

cr =

k+1∑

r=0

f [x0, x1, . . . , xr]g[xr, xr+1, . . . , xk+1].

⇒ � jKa�L�T�P�X n�� a�J!X�deX \ n = k + 1 p ⇒ � jKa�L�T�P�X n�� a�J!X ∀n ∈ IN p
¸zC �

F (x, t) :=

∫ x

x0

f(ξ, t)dξ

⇒

F [x;x0, x1, . . . , xn] =

n∑

k=0

αkF (x, xk)

=

∫ x

x0

{
n∑

k=0

αkf(ξ, xk)}dξ

=

∫ x

x0

f [ξ;x0, x1, . . . , xn]dξ,

^OU p ½_\�]K\�jKZ�]K� n � � p ©�» p
(i)

∫ x

xi

Mn(ξ; t)dξ =

∫ x

xi

(t − ξ)n−1
+ dξ

= − 1

n
{(t − x)n

+ − (t − xi)
n}.
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Ù�v

FHG�IKJMLONQP�k
∫ x

xi

Mn,i(ξ)dξ ≡ 1

n
[
�

n
h
X ��]K��WO��IK�uh
X \ s T�] t jK��P n G�I t ]�jK� n ��P

(t − xi)
n − (t − x)n

+ = (t − xi)
n − Mn+1(x; t),VQPfL�]KT�P[jK��WOJMj!\
^OUO��jKZ

t,
n j!\ n ��WOJ!b \

xi, xi+1, . . . , xi+n].

⇒
∫ x

xi

Mn,i(ξ)dξ =
1

n
{1 − Mn+1[x;xi, . . . , xi+n]}.

(ii) Mn+1(x; t) = (t − x)Mn(x; t) ⇒
mos \�]KW r �KT�I�j!\�Pfj�TOI�jKa�L�T Leibniz

�
Mn+1[x;xi, , . . . , xi+n] = (xi − x)Mn[x;xi, . . . , xi+n] + 1 · Mn[x;xi+1, . . . , xi+n]

= (xi − x)Mn,i(x) + Mn[x;xi+1, . . . , xi+n].
§ � p  �µOªÖ J[j!T�Iub h
X T�jK] r L�Tek

Mn[x;xi+1, . . . , xi+n] = (xi+1 − x)Mn−1,i+1(x) + Mn−1[x;xi+2, . . . , xi+n],

Mn−1[x;xi+2, . . . , xi+n] = (xi+2 − x)Mn−2,i+2(x) + Mn−2[x;xi+3, . . . , xi+n],Y p U p L p
⇒ R¢\�IK\�hK]KT�W�X Y�ZuJ s \�]KWOT�d�Zuj!T�G�§ � p  �µOª h
b IKJ!XÞ�
Mn+1[x;xi, . . . , xi+n] = (xi − x)Mn,i(x) + (xi+1 − x)Mn−1,i+1(x)

+ · · · + (xi+n−1 − x)M1,i+n−1(x) + M1(x;xi+n)

=
n∑

r=1

(xi+n−r − x)Mr,i+n−r(x) + 1,

JML�J!X hKZ
M1(x;xi+n) = (xi+n − x)0+ = 1 p

(iii) q T£�K��j!T�a�WOJ�IKT£\�L�T�jK�MUOJ n WO\�L�]KTOY�a�LOjKJ!Xe\�WO� n VQP�\�L r j!\�\�L�T�jKJMUO� n WO\�j!\uj�VQI (i)Y�\OX
(ii) p

¸zC�  � X \ x ∈ (xi, xi+1)
k
M1,i(x) =

1

xi+1 − xi
6= 0.

í L�T�`��Mj!T�G�WOJ r j
X Mn−1,j 6= 0
kcd�X \

x ∈ (xj , xj+n−1) pQq�r jKJ[��§ � p   » ª ⇒
Mn,i(x) =

1

xi+n − xi
{(x − xi)Mn−1,i(x) + (xi+n − x)Mn−1,i+1(x)} > 0,

deX \
x ∈ (xi, xi+n)

k�JML�J!X hKZc�
(i) (x−xi) > 0

Y�\OX
(xi+n −x) > 0

kOdeX \
x ∈ (xi+n, xi)

kY�\OX
(ii)
\�L r jK��I�JML�\�dcVDdeX Y�Z�G�L r `�J n �ck

Mn−1,i(x) > 0,
deX \

x ∈ (xi, xi+n−1),
Y�\OX

Mn−1,i+1(x) > 0,
deX \

x ∈ (xi+1, xi+n).

⇒ � X \ n ≥ 1
k
Mn,i(x) > 0

k
x ∈ (xi, xi+n) p
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¸zC � � X \ n = 1

�
∫ ∞

−∞

M1,i(x)dx =

∫ xi+1

xi

1

xi+1 − xi
dx = 1.

⇒ q T�\�LOT�jK�MUOJ n WO\uX n�� a�J!XcdeX \ n = 1 p
í L�T�`��Mj!T�G�WOJ r j
X�j!T�\�L�T�jK�MUOJ n WO\uX n�� a�J!X�deX \ n = k − 1

k
k > 1 pDq�r jKJ
k � ]K� n X WOTOL�T�X N «I�j!\�P[j!T�I�\�IK\�hK]KT�W�X Y r jKa�L�T�§ � p   » ª k

∫ ∞

−∞

Mk,i(x)dx =

∫ xi+k

xi

Mk,i(x)dx

=
1

xi+k − xi

∫ xi+k

xi

{(x − xi)Mk−1,i(x)

+ (xi+k − x)Mk−1,i+1(x)}dx

=
1

xi+k − xi
{
∫ ∞

−∞

[xi+kMk−1,i+1(x) − xiMk−1,i(x)]dx

+

∫ xi+k

xi

x[Mk−1,i(x) − Mk−1,i+1(x)]dx}.

FHG�IKJMLONQP�kc\�L r jK��I�JML�\�dcVDdeX Y�Z�G�L r `�J n ��Y�\OXcj�TOI�jKa�L�T�§ � p  O��ª k
∫ ∞

−∞

Mk,i(x)dx =
1

k − 1
+

1

k − 1

∫ xi+k

xi

xM
(1)
k,i (x)dx

=
1

k − 1
{1 + [xMk,i(x)]xi+k

xi
−

∫ xi+k

xi

Mk,i(x)dx}

=
1

k − 1
{1 −

∫ ∞

−∞

Mk,i(x)dx},

⇒
∫ ∞

−∞

Mk,i(x)dx = 1/k.

⇒ q T�\�LOT�jK�MUOJ n WO\uX n�� a�J!XcdeX \ n = k ⇒ q T�\�L�T�jK�MUOJ n WO\uX n�� a�J!X ∀n ∈ IN p
¸zC�¥ � \�IK\�hK]KT�W�X Y r P[jKa�L�T�Pu§ � p   » ª J!b IK\OX

Mn,i(x) =
1

xi+n − xi
{(x − xi)Mn−1,i(x) + (xi+n − x)Mn−1,i+1(x)}.

l � ]K\ck�\�I
Mn,i(x) = Nn,i(x)/(xi+n − xi)

k�j r jKJ
Nn,i(x)

xi+n − xi
=

1

xi+n − xi
{ x − xi

xi+n−1 − xi
Nn−1,i(x) +

xi+n − x

xi+n − xi+1
Nn−1,i+1(x)},

⇒

Nn,i(x) = pi(x)Nn−1,i(x) + qi(x)Nn−1,i+1(x),

r L�T�G
pi(x) =

x − xi

xi+n−1 − xi

Y�\OX
qi(x) =

xi+n − x

xi+n − xi+1
.



­ �#®�¯Qû
±�ü Ý  #"M�O³ �!{ �#� | B-spline
Ù µ

FHG�IKJMLONQP
0∑

i=−n+1

ciNn,i(x) =

c−n+1p−n+1(x)Nn−1,−n+1(x) + c−n+1q−n+1(x)Nn−1,−n+2(x)

+ c−n+2p−n+2(x)Nn−1,−n+2(x) + c−n+2q−n+2(x)Nn−1,−n+3(x)

+ c−n+3p−n+3(x)Nn−1,−n+3(x) + c−n+3q−n+3(x)Nn−1,−n+4(x)

+ · · · + · · · + · · · + · · · + c0p0(x)Nn−1,0(x) + c0q0(x)Nn−1,1(x).l � W�VQPf\�I x ∈ [x0, x1)
kcj r jKJ Nn−1,−n+1(x) = Nn−1,1(x) = 0 p l � ]K\

0∑

i=−n+1

ciNn,i(x) =

0∑

i=−n+2

{cipi(x) + ci−1qi−1(x)}Nn−1,i(x)

=

0∑

i=−n+2

c
[1]
i Nn−1,i(x),

r L�T�G
c
[1]
i (x) = cipi(x) + ci−1qi−1(x)

=
(x − xi)ci + (xi+n−1 − x)ci−1

xi+n−1 − xi
.

R¢\�IK\�hK]KT�W�X Y�Z�J s \�]KWOT
d�Zuj!T�GuL�X T�L t I�Vß\�L�T�jKJMUO� n WO\�j!TOP[h
b IKJ!X
0∑

i=−n+1

ciNn,i(x) =
0∑

i=−n+2

c
[1]
i Nn−1,i(x)

=

0∑

i=−n+3

c
[2]
i Nn−2,i(x)

= · · · = · · · = · · ·

=
0∑

i=−n+r+1

c
[r]
i (x)Nn−r,i(x), x ∈ [x0, x1),

r L�T�Gck�deX \ r = 1, 2, . . . , n − 1
k

c
[r]
i (x) =

(x − xi)c
[r−1]
i (x) + (xi+n−r − x)c

[r−1]
i−1 (x)

xi+n−r − xi
.

¸zC�¸ � X \ x ∈ [xj , xj+1)
k

s(x) =

j∑

i=j−n+1

ciNn,i(x)

=

j∑

i=j−n+r+1

c
[r]
i (x)Nn−r,i(x), 1 ≤ r ≤ n − 1.
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⇒
Ö J

r = n − 1
k

s(x) =

j∑

i=j

c
[n−1]
i (x)N1,i(x)

= c
[n−1]
j (x)N1,j(x)

= c
[n−1]
j (x),

JML�J!X hKZ
N1,j(x) = 1

kcdeX \
x ∈ [xj , xj+1)

kcY�\OX
N1,j(x) = 0

kcdeX \
x /∈ [xj , xj+1) p

¸zC¬º � L r jK��I�§ � p  O��ª k
M

(1)
n,i (x) = − (n − 1)

nh
{Mn−1,i+1(x) − Mn−1,i(x)}.

FHG�IKJMLONQP�kc\�I
s(x) =

∑k
i=−n+1 ciMn,i(x)

kcj r jKJ

s(1)(x) =

k∑

i=−n+1

ciM
(1)
n,i (x) = − (n − 1)

nh

k∑

i=−n+1

ci{Mn−1,i+1(x) − Mn,i(x)}.

⇒

s(1)(x) = − (n − 1)

nh
{c−n+1Mn−1,−n+2(x) − c−n+1Mn−1,−n+1(x)

+ c−n+2Mn−1,−n+3(x) − c−n+2Mn−1,−n+2

+ c−n+3Mn−1,−n+4(x) − c−n+3Mn−1,−n+3(x)

+ · · · − · · ·
ckMn−1,k+1(x) − ckMn−1,k(x)}.l � W�VQP Mn−1,−n+1(x) = Mn−1,k+1(x) = 0

deX \
x ∈ [x0, xk] p l � ]K\

s(1)(x) =
(n − 1)

nh
{(c−n+2 − c−n+1)Mn−1,−n+2(x)

+ (c−n+3 − c−n+2)Mn−1,−n+3(x)

+ · · ·
+ (ck − ck−1)Mn−1,k(x)}.

⇒

s(1)(x) =
(n − 1)

nh

k∑

i=−n+2

(∇ci)Mn−1,i(x).

⇒ q T�\�LOT�jK�MUOJ n WO\uX n�� a�J!XcdeX \ r = 1 pÖ J[j!T�Iub h
X T�\�Y�]
X ^ONQP[jK] r L�T�W�L�T�]KT�a�WOJ[IK\�hKJ!b � T�G�WOJ
k�L�X T�d�J�I
X Y t k r j
Xe\�I

t(x) =
k∑

i=−n+l

αiMn−l+1,i(x),
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j r jKJ
t(1)(x) =

(n − l)

(n − l + 1)h

k∑

i=−n+l+1

(∇αi)Mn−l,i(x).
§ � p Ù » ª

í L�T�`��Mj!T�G�WOJ�j�NQ]K\ r j
Xcj!T�\�L�T�j
�MUOJ n WO\�X n�� a�J!XcdeX \ r = k − 1
kchK��UO\�hKZ r j�X

s(k−1)(x) =
(n − k + 1)

nhk−1

k∑

i=−n+k

(∇k−1ci)Mn−k+1,i(x).

q�r jKJ
kc\�L r jK��I�JML�\�dcVDdeX Y�ZuG�L r `�J n ��Y�\OXcj!T�\�L�T�jK�MUOJ n WO\£§ � p Ù » ª k
s(k)(x) =

(n − k + 1)

nhk−1

k∑

i=−n+k+1

(n − k)

(n − k + 1)h
∇(∇k−1ci)Mn−k,i(x)

=
(n − k)

nhk

k∑

i=−n+k+1

(∇kci)Mn−k,i(x).

⇒ q T�\�L�T�jK�MUOJ n WO\fX n�� a�J!X
deX \ r = k ⇒ q T�\�L�T�jK�MUOJ n WO\fX n�� a�J!X�deX \ r = 1, 2, . . . , n−
1 p� I

s(x) =

k∑

i=−5

ciM6,i(x),

j r jKJ
s(2)(x) =

4

6h2

k∑

i=−3

(ci − 2ci−1 + ci−2)M4,i(x),

Y�\OX
s(4)(x) =

2

6h4

k∑

i=−1

(ci − 4ci−1 + 6ci−2 − 4ci−3 + ci−4)M2,i(x).

⇒
¿ ]K� n X WOTOL�T�X NQI�j!\�P[j
X Pfj
X WO��P[jMVQI

Mn,i(xj)
k
n = 2, 4, 6

k
si =

1

720h
{ci−1 + 26ci−2 + 66ci−3 + 26ci−4 + ci−5}

s
(2)
i =

1

36h3
{ci−1 + 2ci−2 − 6ci−3 + 2ci−4 + ci−5}

s
(4)
i =

1

6h5
{ci−1 − 4ci−2 + 6ci−3 − 4ci−4 + ci−5}.

⇒

− h2

120
{s(4)

i−1 + 8s
(4)
i + s

(4)
i+1} +

1

h2
{si−1 − 2si + si+1}

=
1

36h3
{ci−1 + 2ci−2 − 6ci−3 + 2ci−4 + ci−5}

= s
(2)
i , i = 1, 2, . . . , k − 1.
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B-spline
\�IK\�L�\�] t�n j!\ n ��jK��P

s
J!b IK\OXÞ�

s(x) =
k∑

j=−3

c4+jM4,j(x), x ∈ [x0, xk+1].

⇒
m L�J!X hKZ

M4,i−1(xi) = 1/24h, M4,i−2(xi) = 4/24h, M4,i−3(xi) = 1/24h,Y�\OX
M4,j(xi) = 0

deX \
j < i − 3

Y�\OX
j > i

k�T�X n G�I!`�Z�Y�J�PfL�\�]KJ�W�^�T�UOZ�P�T�hK��d�T�a�I n j
X PL�X T�Y t j�V
k + 2

J � X n N n J!X P��
ci+1 + 4ci+2 + ci+3 = 24hyi, i = 0, 1, . . . , k + 1.m L�b n ��P�kc\�L r jK��I�§ � p  ��Oª k

M
(2)
4,j (x) =

1

2h2
{M2,j+2(x) − 2M2,j+1(x) + M2,j(x)}

⇒ s(2)(x) =
1

2h2

k∑

j=−3

c4+j{M2,j+2(x) − 2M2,j+1(x) + M2,j(x)}.

l � ]K\�§¶JML�J!X hKZ
M2,i−1(xi) = 1/2h

Y�\OX
M2,j(xi) = 0

kcdeX \
j 6= i − 1

ª k
s(2)(xi) =

1

4h3
{ci+1 − 2ci+2 + ci+3}, i = 0, 1, . . . , k + 1.

⇒ � X n G�I!`�Z�Y�J�P t Y�]�VQI�T�hKZ�d�T�G�I n j
X P�J � X n N n J!X P
c1 − 2c2 + c3 = 4h3α

Y�\OX
ck+2 − 2ck+3 + ck+4 = 4h3β.

⇒ � X n G�I!`�Z�Y�J�PzL�\�]KJ�W�^�T�UOZ�PHY�\OX t Y�]�VQI[T�hK��d�T�a�I n J���IK\ (k+4)× (k+4)
d�]K\�WOW�X Y rn a n jK��WO\£deX \�j�T�I�G�L�T�UOT�deX n W r jMVQI k + 4

L�\�]K\�WO�MjK]�VQI
ci
k
i = 1, 2, . . . , k + 4

kãjK��P\�IK\�L�\�] t�n j!\ n ��P�jK��P
s pQq T n a n jK��WO\u\�G�j r W�L�T�]KJ!b�IK\�JMY s ]K\ n jKJ!b n jK��WOT�] s Zc�

c1 − 2c2 + c3 = 4h3α

c2 = 4hy0 −
2

3
h3α

4c3 + c4 = 24hy1 − 4hy0 +
2

3
h3α

ci+1 + 4ci+2 + ci+3 = 24hyi, i = 2, 3, . . . , k − 1,

ck+1 + 4ck+2 = 24hyk − 4hyk+1 +
2

3
h3β

ck+3 = 4hyk+1 −
2

3
h3β

ck+2 − 2ck+3 + ck+4 = 4h3β.

⇒ q T£Y�a�]
X T£Y r n j�T�P�Y�\�j�\ n Y�J�G�Z�PfjK��P s
J!b IK\OX�j�T�Y r n j!T�P�JML�b UOG n ��P�J�I r P k × k

jK]
X «h
X \�dcNQI
X T�Gud�]K\�WOW�X Y�T�a n G n jKZ�WO\�j�T�P p
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ºHCEB R;\�IK\�L�\�] t�n j!\ n �
B-spline

jK��P
s̃
J!b IK\OX

s̃(x) =

k−1∑

j=−3

c4+jM4,j(x), x ∈ [x0, xk].

⇒
� L r jK�uUOa n ��jK��P l �_n Y�� n ��P � p w k

s̃i =
1

24h
{ci+1 + 4ci+2 + ci+3}, i = 0, 1, . . . , k,

§ v p w©��ª
s̃
(2)
i =

1

4h3
{ci+1 − 2ci+2 + ci+3}, i = 0, 1, . . . , k.

§ v p w­ Oªm L�b n ��P�kc\�L r jK��I�§ � p  ­ Oª k
M

(1)
4,j (x) =

3

4h
{M3,j+1(x) − M3,j(x)}

⇒ s̃(1)(x) =
3

4h

k∑

j=−3

c4+j{M3,j+1(x) − M3,j(x)}. § v p w Ù ª
l � ]K\ck�JML�J!X hKZ
M3,i−1(xi) = 1/6h = M3,i−2(xi)

Y�\OX
M3,j(xi) = 0

deX \
j < i − 2

Y�\OX
j > i − 1,

s̃
(1)
i =

1

8h2
{ci+1 − ci+3}, i = 0, 1, . . . , k.

R
s̃
LOUO��]KT�b�j
X P n G�I!`�Z�Y�J�P

s̃0 = 0

s̃
(2)
i + pis̃

(1)
i + qis̃i = ri, i = 0, 1, . . . , k,

s̃k = 0.

�3 
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FHG�IKJMLONQP_§ � ]K� n X WOTOL�T�X NQI�j!\�PQj
X P[§ v p w©��ª¬« § v p w Ù ª ) kKj�Tfd�]K\�WOW�X Y r n a n jK��WO\�deX \�j!T�IzL�]KT n «h
X T�]
X n W r j�VQI k + 3

n G�I�jKJMUOJ n j�NQI
cj
k
j = 1, 2, . . . , k + 3

k�J!b IK\OX
c1 + 4c2 + c3 = 0

αici+1 + βici+2 + γici+3 = δi, i = 0, 1, . . . , k,

ck+1 + 4ck+2 + ck+3 = 0

r L�T�G
αi = 6 + 3hpi + h2qi, βi = −4(3 − h2qi), γi = 6 − 3hpi + h2qi

Y�\OX
δi = 24h3ri.½_\�]K\�jK��]KT�a�WOJ r j
X�j!T�L�X T�L t I�V�d�]K\�WOW�X Y r n a n jK��WO\uW�L�T�]KJ!bcIK\uJMY s ]K\ n jKJ!b n jK��WOT�] s Z

c1 + 4c2 + c3 = 0

(β0 − 4α0)c2 + (γ0 − α0)c3 = δ0

αici+1 + βici+2 + γici+3 = δi, i = 1, 2, . . . , k − 1,

(αk − γk)ck+1 + (βk − 4γk)ck+2 = δk

ck+1 + 4ck+2 + ck+3 = 0

⇒ q T�Y�a�]
X T�Y r n j�T�P×Y�\�j!\ n Y�J�G�Z�P
jK��P s̃
J!b IK\OX�j!T�Y r n j!T�PDJML�b UOG n ��PãJ�I r P (k+1)×(k+1)jK]
X h
X \�dcVQI
b T�Gud�]K\�WOW�X Y�T�a n G n jKZ�WO\�j�T�P p

ºHC � � X \ i = 0, 1, . . . , k − 1
k

s
(3)
i+ =

1

h
(s

(2)
i+1 − s

(2)
i ),

Y�\OX
s̃
(3)
i+ =

1

h
(s̃

(2)
i+1 − s̃

(2)
i ).

½[X T�d�J�I
X Y t k�deX \
x ∈ [xi, xi+1]

k
i = 0, 1, . . . , k − 1

k
s(3)(x) =

1

h
(s

(2)
i+1 − s

(2)
i ),

Y�\OX
s̃(3)(x) =

1

h
(s̃

(2)
i+1 − s̃

(2)
i ).

§ v p wO��ª
⇒
¿ ]K� n X WOTOL�T�X NQI�j!\�P[jK��I�§ v p ���Oª k

s̃
(3)
i+ − s

(3)
i+ =

1

h
{(s̃(2)

i+1 − s
(2)
i+1) + (s̃

(2)
i − s

(2)
i )} = O(h3), i = 0, 1, . . . , k − 1,

Y�\OXcL�X T�d�J�I
X Y t § U r dcVßjK��P�§ v p wO��ª ) k
||s̃(3) − s(3)|| == O(h3).FHG�IKJMLONQP�k

||s̃(3) − y(3)|| = ||s̃(3) − s(3) + s(3) − y(3)||
≤ ||s̃(3) − s(3)|| + ||s(3) − y(3)|| = O(h),JML�J!X hKZ
||s(3) − y(3)|| = O(h).
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l mo� T�G�WOJfhKJ!b � J!X r j
X

s(3)(x) − s̃(3)(x) = O(h3), x ∈ [a, b].m L�b n ��P�kc��§ v p v ��ª WOJ j = 3 ⇒

y(3)(x) − Y (3)(x) = O(h3), x ∈ [a, b].

⇒
� Y�T�UOT�G
`eNQI�j!\�Pãj
��h
X \�h
X Y�\ n b \HL�T�G�T�hKZ�d�� n J n j!T[\�L�T�jK�MUOJ n WO\[§ v p v ��ª Y�\�j!\�UOZ�d�T�G�WOJJ�a�Y�T�UO\ n j�T n G�W�L���]KJ n WO\ r j
X

y(3)(x) = Ỹ (3)(x) + O(h3), x ∈ [a, b].

ºHC� 
(i)
R¢h
X \ s T�]
X Y�ZuJ � b n V n � ⇒

y
(4)
i + qiyi = ri, i = 0, 1, . . . , k.l � ]K\ckQT�X n G�IKT�]
X \�Y���P n G�I!`�Z�Y�J�P

y0 = yk = 0 ⇒ y
(4)
i = ri

k
i = 0, k p m L�b n ��P�kDT�Xn G�IKT�]
X \�Y���P n G�I!`�Z�Y�J�P

y
(2)
0 = y

(2)
k = 0

n J n G�IKhKG�\ n W r WOJ�j
X P n G�I!`�Z�Y�J�P t Y�]�VQI[jK��P s

⇒ s
(2)
i = −h2y

(4)
i /12

k
i = 0, k p FHG�IKJMLONQP�k

s
(2)
i = −h2

12
ri, i = 0, k.

§ v p w��Oª
� L r jK��I l �_n Y�� n � Ù p v k

y
(4)
i =

1

h2
δ2s

(2)
i + O(h2), i = 1, 2, . . . , k − 1.

⇒ R
s
LOUO��]KT�b�j
X P n G�I!`�Z�Y�J�P

1

h2
δ2s

(2)
i + qiyi = ri + O(h2), i = 1, 2, . . . , k − 1,

Z�§ � ]K� n X WOTOL�T�X NQI�j�\�P[j
X P�§ v p w��Oª )
−2s

(2)
1 + s

(2)
2 + h2q1y1 = h2(

1

12
r0 + r1) + ε1,

δ2s
(2)
i + h2qiyi = h2ri + εi, i = 2, 3, . . . , k − 2,

s
(2)
k−2 − 2s

(2)
k−1 + h2qk−1yk−1 = h2(

1

12
rk + rk−1) + εk−1,

r L�T�G εi = O(h4)
k
i = 1, 2, . . . , k − 1 p[q T n a n jK��WO\�\�G�j r W�L�T�]KJ!b�IK\�JMY s ]K\ n jKJ!b n JWOT�] s Z�L�X I t Y�VQI�VQP

Bs(2) + h2Qy = h2r + ε,
§ v p w v ª

r L�T�G B,Q ∈ IRk−1,k−1 J!b IK\OXz\�I�j
b n j!T�X � \¹TÁhKJ�a�jKJ�]KT�P�jK]
X h
X \�dcNQI
X T�P�L�b IK\�Y�\�P�jK��P§ v p   Ù ª Y�\OX�Tæh
X \�dcNQI
X T�P�L�b IK\�Y�\�P Q := diag(q1, q2, . . . , qk−1)
k_Y�\OX

s(2), y, r, ε ∈
IRk−1 j!\�h
X \�IKa n WO\�j!\

s(2) := [s
(2)
1 , s

(2)
2 , . . . , s

(2)
k−1]

T , y := [y1, y2, . . . , yk−1]
T = [s1, s2, . . . , sk−1]

T ,

r := [
1

12
r0 + r1, r2, . . . , rk−2,

1

12
rk + rk−1]

T ,
Y�\OX

ε := [ε1, ε2, . . . , εk−1]
T .
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(ii)
R n G�I t ]�jK� n �

s̃
T�]
b �KJMj�\OX�\�L r j�T�d�]K\�WOW�X Y r n a n jK��WO\

Bs̃(2) + h2Qs̃ = h2r,
§ v p w�wOª

r L�T�G
s̃(2) := [s̃

(2)
1 , s̃

(2)
2 , . . . , s̃

(2)
k−1]

T Y�\OX
s̃ := [s̃1, s̃2, . . . , s̃k−1]

T .

� X n G�IK\�]�jKZ n J!X P s
Y�\OX

s̃
LOUO��]KT�a�I�JML�b n ��Pfj
X P�J � X n N n J!X P n G�IK� � J!X \�P�§ v p  ©��ª keT�X�TOL�T�b J�P§ U r dcVßjK��P�§ v p w��Oª ) W�L�T�] r G�I�IK\�JMY s ]K\ n j!T�a�I n JfWOT�] s ZuL�X I t Y�VQI�VQP

As(2) =
6

h2
By + h2ρ,

§ v p w�µOªY�\OX
As̃(2) =

6

h2
Bs̃ + h2ρ,

§ v p µ » ª
r L�T�G A,B ∈ IRk−1,k−1 J!b IK\OXzT�XojK]
X h
X \�dcNQI
X T�XoL�b IK\�Y�J�P·§ v p   Ù ª Y�\OX ρ ∈ IRk−1 j!Th
X t IKG n WO\

ρ := [
1

12
r0, 0, . . . , 0,

1

12
rk]T .

� L r jK��I m I r jK��j!\ v p Ù (ii) d�I�VQ]
b �KT�G�WOJ r j
XeT�L�b IK\�Y�\�P B
J!b IK\OXc\�I�j
X n jK]K��ç�X WOT�P[Y�\OX

||B−1||∞ ≤ (b − a)2/8h2.FHG�IKJMLONQP�kc\�L r jK��I�§ v p w v ª k
s(2) = −h2B−1Qy + h2B−1r + B−1ε.l � ]K\ck�\�L r jK��I�§ v p w�µOª k

−h2AB−1Qy + h2AB−1r + AB−1ε =
6

h2
By + h2ρ,

⇒ (I +
h4

6
B−1AB−1Q)y =

h4

6
(B−1AB−1r − B−1ρ)

+
h2

6
B−1AB−1ε.

§ v p µ © ª
Ö Jf\�I t UOT�d�T�jK] r L�TekcT�X
§ v p w�wOª Y�\OX
§ v p µ » ª ⇒

(I +
h4

6
B−1AB−1Q)s̃ =

h4

6
(B−1AB−1r − B−1ρ)

§ v p µ©��ª
l mon j�V

C := h4B−1AB−1Q/6 pQq�r jKJ
||C||∞ ≤ h4

6
||B−1||∞||A||∞||B−1||∞||Q||∞

≤ h4

6
× (b − a)4

64h4
× 6 × ||q|| =

(b − a)4

64
||q||.

⇒
� I

||q|| < 64/(b − a)4,
§ v p µ­ Oª
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j r jKJ ||C||∞ < 1 p ⇒ � L�b IK\�Y�\�P I + C

J!X IK\OXc\�I�j
X n jK]K��ç�X WOT�P[Y�\OX
||(I + C)−1||∞ = ||(I +

h4

6
B−1AB−1Q)−1||∞ ≤ 64

64 − (b − a)4||q|| .FHG�IKJMLONQP�kO\�I_� n G�I t ]�jK� n �
q
LOUO��]KT�b�jK� n G�I!`�Z�Y���§ v p µ­ Oª k�j r jKJHj!T�d�]K\�WOW�X Y r n a n jK��WO\§ v p µ©��ª � � J!XcjK��WOTOIK\�h
X Y�Z�UOa n �

s̃ =
h4

6
(I +

h4

6
B−1AB−1Q)−1(B−1AB−1r − B−1ρ).

l � ]K\�Y�\OXDj!T·h
X t IKG n WO\
s̃(2) T�]
b �KJMj!\OXDWOT�IKT n Z�WO\�I�j!\�\�L r jK��I·§ v p w�wOª p¹q \�L�X T�L t I�V\�L�T�hKJ!X Y�IKa�T�G�I_jK��WOT�IK\�h
X Y�Z�a�L�\�] � ��jK��P_L�]KT n JMdcdeX n j
X Y�Z�P n G�I t ]�jK� n ��P

spline s̃ p §¶àHU pm I r jK��j�\   p � p ª
� X
§ v p µ © ª Y�\OX
§ v p µ©��ª ⇒

y − s̃ =
h2

6
(I +

h4

6
B−1AB−1Q)−1B−1AB−1ε

⇒ ||y − s̃||∞ ≤ h2

6
× 64

64 − (b − a)4||q|| ×
(b − a)2

8h2
× 6 × (b − a)2

8h2
||ε||∞,

FHG�IKJMLONQP�k
||y − s̃||∞ = O(h2) ⇒ s̃i − yi = O(h2), i = 0, 1, . . . , k.m L�b n ��P�kcT�Xã§ v p w v ª Y�\OX
§ v p w�wOª ⇒

s(2) − s̃(2) = −h2B−1Q(y − s̃) + B−1ε,

⇒ ||s(2) − s̃(2)||∞ ≤ h2||B−1||∞||Q||∞||(y − s̃)||∞ + ||B−1||∞||ε||∞.l � ]K\ck
||s(2) − s̃(2)||∞ = O(h2) ⇒ s̃

(2)
i − s

(2)
i = O(h2), i = 0, 1, . . . , k.

⇒
� Y�T�UOT�G
`eNQI�j�\�P�jK��h
X \�h
X Y�\ n b \�L�T�G�T�hKZ�d�� n J�\�L r j!\�\�L�T�jKJMUO� n WO\
j!\�§ v p Ù  Oª¬« § v p Ù­Ù ªn j!\�\�L�T�jKJMUO� n WO\�j!\£§ v p Ù ��ª¬« § v p Ù �Oª §¨^OU p ½_\�]K\�jKZ�]K� n � v p  Oª kcY�\�j!\�UOZ�d�T�G�WOJ n j�T£�K��j!T�a «WOJ�IKT n G�W�L���]K\ n WO\ r j
X

||s̃(j) − y(j)|| = O(h2), j = 0, 1, 2.

ï���ú�õ�� �Zô
�
� � I
y ∈ C8[a, b]

Y�\OX�T�X n G�I!`�Z�Y�J�P t Y�]�VQIfjK��P
s
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νi := s
(2)
i − y

(2)
i +

h2

12
y
(4)
i − h4

360
y
(6)
i = O(h6), i = 0, 1, . . . , k,

j r jKJ[J!b IK\OX�J�a�Y�T�UOT�IK\�hKJ!X � jKJ!b r j
X
y
(4)
i =

1

h2
δ2s

(2)
i + O(h4), i = 1, 2, . . . , k − 1.
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spline s̃
k�Mj n X�N n jKJ

||s̃(j) − y(j)|| = O(h4−j), j = 0, 1, 2.§¶àHU p N. Papamichael and A.J. Worsey, A cubic spline method for the solution

of a linear fourth-order two-point boundary value problem, J. Comput. Appl.
Math. 7 (1981), 187-189.
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