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Abstract The axisymmetric and plane extrusion flows
of a liquid foam are simulated assuming that the foam is
a homogeneous compressible Newtonian fluid that slips
along the walls. Compressibility effects are investigated
using both a linear and an exponential equation of
state. The numerical results confirm previous reports
that the swelling of the extrudate decreases initially as
the compressibility of the fluid is increased and then
increases considerably. The latter increase is sharper
in the case of the exponential equation of state. In
the case of non-zero inertia, high compressibility was
found to lead to a contraction of the extrudate after
the initial expansion, similar to that observed experi-
mentally with liquid foams and to decaying oscillations
of the extrudate surface. The time-dependent calcula-
tions show that the oscillatory steady-state solutions are
stable. These steady-state oscillatory solutions are not
affected by the length of the extrudate region nor by
the boundary condition along the wall.
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Introduction

Foams are structured dispersions of gas bubbles in a
small volume fraction of a liquid with the liquid as
the continuous phase and the gas as the dispersed
one. Foamed products are useful in many different
industrial applications. In the plastics industry, poly-
ethylene, polystyrene, and polypropylene foams are
produced for thermal insulation, packaging applica-
tions, protecting and sporting equipment, and air-
craft or automotive parts with high strength to weight
ratio (Park et al. 1998; Naguib et al. 2004). Foamed
polymer solutions are used widely in the petroleum
industry as drilling fluids and in the hydraulic frac-
turing of hydrocarbon wells (Gardiner et al. 1999).
Metal foams also find applications in the automotive
industry (Belkessam and Fritsching 2003). Aqueous
polymer solutions foamed with nitrogen and/or carbon
dioxide are used in fire-fighting technology for polar
solvent and oil fires (Gardiner er al. 1999; Höhler
and Cohen-Addad 2005). Other applications can be
found in the food and biopolymer industry, with
products ranging from starch-based foams Willett and
Shogren (2002), cereal foods (Moraru and Kokini 2003;
Wang et al. 2005),and aerated chocolates (Gardiner
et al. 1999) to cosmetics and medical drugs (Höhler and
Cohen-Addad 2005).

In foam extrusion, a chemical foaming agent is mixed
with the polymer to be extruded. The heat generated
to melt the polymer decomposes the chemical foaming
agent producing gas, which is dispersed in the polymer
melt. An alternative is to blow the polymer melt with an
inert gas, such as carbon dioxide or nitrogen (Park et al.
1998; Xu et al. 2003; Naguib et al. 2004). Upon exiting
the die, the gas expands considerably. Expansion of
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extrudates is one of the most important phenomena of
foam extrusion processing, resulting in products with
a cellular foam structure (Wang et al. 2005; Naguib
et al. 2004; Naguib et al. 2006). This is a complex
phenomenon caused by different mechanisms, such as
phase transitions, nucleation, and bubble growth and
collapse (Moraru and Kokini 2003; Naguib et al. 2004;
Naguib et al. 2006) in addition to extrudate swell. Im-
portant parameters that affect the final dimensions and
quality of the extrudate are the die geometry, material
properties, and processing environment (Wang et al.
2005).

In the polymer foam production industry, the ex-
pansion of the extrudate is usually described by
the volume expansion ratio, which is also known as
the overall expansion ratio or foaming ratio. This is the
ratio of the extrudate solid density to the bulk density.
In the food industry, the radial expansion ratio is used
instead. This is the ratio of the cross-sectional area of
the extrudate to that of the die (Sokhey et al. 1997; Xu
and Hanna 2005). In other words, the radial expansion
ratio is the square of the well-known extrudate swell
ratio, which is defined as the ratio of the final extrudate
diameter to that of the die. The axial expansion ratio
calculated by dividing the volume expansion by the
radial expansion ratio is also used (Sokhey et al. 1997).
The expansion ratios and the density are important
properties of extruded foams. High expansion ratios
and low unit density are ideal for foams because of the
reduced cost of the final product (Xu and Hanna 2005).

In general, polymer foams produced by conventional
extrusion process exhibit high expansion ratios up to
100. Park et al. (1998) reported volume expansion ratios
as high as 23 for microcellular high-impact polystyrene
(HIPS) foams in the range of 1.5–20 for fine-cell high-
density polyethylene (HDPE) foams (Behravesh et al.
1998) and up to 45 for biodegradable polyester foams
(Park et al. 1999). For the extrusion of polypropy-
lene foams blown with butane, Naguib et al. (2004);
Naguib et al. (2006) reported that volume expansion
ratios ranged from about 1 to 90, depending on the gas
fraction, the temperature, and the talc content. Very
recently, Lee et al. (2006) reported volume expansion
ratios ranging from 2.3 to 8.5 in the case of open-
cell low-density polyethylene/polystyrene (LDPE/PS)
sheet foams produced with an annular die. Xu et al.
(2005) reported volume expansion ratios up to 6 in
direct extrusion foaming of a low-density polypropy-
lene. Large expansion ratios are also observed in
the case of extruded biodegradable starch and cereal
foams. Radial expansion ratios up to 62.4 have been re-
ported (Willett and Shogren 2002; Moraru and Kokini
2003; Xu and Hanna 2005).

Of particular interest to the present work is the
phenomenon of the contraction of the extrudate after
the initial expansion near the die exit, which is known
to be detrimental to large expansion (Naguib et al.
2006). This contraction is attributed to the escape of
gas through the exterior skin of the extruded foam
(Behravesh et al. 1998; Park et al. 1998; Naguib et al.
2004). Therefore, to produce low-density foams, gas
diffusion must be prevented. In extrusion experiments
with microcellular HIPS foams blown with carbon diox-
ide, Park et al. (1998) observed that the diameter of the
initially expanded foam at a relatively high temperature
was about 2.2 times of the diameter of the finally con-
tracted foam. By decreasing both the melt and nozzle
temperatures, Park et al. (1998) were able to achieve
full expansion, eliminating the contraction, which was
attributed to the reduced gas diffusion through the
frozen skin layer of the extrudate and the suppression
of cell coalescence.

Naguib et al. (2004) and Naguib et al. (2006) studied
the fundamental mechanisms governing the volume
expansion behavior of extruded polypropylene foams
blown with butane. Based on their experimental data,
they reached the conclusion that either gas loss or poly-
mer crystallization govern the final volume expansion
ratio of the polypropylene foams and that the maxi-
mum expansion ratio was achieved when the governing
mechanism changed from one to the other. They also
noted that at higher temperatures, initial expansion is
followed by an undesirable contraction and that as tem-
perature is increased, initial expansion becomes larger
but final expansion is reduced beyond an optimum
temperature. The angle of initial expansion was found
to increase with temperature, i.e., initial expansion
becomes faster (Naguib et al. 2004).

Extrudate contraction after the initial expansion has
also been observed with extruded starch-based foams
(Fan et al. 1994; Willett and Shogren 2002; Wang et al.
2005; Xu and Hanna 2005) and cereal foods (Moraru
and Kokini 2003), resulting in increased densities and
reduced expansions. Willett and Shogren (2002) and
Moraru and Kokini (2003) attribute this phenomenon
to the cooling rate, which is not rapid enough to prevent
bubble collapse.

The objective of the present work is to study numer-
ically the expansion of extruded foams in the so-called
extrudate swell flow and investigate whether the afore-
mentioned phenomenon of extrudate contraction can
be attributed to the compressibility of the foam. The
latter is treated as a homogeneous fluid. In other words,
the extrudate expansion of foamed liquids is studied
at a macroscopic level. Bubble growth phenomena are
taken into account implicitly by assuming that the foam
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is highly compressible. For other analyses in which
bubble growth is characterized at a microscopic level,
the reader is referred to the paper by Wang et al. (2005)
and the references therein.

The knowledge of the rheological behavior of
foamed fluids is essential in engineering applications.
As stated by Reinelt and Kraynik (2000), a complete
theory of foam rheology does not exist, as foam be-
havior involves a broad range of physical mechanisms
acting over multiple length and time scales. Additional
information concerning these physical mechanisms
can also be found in the recent review article of Höhler
and Cohen-Addad (2005). Rheological studies have
shown that foam viscosity depends on properties, such
as the foam expansion ratio, defined as the ratio of
the volume of the foam to the volume of the foam
liquid at atmospheric conditions, the bubble size distri-
bution, and other properties of individual phases, i.e.,
the surface tension (Enzendorfer et al. 1995; Gardiner
et al. 1999). In general, a foam behaves like a
non-Newtonian fluid exhibiting shear thinning, yield
stress, and elastic behavior typical of emulsions
(Kraynik 1988). The origin of the elastic behavior
comes from the minimization of surface area due to
the surface tension that exists in the thin liquid films.
The yield stress arises due to the internal structure of
foam, which consists of bubbles separated by a matrix
of thin films (Kraynik 1988). Yield stress was found to
increase monotonically with the gas fraction (volume of
contained gas/volume of foam), the surface tension, and
decreasing bubble size (Khan et al. 1988; Gardiner et al.
1998a). Typically, a Herschel–Bulkley model is fitted to
the experimental data (Gardiner et al. 1999; Herzhaft
et al. 2005).

In the present work, we concentrate our attention on
the effects of compressibility assuming that the foam
behaves as a homogeneous compressible Newtonian
fluid with a viscosity independent of the pressure. The
latter assumption is also a strong one; a correct simu-
lation of foam flow has to include pressure-dependent
viscosity (Huilgol and You 2006). Beverly and Tanner
(1993) were the first to solve numerically the compress-
ible, axisymmetric Newtonian extrudate swell problem.
Their simulations showed that weak compressibility
reduces the swelling of Newtonian fluids. The finite-
element calculations of Georgiou (1995) confirmed this
result and showed that, as compressibility increases,
the extrudate swell ratio passes through a minimum
and then starts increasing rapidly, in agreement with
experiments (Behravesh et al. 1998; Park et al. 1998,
1999). A second objective of the present work is to
investigate this phenomenon further, given that liquid
foams are highly compressible.

First, the governing equations and boundary con-
ditions for the compressible Newtonian extrudate
swell flow are presented and discussed. To study the
effects of compressibility, two alternative equations of
state, a linear and an exponential one, are used. A
linear equation of state has been employed in previous
numerical studies of the compressible extrudate swell
flow (Beverly and Tanner 1993; Georgiou 1995), by
Hatzikiriakos and Dealy (1992) for a HDPE, and in
our previous studies concerning the simulation of the
stick–slip extrusion instability (Georgiou and Crochet
1994; Georgiou 2003). Exponential equations of state
have been employed, for example, by Ranganathan
et al. (1999) for a HDPE and, more recently, by Vinay
et al. (2006), in simulations of weakly compressible
Bingham flows. It should be pointed out that taking
into account only the pressure dependence of the den-
sity (and even that of viscosity) is not sufficient for
modeling foam expansion with chemical or physical
blowing agents, as these mechanisms involve chemical
reaction or gas diffusion, respectively. Because foams
are known to slip along the walls (Khan et al. 1988;
Enzendorfer et al. 1995; Gardiner et al. 1998b; Gardiner
et al. 1999; Bekkour 1999; Bertola et al. 2003; Herzhaft
et al. 2005) in addition to the no-slip boundary condi-
tion at the wall, the possibility of slip by means of a
linear slip equation is also considered. Then, the nu-
merical method is briefly described, and the numerical
results are presented and discussed. Emphasis is given
on the effects of compressibility on the expansion of
the jet. The numerical results confirm previous reports
that the swelling of the extrudate decreases initially as
the compressibility of the fluid is increased, and then
increases considerably in agreement with experimental
observations. The numerical simulations also reveal
that high compressibility may lead to a contraction of
the extrudate after the initial expansion, similar to that
observed experimentally with liquid foams or to decay-
ing oscillations of the extrudate surface, provided that
inertia is taken into account. Lastly, the conclusions
are summarized and some possibilities for future work
are given.

Governing equations

Because the equations and boundary conditions for
the plane problem are similar, only the axisymmetric
extrudate swell flow is discussed. The flow is assumed
to be laminar, compressible, and isothermal, and grav-
ity is neglected. Letting p, v, and τ denote the pres-
sure, the velocity vector, and the viscous stress tensor,
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respectively, the continuity and the momentum equa-
tions are written as
∂ρ

∂t
+ ∇ · ρ v = 0 , (1)

ρ

(
∂v
∂t

+ v · ∇v
)

= −∇ p + ∇ · τ , (2)

where ρ is the density. For compressible Newtonian
flow with the bulk viscosity neglected, the viscous stress
tensor is given by

τ = μ
[
(∇v) + (∇v)T] − 2

3
μ I ∇ · v , (3)

where I is the unit tensor, μ is the viscosity, and the
superscript T denotes the transpose. The viscosity is
assumed to be constant and independent of the
pressure.

The above equations are completed by a thermody-
namic equation of state relating the density to the pres-
sure. At constant temperature and low pressures, the
density can be represented by the linear approximation

ρ = ρ0
[
1 + β (p − p0)

]
, (4)

where

β ≡ − 1

V0

(
∂V
∂p

)
p0,T

(5)

is the isothermal compressibility assumed to be con-
stant, V is the specific volume, ρ0 and V0 are, respec-
tively, the density and the specific volume at a reference
pressure p0, and T is the temperature. For comparison
purposes, the following exponential equation is also
used:

ρ = ρ0 eβ (p − p0) . (6)

This is equivalent to the linear equation of state for low
pressures depending on the value of β. A disadvantage
of this equation is the fast growth of the density (for
high values of β). On the other hand, the linear model
may lead to negative values of the density. Obviously
more sophisticated equations of state should be used
for highly compressible flows.

To non-dimensionalize the governing equations, we
scale the lengths by the radius R, the velocity by the
mean velocity U at the inlet of the capillary, the pres-
sure and the stress components by μU/R, and the
density by ρ0. With these scalings, the continuity and
momentum equations become

∂ρ

∂t
+ ∇ · ρ v = 0 , (7)

and

Re
(

∂v
∂t

+ v · ∇v
)

= −∇ p + ∇ · τ , (8)

where all variables are now dimensionless, and Re is the
Reynolds number defined as

Re ≡ ρ0 U R
μ

. (9)

The linear and the exponential equations of state
respectively become

ρ = 1 + Bp (10)

and

ρ = eBp , (11)

where B is the compressibility number,

B ≡ β μ U
R

, (12)

and the reference pressure has been set to zero. The
behavior of the two dimensionless equations of state is
illustrated in Fig. 1. The two models are equivalent only
if the pressure, p, and the compressibility number, B,
are sufficiently low.

The dimensionless boundary conditions of the flow
are shown in Fig. 2. To include slip effects, a linear
slip equation is employed, the dimensionless form of
which is

τw = 1

A
vw , (13)

Fig. 1 Behavior of the linear (dashed) and exponential (solid)
equations of state for B = 0.01 and 0.1
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Fig. 2 Geometry and
dimensionless boundary
conditions for the
axisymmetric extrudate swell
flow of a Newtonian fluid
with slip at the wall

where vw is the dimensionless slip velocity, τw is the
dimensionless shear stress at the wall, and A is a
dimensionless slip number defined by

A ≡ α μ

R
, (14)

α being a slip parameter depending on the material
properties for a given wall. Hence, along the capillary
wall, the axial velocity, vz, satisfies the slip equation
(13), whereas the radial velocity, vr, is zero.

At the inlet plane, assumed to be taken far upstream
of the exit so that the flow can be taken as fully devel-
oped, vr is zero and vz is given by

vz = 2

1 + 4A
(1 − r2 + 2A) . (15)

The above velocity profile satisfies the slip equation
(13). The dimensionless slip velocity at the inlet plane
is vw = 4A/(1 + 4A). Setting A = 0 leads to the well-
known dimensionless Newtonian velocity profile corre-
sponding to no slip.

The outflow plane is assumed to be far downstream
from the die exit so that total normal stress and the
shear stress vanish, −p + τzz = 0 and τrz = 0. Along
the axis of symmetry, the usual symmetry boundary
conditions are used. Finally, on the free surface, it is
assumed that surface tension is zero and vanishing nor-
mal and tangential stresses are imposed. Additionally,
the unknown position h(z, t) of the free surface satisfies
the kinematic condition:

∂h
∂t

+ vz
∂h
∂z

− vr = 0 . (16)

In the case of the time-dependent calculations, the
solution corresponding to a volumetric flow rate Q0 at
the inlet is used as the initial condition, and at t = 0, the
volumetric flow rate is perturbed to Q = 1.

Numerical simulations

The finite element formulation is used for solving the
free-surface flow problem under study. The unknown
position of the free surface is calculated simultane-
ously with the velocity and pressure fields (full-Newton
method). The mesh is updated accordingly, using a
spine scheme. The standard biquadratic velocity (P2 −
C0) and bilinear-pressure (P1 − C0) elements with a
quadratic representation for the position h of the free
surface are employed. For the spatial discretization, the
standard Galerkin forms of the continuity, momentum,
and kinematic equations are used, while for the time
discretization, the standard fully implicit (Euler back-
ward difference) scheme has been chosen.

To check the convergence of the numerical results,
we have constructed four meshes of different refine-
ment near the singularity at the die exit. We have also
considered three capillary lengths: L1 = 5, 10, and 20.
Unless otherwise indicated, the length of the extrudate
region has been taken to be L2 = 20. Table 1 shows
the sizes of the elements adjacent to the singular point
and the characteristics of all meshes used in the present

Table 1 Mesh characteristics

Mesh L1 L2 Size of Number Number
smaller of of
element elements unknowns

Mesh 1 5 20 0.04 3971 37208
Mesh 2 5 20 0.02 4641 43320
Mesh 3 5 20 0.01 5359 49864
Mesh 4 5 20 0.0045 6526 60490
Mesh 3 5 20 0.01 5359 49864

10 20 0.01 6026 56012
20 20 0.01 7268 67460

Mesh 3 5 10 0.01 3887 36168
5 20 0.01 5359 49864
5 40 0.01 6509 60564



54 Rheol Acta (2008) 47:49–62

work. In the beginning of this section, we will consider
the steady-state creeping flow case. The dramatic effect
of inertia will be discussed afterwards.

Creeping flow

We first carried out simulations of the creeping, steady-
state axisymmetric extrusion flow with no slip along the
capillary wall using the linear equation of state. The
effects of mesh refinement on the centerline pressure
and the position of the free surface are illustrated in
Figs. 3 and 4, respectively, where the results obtained
with meshes 1 and 3 for different compressibility num-
bers are compared. While the calculated centerline
pressures practically coincide, the elevation of the free
surface is overestimated with the coarser meshes for
B < 0.1. This is more clearly shown in Fig. 5, where the
extrudate swell ratios, h f , calculated with meshes 1, 2,
and 3 are compared. For B > 0.1, h f is underestimated
with the coarse meshes. Going back to Fig. 3, we note
that the pressure increases with compressibility, which
is expected, as the mass flow rate is increased. Test runs
for the Poiseuille flow (i.e., with the extrudate region
excluded) have shown that the method diverges at high
values of B (B � 0.5). This observation is useful, as it
shows that the divergence of the method in the case of
strongly compressible extrusion flow is not due to the
sudden elevation of the free surface.

It is clear in Fig. 5 that weak compressibility leads
to a small reduction of the extrudate swell ratio, in

Fig. 3 Effect of mesh refinement on the centerline pressure
in creeping axisymmetric flow with no slip at the wall; results
obtained with meshes 1 (dashed) and 3 (solid) and L1 = 5

Fig. 4 Effect of mesh refinement on the position of the free
surface in creeping axisymmetric flow with no slip at the wall;
results obtained with meshes 1 (dashed) and 3 (solid) and L1 = 5

agreement with earlier numerical studies (Beverly and
Tanner 1993; Georgiou 1995). This reduction has been
attributed to the compression of the extrudate down-
stream, given that the fluid is decompressed near the
singularity at the die exit where the pressure is neg-
ative (Georgiou 1995). However, as compressibility
increases, h f passes through a minimum between B =
0.02 and 0.03 and then increases steadily due to the
increase of the mass flow rate. At high values of B,

Fig. 5 Effect of mesh refinement on the extrudate swell ratio
in creeping axisymmetric flow with no slip at the wall; results
obtained with meshes 1, 2 (dashed) and 3 and L1 = 5
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the angle of expansion increases, and the elevation
of the free surface is rapid (see Fig. 4). As already
mentioned, the numerical method cannot converge for
B � 0.12. From Fig. 5, we conclude that the results for
B > 0.08 should be ignored. In any case, the numer-
ical results show that swelling increases considerably
with compressibility, in agreement with foam extrusion
experiments (Behravesh et al. 1998; Park et al. 1998,
1999).

The expansion of the jet is further enhanced by
increasing the capillary length, while it is reduced when
slip occurs along the capillary wall. As illustrated in
Fig. 6, the minimum of the extrudate swell ratio is
shifted to the left, and higher extrudate swell ratios
are obtained when the length of the capillary, L1, is
increased, as more material is compressed. It should
be noted that increasing the capillary length leads to
a higher mass flow rate (as the velocity scale is the
same), and therefore, the mean velocity at the exit is
higher. Figure 7 shows the effect of slip on the free
surface profile for B = 0.06. Swelling is reduced as slip
is increased, which is consistent with experiments and
theoretical studies.

Let us now look more closely at the numerical solu-
tion of strongly compressible flow. In Fig. 8, we see the
finite element mesh, the velocity and pressure contours,
and the streamlines obtained with mesh 3 (L1 = 10)
for B = 0.08. Two interesting observations are that (a)
the free surface is almost vertical near the exit, and (b)
there is a big region in the extrudate region where the
pressure is negative, i.e., the density is less than the

Fig. 6 Effect of the capillary length on the extrudate swell ratio
in creeping axisymmetric flow with no slip at the wall

Fig. 7 Free surface profiles for B = 0.06 and different slip num-
bers in creeping axisymmetric flow; mesh 3 with L1 = 5 and
L2 = 20

reference density. The negative pressures are swept out
because of the convective nature of the flow.

The results with the exponential equation of state
showed the importance of using a proper equation
of state in the simulations. In Fig. 9, the centerline
pressures from B = 0 (incompressible flow) up to B =
0.025, calculated with L1 = 5, are plotted. The results
for B < 0.01 are essentially the same as those obtained
with the linear equation of state and shown in Fig. 3.
For higher values of B, however, the pressure increases
rapidly and the numerical method fails to converge for
B > 0.025. In Fig. 10, the extrudate-swell ratios calcu-
lated with the two equations of state are compared.
Again, for B < 0.01, both equations yield essentially
the same results. With the exponential equation of
state, the minimum is again observed, but at a lower
compressibility number. Just after the minimum, the
extrudate-swell ratio increases considerably due to the
dramatic increase of the pressure and, hence, the mass
flow rate.

The numerical results for the planar compressible
extrudate-swell flow are similar. In Fig. 11, we compare
to their axisymmetric counterparts the extrudate swell
ratios obtained with Mesh 3 and L1 = 5. With the same
mesh, simulations of the planar flow can be carried
out for higher values of the compressibility number.
Again, the extrudate swell ratio passes through a min-
imum, but at a higher compressibility number around
B = 0.05. It should be noted that for B > 0.06 the
planar jet swells less than the axisymmetric one.
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Fig. 8 Mesh and contours
in creeping compressible
axisymmetric extrudate swell
flow with no slip at the wall;
B = 0.08, L1 = 10 (only part
of the domain is shown)

We have also studied the effect of compressibility
on the pressure exit correction factor which gives the
relative excess pressure loss above the Poiseuille fully-
developed pressure loss. This is defined as follows
(Tanner 2000):

nex = �P − �P0

2 σw

(17)

where �P is the pressure drop between the inlet plane
and the exit in the case of the extrudate swell flow,
�P0 is the pressure drop between the inlet plane and
the exit of the capillary in the case of fully-developed
Poiseuille flow, and σw is the wall shear stress cor-
responding to incompressible Poiseuille flow. In the
present work, the pressure differences are taken along
the centerline. The exit correction factors for both the
planar and the axisymmetric flows are found to increase
with compressibility, as shown in Fig. 12. The increase is

more dramatic in the case of the axisymmetric flow. The
convergence of these results has been checked by using
meshes 1 to 4. In Table 2, the calculated exit correction
factors for both the axisymmetric and planar incom-
pressible flows are tabulated together with the corre-
sponding extrudate swell ratios. The convergence of nex

with mesh refinement is illustrated in Fig. 13. It appears
that the converged values of nex are about 0.227 for the
axisymmetric jet and 0.147 for the planar one. These
values, which are insensitive to the capillary length L1

(for L1 > 3), are much lower than those reported in the
literature (Mitsoulis 1986; Tanner 2000). However, as
pointed out by Mitsoulis (1986), who reported the value
nex = 0.235 for the axisymmetric jet, coarse meshes
tend to overestimate nex, which is consistent with the
present calculations. We believe that the meshes used
in previous studies were rather coarse. Finally, as the
mesh size is decreased the computed values of the
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Fig. 9 Centerline pressures calculated with the exponential
equation of state for different compressibility numbers; creeping
axisymmetric flow with no slip at the wall, mesh 3 with L1 = 5

extrudate swell ratio (tabulated in Table 2) appear to
approach nicely the converged values 1.1265 and 1.1863
reported by Georgiou and Boudouvis (1999) for the
axisymmetric and planar flows, respectively.

Effect of inertia

It is well known that, in the incompressible case (B=0),
swelling is reduced as the Reynolds number is increased

Fig. 10 Calculated extrudate swell ratios with the two equations
of state; creeping axisymmetric flow with no slip at the wall, mesh
3 with L1 = 5

Fig. 11 Calculated extrudate swell ratios for both the axisymmet-
ric and planar extrudate swell flows; creeping flow with no slip at
the wall, Mesh 3 with L1 = 5

(Georgiou et al. 1988). Our simulations showed that
this is also the case with weakly compressible flows.
At high compressibility numbers, however, the final ex-
trudate swell ratio increases sharply with the Reynolds
number, as illustrated in Fig. 14, which shows results
obtained with the no-slip boundary condition. In some
intermediate range of compressibility numbers, the
final extrudate swell ratio appears to pass through a
minimum.

Fig. 12 Exit correction factors for both the axisymmetric and
extrudate-swell flows versus the compressibility number; creep-
ing flow with no slip at the wall, Mesh 3 with L1 = 5
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Table 2 Convergence of the exit correction factor and the extru-
date swell ratio with mesh refinement

Mesh Size of Axisymmetric Planar

smaller nex hf nex hf

element

Mesh 1 0.04 0.23603 1.1344 0.15139 1.1953
Mesh 2 0.02 0.23191 1.1303 0.14909 1.1908
Mesh 3 0.01 0.23021 1.1290 0.14816 1.1893
Mesh 4 0.0045 0.22855 1.1278 0.14725 1.1878

a

b
Fig. 13 Convergence of the exit pressure correction factor with
mesh refinement: a Axisymmetric jet, b planar jet; creeping flow
with no slip at the wall, mesh 3 with L1 = 5

Fig. 14 Final extrudate swell ratio vs Re for different compress-
ibility numbers; axisymmetric flow with no slip at the wall, mesh
3 with L1 = 5 and L2 = 20

The free-surface profiles for nonzero Reynolds num-
ber look more exciting than the values of the final
extrudate swell ratio. In Figs. 15 and 16, the free-surface
profiles for B = 0.06 and B = 0.08, respectively, and
various Reynolds numbers are shown. We observe
that the angle of expansion and the swelling increase
with the Reynolds number and that the expansion is
followed by a weaker contraction. This behavior of
the free surface agrees with the experimental obser-

Fig. 15 Free surface profiles for B = 0.06 and different Reynolds
numbers; axisymmetric flow with no-slip at the wall, mesh 3 with
L1 = 5 and L2 = 20
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Fig. 16 Free-surface profiles for B = 0.08 and different Reynolds
numbers; axisymmetric flow with no slip at the wall, mesh 3 with
L1 = 5 and L2 = 20

vations on extruded polymer (Behravesh et al. 1998;
Park et al. 1998; Naguib et al. 2004; Naguib et al.
2006), starch-based (Fan et al. 1994; Willett and
Shogren 2002; Wang et al. 2005; Xu and Hanna 2005)
and cereal (Moraru and Kokini 2003) foams. There-
fore, the phenomenon of foam extrudate contraction
can, at least partially, be attributed to the combined
effect of the compressibility of the foam and inertia.

Fig. 17 Free surface profiles for B = 0.06, A = 0.1, and various
Reynolds numbers; axisymmetric flow, mesh 3 with L1 = 5 and
L2 = 20

As the Reynolds number is further increased, more
decaying oscillations of the free surface are observed
downstream. The same phenomenon is observed when
the fluid is allowed to slip along the capillary wall.
In Fig. 17, we plot the free-surface profiles obtained
for B = 0.06, A = 0.1, and various Reynolds numbers.
A comparison with Fig. 15 shows again that slip re-
duces swelling and the amplitude of the free-surface
oscillations.

The effect of compressibility for a nonzero Reynolds
number (Re = 1) is illustrated in Fig. 18, where steady
free-surface profiles obtained with different values of
B are shown. The free surface is monotonic in the in-
compressible case. As in the creeping flow, the angle of
expansion and swelling increase with B. A kink appears
that grows with B. At higher compressibilities, there
appear smaller decaying oscillations after the initial
kink. Figure 19 shows the mesh and the axial velocity
contours when B = 0.06 and Re = 2.5 (i.e., a rather
extreme case). The sharp angle of expansion, as well as
the dense refinement of the mesh in the axial direction,
are clear.

Some checks have been considered to confirm that
the calculated oscillating steady free-surface profiles
are not numerical artifacts. First, we verified that the
solution does not depend on the length L2 of the extru-
date. Figure 20 shows comparisons of the free-surface
profiles obtained for B = 0.06, various Reynolds num-
bers, and L2 = 10, 20, and 40. It is clear that the results
coincide in all cases. In other words, the oscillatory

Fig. 18 Free-surface profiles for Re = 1 and different compress-
ibility numbers; axisymmetric flow with no slip at the wall, mesh
3 with L1 = 5 and L2 = 20
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Fig. 19 Mesh and axial velocity contours for B = 0.06 and Re = 2.5; axisymmetric flow with no slip at the wall, mesh 3 with L1 = 5
and L2 = 20

a

b
Fig. 20 Effect of the extrudate length on the steady free-surface
profiles for B = 0.06 and various Reynolds numbers: a results for
L2 = 10 (solid) and 20 (dashed); b results for L2 = 20 (solid) and
40 (dashed); axisymmetric flow with no slip at the wall, mesh 3
with L1 = 5

nature of the steady-state solutions is not affected by
the length of the extrudate.

We have also checked the stability of the oscillatory
steady-state solutions by means of time-dependent cal-
culations. The steady-state solution at the volumetric
flow rate Q0 = 0.5 has been taken as the initial con-
dition, and at t = 0 the volumetric flow rate was set
to Q = 1. In all cases examined, the oscillatory steady
states have been found to be stable. A rather extreme
example for B = 0.06 and Re = 2.5 is presented in this
paper. The free surface profiles for Q0 = 0.5 and Q = 1
are shown in Fig. 21. In Fig. 22, the evolution of the free
surface to the new oscillatory steady state is shown. The
large free-surface profile overshoot, which is due to the
sudden increase of the volumetric flow rate, propagates
downstream, and the new stable steady state is finally
reached.

Fig. 21 Steady free-surface profiles for B = 0.06, Re = 1, Q0 =
0.5 (initial condition), and Q = 1 (new steady-state); axisymmet-
ric flow with no slip at the wall, mesh 3 with L1 = 5 and L2 = 20
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a

b
Fig. 22 Evolution of the free surface when perturbing the steady-
state solution for B=0.06 and Re = 2.5 from Q0 = 0.5 to Q = 1: a
t = 1, 3, 5, 7, and 9; b t = 10, 15, 20, 25; the dashed lines show the
initial and the final steady state; axisymmetric flow with no slip at
the wall, mesh 3 with L1 = 5 and L2 = 20

Conclusions

We have solved numerically the axisymmetric and
plane extrudate swell flows of a strongly compressible
Newtonian fluid and studied the effects of the com-
pressibility and the equation of state, slip, geometry,

and inertia on the expansion of the jet. In agreement
with experimental observations (Behravesh et al. 1998;
Park et al. 1998, 1999), strong compressibility was found
to enhance the expansion and the angle of separa-
tion of the jet. However, swelling initially decreases as
compressibility is increased, which agrees with previous
numerical studies (Beverly and Tanner 1993; Georgiou
1995). The expansion of the jet is further enhanced
when the length of the capillary is increased, i.e., when
more material is compressed. On the other hand, slip
at the wall reduces swelling. The planar jet has been
found to swell more than its axisymmetric counterpart
only below a certain value of the compressibility num-
ber. The simulations with a linear and an exponential
equation of state showed that swelling is accelerated
in the latter case, which indicates the importance of
using a more physically based equation of state. We
are currently investigating this issue in conjunction with
the use of a more realistic constitutive equation for
liquid foams, such as the Herschel–Bulkley model with
density-dependent parameters. Another consideration
is the construction of the finite element mesh that needs
to be improved to capture the high expansion ratios
observed in foam extrusion experiments.

The numerical simulations for non-zero Reynolds
number revealed that compressibility leads to a
contraction of the jet after the initial expansion, a
phenomenon that has been observed in extrusion ex-
periments with polymer (Behravesh et al. 1998; Park
et al. 1998; Naguib et al. 2004; Naguib et al. 2006),
starch-based (Fan et al. 1994; Willett and Shogren 2002;
Wang et al. 2005; Xu and Hanna 2005), and cereal
(Moraru and Kokini 2003) foams. At higher Reynolds
numbers, the steady-state free-surface profiles become
oscillatory, with the oscillations decaying downstream.
These steady-state oscillatory solutions are not affected
by the length of the extrudate region nor by the bound-
ary condition along the capillary wall (slip or no-slip).
Their stability has been confirmed by means of time-
dependent calculations.
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