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Pr�blhma ��

�a� De�xte �ti �u� v�� �u� v����u� v�� �pou u�v � R�	 ��m�
�b� An a�� a�� a�� b�� b�� b� � R� de�xte �ti

�a�b� � a�b� � a�b��
� � �a�� � a�� � a��� �b

�
� � b�� � b���

��m�
�g� H ex�swsh

r� � z� � �r cos � � �r sin � � �z � �

e�nai h ex�swsh miac sfa�rac se kulindrik
c suntetagm
nec	 Na breje� h ex�swsh kai to k
ntro thc
sfa�rac se kartesian
c suntetagm
nec kaj�c ep�shc kai h akt�na thc	 ��m�
��������������������������������������������

�a�

�u � v�� �u � v� � u� u � v � u � u� v � v � v � � � u� v � u� v � � � ��u� v� �

�Qrhsimopoi�same tic u� u�� kai v � u���u� v�	�

�b� Jewrome ta diansmata

a � �a�� a�� a�� kai b � �b�� b�� b��

kai qrhsimopoiome thn anis�thta Cauchy	Schwarz�

ja � bj� � jjajj� jjbjj� �� �a�b� � a�b� � a�b��
� � �a�� � a�� � a��� �b

�
� � b�� � b��� �

�g� Antikajistome sthn ex�swsh tic kulindrik
c suntetagm
nec �r� �� z� sunart�sei twn kartesian�n
sunetagm
nwn �x� y� z�	 Qrhsimopoi�ntac tic ak�loujec sq
seic

r� � x� � y� � x � r cos � � y � r sin � � z � z �

pa�rnoume

x� � y� � z� � �x � �y � �z � � �� �x� ��� � �y � 
�� � �z � ��� � �

Ap� thn teleuta�a ex�swsh bl
poume �ti h sfa�ra 
qei k
ntro to shme�o ��� 
� �� kai akt�na �sh me �	



Pr�blhma ��
�a� Bre�te thn ex�swsh tou epip
dou P� to opo�o peri
qei thn euje�a

l�t� � �� � t� �� �� � t�

kai e�nai k�jeto sto ep�pedo P� me kartesian� ex�swsh


x � y � z �  � �

��m�
�b� Bre�te ton p	naka twn merik
n parag
gwn thc sun�rthshc f � R� � R� me tpo�

f �x� y� z� �
�p

x� � y�� x � y�z�
�

�

��m�
�g� Poiec sunj�kec pr
pei na ikanopoiontai gia na e�nai h f � R� � R paragwg�simh sto shme�o
�x�� y�� tou ped�ou orismo thc� �m�
��������������������������������������������

�a� Gia na brome thn ex�swsh tou P� arke� na gnwr�zoume 
na shme�o tou �x�� y�� y�� kai 
na k�jeto
proc to P� di�nusma n��n�� n�� n���

n��x� x�� � n��y � y�� � n��z � z�� � � �i�

Afo peri
qei thn euje�a

l�t� � �� � t� �� �� � t� � ��� ����� � t ��� �� ��

to P� peri
qei to shme�o �x�� y�� y������ ����� kai e�nai par�llhlo sto di�nusma

a � ��� �� �� �

Afo to P� e�nai k�jeto sto ep�pedo P� ja e�nai par�llhlo me to k�jeto proc to P� di�nusma

b � �
� ��� �� �
Afo ta a kai b e�nai par�llhla proc to P�� to exwterik� touc gin�meno e�nai k�jeto proc aut�	 �Ara
mporome na brome 
na k�jeto proc to P� di�nusma�
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Antikajist�ntac sthn �i� pa�rnoume
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�g� L
me �ti h f � R� � R e�nai paragwg	simh sto �x�� y�� an up�rqoun oi pr�tec merik
c thc
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�f
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�y
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lim
�x�y���x��y��

f�x� y� � f�x�� y�� �
h
�f
�x

�x�� y��
i
�x � x�� �

h
�f
�y

�x�� y��
i
�y � y��

jj�x� y� � �x�� y��jj � � �



Pr�blhma ��

�a� Bre�te thn ex�swsh tou epip
dou pou ef�ptetai thc epif�neiac z�exy sto shme�o ��� �� e��	 ��m�
�b� Bre�te to monadia�o k�jeto di�nusma proc to efapt�meno ep�pedo pou br�kate pio p�nw	 �m�
�g� �Estw t�ra h epif�neia z�f�x� y�	 Jewr�ntac �ti h f e�nai paragwg�simh sto shme�o �x�� y���
bre�te to monadia�o k�jeto di�nusma proc to ep�pedo pou ef�ptetai thc epif�neiac sto shme�o aut�	

�m�
��������������������������������������������

�a� Gia thn ex�swsh tou epip
dou isqei
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Gia tic merik
c parag�gouc thc f�x� y��exy 
qoume
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Antikajist�ntac sthn �i� pa�rnoume�

z � e� � �e� �x� �� � e��y � �� �� ��e� �x� �� � e��y � �� � �z � e�� � �

�b� E�nai faner� �ti to
n� � ���e�� �e�� ��

e�nai k�jeto sto efapt�meno ep�pedo	 Kanonikopoi�ntac to n� br�skoume to zhtomeno monadia�o
k�jeto di�nusma�
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�g� E�nai faner� �ti h �i� e�nai h ex�swsh epip
dou pou peri
qei to shme�o �x�� y�� z�� �pou z��f�x�� y��
kai 
qei k�jeto di�nusma to
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Kanonikopoi�ntac to n� br�skoume to monadia�o k�jeto di�nusma�
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