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Pr�blhma ��
Diatup�ste touc orismo�c twn pio k�tw�
�a� Ap�klish dianusmatiko� ped	ou
 �m�
�b� Dipl� olokl�rwma �p�nw se orjog�nio�
 �m�
�g� Isostajmik� kamp�lh
 �m�
�d� Astr�bilo dianusmatik� ped	o
 �m�
��������������������������������������������

�a� �Estw FF�i� F�j� F�k �na C� dianusmatik� ped	o ston R�
 H ap�klish �divergence� tou F
or	zetai wc ex�c�

div F � r �F �
�F�
�x

�
�F�
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�b� Dipl� olokl�rwma
�Estw h sun�rthsh f � R� R� �pou R�a� b�� �c� d�
 Jewro�me mia diam�rish tou R t�xhc n�

a � x� � x� � � � � � xn � b � c � y� � y� � � � � � yn � d

me

�x � xj�� � xj �
b� a

n
� �y � yk�� � yk �

d� c

n
�

kai to ant	stoiqo �jroisma Riemann�

Sn �
n��X
j��

n��X
k��

f�cjk� �x�y �

�pou cjk � Rjk � �xj� xj���� �yk� yk���
 An h akolouj	a fSng sugkl	nei se �na �rio S �tan n � �
kai to �rio S e	nai to 	dio gia opoiad�pote epilog� shme	wn cjk sta orjog�nia Rjk� t�te l�me �ti h f
e	nai oloklhr�simh p�nw sto R kai gr�foume

Z Z
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f�x� y� dxdy � lim
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n��X
j��

n��X
k��

f�cjk� �x�y � S �

�g� Isostajmik� kamp�lh
�Estw f � U � R� � R kai c � R
 H isostajmik� kamp�lh me tim� c or	zetai san to s�nolo twn
shme	wn �x� y� � U sta opo	a f�x� y�c�

Isostajmik� kamp�lh� f�x� y� � U � f�x� y� � cg


�d� Astr�bilo dianusmatik� ped	o
To C� dianusmatik� ped	o F kale	tai astr�bilo an o strobilism�c tou e	nai mhd�n� dhl
 an

r�F � � �



Pr�blhma ��
�a� Bre	te mia ex	swsh gia to ep	pedo to opo	o e	nai k�jeto sto v�	� 	� 	� kai pern�ei ap� to �	� 
� 
�



m�
�b� Bre	te to embad�n tou parallhlogr�mmou pou sqhmat	zetai ap� ta dian�smata

a � �	� �� �� kai b � ���� 
� 	� �

�m�
��������������������������������������������

�a� To ep	pedo e	nai k�jeto sto di�nusma �	� 	� 	� kai pern� ap� to shme	o �	� 
� 
�
 Ap� ton t�po

A �x� x�� � B �y � y�� � C�z � z�� � 


�qoume
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�b�
�oc tr�poc
Gia to embad�n tou parallhlogr�mmou isq�ei�

E � jja� bjj � �i�

Br	skoume loip�n to a� b�
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Antikajist�ntac sthn �i� pa	rnoume
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p
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�oc tr�poc
Gia to embad�n tou parallhlogr�mmou isq�ei ep	shc�

E � jjajj jjbjj sin � � �ii�

�pou � h gwn	a metax� twn a kai b gia thn opo	a isq�ei�
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Antikajist�ntac sthn �ii� pa	rnoume
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Pr�blhma 
�

�a� Diatup�ste ton orism� paragwg	simhc sun�rthshc f � R� � R
 �m�
�b� Diatup�ste to Je�rhma allag�c twn metablht�n gia dipl� oloklhr�mata
 �m�
�g� Diatup�ste kai apode	xte thn trigwnik� anis�thta ston Rn
 m�
��������������������������������������������

�a� H sun�rthsh f � R� � R e	nai paragwg	simh sto �x�� y�� an oi merik�c par�gwgoi �f��x kai
�f��y up�rqoun sto �x�� y�� kai
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 �

�b� Je�rhma allag�c twn metablht�n gia dipl� oloklhr�mata
�Estw D kai D� stoiqei�dh qwr	a sto ep	pedo t�toia �ste T �D��D� �pou h apeik�nish T � D� � D
e	nai C� kai �na�proc��na sto D�
 Gia k�je oloklhr�simh sun�rthsh f � D � R isq�ei
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Ap�deixh�
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 Ap� thn anis�thta Cauchy�Schwarz� isq�ei
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jjx� yjj 	 jjxjj� jjyjj



Pr�blhma �
�Estw h epif�neia tou elleiyoeido�c

x� � �y� � z� � 	� �

Bre	te thn ex	swsh tou efapt�menou epip�dou kai to monadia	o k�jeto di�nusma sto shme	o �	� ���	�
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��������������������������������������������

�oc tr�poc
Ap� tic d�o epif�neiec
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Antikajist�ntac sthn �i� �qoume
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Gnwr	zoume �ti to monadia	o k�jeto di�nusma sto ep	pedo
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d	netai ap� thn
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�Epil�xame to monadia	o k�jeto di�nusma me for� proc ta k�tw� dhl
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�

�oc tr�poc
Gnwr	zoume �ti to efapt�meno ep	pedo epif�neiac f�x� y� z�� se �na shme	o �x�� y�� z�� or	zetai ap�
thn
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Antikajist�ntac sthn �ii� pa	rnoume�
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Gia to monadia	o k�jeto di�nusma isq�ei
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oc tr�poc
H epif�neia gr�fetai se parametrikopoihm�nh morf� wc ex�c�
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Gia to monadia	o k�jeto di�nusma isq�ei�
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H ex	swsh tou efapt�menou epip�dou d	netai ap� thn
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Pr�blhma ��
De	xte �ti
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Pr�blhma ��

�a� Diatup�ste ton orism� thc Iakwbian�c ston R�
 �m�
�b� Na brejo�n oi

��x� y� z�

��r� �� z�
kai

��r� �� z�

��x� y� z�

�pou �x� y� z� kai �r� �� z� oi Kartesian�c kai oi kulindrik�c suntetagm�nec ant	stoiqa
 m�
��������������������������������������������

�a� �Estw T �W � R� � R� mia C� sun�rthsh pou or	zetai ap� tic
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Pr�blhma ��
�a� Diatup�ste ton orism� tou p	naka twn merik�n parag�gwn
 �m�
�b� Na apodeiqje	 h pr�tash�
An oi f� g � U � Rn � Rm e	nai paragwg	simec sto x� � Rn� t�te h

h�x� � f�x� � g�x�

e	nai paragwg	simh sto x� kai

Dh�x�� � Df�x�� � Dg�x�� �

�m�
��������������������������������������������

�a� �Estw h apeik�nish f � U � Rn � Rm
 O p	nakac twn merik�n parag�gwn thc f sto x�
e	nai o m � n p	nakac
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�pou oi merik�c par�gwgoi �fi��xj upolog	zontai sto x�


�b� Pr�pei na de	xoume �ti
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Ap� thn trigwnik� anis�thta
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Epeid� oi f kai g e	nai paragwg	simec ta d�o �ria e	nai 	sa me mhd�n kai �tsi
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Pr�blhma ��
�Estw D to qwr	o sto pr�to tetarthm�rio pou or	zetai ap� tic kamp�lec

y � ax � y � bx � b � a � 


xy � c � xy � d � d � c � 
 �

�a� Upolog	ste to embad�n A�D� to qwr	ou D
 ��m�
�b� Upolog	ste th m�sh tim� thc

f�x� y� �
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x�

sto qwr	o D
 �m�
��������������������������������������������

Jewro�me ton metasqhmatism��
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�Etsi� to qwr	o D tou epip�dou xy apeikon	zetai sto qwr	o D� tou epip�dou uv
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Gia thn Iakwbian� tou metasqhmatismo� �qoume
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�a� Gia to embad�n tou qwr	ou D �qoume�
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Br	skoume loip�n to I�
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Pr�blhma ��

Na upologisje	 o �gkoc tou stereo� pou perikle	etai ap� ton k�lindro x� � y�� kai ta ep	peda z�
kai x� z�
 ��m�
��������������������������������������������

2

2
x

y

z

z=1

D

x+z=5

x   + y   = 9

x   + y   = 92 2

2

To stere� � kaj�c kai h probol� tou D sto
ep	pedo xy fa	nontai sto diplan� sq�ma


Gia ton �gko tou stereo� �qoume�
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Qrhsimopoi�same to gegon�c �ti to de�tero olokl�rwma mhden	zetai l�gw summetr	ac
 An den do�me
th summetr	a� mporo�me na to upolog	soume e�kola ergaz�menoi se polik�c suntetagm�nec me xr cos �
kai yr sin ��
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Pr�blhma ���

�a� An ta F kai G e	nai C� dianusmatik� ped	a� de	xte �ti

r � �F �G� � G � r � F � F � r �G

�m�
�b� An ta f kai g e	nai C� bajmwt� ped	a� de	xte �ti
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�m�
��������������������������������������������

�a� �Estw �ti
F � F�i � F�j � F�k kai G � G�i � G�j � G�k

Br	skoume pr�ta to F�G�
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