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Abstract.
BACKGROUND: In microcirculation, the non-Newtonian behavior of blood and the complexity of the microvessel network
are responsible for the high flow resistance and the large reduction of the blood pressure. Red blood cell aggregation along
with inward radial migration are two significant mechanisms determining the former. Yet, their impact on hemodynamics in
non-straight vessels is not well understood.
OBJECTIVE: In this study, the steady state blood flow in stenotic rigid vessels is examined, employing a sophisticated non-
homogeneous constitutive law. The effect of red blood cells migration on the hydrodynamics is quantified and the constitutive
model’s accuracy is evaluated.
METHODS: A numerical algorithm based on the two-dimensional mixed finite element method and the EVSS/SUPG tech-
nique for a stable discretization of the mass and momentum conservation equations in addition to the constitutive model is
employed.
RESULTS: The numerical simulations show that a cell-depleted layer develops along the vessel wall with an almost constant
thickness for slow flow conditions. This causes the reduction of the drag force and the increase of the pressure gradient as the
constriction ratio decreases.
CONCLUSIONS: Viscoelastic effects in blood flow were found to be responsible for steeper decreases of tube and discharge
hematocrits as decreasing function of constriction ratio.

Keywords: RBC migration, shear-induced migration, Fahraeus–Lindqvist effect, blood viscoelasticity, stenotic microvessels,
cell-depleted layer

1. Introduction

Microvessels have a very significant role for the hemostasis of organs and tissues. Blood flows through
them and delivers oxygen and nutrients to the organs, where they are exchanged with carbon oxides
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and metabolic wastes. In all cases the chemical carriers are the red blood cells (RBCs). In terms of
hemodynamics, about 80% of the total pressure drop of the circulation takes place in microvessels (Popel
and Johnson [1], Lipowsky [2]), because of their small diameter (�300 µm) which is comparable to that
of RBCs (�8 µm) (Freund [3]). This has many implications on the flow field: the velocity profiles are
not parabolic, the apparent viscosity is not constant and depends on the vessel diameter, the haematocrit
is also dependent on the vessel diameter, phase separation occurs at bifurcations and a cell-free layer is
formed along the wall (Sharan and Popel [4]).

Blood consists of a concentrated suspension of blood cells in plasma. Of the formed elements, the
white blood cells together with the platelets occupy less than one percent of the volume of blood, while
the RBCs form the dominant matter of blood, occupying about 45% and 40% of the volume for men
and women, respectively (Baskurt [5], Chien [6], Chien et al. [7]). Thus, the rheological properties of
blood are primarily governed by the concentration of RBCs and their behavior at different shear rates. As
the blood flows through microtubes, non-Newtonian effects, such as shear-thinning and viscoelasticity,
become more important. At low shear rates (γ̇ < 10 s−1), the RBCs tend to aggregate and form column-
like structures called rouleaux, which increase the blood viscosity (Meiselman [8]). At even lower shear
rates (γ̇ < 1 s−1), these rouleaux develop branches and eventually three-dimensional complex networks,
inducing an additional increase of the viscosity. On the contrary, increasing the shear rate leads to the
breaking up of rouleaux, alignment of the RBCs with the rouleaux and finally deformation of the RBCs
and reduction of the viscosity. This tendency of RBCs to agglomerate and disaggregate in addition to
their deformability is responsible for the shear thinning character of blood. On the other hand, the de-
formability and orientation of rouleaux and individual RBCs provides a means of storing energy during
flow, leading to the viscoelastic behavior of blood. Thurston [9] investigated in vitro viscoelastic proper-
ties of blood in the linear viscoelastic regime and measured a significant elastic component in oscillatory
blood flow. He also measured the shear-rate dependence of the viscoelastic properties of blood at a given
frequency (Thurston [10]). Evans and Hochmuth [11] have found that the RBC membrane exhibits stress
relaxation. From these measurements, the non-linear viscoelastic properties of blood are evident.

Several constitutive models for the stresses of the model have been developed in order to present the
viscoelastic, shear-thinning character as well as the non-homogeneous phenomena of blood flow (Apos-
tolidis and Beris [12]). Quemada [13] derived a generalized Maxwell constitutive model by assuming
that aggregation and disaggregation are simple relaxation processes and developed a relation between
the number fraction of red blood cells in aggregates and the mean relaxation times of aggregation and
disaggregation. Williams et al. [14] also derived a Maxwell model, based on quite a few restrictions,
including that flow conditions are near equilibrium and that the rouleaux are “long”. Vlastos et al. [15]
examined viscoelastic effects and proposed a Carreau model for the description of blood shear-thinning
(see also Dimakopoulos et al. [16]). Anand et al. [17] proposed a viscoelastic model that is based on
the thermodynamic framework developed by Rajagopal and Srinivasa [18]. The model accounts for the
dependence of the relaxation times on the shear rate and is in good agreement with experimental data
in steady Poiseuille flow and oscillatory flow (Bodnar and Sequeira [19]). Chakraborty et al. [20] evalu-
ated three viscoelastic models for the simulation of blood flow in a two-dimensional collapsible channel.
This was one of the first studies in fluid-structure interaction with a viscoelastic assumption for the blood
rheology.

Quite recently two constitutive models were proposed by Owens and collaborators (Moyers-Gonzalez
et al. [21], Owens [22]) that can be used even in microflows: flows in arterioles, venules or in general
vessels of diameter larger than 50 µm, which is the lower limit for a continuum approximation. Owens
[22] used a macroscopic continuum model which rests on sound microscopic-level foundations. The
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aggregation and disaggregation of RBCs are modeled using ideas drawn from the temporary polymer
network theory. The basic microstructural unit is represented as an elastic dumbbell which is able to
attach to and detach itself from larger aggregates. He showed that predictions of shear stress hystere-
sis loops in triangular hysteresis experiments in a Couette rheometer were in close agreement with the
experimental data of Bureau et al. [23] and resulted from a complex interplay of shear-thinning, vis-
coelastic and thixotropic effects. Fang and Owens [24] used it to investigate the steady, oscillatory and
pulsatile flow of blood in a tube of radius 0.43 mm. Elastic effects of blood were most pronounced at low
flow rates and low flow rate amplitudes, and the agreement with data from (Thurston [10,25]) was satis-
factory. Subsequently, Iolov et al. [26] simulated steady and pulsatile flow in two and three dimensions
for straight and aneurytic geometries of vessels. Although the flow parameters were such that the effect
of elasticity was small, noticeable differences were reported between the Newtonian and non-Newtonian
flows, especially in the pulsating case.

Moyers-Gonzalez et al. [21] extended the constitutive model of Owens to describe non-homogeneous
flows of human blood. In order to account for the Fahraeus [27] and Fahraeus–Lindqvist [28] effects,
they derived the model starting with the basic equations in a solution of non-interacting dumbbells for
the number density and polymeric stress and making standard arguments of the polymer kinetic theory,
already used by Beris and Mavrantzas [29], Bhave et al. [30], Cook and Rossi [31] and Rossi et al. [32].
The numerical results for one-dimensional steady axisymmetric flow in a uniform pipe were found to be
very close to those obtained using the empirical expression of Pries et al. [33] for the apparent viscosity.
Although the representation of RBC aggregates as elastic dumbbells neglects the motion of individual
RBCs, it can sufficiently describe the macroscopic blood flow, as good agreement with experiments and
empirical relationships was obtained by Owens [22] and Moyers-Gonzalez et al. [21]. A Lagrangian
approach (direct numerical simulation) could capture microscopic phenomena, such as the rotation and
sliding of RBCs upon the aggregate stretching, but this would require a much larger computational cost
in terms of time and memory to simulate systems with realistic RBC number densities. Moreover, there
is a number of significant open issues on the accurate constitutive modeling of a RBC membrane and the
electrochemical path for their intercellular interaction. In all cases a statistical average of stresses and
RBC population is finally provided. Thus, an Eulerian framework employing the Moyers-Gonzalez et al.
[21] model, which is based on the use of averaged constitutive and population balances could facilitate
the simulation of blood flow in stenotic vessels and provide a better understanding of non-homogeneous
phenomena, i.e. the Fahraeus [27] and Fahraeus–Lindqvist effects [28], that are present.

The Fahraeus [27] and Fahraeus–Lindqvist [28] effects are very significant, and appear only in micro-
tubes. The decrease of the average concentration of red blood cells, known as dynamic haematocrit, as
the vessel’s diameter decreases is known as the Fahraeus effect. The mathematical approach of Sutera
et al. [34] showed that because of the migration of RBCs from the vessel walls towards the axis of
symmetry, the dynamic haematocrit in the vessel (tube haematocrit) must be less than that of the blood
discharged from the end of the tube (discharge haematocrit). Pries et al. [33] provided an empirical para-
metric expression in order to calculate the dynamic haematocrit through the feed/discharge haematocrit.
The Fahraeus–Lindqvist effect may be considered as a consequence of the Fahraeus effect, as the migra-
tion of RBCs from the wall to the vessel’s center leads to the development of a cell-depleted layer with
a lower viscosity on the wall, serving as a lubricating layer. Although the thickness of the cell-depleted
layer depends on the flow rate and the diameter, it seems to do so weakly and the layer thickness remains
more or less in the range of 2–4 µm (Caro et al. [35]). Therefore, the relative volume of the slippage layer
increases as the tube diameter decreases. This, combined with the Fahraeus effect, results in a decrease
in the apparent viscosity.
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The current work firstly aims at developing a stable numerical framework for the simulation of the
inhomogeneous blood model (Moyers-Gonzalez et al. [21]) in a stenosed microvessel. In addition, local
effects and their characteristics such as the cell-depleted layer are systematically studied. In the second
and third sections, we present the mathematical modeling of the problem and its numerical solution,
respectively. Finally, in the last two sections we evaluate its efficiency to describe the non-homogeneous
phenomena, discuss the results and draw our conclusions.

2. Problem formulation

2.1. Definition of the physical problem

We consider the steady, axisymmetric flow of blood through a stenotic micro-vessel with sinusoidal
axial variation (Fig. 1) of its rigid boundary. To reduce the effect of boundary entrance and exit condi-
tions, we impose periodicity in the flow field. The dimensional local height of the undulating tube along
the z-axis varies according to the following formula:

R̃(z̃) =

⎧⎪⎨
⎪⎩

R̃max, 0 � z̃ � L̃e,

h̃ + ã cos
(
2π(z̃ − L̃e)/(L̃ − 2L̃e)

)
, L̃e � z̃ � L̃ − L̃e,

R̃max, L̃ − L̃e � z̃ � L̃.

(1)

The amplitude of the undulation in the geometry is denoted as ã = R̃max−R̃min
2 , while the average radius

of an equivalent straight vessel of length L̃ − 2L̃e is equal to h̃ = R̃max+R̃min
2 , where R̃min and R̃max are

the minimum and maximum radii of the undulation in relation to the axis of symmetry, respectively. In
addition, the total length of the vessel is equal to L̃, the lengths of both the entrance and exit section of
the vessel are equal to L̃e. The notation “~” will indicate dimensional quantities.

Here, blood is considered to be a viscoelastic solution with a varying relaxation time μ̃, incompressible
with constant density ρ̃. The plasma viscosity is constant equal to η̃p, and η̃C is RBC contributions to the
viscosity of the blood. In particular, it is assumed to be a three-phase system made of plasma, individual
RBCs and RBC aggregates in the form of rouleaux. According to the definition of Iolov et al. [26],
η̃c is given by the non-linear expression: η̃c = Ñ(kBT̃ + κ)μ̃( ˜̇γ, Ñ, M̃), where Ñ is the red blood
cell number density, kB is the Boltzmann constant, T̃ is the absolute temperature, κ is a constant with
units of energy that accounts for the impact of red blood cell interactions on viscosity and μ̃ is the
relaxation time of the rouleaux of the RBCs that is a non-linear function of the shear-rate, ˜̇γ , and the
average rouleau size, ñ, which in turn is a function of the red blood cell and rouleau number density

Fig. 1. Schematic of a stenotic axisymmetric vessel. (Colors are visible in the online version of the article; http://dx.doi.org/10.
3233/BIR-14033.)

http://dx.doi.org/10.3233/BIR-14033
http://dx.doi.org/10.3233/BIR-14033
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(see the Appendix). Concerning the effective translational diffusivity D̃tr of the migrating RBCs, it is
an assumption required by the original model of Moyers-Gonzalez et al. [21] to consider it a constant
accounting only for the Brownian collisions of a dumbbell with its neighbors, while neglecting the strong
dependence on hematocrit and local shear rate (e.g. Zydney and Colton [36], Bishop et al. [37], Acrivos
[38]).

To perform a systematic study in the parameter space, we have to bring the governing equations
and geometric characteristics into a dimensionless form. To this end, we define the following set of
characteristic quantities: We scale all lengths with the maximum radius of the tube l̃∗ = R̃max. As a
characteristic scale for the velocity we use the mean velocity ũ∗ = 〈ũ〉 = ũm =

∫∫
ũzr̃ dr̃∫∫
r dr̃

. For the char-

acteristic value of viscosity we consider the following: At infinite shear-rates the RBC density reduces

to the average RBC number density 〈Ñ〉 =
∫∫

Ñ r̃ dr̃ dz̃∫∫
r̃ dr̃ dz̃

, which is a function of the vessel radius R̃, while

the relaxation time reduces to the single RBC relaxation time λ̃, yielding the formula for the infinite-
shear RBC viscosity η̃∞(R̃) = 〈Ñ〉(kBT̃ + κ)λ̃. Considering that for the case of infinite radius, 〈Ñ〉
reaches the asymptotic value of homogeneous flow 〈ÑHom〉, reducing the infinite-shear RBC viscosity to
η̃∞(∞) = 〈ÑHom〉(kBT̃ + κ)λ̃, which is selected as the characteristic value for the RBC viscosity η̃∗

C.
The characteristic value of the total blood viscosity η̃∗

t is obtained as the sum of η̃∗
C and the plasma vis-

cosity η̃p, yielding η̃∗
t = 〈ÑHom〉(kBT̃ + κ)λ̃+ η̃p. The number density of RBCs (Ñ) and rouleaux (M̃) is

non-dimensionalized with the asymptotic average value of RBC number density in a homogeneous flow,
Ñ∗ = 〈ÑHom〉. Finally, all stress tensors and pressure are scaled with a viscous scale τ̃ ∗ = P̃ ∗ = η̃∗

t ũm

R̃max
,

the rate of strain tensor with ˜̇γ ∗ = ũm

R̃max
, and time with t̃∗ = l̃∗

ũ∗ = R̃max
ũm

. Typical values of the resulting
characteristic numbers and of the main physical properties of the problem are given in Table 1.

The dimensionless characteristic numbers that arise in the governing equations are the following:

• The Reynolds number,

Re = ρ̃ũmR̃max

η̃t
(2)

which is the ratio of inertial to viscous forces.

Table 1

Material and flow parameters for blood flow in rigid tubes, as obtained from Table 1 and Appendix
of Moyer-Gonzalez et al. [8,21]

Parameter Symbol Assigned value Units
Plasma viscosity η̃p 0.001 Pa · s
Infinite-shear-rate viscosity η̃∞ 0.00234 Pa · s
Zero-shear-rate viscosity η̃0 0.0326 Pa · s
Critical shear rate ˜̇γcr 5.78 s−1

Maximum shear rate ˜̇γmax 900 s−1

Cross model power-law exponent M 2.1238 –
Cross model parameter ε̃ 0.7014 sm

Cross model parameter θ̃ η̃∞β̃c/η̃0 sm

Maxwell single cell relaxation time λ̃ 0.005 s
Translational diffusivity D̃tr 2 · 10−10 m2/s
Average number density of RBCs in homogeneous flow Ñm 5 · 1015 m−3
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• The Deborah number,

De = λ̃ũm

R̃max

(3)

which is the ratio of the fluid relaxation time to a characteristic time for the macroscopic flow.
• The Peclet number,

Pe = ũmR̃max

D̃tr

(4)

which is the ratio of the convective flux to the diffusive flux of RBCs and their rouleaux.
• The ratio of plasma to total viscosity,

β = η̃p

η̃t
(5)

which is related to the haematocrit.

We also report the dimensionless form of the vessel surface equation, which reads:

R(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, 0 � z � Le,

1

2
(1 + cr) + 1

2
(1 − cr) cos

(
2π(z − Le)/(L − 2Le)

)
, Le � z � L − Le,

1, L − Le � z � L,

(6)

where cr = R̃min/R̃max is the constriction ratio, L is dimensionless total length of the vessel and Le =
L̃e/R̃max is dimensionless length of the entrance and exit section of the vessel.

2.2. Governing equations

Our analysis begins with the extended microstructure model for human blood flow derived by Moyers-
Gonzalez et al. [21]. The model accounts for both individual RBCs and aggregates of RBCs in terms
of concentration and stresses. Each rouleaux of RBCs is composed of k RBCs and represented as a
Hookean elastic dumbbell. Denoting the dimensionless number density of k-mers as Nk, we define the
quantities:

• The scaled number density of all RBCs, either isolated or after forming rouleaux:

N =
∞∑

k=1

kNk. (7)

• The scaled number density of rouleaux:

M =
∞∑

k=1

Nk. (8)
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• The average rouleaux size:

n = n(N, M) = N

M
. (9)

A key factor in explicitly solving the transfer problem of RBCs was the diffusion and momentum
coupling through a generalized definition of the flux vector of each species: J and I for individual
RBCs and rouleaux, respectively. These are given by the following relations:

J = − 1

Pe

(
∇N − De

1 − β
∇ · τ

)
, (10)

I = − 1

Pe

(
∇M − De

1 − β
∇ · σ

)
, (11)

where τ and σ are the elastic stress tensors for the individual RBCs and Rouleaux, respectively. ∇N and
∇M accounts for the Brownian motion of both individual RBCs and rouleaux, while ∇ · τ and ∇ · σ

represent the stress-gradient induced transfer of both species (Beris and Mavrantzas [29]). It should be
mentioned that the model does not include hydrodynamic and wall effects, which are important when the
flow geometry is confined or the hematocrit is physiological (Pranay et al. [39], Ma and Graham [40]).

The population balances for the number density of the RBCs (N) and the aggregates (M) are:

DN

Dt
= −∇ · J ≡ 1

Pe
∇2N − 1

(1 − β)

De

Pe
∇∇ : τ , (12)

DM

Dt
= −∇ · I ≡ 1

Pe
∇2M − 1

(1 − β)

De

Pe
∇∇ : σ − 0.5α(γ̇ )

N

n
M + 0.5b(γ̇ )(N − M), (13)

where a(γ̇ ) and b(γ̇ ) are the aggregation and the fragmentation rates of rouleaux (defined in Ap-
pendix A.2), and γ̇ is the second invariant of the rate of strain tensor.

In Eqs (12) and (13), the fluxes are caused either by species diffusion (1st term in the right-hand side)
or stress-induced migration (2nd term) and in the case of rouleaux by the aggregation–disaggregation
kinetics (3rd and 4th terms). The ratio De

Pe is equal to the ratio of the diffusive length scale over the

characteristic length scale of the macroscopic flow ( λ̃D̃tr

R̃2
max

). The diffusive length is defined here as the

distance (λ̃D̃tr)
1/2 that a RBC traverses within a time equal to the corresponding relaxation time of the

RBC membrane. This is a very important parameter, since, as we will discuss later on, it determines the
width of the layer in the flow domain (typically near the vessel walls) which is depleted of RBCs.

Moreover, the velocity field (u) results from the momentum and mass balances:

Re
Du

Dt
= −∇Pper − K2ez + ∇ · τ + β∇2u, (14)

∇ · u = 0, (15)

where Pper = P − K2z denotes the periodic part of the pressure, K2 = |P |
L

is the constant pressure
gradient in a vessel, and the material derivative is defined as:

D�
Dt

= ∂�
∂t

+ u · ∇�. (16)
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Originally, the idea of coupling the diffusion and the momentum was introduced by Beris and
Mavrantzas [29] and Bhave et al. [30] in the case of a dilute polymer solution under shear flow con-
ditions in order to study the migration of polymer due to a tensorial stress field.

As far as the constitutive modeling for both individual and aggregated RBCs is concerned, we use the
modified Oldroyd-B constitutive law in which we have included stress-gradient migration phenomena.
They read

τ + Deμ(γ̇ , N, M)τ
(1)

− De

Pe
μ(γ̇ , N, M)

(∇2τ + (∇∇ : τ)I
) = (1 − β)μ(γ̇ , N, M)Nγ̇ , (17)

σ + Deμ(γ̇ , N, M)σ
(1)

− De

Pe
μ(γ̇ , N, M)

(∇2σ + (∇∇ : σ)I
) = (1 − β)μ(γ̇ , N, M)Mγ̇ , (18)

where μ(γ̇ , N, M) is the relaxation-time function, γ̇ is the rate-of-strain tensor defined as:

γ̇ = 1

2

[
(∇ u)T + ∇ u

]
(19)

and where I denotes the unit tensor and 〈 〉(1) the upper convected time derivative defined as:

〈 〉(1) = D〈 〉
Dt̃

− (∇ u) · 〈 〉 − 〈 〉 · (∇ u)T. (20)

The third terms in Eqs (17) and (18) represent the direct contribution of the RBCs to the stress due
to their convection. This term includes the Laplacian of the respective stress, following the formulation
proposed by Bhave et al. [30]. Moreover, the fourth terms imply that the elastic contribution to the
viscosity is a linear function of the RBC number density.

For the well-posedness of the problem, the governing equations should be accompanied by consistent
boundary conditions. In the axial direction of the vessel, we assume that the velocity (Eq. (14)), the
viscoelastic stresses (Eqs (17) and (18)), and the number density of the RBCs and rouleaux (Eqs (12)
and (13)) are periodic functions:

S(z + L, r) = S(z, r), (21)

where S stands for u, τ , σ , N , M , Pper.
On the axis of symmetry (r = 0), typical conditions of symmetry are assumed:

nc · u = 0, (22)

nc · τ · tc = 0, (23)

nc · σ · tc = 0, (24)

nc · J = 0, (25)

nc · I = 0, (26)

where nc is the normal vector and tc the tangent vector to the axis of symmetry.
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The vessel wall is assumed to be impermeable and the molecules of the plasma cannot slip along it:

u = 0. (27)

The red blood cell (RBC) deformability, resulted from their fluid drop-like nature, is partially responsi-
ble for the shear-thinning behavior of blood at high RBC concentrations, Chien et al. [41], which also de-
pends on the rouleaux formation and the local hematocrit. The current model for the non-homogeneous
blood flow is not based on a detailed description of the deformability and the rotation of RBC mem-
brane as none of the macroscopic or microscopic constitutive models can do this. Such studies, typically
examine one (we have performed such a study some time ago, Lac et al. [42]) or rarely, a few RBCs,
not the flow overall. However, it accounts explicitly for the effect of membrane elasticity, implicitly for
the shear thinning of the blood viscosity (Eq. (A.4) and Eq. (17)) and the alignment of RBCs along the
boundary in the direction of the flow by imposing Kramers’ equation [43]:

τ = 1 − β

De
NQ2

otwtw − 1 − β

De
NI, (28)

where tw is the tangent vector on the wall, and Qo is a scaled dumbbell length (Moyers-Gonzalez et al.
[21]). This boundary condition is required because of the inclusion of the term ∇2τ in Eq. (17), unlike
the models employed by Beris and Mavrantzas [29] and Tsouka et al. [44].

There is no mass flux of the RBCs across the wall:

nw · J = 0, (29)

nw · I = 0. (30)

Finally, we should apply the constraints that the average number density of RBCs in the vessel and the
average velocity across the entrance are equal to unity, because they have been scaled with the average
number density of RBCs and the average velocity, respectively:

∫∫
Nr dr dz∫∫
r dr dz

= 1, (31)

∫∫
uzr dr = 1/2. (32)

No such constraint is applied on the rouleaux.
In summary, the mass and momentum balances (Eqs (14) and (15)) directly couple the u, P and τ

fields. The latter is determined by the constitutive law (Eq. (17)), which is coupled with the velocity
field and the concentration of the RBCs, N , which is determined by Eq. (12). The local viscosity arises
in all these equations and is affected by the shear rate, the aggregation–disaggregation kinetics and the
concentrations N and M . The concentration of the rouleaux is determined by their population balance
(Eq. (13)), which includes the stress they induce and this, in turn, is determined by the constitutive law
(Eq. (18)). Therefore, all these equations are intimately interconnected.
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3. Numerical scheme

In order to solve numerically the above set of equations we have chosen the mixed finite element
method to discretize the velocity, pressure, concentration and stress fields, combined with an elliptic
grid generation scheme for the tessellation of the deformed physical domain.

3.1. Elliptic grid generation

First, the domain occupied by the fluid is discretized by a boundary-fitted grid. This is generated by
solving a system of quasi-elliptic partial differential equations (see Dimakopoulos and Tsamopoulos
[45]). With this scheme the physical domain (r, z) is mapped onto a computational one (η, ζ ), which is a
cylinder of the same length, but without a constriction. A uniform mesh is generated in the latter domain
while, through the mapping, the corresponding mesh in the physical domain follows its deformations. In
order to solve the quasi-elliptic partial differential equations, appropriate boundary conditions must be
imposed. On the fixed boundaries, we impose the equations that define their position, and the remain-
ing degrees of freedom are used for optimally distributing the nodes along these boundaries with the
assistance of the penalty method.

3.2. EVSS formulation

We use the elastic–viscous split stress (EVSS) formulation introduced by Rajagopalan et al. [46] which
splits the extra stress tensor into a viscous and a purely elastic part:

τ = T + 2(1 − β)γ̇ , (33)

σ = � + 2(1 − β)γ̇ , (34)

significantly improving numerical stability even at moderately high De numbers.
The success of this scheme resides on the fact that the elliptic nature of the momentum equations

is ensured even for β = 0. Brown et al. [47] proposed a modification of this idea, called EVSS-G,
according to which an independent (continuous) interpolation, G, of the components of the velocity
gradient tensor, which is discontinuous, if calculated from the velocity finite element interpolation, ∇u,
is introduced wherever the latter arises in the constitutive equation. Thus compatibility is achieved in
the finite element representation between elastic stress, �, T and G in the constitutive equations, even
where the velocity vector reduces to zero. This is particularly important for the terms involving spatial
derivatives of ∇u, which are substituted with derivatives of G. The additional equation that has to be
solved is:

G = ∇u. (35)

The reformulated constitutive equations of the non-homogeneous model (Eqs (17)–(18)) become:

T + Deμ(D, N, M)Ṫ
(1)

+ 2Deμ(D, N, M)(1 − β)D
(1)

− De

Pe
μ(D, N, M)

(∇2T + (∇∇ : T )I
) − 2

De

Pe
μ(D, N, M)(1 − β)

(∇2D + (∇∇ : D)I
)

+ 2(1 − β)(1 − N)D = 0, (36)
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� + Deμ(D, N, M)�̇
(1)

+ 2Deμ(D, N, M)(1 − β)D
(1)

− De

Pe
μ(D, N, M)

(∇2� + (∇∇ : �)I
) − 2

De

Pe
μ(D, N, M)(1 − β)

(∇2D + (∇∇ : D)I
)

+ 2(1 − β)(1 − M)D = 0. (37)

Finally, applying the EVSS-G transformation in the momentum balance (14) we get:

Reu · ∇u + ∇Pper + K2ez − ∇ · T − 2∇ · D = 0, (38)

where D = 1

2

(
G + GT

)
. (39)

Moreover, the upper convected time derivative becomes:

〈 〉(1) = D〈 〉
Dt

− 〈 〉 · G − 〈 〉 · GT. (40)

3.3. Mixed finite element method

We approximate the velocity, the concentration (in terms of number density) and the position vector
with 6-node Lagrangian basis functions, φi , and the pressure, the elastic stresses, and the velocity gradi-
ents with 3-node Lagrangian basis functions, ψi . We employ the finite element/Galerkin method, which
after applying the divergence theorem results in the following weak forms of the population balances for
RBCs and rouleaux becomes:

∫
�

[−Ĵ · ∇φi
]

d� +
∫

S

[Ĵ · n]φi dS = 0, (41)

∫
�

[
−Î · ∇φi − α(γ̇ )

2
M2 + b(γ̇ )

2
(N − M)

]
d� +

∫
S

[Î · n]φi dS = 0, (42)

where Ĵ = J + Nu and Î = I + Mu are the corresponding total mass fluxes, and d� and d� are the
differential volume and surface area, respectively. These are the conservative forms of the equations,
which are essential for enhancing the stability of the Galerkin formulation at high values of the Peclet
number.

The weak forms of Eqs (14) and (15) are given by the following relations:

∫
�

[
Reu · ∇uφi − P∇φi − K2ezφ

i + ∇φi · T + 2∇φi · γ̇ ]
d� −

∫
S

[n · τ ]φi dS = 0, (43)

∫
�

ψi∇ · u d� = 0. (44)

The surface integral that appears in the momentum equation is split into four parts, each one correspond-
ing to a boundary of the physical domain (entrance, microvessel-surface, exit and axis boundaries), and
the relevant boundary condition is applied.
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The continuous approximation of the components of the velocity gradient tensor is determined by:
∫

�

(G − ∇u)ψi d� = 0. (45)

The strongly convective character of the constitutive equations for the viscoelastic part of the stresses
necessitates the use of the SUPG method proposed by Brooks and Hughes [48]. Once more, the adoption
of the divergence theorem is necessary due to the second-order terms that appear in Eqs (41) and (42)
e.g. ∇2T + (∇∇ : T )I :

∫
�

{[
T + Deμ(D, N, M)Ṫ

(1)
+ 2Deμ(D, N, M)(1 − β)D

(1)
+ 2(1 − β)(D − ND)

]
χi

−
[
−De

Pe

(∇ T + (∇ · T )I
) · ∇(

μ(D, N, M)χi
)]

−
[
−2

De

Pe
(1 − β)

(∇ D + (∇ · D)I
) · ∇(

μ(D, N, M)χi
)]}

d�

+
∫

S

[
−De

Pe
μ(D, N, M)

(∇ T + (∇ · T )I
) · n

]
χi dS

+
∫

S

[
−2

De

Pe
μ(D, N, M)(1 − β)

(∇ D + (∇ · D)I
) · n

]
χi dS = 0, (46)

∫
�

{[
� + Deμ(D, N, M)�̇

(1)
+ 2Deμ(D, N, M)(1 − β)D

(1)
+ 2(1 − β)(D − MD)

]
χi

−
[
−De

Pe

(∇ � + (∇ · �)I
) · ∇(

μ(D, N, M)χi
)]

−
[
−2

De

Pe
(1 − β)

(∇ D + (∇ · D)I
) · ∇(

μ(D, N, M)χi
)]}

d�

+
∫

S

[
−De

Pe
μ(D, N, M)

(∇ � + (∇ · �)I
) · n

]
χi dS

+
∫

S

[
−2

De

Pe
μ(D, N, M)(1 − β)

(∇ D + (∇ · D)I
) · n

]
χi dS = 0, (47)

where the weighting function χi is formed from the finite element basis function for the elastic stress
components according to:

χi = ψi + hch√
1 + |u|2 u · ∇ψi, (48)

where |u| is the magnitude of the mean velocity and hch is a characteristic length in each element. The
mean velocity |u| in an element is defined as |u| = (1/3)

∑3
n=1 |u|n, |u|n denoting the magnitude of the

velocity at the vertices of the corresponding triangular element. As a characteristic length, hch, we used
the square root of the area of each triangular element.
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The entire set of algebraic equations is solved simultaneously for all variables (velocities, pressure,
stresses and species concentration). For a mesh of 40,000 triangular elements, the number of unknowns
is 808,422. The coordinates of the mesh are recomputed only when the constriction ratio is varied. The
Jacobian matrix that results from each iteration is stored in Compressed Sparse Row (CSR) format,
and the linearized set of equations is solved using the MUMPS solver, a robust direct sparse matrix
solver, Amestoy et al. [49,50]. The iterations of the Newton–Raphson method are terminated using a
tolerance for the absolute residual vector set at 10−9. The code was written in Fortran 90 and was run
on a workstation with a dual 16-core Opteron AMD CPU and required about two days to compute each
steady state.

The code is validated by simulating some of the cases presented in Ref. [21] for blood flow in straight
vessels. The results, which are not shown here for conciseness, are in excellent agreement with those
calculations [21] within a tolerance of 0.5×10−7. In particular, we have calculated all the physical fields
for the physical properties given in Table 1 of Ref. [21] and R̃max = 500 µm, K̃ = −10 Nm−3. We have
also compared our results graphically and in terms of the Euclidean norm with those shown in Figs 3
and 5 of Ref. [21]. The Euclidean norm of the deviation (‖Xp−XMG‖) has been defined as the difference
between the nodal values of a field (e.g. X = v) calculated via our algorithm (Xp) and the corresponding
one presented in Ref. [21] (XMG).

4. Results and discussion

We have performed a parametric analysis on the problem presented above. Typical values of the di-
mensional scales that we used are given in Table 1 (Moyers-Gonzalez et al. [21] and [51]). In particular,
we study three cases of different flow rates through rigid tubes in the size range of small coronary arteries
(Table 2), as obtained from Thurston [25], Moyers-Gonzalez et al. [21] and Matsumoto and Kajiya [52].
Case I corresponds to a slow flow, where both Reynolds and Deborah numbers are low, while cases II
and III correspond to faster flows where these two dimensionless numbers take moderate values. The
flow conditions in cases I and II comes from in vitro experiments, but those of case III comes from
in vivo measurements. For clarity, the relevant dimensionless parameters and numbers are included in
Table 2. It should be noted that the selected characteristic velocities for cases I and II correspond to
oscillatory blood flow in rigid tubes [10,21], while case III represents a physiological blood flow [52].
In general, the rigid wall boundary conditions considered here make this work more relevant to in vitro
experiments of blood flow than to physiological flow in human vessels.

The results that will follow will be presented in terms of the number density of RBCs and rouleaux,
velocity and stress contours and in terms of the number density, velocity, and pressure drop plots along
the entrance, wall and axis of symmetry. We aim to examine how the migration of RBCs affects the flow
and stress fields and is affected by them. We also define two interfacial integrals to evaluate the tube
haematocrit HT and the discharge haematocrit HD from the local concentration of the RBCs, N , and the
axial velocity uz(r, z = 0) (Damiano et al. [53], Lei et al. [54], Lipowsky et al. [55]):

HT = 2
∫ 1

0
N(r, z = 0)r dr, (49)

HD = 4
∫ 1

0
N(r, z = 0)uz(r, z = 0)r dr. (50)
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Table 2

Values of characteristic dimensions and related non-dimensional parameters for blood flow through various rigid tubes

Parameter Symbol Case I value Case II value Case III value

Vessel radius (m) R̃max 4.3 × 10−4 2.5 × 10−4 2.0 × 10−4

Average velocity (m/s) ũm 2.4 × 10−3 7.0 × 10−2 0.1
Characteristic time (s) R̃max/ũm 0.179 3.571 × 10−3 2.0 × 10−3

Characteristic shear rate (s−1) ũm/R̃max 5.581 280.0 500.0
Dimensionless γ̇cr 1.035 2.062 × 10−2 1.156 × 10−2

Dimensionless γ̇max 161.25 3.21 1.80
Dimensionless viscosity β 0.299 0.299 0.299
Dimensionless η0 3.26 × 10−2 3.26 × 10−2 3.26 × 10−2

Dimensionless η∞ 2.34 × 10−3 2.34 × 10−3 2.34 × 10−3

Dimensionless θ 1.940 7,929.36 27,166.67
Dimensionless ε 27.033 110,468.88 378,475.92
Deborah number De 2.790 × 10−2 1.40 2.50
Peclet number Pe 5,160 87,500 100,000
Reynolds number Re 0.3255 5.520 6.308
Note: Case I is obtained from Thurston [9], case II from Moyers-Gonzalez et al. [21] and case III from Fig. 6 (top) of Matsumoto
and Kajiya [52].

4.1. Predictions for slow flows (case I)

Here we present for the first time predictions of the non-homogeneous model in a 2D flow. We begin
its evaluation by studying a numerically easier case (case I in Table 2), where the average velocity is low
ũm = 2.4 × 10−3 m/s in a narrow vessel R̃max = 4.3 × 10−4 m. The corresponding Reynolds number is
low, Re = 0.325, thus the flow is creeping, the Deborah number is also low, De = 2.79 × 10−2, which
means that the RBCs behave as rigid particles, and the Peclet number has a moderate value, Pe = 5,160,
implying that both advection and diffusion mechanisms are significant. Computation of the flow and
stress fields is easier because of the low De. In this range of De, convergence of the calculations is not
inhibited by the high Weissenberg problem. To study the effect of geometry, we perform a continuation
of our numerical solution with respect to the amplitude of the geometric variation (cr), starting from
cr = 1 (straight vessel) and gradually decreasing its value while keeping the rest of the dimensionless
parameters of the problem constant. Typical numerical results are shown in Figs 2–5 (and Figs 10–12 of
Supplementary material), which are discussed below.

By examining the contour plots of the two velocity components ur and uz in Fig. 2, we draw the con-
clusion that for the specific set of parameters the velocity field is well developed along the entrance and
exit parts of the microvessel. Moreover, the effect of inertia is so low that the radial velocity component is
antisymmetric with respect to the plane z = 5, even for the lowest values of cr. This velocity component
takes negative values along the constricting section of the vessel and positive values along the expanding
section, in agreement with the variation of the vessel wall. As cr decreases, both velocity components in
the constriction increase drastically. In contrast, the velocity profiles along the entrance are little affected
by the change of the wall shape. The variation of the periodic part of the pressure increases by about a
factor of 4–5 with each decrease in cr and is always maximized just before the constriction.

Next we will comment on the computed stress components. According to the Moyers-Gonzalez et al.
model [21] the total stress is composed of the small, Newtonian-like contribution form the plasma and



Y. Dimakopoulos et al. / Hemodynamics in stenotic vessels of small diameter under steady state conditions 197

Fig. 2. Contour plots of the ur and uz velocity components and Pper: (a) cr = 0.85, (b) cr = 0.60 and (c) cr = 0.35 for case I of
Table 2. (Colors are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

Fig. 3. Contours of the normal components of the total stress tensor τ̂rr , τ̂θθ , τ̂zz and τ̂rz: (a) cr = 0.85, (b) cr = 0.60 and
(c) cr = 0.35 for case I of Table 2. (Colors are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

http://dx.doi.org/10.3233/BIR-14033
http://dx.doi.org/10.3233/BIR-14033
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Fig. 4. Contours of N , M and n: (a) cr = 0.85, (b) cr = 0.60 and (c) cr = 0.35 for case I of Table 2. (Colors are visible in the
online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

Fig. 5. Profiles of N , M and n along the entrance: (a) cr = 0.85, (b) cr = 0.60 and (c) cr = 0.35 for case I of Table 2. (Colors
are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

the elastic-like contribution from the single red blood cells:

τ̂ = τ + β
(∇u + ∇uT

)
. (51)

Regarding the normal stress components (Fig. 3) for cr = 0.85 and 0.60, they all vary almost in the
same range, but in more constricted vessels, cr = 0.35, the prominent role of τ̂zz becomes apparent.
In terms of numbers, its maximum value is more than an order of magnitude larger than the other
two normal stress components. Moreover, we observe the development of very sharp boundary layers
along the constricted part of the vessel wall in all stress components. Similarly, the variation of the
total shear stress increases as cr decreases and is always dominant around the constriction. Details from
the distribution of τ̂rr , τ̂zz and τ̂rz and the corresponding components of the rate of strain tensor along

http://dx.doi.org/10.3233/BIR-14033
http://dx.doi.org/10.3233/BIR-14033
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the wall are depicted in Fig. 10 of the Supplementary material. The stress components exhibit a wavy
variation, which is different from the corresponding component of the rate of strain tensor. The range
of their variation is significantly smaller, about 2 or 3 orders of magnitude, because the migration of
the RBCs towards the core region of the vessel, reduces the effective viscosity and, hence, the stress
components only. The total shear stress takes very small values that increase as cr decreases (Fig. 10,
Supplementary material). The wall shear stress in the straight part of the vessel could not be compared
to physiological blood flow, as the characteristic vessel radius and maximum blood velocity correspond
to oscillatory flow in rigid tubes (Thurston [10]). On the other hand, the γ̇rr and γ̇zz components are
zero away from the constriction, exhibit a wavy variation which goes along with an exchange of the
sign before and after the constriction and have opposite to each other signs around the minimum of the
cell radius. The shear rate γ̇rz is negative and is minimized at the constriction (Fig. 10, Supplementary
material). Comparing numerical predictions for the exerted shear stress to the measurements of Thurston
[10], τ̂rz is underestimated suggesting that the model of Moyers-Gonzalez et al. [21] cannot fully capture
blood’s viscoelasticity. This can be attributed to limitations of the model related to the stress boundary
conditions as well as to the model’s assumptions for the lack of dependence of the diffusivity on the
hematocrit, and the hindered effects of walls.

Some very important information that only the non-homogeneous model can offer is shown in Figs 4
and 5. In the first row of Fig. 4, the dimensionless number density (normalized concentration) of the
RBCs is shown for cr = 0.85, 0.60 and 0.35. Irrespective of the value of cr , the number density (N) in
the bulk is a little bit higher than unity, but there is a very thin region along the wall that the concentration
is less than unity. In other words, a concentration boundary layer appears along it. From Fig. 5(a) where
the distribution of the RBC concentration is shown, we can see that the thickness of the boundary layer
is almost 0.025 and N at the wall is about 0.54. Thus, there is a migration of the RBCs to the core
which, as already mentioned, is responsible for the reduction of the stresses there. N retains this value
along the straight part of the wall, but it increases somewhat along the constriction (Fig. 11(a) of the
Supplementary material). The maximum value of N along the wall is located at the middle (z = 5)
and it is followed by a local minimum (z = 6.5), in order for the constraint Eq. (31) to be satisfied.
The maximum value increases as cr decreases, due to the reduction of the cross-section of the vessel
and increased deformation of the RBCs. Indicatively, for cr = 0.3, the maximum value is N = 0.6375;
17.5% higher than the maximum value of N for cr = 0.6. Along the axis of symmetry (Fig. 12(a) of
the Supplementary material), the number density of RBCs is almost constant, exhibiting only very small
variations around the constriction.

The relaxation time and the viscosity of blood strongly depend on the concentration of rouleaux M

and the size of rouleaux n (see Appendix A.2). It should be mentioned that rouleaux size equal to unity
means that there are only individual cells. Typically we expect that rouleaux will develop in regions
where the rate of deformation is low. In the second and the third rows of Fig. 4, the contour plots of M

and n are depicted. Near the entrance, the RBCs form rouleaux of average size n = 2–3.5 and hence
reducing the local rouleaux number density M , due to the low absolute value of shear stress. In other
words, there is a small number of RBCs that form pairs and triplets. Near the constriction, the absolute
value of shear stress increases significantly, breaking up the rouleaux, increasing their number density,
but reducing their average size. Details of the variations of M and n are shown in Fig. 5, as well as in
Figs 11 and 12 of the Supplementary material. Along the entrance (Fig. 5(c)) and for all values of cr,
the average size is almost equal to unity away from the centreline. For smaller radial distances, there
is a deviation among the curves of n, which increases as cr increases. The number density of rouleaux
(Fig. 5(b)) is an increasing function of the radial distance up to 0.95. There, a sharp boundary layer
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develops, which is similar to the boundary layer in N . The average size of rouleaux along the wall is
almost constant and equal to unity (Fig. 11(c), Supplementary material). Thus, the number density of
rouleaux M (Fig. 11(b), Supplementary material) coincides with N (Fig. 11(a), Supplementary material).
Regarding the distribution of RBCs and rouleaux along the axis of symmetry (Fig. 12, Supplementary
material), the latter exhibits significantly larger variations due to the effect of the geometry on the rate of
deformation of the blood in the core region (Fig. 4). It should be mentioned that the rate of deformation
of the blood controls the rate of aggregation and disaggregation of RBCs via Eqs (A.1) and (A.2). Thus
the average rouleaux size is high when the constriction is low (Fig. 12(c), Supplementary material), or
close to unity when cr has moderate values.

4.2. Predictions for faster flows (case II)

Another case that we have extensively studied is case II of Table 2, based on the study of Moyers-
Gonzalez et al. [21]. The maximum radius of the vessel is almost two times smaller (2.5 × 10−4 m)
compared to the previous case I, but the average velocity is about 30 times higher, 7.0 × 10−2 m/s.
Consequently, the effect of inertia on the flow (Re = 5.52) as well as on the convective transfer of
RBCs (Pe = 87,500) will be higher. Moreover, the effect of viscoelasticity will be more pronounced
(De = 1.40). All these factors make the corresponding calculations more difficult and the continuation
procedure fails in small values of cr.

The high value of inertia has a pronounced influence on the velocity fields (Fig. 6). The radial velocity
field is no longer antisymmetric across the plane z = 5. Its isolines are convected downstream, and
their convection gets more intense as cr decreases. Regarding the axial velocity uz, the point where it
is maximized is not located at the midpoint of the axis of symmetry, but is shifted downstream in the
expanding region of the microvessel. From closer examination of Fig. 6, we conclude that the length
of the vessel for the current flow conditions is not so long for a fully developed flow to arise, and this
affects somewhat the velocity profiles in the entrance and the exit.

Both the normal and shear stresses are affected by the higher convection (Fig. 7 and Figs 13, 14 in
Supplementary material). In comparison with the distribution of stresses in Figs 3 and 4, the boundary

Fig. 6. Contour plots of the ur and uz velocity components: cr = 0.85, for case II of Table 2. (Colors are visible in the online
version of the article; http://dx.doi.org/10.3233/BIR-14033.)

http://dx.doi.org/10.3233/BIR-14033
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Fig. 7. Contours of the normal components of the total stress tensor τ̂rr , τ̂θθ , τ̂zz and τ̂rz: cr = 0.85 for case II of Table 2.
(Colors are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

layers are sharper and the variation of the stresses is larger. The dominant stress component is always τ̂zz

(Fig. 7) due to the large effect of viscoelasticity in the main flow direction. Indicatively, the maximum
value of τ̂zz for cr = 0.85 is higher than 75 (Fig. 7). The corresponding values of τ̂rr and τ̂θθ are one
to two orders of magnitude smaller, while the shear stress assumes negative values, which in absolute
value are about 5–6 times smaller than the axial normal stress. Regarding the magnitude of the rate of
strain, it is comparable with τ̂rz and consequently significantly smaller than τ̂zz. The magnitude of the
shear stress takes its minimum value at the wall, because of the migration of RBCs away from the wall
(Fig. 14, Supplementary material). Actually along the wall the shear stress is almost zero. However, its
magnitude increases sharply just away from the wall and before the constriction because of the vessel
geometry. After the constriction and near the wall remains as small as around the center line. Moreover,
the variations along the wall of each one of γ̇rr , and γ̇zz for cr = 0.85 are almost antisymmetric (Fig. 14,
Supplementary material), but for smaller cr this antisymmetry breaks.

If we examine the distribution of the number density of RBCs N (Fig. 8), we realize that it exhibits
larger variations along a cross section. In contrast to case I (Fig. 4), the profiles of N do not vary
monotonically (as they did in case I), due to stronger convection. Moreover, along the axis of symmetry
the average rouleaux size slightly exceeds 5, but the rouleaux concentration M is lower than 0.2. Thus,
a few rouleaux of longer sizes (n) are formed. Along the vessel wall, the concentrations of both N and
M are almost constant. For smaller values of cr, the variations are larger. Along the axis of symmetry,
the concentration variations are smaller in comparison to those on the wall.

4.3. Global characteristics (cases I–III)

By examining the effect of cr on the macroscopic pressure drop, K2, between the entrance and exit
boundaries of the vessel (Fig. 9(a)), we conclude that K2 decreases monotonically with cr and in exactly
the same way for cases I, II and III. From additional numerical tests we found that K2 is slightly affected
by De, Pe, and the rest of the model parameters except for Re. All curves follow closely the master
one of Fig. 9(a) which is governed by the geometric characteristics of the vessel. In the absence of
stress gradient induced phenomena, the variation of both K2 and wall drag coefficient should be very
similar. However, the migration of RBCs away from the wall, along with the development of stress and

http://dx.doi.org/10.3233/BIR-14033
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Fig. 8. Contours of N , M and n: cr = 0.85 for case II of Table 2. (Colors are visible in the online version of the article; http://
dx.doi.org/10.3233/BIR-14033.)

Fig. 9. Variation of: (a) the Pressure Drop, (b) HT and (c) HD along the entrance as a function of cr. For cases I–III. (Colors are
visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

population boundary layers, decreases the wall drag force as a function of cr, and eventually it tends
to zero. An exception of this rule is again case I, which corresponds to the widest vessel. In this case
migration phenomena seem to play a less significant role compared to the effect of inertia on the plasma
stresses. This should have been expected given the fact that in case I the radius of the vessel is the
largest.

In Fig. 9(b) and (c), the tube and discharge haematocrit and the corresponding quantities for the
number density of rouleaux defined in Eqs (49) and (50) are presented for all the cases of Table 2.
From cr = 1.0 to cr ≈ 0.90, the variation of HT and HD (Fig. 9(b) and (c)) is very small, but below
this point the curves diverge significantly. More specifically, for the case I, HT and HD are identical and

http://dx.doi.org/10.3233/BIR-14033
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almost equal to the imposed value 0.5 (Eq. (31)), while the other two cases seem to be slightly affected
by the reduction of the constriction ratio cr. Apparently, the corresponding discharge haematocrit HD is
significantly lower than HT. Case III, which has the largest effect of viscoelasticity, presents the steepest
reduction with decreasing cr.

5. Conclusions

We have studied the flow of blood in a stenotic vessel using the rheological model of Moyers-Gonzalez
et al. [21], which accounts for RBC migration due to gradients of the stress tensor in the fluid. The
flow is driven by a macroscopic pressure gradient and all fields are periodic in the z-direction. The
blood has constant mass density and viscosity proportional to the chain number density. The governing
equations describing the transport phenomena relevant for such a flow are those corresponding to an
inhomogeneous model whose three components (the plasma, the individual RBCs and the rouleaux) are
assumed to be in thermal but not in hydrodynamic equilibrium.

We have solved this complex set of coupled equations under steady state conditions using the mixed
finite element method. Simulations up to fairly high Deborah numbers, wide range of Peclet numbers and
pronounced channel constrictions have been successfully carried out by using the EVSS-G method for
the computation of the elastic stresses, the SUPG method for the weighting of the constitutive equations,
and a pseudo-elliptic method to generate a boundary-conforming mesh.

We have calculated the distribution of RBCs and the rouleaux in vessels of varying diameter under
slow and fast flows as reported in vitro and in vivo experiments, respectively. The results show that
a cell-depleted layer develops along the vessel wall with an almost constant thickness for slow flow
conditions. Viscoelastic effects in blood flow were found to be responsible for steeper decreases of
tube and discharge hematocrits as decreasing function of constriction ratio. This causes the reduction
of the drag force as the constriction ratio decreases. The drag force also depends moderately on the
dimensionless parameters of the problem. On the other hand, the macroscopic pressure gradient seems
to be significantly less sensitive to the problem parameters for slow flows, and an increasing function
of the reduction of the constriction ratio. Comparison of the calculated shear stresses to experimental
measurements suggests that the model cannot accurately account for the effect of the elastic stresses
in blood flow. The effect of anisotropic hindered diffusion due to wall effects and the hydrodynamic
interaction between the RBCs should be incorporated in the model, in order its overall accuracy to be
improved.
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Appendix

A.1. Nomenclature

Symbol Units Description

Ñ 1/m3 Number density of RBCs

M̃ 1/m3 Number density of Rouleau

n – Average rouleau size

nst – Average rouleaux size in steady state

k̃B m2kg · s−2K−1 Boltzmann constant

D̃tr m2/s Coefficient of translational diffusivity

T̃ K Temperature

κ̃ m2kg · s−2 Impacts with the other RBCs constant

τ̃ N/m2 Total elastic stress tensor

ρ̃f kg/m3 Constant mass density of blood

P̃ N/m2 Pressure
˜̇γ s−1 Rate of strain tensor

˜̇γcr s−1 Critical rate of strain
˜̇γmax s−1 Maximum rate of strain

ũav m/s Average velocity

η̃st kg/ms Steady RBCs viscosity

η̃p kg/ms Plasma viscosity

η̃c kg/ms RBCs viscosity

η̃t kg/ms Total viscosity

η̃0 kg/ms Zero-shear rate viscosity

η̃∞ kg/ms High-shear rate viscosity

μ̃( ˜̇γ ) s Relaxation time function

I – unit tensor

α̃( ˜̇γ ) s−1 Aggregation rate of RBCs

b̃( ˜̇γ ) s−1 Disaggregation rate of RBCs

A.2. Kinetic equations for RBC aggregation

Motivated from the work of Murata and Secomb [56] and Shiga et al. [57] the dimensionless aggre-
gation rate a(γ̇ ) for fixed dynamic haematocrit equal to the feed haematocrit is defined as:

a(γ̇ ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

3∑
i=0

α1,i γ̇
i , γ̇ � γ̇crit,

3∑
i=0

α2,i γ̇
i , γ̇crit � γ̇ � γ̇max,

0, γ̇ � γ̇max,

(A.1)
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where:

α1,0 = 1, α1,2 = 3α1,0

γ̇ 2
crit

, α1,3 = −2α1,0

γ̇ 3
crit

,

α2,0 = 2α1,0γ̇
2
max(−γ̇max + 3γ̇crit)

−γ̇ 3
max − 3γ̇maxγ̇

2
crit + γ̇ 3

crit + 3γ̇critγ̇ 2
max

,

α2,1 = −12γ̇critα1,0γ̇max

−γ̇ 3
max − 3γ̇maxγ̇

2
crit + γ̇ 3

crit + 3γ̇critγ̇ 2
max

,

α2,2 = 6α1,0(γ̇max + γ̇crit)

−γ̇ 3
max − 3γ̇maxγ̇

2
crit + γ̇ 3

crit + 3γ̇critγ̇ 2
max

,

α2,3 = −4α1,0

−γ̇ 3
max − 3γ̇maxγ̇

2
crit + γ̇ 3

crit + 3γ̇critγ̇ 2
max

,

where the dimensional critical shear rate is chosen as ˜̇γcrit = 5.78 s−1 and the maximum shear rate
˜̇γmax = 900 s−1. The dimensionless fragmentation rate b(γ̇ ) is determined from a(γ̇ ) that holds in
steady flow:

b(γ̇ ) = a(γ̇ )

nst(nst − 1)
, (A.2)

where nst is the steady average rouleaux size defined as:

nst = η0

η∞

(
1 + θγ̇ m

1 + εγ̇ m

)(
1 + 3

2
De · α(γ̇ )

)
, (A.3)

where η0 and η∞ are the zero- and the infinite-shear-rate RBCs viscosities both scaled with ηt and the
ηst(γ̇ ) is the dimensionless steady RBCs viscosity given from the Cross model:

ηst(γ̇ ) = η0

(
1 + θγ̇ m

1 + εγ̇ m

)
, (A.4)

where θ , ε, m are the Cross model parameters (Table 1).
The actual relaxation time of the rouleaux is smaller than the sum of the single Maxwell relaxation

times of the red blood cells due to the supplementary relaxation mechanism involved in the fragmentation
process. Thus, the dimensionless relaxation time of the rouleaux μ(γ̇ , n) is defined:

μ(γ̇ , N, M) = N/M

1 + Deg(γ̇ , N, M)(N/M)
, (A.5)

where g is the disaggregation coefficient given by the equation:

g(γ̇ , N, M) = 0.5b(γ̇ )(N/M − 1) + a(γ̇ )M. (A.6)
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Supplementary material

Fig. 10. Plots of τ̂rr , τ̂zz, τ̂rz and γ̇rr , γ̇zz, γ̇rz along the vessel wall: (a) cr = 0.85, (b) cr = 0.60 and (c) cr = 0.35 for case I of
Table 2. (Colors are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

Fig. 11. Plots of N , M and n along the vessel wall: (a) cr = 0.85, (b) cr = 0.60 and (c) cr = 0.35 for case I of Table 2. (Colors
are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

http://dx.doi.org/10.3233/BIR-14033
http://dx.doi.org/10.3233/BIR-14033
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Fig. 12. Plots of N , M and n along the axis of symmetry: (a) cr = 0.85, (b) cr = 0.60 and (c) cr = 0.35 for case I of Table 2.
(Colors are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

Fig. 13. Contours of τ̂rz and ‖γ̇ ‖: cr = 0.85 for case II of Table 2. (Colors are visible in the online version of the article; http://
dx.doi.org/10.3233/BIR-14033.)

http://dx.doi.org/10.3233/BIR-14033
http://dx.doi.org/10.3233/BIR-14033
http://dx.doi.org/10.3233/BIR-14033
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Fig. 14. Plots of τ̂rr , τ̂zz, τ̂rz and γ̇rr , γ̇zz, γ̇rz along the vessel wall: (a) cr = 0.85 and (b) cr = 0.60 for case II of Table 2.
(Colors are visible in the online version of the article; http://dx.doi.org/10.3233/BIR-14033.)

http://dx.doi.org/10.3233/BIR-14033
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