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Par�rthma A

ALGEBRIKES DOMES

A�� Eisagwg� � Orismo�

S	nola �sets�� Jewro	ntai gnwst��

S	nola pou mac endiaf�roun�

N � fusiko� �natural� arijmo�
N� � mh arnhtiko� ak�raioi� N��N�f�g
Z � ak�raioi �integer� arijmo�
Q � rhto� �rational� arijmo�
R � pragmatiko� �real� arijmo�
C � migadiko� �complex� arijmo�

Diatetagm�no ze	goc �ordered pair�� diatetagm�nh tri�da� ni�da� klp� Jewro	ntai
gnwst��

Orism�c A����

�Estw d	o s	nola A kai B� To s	nolo twn diatetagm�nwn zeug
n thc morf�c
�a	 b
 me a�A kai b�B kale�tai kartesian� gin�meno �cartesian product
 kai
sumbol�zetai me A�B �

A�B � f�a� b
� a�A� b�Bg

Parathr�seic

�� H �nnoia tou kartesiano	 ginom�nou genike	etai e	kola gia periss�tera ap� d	o
s	nola� �Etsi �qoume

A�B �C � f�a� b� c
� a � A� b � B� c � Cg
kai

A� �A� � � � ��An � f�a�� a�� � � � � an
� ai � Ai� i � �� �� � � � � ng �

�



� Par�rthma A� ALGEBRIKES DOMES

�� To kartesian� gin�meno A� A en�c sun�lou me ton eaut� tou sumbol�zetai me
A��

A� � A�A �

Idia�terou endiaf�rontoc e�nai ta s	nola

Rn � R�R� � � � �R� �z �
n forec

kai
Cn � C �C � � � � �C� �z �

n forec

�

Upenjum�zoume �ti to s	nolo

R� � f�a� b
� a� b � Rg �
antistoiqe� gewmetrik� sto kartesian� ep�pedo �cartesian plane
�

�

�y

x

rb

a

�a� b


O

Par�deigma

�Estw ta s	nola�
A � f�� �� �g kai B � fa� bg �

Gia ta kartesian� gin�mena A�B kai B �A �qoume�

A�B � f��� a
� ��� b
� ��� a
� ��� b
� ��� a
� ��� b
g
kai

B �A � f�a� �
� �a� �
� �a� �
� �b� �
� �b� �
� �b� �
g �
Parathro	me �ti A�B �� B �A�

Gia to kartesian� gin�meno B� �qoume�

B� � B �B � f�a� a
� �a� b
� �b� a
� �b� b
g �



A��� Eisagwg� � Orismo� �

Orism�c A���	

�Estw d	o s	nola A kai B� �Ena upos	nolo R � A � B kale�tai dimel�c
sq
sh �binary relation
 ap� to A sto B�
An �a� b
 � R gr�foume

a R b

�to a sqet�zetai me to b�� Idia�tera �na upos	nolo R � A�A kale�tai sq
sh
sto A�

Orism�c A����

Mia sq�sh � sto s	nolo A kale�tai sq
sh isodunam�ac �equivalence relation

an�
�i
 a � a �a � A �autopaj�c � anaklastik� �reective� idi�thta��
�ii
 a � b an kai m�no an b � a� a�b � A �summetrik� �symmetric
 idi�thta��
�iii
 An a � b kai b � c� t�te a � c� a�b� c � A �metabatik� �transitive

idi�thta��

Parade�gmata

�� H is�thta ��� sto s	nolo A e�nai mia sq�sh isodunam�ac� To upos	nolo R tou
A�A pou or�zei aut� th sq�sh e�nai to

R � f�a� a
� a � Ag

�� H omoi�thta �similarity
 pin�kwn e�nai sq�sh isodunam�ac� �Estw oi p�nakec
A�B � Mn�n� �pou Mn�n to s	nolo twn n � n pin�kwn� O A e�nai �moioc
�similar
 me ton B an up�rqei antistr�yimoc p�nakac S t�toioc 
ste

A � S��BS

�bl� Orism� ������� Ja de�xoume �ti h omoi�thta pin�kwn ikanopoie� tic treic
sunj�kec tou Orismo	 A�����

�i
 Gnwr�zoume �ti o monadia�oc p�nakac I e�nai antistr�yimoc kai m�lista I�� �
I� An oi A kai I e�nai n� n p�nakec� t�te

A � IAI � I��AI �

op�te h sunj�kh ikanopoie�tai �o A e�nai �moioc me ton eaut� tou��

�ii
 An o A e�nai �moioc me ton B� t�te up�rqei antistr�yimoc p�nakac S t�toioc

ste

A � S��BS �

Ap� thn pio p�nw sq�sh pa�rnoume

S A S�� � S �S�� B S
 S�� � �S S��
B �S S��
 � I B I � B �

op�te
B � P�� AP
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�pou P�S��� Epeid� o P e�nai antistr�yimoc� o B e�nai �moioc me ton A�

�iii
 An o A e�nai �moioc me ton B kai o B �moioc me ton C t�te up�rqoun
antistr�yimoi p�nakec S kai P t�toioi 
ste

A � S��BS

kai
B � P��CP �

Ap� tic pio p�nw sq�seic pa�rnoume�

A � S���P��CP 
S � �S��P��
C�PS


kai me b�sh tic idi�thtec twn antistr�yimwn pin�kwn

A � �PS
��C�PS
 �

O PS e�nai antistr�yimoc� wc gin�meno antistr�yimwn pin�kwn� �Ara� o A e�nai
�moioc me ton C� �Eqoume de�xei loip�n �ti h omoi�thta pin�kwn e�nai pr�xh
isodunam�ac�

Orism�c A����

Mia dimel�c pr�xh �binary operation
 � apl
c pr�xh sto mh ken� s	nolo A
e�nai mia apeik�nish 	 tou sun�lou A�A sto s	nolo A�

	 � A�A 
� A �pou �a� b
 �
� a 	 b�

Parathr�seic

�� Suqn� �tan den up�rqei k�ndunoc s	gqushc to s	mbolo 	 parale�petai� dhlad�
gr�foume ab ant� a 	 b�

�� S	mbola pou qrhsimopoio	ntai sun�jwc e�nai ta ex�c�

� � gia thn pr�sjesh
� � gia thn afa�resh
�� 	� � � gia ton pollaplasiasm�
 � gia th s	njesh �composition� apeikon�sewn kai metaj�sewn

�Estw B �na mh ken� upos	nolo tou A� Ja l�me �ti to B e�nai kleist� wc proc
thn pr�xh 	 �closed under 	
 an

�a� b � B isq	ei a 	 b � B�

Parade�gmata



A��� Eisagwg� � Orismo� �

�� Jewro	me to s	nolo twn akera�wn Z me tic sun�jeic pr�xeic thc pr�sjeshc kai
tou pollaplasiasmo	�

Pr�sjesh� � � Z� Z 
� Z me �x� y
 �� x� y
Pollaplasiasm�c� � � Z� Z 
� Z me �x� y
 �� xy

E�nai faner� �ti to Z e�nai kleist� wc proc tic d	o pr�xeic�

�Estw t
ra to upos	nolo P twn peritt
n arijm
n

� � f� � � �
��
�� �� �� � � �g �
To P den e�nai kleist� wc proc thn pr�sjesh afo	 to �jroisma d	o peritt
n
e�nai �rtioc� E�nai �mwc kleist� wc proc ton pollaplasiasm� afo	 to gin�meno
d	o peritt
n e�nai peritt�c�

�Estw t
ra to upos	nolo A twn �rtiwn arijm
n�

A � f����
��
�� �� �� �� ���g �
E�nai faner� �ti to A e�nai kleist� wc proc tic d	o sun�jeic pr�xeic�

�� Sto s	nolo Mm�n twn m� n pin�kwn� or�zoume thn pr�sjesh d	o pin�kwn

A � �aij
 kai B � �bij
 �Mm�n

wc ex�c�
A�B � �aij � bij
 �Mm�n �

�Etsi� ex orismo	� to Mm�n e�nai kleist� wc proc thn pr�sjesh ��� me diafore�
tik� l�gia� h pr�sjesh e�nai mia pr�xh sto Mm�n�� Gia par�deigma� an

A �

�
� � �
� � �

�
kai B �

�
� 
� 
�
� � �

�
�M���

t�te

A�B �

�
� � � �
 � �
 �
� � � � � � � � �

�
�

�
� � �
� � ��

�
�M��� �

�Estw t
ra to upos	nolo S��� tou M����

S��� �

�
A �M��� � A �

�
a b
b c

�
� a� b� c � R

�
�

Parathro	me �ti to S��� e�nai to s	nolo twn summetrik
n � � � pin�kwn� To
S��� e�nai kleist� wc proc thn pr�sjesh� Me diaforetik� l�gia� to �jroisma
d	o summetrik
n pin�kwn e�nai ep�shc summetrik�c p�nakac� Pragmatik�� an

A �

�
a b
b c

�
kai B �

�
d e
e f

�

t�te

A�B �

�
a� d b� e
b� e c� f

�
� S��� �
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�� Sto s	nolo Mn�n twn n � n �tetragwnik
n� pin�kwn mporo	me ep�shc na or��
soume thn pr�xh tou pollaplasiasmo	� An A � �aij
� B � �bij
 �Mn�n� t�te to
gin�men� touc e�nai o

AB �

�
nX

k��

aikbkj

	
�Mn�n �

�� Sto Rn� h sun�jhc pr�xh thc pr�sjeshc� � � Rn�Rn 
� Rn� or�zetai wc ex�c�
An

u � �u�� u�� � � � � un
 kai v � �v�� v�� � � � � vn
 �
e�nai d	o dian	smata tou Rn� t�te

u� v � �u� � v�� u� � v�� � � � � un � vn
 � Rn �

Paromo�wc� or�zetai kai h pr�sjesh sto Cn�

� �Estw C�R
 to s	nolo twn suneq
n sunart�sewn sto R� H sun�jhc pr�xh thc
pr�sjeshc� � � C�R
� C�R
 
� C�R
� or�zetai wc ex�c�

�f � g
�x
 � f�x
 � g�x
 �f� g � C�R
 �

Gia par�deigma� an

f�x
 � x� � � kai g�x
 � x� cos x �

t�te
�f � g
�x
 � f�x
 � g�x
 � x� � � � x� cos x �

Sto C�R
 mporo	me ep�shc na or�soume th s�njesh sunart�sewn � An
f� g �C�R
� t�te

�f  g
�x
 � f�g�x



�An oi f kai g e�nai suneqe�c sto R� t�te kai h s	njes� touc e�nai suneq�c sto
R�� An p�roume tic sunart�seic f kai g pou qrhsimopoi�same pio p�nw� �qoume�

�f  g
�x
 � f�g�x

 � f�x� cos x
 � �x� cosx
� � � �

�� Jewro	me to s	nolo twn metaj�sewn twn �� �� � � � � n pou ja to sumbol�zoume me
Sn� Wc gnwst�� to Sn apotele�tai ap� n� stoiqe�a� �Etsi� to S� apotele�tai ap�
���� stoiqe�a�

S� �

n

� � �

� � �

�
�



� � �

� � �

�
�



� � �

� � �

�
�



� � �

� � �

�
�



� � �

� � �

�
�



� � �

� � �

�o



A��� Eisagwg� � Orismo� �

H s�njesh metaj
sewn e�nai mia pr�xh sto Sn�  � Sn � Sn 
� Sn� An t�
s � Sn me

t �

�
� � � � � n
t� t� � � � tn

	
kai s �

�
� � � � � n
s� s� � � � sn

	

t�te h s	njes� touc t  s or�zetai wc ex�c�

ts �

�
� � � � � n
ts

�
ts

�
� � � tsn

	

Ac do	me �na par�deigma sto S�� An

t �

�
� � �
� � �

	
kai s �

�
� � �
� � �

	
�

t�te gia th s	njesh t  s �qoume�

t  s �

�
� � �
ts� ts� ts�

	
�

�
� � �
t� t� t�

	
�

�
� � �
� � �

	
�

Orism�c A���

H pr�xh 	 sto s	nolo A kale�tai prosetairistik� �associative
 an

x 	 �y 	 z
 � �x 	 y
 	 z � x� y� z � A�

L�me ep�shc �ti isq	ei h prosetairistik� idi�thta �associative law
�

Parade�gmata

�� Oi pr�xeic thc pr�sjeshc kai pollaplasiasmo	 sto s	nolo Z twn akera�wn e�nai
prosetairistik�c�

x� �y � z
 � �x� y
 � z �x� y� z � Z
x�yz
 � �xy
z �x� y� z � Z

�� H pr�xh thc pr�sjeshc sto Cn e�nai prosetairistik�� An u� v� w � Cn� t�te

u� �v � w
 � �u� v
 � w �u� v� w � Cn �
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�� H pr�sjesh sto Mm�n kai o pollaplasiasm�c sto Mn�n e�nai prosetairistik�c
pr�xeic�

A� �B � C
 � �A�B
 � C �A�B�C �Mm�n

A�BC
 � �AB
C �A�B�C �Mn�n

�� H pr�xh thc s	njeshc sto C�R
 e�nai prosetairistik��

f  �g  h
 � �f  g
  h �f� g� h � C�R
 �

Pr�gmati� gia ta d	o m�lh thc pio p�nw sq�shc pa�rnoume

�f  �g  h
��x
 � f ��g  h
�x
� � f �g�h�x

�

kai
��f  g
  h��x
 � �f  g
�h�x

 � f �g�h�x

��

� H pr�xh thc s	njeshc sto Sn e�nai prosetairistik��

t  �s  u
 � �t  s
  u �t�s� u � Sn �

�� H pr�xh thc afa�reshc sto Z den e�nai prosetairistik�� An x� y� z � Z� t�te
x
 �y 
 z
 �� �x
 y

 z

afo	
x
 y � z �� x
 y 
 z �

Parat�rhsh
H prosetairistik� idi�thta mac l�ei �ti h j�sh twn parenj�sewn den �qei shmas�a�
�Etsi sto Mn�n�

�AB
�CD
 � A�B�CD

 � �A�BC

D�

Mporo	me loip�n na gr�youme apl��

ABCD �

Orism�c A����

To ze	goc �S� 	
 �pou S �na mh ken� s	nolo kai 	 mia pr�xh sto S kale�tai
hmiom�da �semigroup
 an h pr�xh 	 e�nai prosetairistik��



A��� Eisagwg� � Orismo� 	

Parade�gmata hmiom�dwn

�� Ta s	nola N�Z�Q�R�C me thn pr�xh thc pr�sjeshc e�nai hmiom�dec� Ta �dia
s	nola me thn pr�xh tou pollaplasiasmo	 e�nai ep�shc hmiom�dec�

�� Ta ze	gh �Mm�n��
 kai �Mn�n� �
 e�nai hmiom�dec�
�� Ta ze	gh �C�R
��
 kai �C�R
� 
 e�nai hmiom�dec�
�� To ze	goc �Sn� 
 e�nai hmiom�da�
� Ta ze	gh �Rn��
 kai �Cn��
 e�nai hmiom�dec�

Parathr�seic

�� S	mfwna me ton Orism� A����� to S e�nai kleist� wc proc thn pr�xh 	 afo	 h 	
e�nai mia pr�xh sto S �bl� Orism� A������ �Etsi� an j�loume na el�gxoume kat�
p�so to ze	goc �S� 	
 e�nai hmiom�da� el�gqoume pr
ta an to S e�nai kleist� wc
proc thn pr�xh 	 kai met� an h pr�xh e�nai prosetairistik��

�� An to ze	goc �S� 	
 e�nai hmiom�da kai to S� e�nai �na upos	nolo tou S� t�te
epeid� h pr�xh 	 e�nai prosetairistik�� to �S�� 	
 e�nai hmiom�da an to S� e�nai
kleist� wc proc thn pr�xh 	�

Parade�gmata

�� Wc gnwst�� to �Z��
 e�nai hmiom�da� �Estw A to s	nolo twn �rtiwn arijm
n
kai B t� s	nolo twn peritt
n arijm
n�

A � f� � � �
��
�� � �� �� � � �g � Z �

B � f� � � �
��
�� �� �� � � �g � Z �
To �A��
 e�nai ep�shc hmiom�da afo	 e�nai kleist� wc proc thn pr�sjesh� Aut�
den isq	ei fusik� gia to upos	nolo B�

�� To �Z� �
� �pou � h sun�jhc pr�xh tou pollaplasiasmo	� e�nai hmiom�da� Ta �A� �

kai �B� �
 e�nai ep�shc hmiom�dec� afo	 t�so to A �so kai to B e�nai kleist� wc
proc thn en l�gw pr�xh�

Orism�c A����

H pr�xh 	 sto s	nolo A kale�tai antimetajetik� �commutative
 an

x 	 y � y 	 x � x� y � A

Parade�gmata

�� H pr�sjesh kai o pollaplasiasm�c sta s	nola N�Z�Q�R kai C e�nai antime�
tajetik�c pr�xeic�



�
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�� H pr�sjesh sta s	nola Rn kai Cn e�nai antimetajetik��

�� H pr�sjesh sto s	nolo Mm�n e�nai antimetajetik�� Ant�jeta� o pollapla�
siasm�c sto Mn�n den e�nai antimetajetik�c� An A�B � Mn�n� t�te genik�
AB �� BA� Ja d
soume �na par�deigma sto M���� �Estw oi p�nakec

A �

�
� �
� �

�
kai B �

�
� �
� �

�
�

�Eqoume gia ta gin�mena AB kai BA�

AB �

�
� �
� �

� �
� �
� �

�
�

�
� � � � � �
� � � � � �

�
�

�
� �
� �

�

kai

BA �

�
� �
� �

� �
� �
� �

�
�

�
� � � � � �
� � � � � �

�
�

�
� �
� �

�

Parathro	me �ti AB �� BA�

�� H pr�sjesh sunart�sewn sto C�R
 e�nai antimetajetik��

�f � g
�x
 � �g � f
�x
 � f� g�� C�R
�

Ant�jeta� h s	njesh den e�nai antimetajetik�� An f� g � C�R
� t�te genik�
f  g �� g  f � �Estw� gia par�deigma� oi

f�x
 � x� � � kai g�x
 � sinx�

�Eqoume t�te
�f  g
�x
 � f�g�x

 � f�sin x
 � sin� x� �

kai
�g  f
�x
 � g�f�x

 � g�x� � �
 � sin�x� � �
�

Parathro	me �ti f  g �� g  f �
� H s	njesh metaj�sewn sto Sn den e�nai antimetajetik�� �Estw� gia par�deigma�

oi metaj�seic tou S��

t �

�
� � �
� � �

	
kai s �

�
� � �
� � �

	
�

�Eqoume t�te�

t  s �

�
� � �
ts

�
ts

�
ts

�

	
�

�
� � �
t� t� t�

	
�

�
� � �
� � �

	

kai

s  t �
�

� � �
st

�
st

�
st

�

	
�

�
� � �
s� s� s�

	
�

�
� � �
� � �

	
�

Parathro	me �ti t  s �� s  t�
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Orism�c A����

�Ena stoiqe�o e tou A kale�tai oud
tero stoiqe�o wc proc thn pr�xh 	 an
a 	 e � e 	 a � a �a � A

Parade�gmata

�� Sto Z� to oud�tero stoiqe�o wc proc thn pr�sjesh e�nai to �� To oud�tero
stoiqe�o wc proc ton pollaplasiasm� e�nai to ��

�� Sto Rn �� to Cn�� to oud�tero stoiqe�o wc proc thn pr�sjesh e�nai to mhdenik�
di�nusma

� � ��� �� � � � � �
 �
�Estw to u � �u�� u�� � � � � un
 � Rn� �Eqoume t�te�

u� � � �u�� u�� � � � � un
 � ��� �� � � � � �

� �u� � �� u� � �� � � � � un � �
 � �u�� u�� � � � � un
 � u�

�� Sto Mm�n� to oud�tero stoiqe�o wc proc thn pr�sjesh e�nai o mhdenik�c p�na�
kac�

O � ��
m�n

Gia k�je p�naka A �Mm�n� �qoume

A�O � O �A � A �

�� StoMn�n� to oud�tero stoiqe�o wc proc ton pollaplasiasm� e�nai o tautotik�c
p�nakac

I �

�
�
� � � � � �
� � � � � �
���

���
���

� � � � � �

�
����� � �dij
n�n

�pou

dij �

�
�� i � j
�� i �� j

to d�lta tou Kronecker� Gia k�je p�naka A �Mn�n isq	ei h

AI � IA � A �
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� Sto C�R
� to oud�tero stoiqe�o wc proc thn pr�sjesh e�nai h mhdenik� su�
n�rthsh�

��x
 � � �x � R �

To oud�tero stoiqe�o tou C�R
 wc proc th s	njesh  e�nai h tautotik� su�
n�rthsh�

e�x
 � x �x � R �

Pr�gmati �f � C�R
 pa�rnoume

�f  e
�x
 � f�e�x

 � f�x

�e  f
�x
 � e�f�x

 � f�x


�
� f  e � e  f � f �

�� Sto Sn� to oud�tero stoiqe�o wc proc th s	njesh  e�nai h tautotik� met�jesh

e �

�
� � � � � n
� � � � � n

	
�

Pragmatik�� � s � Sn isq	ei

s  e �
�

� � � � � n
se� se� � � � sen

	
�

�
� � � � � n
s� s� � � � sn

	
� s �

H e  s � s apodeikn	etai me par�moio tr�po�

Pr�tash A����

�Estw m�a pr�xh 	 sto m� ken� s	nolo A� An up�rqei to oud�tero stoiqe�o e
wc proc thn pr�xh 	� t�te aut� e�nai monadik��

Ap�deixh
�Estw �ti up�rqoun d	o oud�tera stoiqe�a e� e�� op�te � a � A isq	oun oi�

a 	 e � e 	 a � a �i


a 	 e� � e� 	 a � a �ii


Ap� thn �i
 j�tontac a�e� pa�rnoume

e� 	 e � e 	 e� � e� �

Ap� thn �ii
 j�tontac a�e pa�rnoume

e 	 e� � e� 	 e � e �

kai �tsi br�skoume �ti
e� � e �

�Ara to oud�tero stoiqe�o e�nai monadik�� �
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Orism�c A�����

�Estw mia pr�xh 	 sto mh ken� s	nolo A kai e � A to oud�tero stoiqe�o wc
proc aut� thn pr�xh� An up�rqei stoiqe�o a� � A t�toio 
ste�

a� 	 a � a 	 a� � e

t�te aut� kale�tai summetrik� tou a � A wc proc thn pr�xh 	�

Parade�gmata

�� Jewro	me to s	nolo Z twn akera�wn� To oud�tero stoiqe�o tou Z wc proc thn
pr�sjesh e�nai to �� To summetrik� tou n � Z wc proc thn pr�sjesh e�nai to

n afo	

�
n
 � n � n � �
n
 � �

�� To oud�tero stoiqe�o tou Z wc proc ton pollaplasiasm� e�nai to �� Ta m�na
stoiqe�a tou Z pou �qoun summetrik� wc proc ton pollaplasiasm� e�nai ta � kai
���

Pr�tash A�����

�Estw mia pr�xh 	 sto mh ken� s	nolo A� An up�rqei to oud�tero stoiqe�o wc
proc thn pr�xh 	 kai h pr�xh aut� e�nai prosetairistik�� t�te to summetrik�
en�c stoiqe�ou a � A wc proc thn pr�xh 	 �an up�rqei� e�nai monadik��

Ap�deixh
�Estw a� kai a�� d	o summetrik� tou a � A wc proc thn pr�xh 	� op�te isq	oun oi

a� 	 a � a 	 a� � e �i


a�� 	 a � a 	 a�� � e �ii


�Eqoume diadoqik��

a�� � a�� 	 e �orism�c tou oud�terou stoiqe�ou�
� a�� 	 �a 	 a�
 �ap� thn �i
�
� �a�� 	 a
 	 a� �prosetairistik� idi�thta�
� e 	 a� �ap� thn �ii
�
� a� �orism�c tou oud�terou stoiqe�ou�

�Ara to summetrik� stoiqe�o tou a � A e�nai monadik�� �

Sth sun�qeia� ja l�me pr�sjesh mia pr�xh gia thn opo�a qrhsimopoio	me to s	mbolo
�� To oud�tero stoiqe�o wc proc thn pr�sjesh kale�tai mhdenik� stoiqe�o kai to
sumbol�zoume me

� � � � O�
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To summetrik� en�c stoiqe�ou a � A wc proc thn pr�sjesh kale�tai ant�jeto tou a
kai to sumbol�zoume me 
a� Sunoy�zoume touc m�qri t
ra orismo	c gia thn pr�sjesh
ston pio k�tw p�naka�

Pr�sjesh � � A�A 
� A
Prosetairistik� idi�thta x� �y � z
 � �x� y
 � z �x� y� z � A
�an isq	ei�
Antimetajetik� idi�thta x� y � y � x �x� y � A
�an isq	ei�
Gia to mhdenik� stoiqe�o � � A x� � � � � x � x �x � A
�an up�rqei sto A�
Gia to ant�jeto stoiqe�o x� �
x
 � �
x
 � x � � x� 
x � A
�an up�rqei sto A�

Mia pr�xh gia thn opo�a qrhsimopoio	me to s	mbolo �� pou sun�jwc parale�petai�
kale�tai sun�jwc pollaplasiasm�c� To oud�tero stoiqe�o wc proc ton pollapla�
siasm� kale�tai monadia�o � tautotik� stoiqe�o kai to sumbol�zoume me

� � e � I�

To summetrik� en�c stoiqe�ou a � A wc proc ton pollaplasiasm� kale�tai ant��
strofo tou a kai to sumbol�zoume me a��� Ston pio k�tw p�naka� sunoy�zoume touc
m�qri t
ra orismo	c gia ton pollaplasiasm��

Pollaplasiasm�c � � A�A 
� A
Prosetairistik� idi�thta x�yz
 � �xy
z �x� y� z � A
�an isq	ei�
Antimetajetik� idi�thta xy � yx �x� y � A
�an isq	ei�
Gia to monadia�o stoiqe�o e � A xe � ex � x �x � A
�an up�rqei sto A�
Gia to ant�strofo stoiqe�o xx�� � x��x � e x� x�� � A
�an up�rqei sto A�

Parade�gmata

�� Jewro	me thn pr�xh thc pr�sjeshc sto Cn� H pr�sjesh e�nai prosetairistik��
dhlad�

u� �v � w
 � �u� v
 � w �u� v� w � Cn �

E�nai ep�shc antimetajetik��

u� v � v � u �u� v � Cn �

To mhdenik� stoiqe�o tou Cn e�nai to

� � ��� �� � � � � �
 �



A��� Eisagwg� � Orismo� ��

gia to opo�o isq	ei h

u� � � �� u � u �u � Cn �

To ant�jeto stoiqe�o tou

u � �u�� u�� � � � � un
 � Cn

e�nai to

u � �
u��
u�� � � � �
un
 �

�� Jewro	me thn pr�xh thc pr�sjeshc sto Mm�n� H pr�sjesh pin�kwn e�nai pro�
setairistik�� afo	

A� �B � C
 � �A�B
 � C �A�B�C �Mm�n �

E�nai ep�shc antimetajetik��

A�B � B �A �A�B � Mm�n �

To mhdenik� stoiqe�o tou Mm�n e�nai o mhdenik�c p�nakac

O � ��
m�n

gia ton opo�o isq	ei h

A�O � O �A � A �A �Mm�n �

To ant�jeto stoiqe�o tou A � �aij
 �Mm�n e�nai o p�nakac


A � �
aij
 �
op�te isq	ei h

A� �
A
 � �
A
 �A � O �

�O 
A kale�tai ant�jetoc tou A��

�� Jewro	me thn pr�xh tou pollaplasiasmo	 sto s	nolo Mn�n� O pollaplasia�
sm�c pin�kwn e�nai prosetairistik�c� afo	

A�BC
 � �AB
C �A�B�C �Mn�n �

Den e�nai �mwc antimetajetik�c� An A�B �Mn�n� t�te genik�

AB �� BA �

�An oi p�nakec A�B � Mn�n ikanopoio	n thn AB � BA� t�te kalo	ntai antime�
taj
simoi�� To monadia�o stoiqe�o tou Mn�n e�nai o monadia�oc p�nakac

I � �dij
n�n

gia ton opo�o isq	ei h

AI � IA � A �A �Mn�n �

Shmei
noume t�loc �ti den �qoun �loi oi tetragwniko� p�nakec ant�strofo� An o
p�nakac A �Mn�n e�nai antistr
yimoc� t�te o ant�strof�c tou A�� ikanopoie�
thn

A��A � AA�� � I �
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�� Jewro	me thn pr�xh thc s	njeshc sto s	nolo C�R
� Gnwr�zoume �dh �ti h
s	njesh e�nai prosetairistik� all� �qi antimetajetik�� Me diaforetik� l�gia�

f  �g  h
 � �f  g
  h �f� g� h � C�R
 �

en
 an f� g � C�R
� �qoume genik�

f  g �� g  f �
To monadia�o stoiqe�o tou C�R
 e�nai h tautotik� sun�rthsh�

e�x
 � x �x � R �

gia thn opo�a isq	ei h

f  e � e  f � f �f � C�R
 �

Gnwr�zoume ep�shc �ti den e�nai �lec oi suneqe�c sunart�seic antistr�yimec� An
mia sun�rthsh f � C�R
 e�nai antistr�yimh� t�te h ant�strof� thc f�� ikanopoie�
thn

f��  f � f  f�� � e �

� Jewro	me� t�loc� thn pr�xh thc s	njeshc sto s	nolo Sn� H s	njesh metaj�sewn
e�nai prosetairistik�� dhlad�

s  �t  u
 � �s  t
  u �s� t� u � Sn �

all� �qi antimetajetik�� dhlad� an s� t � Sn� �qoume genik�

s  t �� t  s �
To monadia�o stoiqe�o tou Sn e�nai h tautotik� met�jesh�

e �

�
� � � � � n
� � � � � n

	

gia thn opo�a isq	ei h

s  e � e  s � s �s � Sn�

�Olec oi metaj�seic tou Sn �qoun ant�strofh� H ant�strofh thc

s �

�
� � � � � n
s� s� � � � sn

	
� Sn

e�nai h

s�� �

�
s� s� � � � sn
� � � � � n

	
�

Gia par�deigma� h ant�strofh thc

s �

�
� � � � �
� � � � �

	
� S�
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e�nai h

s�� �

�
� � � � �
� � � � �

	
�

�
� � � � �
� � � � �

	
�

Kle�noume aut� thn par�grafo me mia apl� �skhsh�

Par�deigma
�Estw to s	nolo twn rht
n arijm
n Q kai h pr�xh 	�

a 	 b � a� b
 ab� a� b � Q
�a� Na brejo	n oi � 	 �� � 	 �
�
kai � 	 �

�
�

�b� E�nai to ze	goc �Q� 	� hmiom�da�
�g� E�nai h pr�xh 	 antimetajetik��
�d� Na breje� to oud�tero stoiqe�o wc proc thn pr�xh 	�
�e� Poi� stoiqe�a tou Q den �qoun summetrik� stoiqe�o wc proc thn pr�xh 	�

L�sh
�a�

� 	 � � � � � � � ��� � � � �� � �
� 	 ��� � � � ��� � ������ � �� � ����

� 	 �
� � � � �

� � �


�
�

�
� ��

� � �
���

�b� Parathro	me pr
ta �ti h 	 e�nai pr�xh sto Q� �ti dhlad� to Q e�nai kleist� wc
proc thn 	� afo	 an a� b � Q� t�te �a � b 
 ab
 � Q� Gia na e�nai to ze	goc �Q� 	�
hmiom�da� pr�pei epipl�on h pr�xh 	 na e�nai prosetairistik�� dhlad� na isq	ei�

a 	 �b 	 c
 � �a 	 b
 	 c �a� b� c � Q �i


Gia ta duo m�lh thc �i
 �qoume�

a 	 �b 	 c
 � a 	 �b� c
 bc


� a� b� c
 bc
 a�b� c
 bc


� a� b� c
 bc
 ab
 ac� abc

kai

�a 	 b
 	 c � �a� b
 ab
 	 c
� a� b
 ab� c
 �a� b
 ab
c

� a� b
 ab� c
 ac
 bc� abc

� a� b� c
 bc
 ab
 ac� abc

H �i
 isq	ei� �ra h 	 e�nai prosetairistik� kai �tsi to ze	goc �Q� 	� e�nai hmiom�da�
�g� Parathro	me �ti �a� b � Q�

a 	 b � a� b
 ab � b� a
 ba � b 	 a �
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�Ara h 	 e�nai antimetajetik��
�d� To oud�tero stoiqe�o wc proc thn pr�xh 	 e�nai to �� Pr�gmati�

a 	 � � a� �
 a� � a �a � Q �

op�te
a 	 � � � 	 a � a �a � Q �

afo	 h 	 e�nai antimetajetik��
�e� �Estw �na stoiqe�o a � Q� An up�rqei to summetrik� tou wc proc thn pr�xh 	�

�qoume
a 	 a�� � � �

afo	 to oud�tero stoiqe�o �wc proc thn pr�xh 	� e�nai to �� kai �tsi

a� a�� 
 aa�� � � � a � a�� �a
 �
 ��

a�� �
a

a
 �

E�nai faner� �ti k�je stoiqe�o a � Q me a �� � �qei summetrik� wc proc thn pr�xh 	
pou d�netai ap� thn pio p�nw sq�sh� �
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A�� Om�dec

Oi om�dec kai oi dakt	lioi e�nai d	o ap� tic pio apl�c all� taut�qrona kai pio spou�
da�ec algebrik�c dom�c� Tic om�dec qrhsimopo�hsan pr
toi oi Galois� kai Lagrange
�tan meleto	san thn epilusim�thta twn exis
sewn� H an�ptuxh thc jewr�ac twn
om�dwn �tan ragda�a ta teleuta�a ex�nta qr�nia� O l�goc e�nai �ti me th bo�jeia
touc mporo	n na perigrafo	n kai na melethjo	n se b�joc poll�c majhmatik�c� fusi�
k�c kai qhmik�c jewr�ec� Oi dakt	lioi� ap� thn �llh meri�� eis�qjhsan sta pla�sia
thc prosp�jeiac twn ereunht
n na epil	soun to gnwst� pr�blhma tou Fermat�

Orism�c A�	��

Om�da �group
 kale�tai �na ze	goc �G� �
� �pou G �na mh ken� s	nolo kai � mia
pr�xh sto s	nolo G� me tic ex�c idi�thtec�
�i
 H pr�xh e�nai prosetairistik�� dhlad�

a�bc
 � �ab
c �a� b� c � G �

�ii� Up�rqei to monadia�o stoiqe�o e � G t�toio 
ste

ae � ea � a �a � G �

�iii
 K�je a � G �qei ant�strofo� dhlad� �a � G� �a�� � G t�toio 
ste

a��a � aa�� � e �

An epipl�on�
�iv
 H pr�xh e�nai antimetajetik�� dhlad�

ab � ba �a� b � G �

h om�da kale�tai antimetajetik� �commutative
 � abelian� �abelian
�

Parathr�seic

�� �Otan h pr�xh sumbol�zetai me � �� 	 � � l�me �ti e�nai pollaplasiasm�c kai h
�G� �
 kale�tai pollaplasiastik� om�da �multiplicative group
� Otan h pr�xh
sumbol�zetai me � l�me �ti e�nai pr�sjesh kai h �G��
 kale�tai prosjetik�
om�da �additive group
� Sthn per�ptwsh thc pr�sjeshc� to oud�tero stoiqe�o
sth sunj�kh �ii
 e�nai to mhdenik�� �� gia to opo�o isq	ei

a� � � � � a � a �a � G �

en
 to summetrik� stoiqe�o sth �iii
 e�nai to ant�jeto stoiqe�o 
a � G� gia to
opo�o isq	ei h

�
a
 � a � a� �
a
 � � �

�Galois� �Evariste ������������ G	lloc majhmatik
c me ter	stia sumbol� stic jewr�ec sunart�sewn
exis�sewn kai arijm�n� Jemeliwt�c thc jewr�ac om	dwn�



�
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Sth sun�qeia ja l�me apl� h om�da G qwr�c na gr�foume to s	mbolo thc pr�xhc�
ef�son den up�rqei per�ptwsh s	gqushc�

�� E�nai faner� �ti oi idi�thtec �ii
 kai �iii
 kajisto	n mia hmiom�da om�da� kai h
idi�thta �iv
 kajist� mia om�da antimetajetik��

Parade�gmata

�� Ta s	nola Z�Q�R kai C me th sun�jh pr�xh thc pr�sjeshc apotelo	n abelian�c
om�dec� Ac p�roume� gia par�deigma� to s	nolo C�
�i�

z� � �z� � z�
 � �z� � z�
 � z� �z�� z�� z� � C
�ii� To mhdenik� stoiqe�o tou C e�nai to � � � � � i� gia to opo�o �qoume

z � � � � � z � z �z � C �

�iii� To ant�jeto tou z � a� b i � C e�nai to


z � 
a
 b i � C �

�iv�
z� � z� � z� � z� �z�� z� � C �

�� To s	nolo twn fusik
n arijm
n N me thn pr�xh thc pr�sjeshc den apotele�
om�da giat� to � �� N� �ra den ikanopoie�tai h sunj�kh �ii
 tou Orismo	 A�����
�Omwc� o	te to s	nolo N� � N�f�g e�nai om�da �me thn pr�xh thc pr�sjeshc�
afo	 den ikanopoie�tai h sunj�kh �iii
�

�� Ta s	nola

Q� � Q
 f�g � R� � R
 f�g � C� � C 
 f�g
apotelo	n abelian�c om�dec wc proc to sun�jh pollaplasiasm� �giat� exair��
same to � ap� ta pio p�nw s	nola��� Pa�rnontac wc par�deigma to s	nolo R��
�qoume�
�i
 x�yz
 � �xy
z �x� y� z � R��
�ii
 To monadia�o stoiqe�o e�nai to � � R��

x� � �x � x �x � R��

�iii
 K�je x � R� �qei ant�strofo� to x�� � �

x
pou ikanopoie� thn

x��x � xx�� � � �

�iv
 xy � yx �x� y � R��

To Z� � Z 
 f�g den e�nai om�da� Giat��
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�� To s	nolo Sn me thn pr�xh thc s	njeshc e�nai om�da� Pr�gmati�
�i
 H s	njesh e�nai prosetairistik��

s�tu
 � �st
u �s� t� u � Sn�

�ii
 To monadia�o stoiqe�o tou Sn e�nai h tautotik� met�jesh

e �

�
� � � � � n
� � � � � n

	
� Sn �

gia thn opo�a isq	ei
se � es � s �s � Sn �

�iii
 K�je met�jesh

s �

�
� � � � � n
s� s� � � � sn

	
� Sn

�qei ant�strofh pou e�nai h

s�� �

�
s� s� � � � sn
� � � � � n

	
�

To Sn den e�nai abelian� om�da afo	 h s	njesh den e�nai antimetajetik��

� To s	nolo Mm�n me thn pr�xh thc pr�sjeshc e�nai abelian� om�da�

�� To s	nolo Mn�n me thn pr�xh tou pollaplasiasmo	 den e�nai om�da an kai o
pollaplasiasm�c e�nai prosetairistik�c kai up�rqei to monadia�o stoiqe�o pou
e�nai o monadia�oc p�nakac I giat� den �qoun �loi oi n�n p�nakec ant�strofo �den
ikanopoie�tai h �iii
��

To s	nolo M�

n�n twn antistr�yimwn n � n pin�kwn me thn pr�xh tou polla�
plasiasmo	 e�nai om�da� �E�nai to Sn�n kleist� wc proc ton pollaplasiasm��
Giat��� Den e�nai �mwc abelian� afo	 o pollaplasiasm�c pin�kwn den e�nai an�
timetajetik�c�

�� To s	nolo C�R
 me thn pr�xh thc pr�sjeshc e�nai abelian� om�da�

�� To s	nolo C�R
 me thn pr�xh thc s	njeshc den e�nai om�da an kai h s	njesh
e�nai prosetairistik� kai up�rqei to monadia�o stoiqe�o� pou e�nai h tautotik�
sun�rthsh

e�x
 � x �x � R �

giat� den �qoun �lec oi sunart�seic ant�strofh �den ikanopoie�tai h �iii
��

To s	nolo C��R
 twn antistr�yimwn suneq
n sunart�sewn e�nai om�da �giat����
Den e�nai �mwc abelian�� afo	 h s	njesh den e�nai antimetajetik��



�� Par�rthma A� ALGEBRIKES DOMES

�� �Estw Pn to s	nolo twn poluwn	mwn bajmo	 mikr�terou � �sou tou n�

Pn � fp � a� � a�x� � � � � anx
n � ai � R� i � �� �� � � � � ng �

Or�zoume thn pr�xh thc pr�sjeshc sto Pn wc ex�c� an p� q � Pn me

p � a� � a�x� � � �� anx
n �

q � b� � b�x� � � �� bnx
n � �

t�te
p � q � �a� � b�
 � �a� � b�
 x� � � �� �an � bn
 x

n � Pn �

�Giat� den or�same to Pn wc to s	nolo twn poluwn	mwn bajmo� n�� To �Pn��

e�nai om�da� Pragmatik��
�i
 p� �q � r
 � �p � q
 � r �p� q� r � Pn �
�ii
 To mhdenik� stoiqe�o tou Pn e�nai to

��x
 � � � �x � � � �� �xn � � �

gia to opo�o isq	ei
p � � � � � p � p �p � Pn �

�iii
 To ant�jeto tou p � a� � a�x� � � � � anx
n � Pn e�nai to


p � �
a�
 � �
a�
x� � � �� �
an
xn �
op�te

p� �
p
 � �
p
 � p � � �

Epipl�on� to �Pn��
 e�nai abelian� om�da� afo	

p � q � q � p �p� q � Pn �

Ac or�soume t
ra mia pr�xh pollaplasiasmo	 sto P��

�a� � a�x� a�x
�
 �b� � b�x� b�x

�


� a�b� � �a�b� � a�b�
x� �a�b� � a�b� � a�b�
x
� � �a�b� � a�b�
x

� � a�b�x
�

� g� � g�x� g�x
� � g�x

� � g�x
� �

�pou
gk �

X
i�j�k

aibj� k � �� �� �� �� � �

�Ennoe�tai �ti i � �� � kai j � �� ��� O pollaplasiasm�c d	o poluwn	mwn tou
Pn or�zetai an�loga� me k � �� �� �� � � � � �n�

To �Pn� �
 den e�nai om�da afo	 to Pn den e�nai kleist� wc proc ton pollaplasia�
sm�� Ac jewr�soume t
ra to s	nolo P� �lwn twn poluwn	mwn kai ac exet��
soume an to �P�� �
 e�nai om�da� Parathro	me pr
ta �ti to P� e�nai kleist� wc
proc ton pollaplasiasm�� H idi�thta �i
 tou Orismo	 A���� ikanopoie�tai afo	

p�qr
 � �pq
r �p� q� r � P� �



A��� Om�dec ��

��Ara to �P�� �
 e�nai hmiom�da�� Ep�shc� ikanopoie�tai kai h idi�thta �ii
� afo	
up�rqei to monadia�o stoiqe�o pou e�nai to polu
numo e�x
 � ��

pe � ep � p �p � P� �

�Omwc� h idi�thta �iii
 den ikanopoie�tai afo	 ta m�na stoiqe�a tou P� pou �qoun
ant�strofo e�nai ta stajer� polu
numa p�x
 � c �� �� c � R� Sumpera�noume �ti
to �P�� �
 den e�nai om�da�

Orism�c A�	�	

�Estw �G� �
 mia om�da kai H � G� To upos	nolo H kale�tai upoom�da
�subgroup
 thc G an isq	oun ta ex�c�
�i
 e � H �
�ii
 An x� y�� H t�te xy � H �to H e�nai kleist� wc proc thn pr�xh ���
�iii
 An x � H t�te x�� � H �to H e�nai kleist� wc proc thn antistrof���

Parathr�seic

�� O Orism�c A���� mac l�ei �ti to H e�nai upoom�da thc G an e�nai kai aut� om�da
wc proc thn �dia pr�xh�

�� An ant� tou pollaplasiasmo	 �qoume thn pr�sjesh �� t�te oi sunj�kec �i
��iii

pa�rnoun thn morf��
�i
 � � H �
�ii
 An x� y � H t�te x� y � H�
�iii
 An x � H t�te 
x � H�

�� An H � G kai h �H� �
 ikanopoie� tic sunj�kec �i
��iii
 l�me �ti h H e�nai gn�sia
upoom�da �proper subroup� thc G�

Parade�gmata

�� E�nai faner� ap� th sunj�kh �i
 �ti mia upoom�da peri�qei toul�qiston �na stoi�
qe�o� to oud�tero stoiqe�o� E�nai e	kolo na do	me �ti to �feg� �
 e�nai upoom�da
thc �G� �
 kai to �f�g��
 e�nai upoom�da thc �G��
� Oi d	o aut�c upoom�dec
kalo	ntai tetrimm
nec upoom�dec �trivial subgroups��

�� H om�da �Z��
 e�nai upoom�da thc �Q��
�

�� Oi �rtioi arijmo� S � f� � � �
��
�� �� �� �� � � �g me thn pr�xh thc pr�sjeshc apo�
telo	n mia �gn�sia� upoom�da thc �Z��
� Pragmatik��
�i
 � � S
�ii
 to �jroisma d	o �rtiwn e�nai �rtioc�
�iii
 An x � S t�te 
x � S �o ant�jetoc en�c �rtiou e�nai �rtioc��

�� E�dame prohgoum�nwc �ti to �P���
 e�nai om�da� To �Pn��
 e�nai upoom�da tou
�P���
�
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� Oi migadiko� arijmo� me monadia�o m�tro� S � fzjz � C kai jzj � �g apotelo	n
upoom�da thc �C�� �
� �pou C��C 
 f�g� Pragmatik��
�i
 � � S afo	 j�j � ��
�ii
 An z�� z� � S� op�te jz�j � jz�j � �� �qoume

jz�z�j � jz�jjz�j � � � � � � �� z�z� � S �

�iii
 An z � S� t�te

jz��j � �

jzj �
�

�
� � �� z�� � S �

�Ara to S e�nai upoom�da thc �C�� �
�

Orism�c A�	��

O arijm�c twn stoiqe�wn miac om�dac �G� �
 kale�tai t�xh �order
 thc G kai
sumbol�zetai me jGj� An to jGj e�nai peperasm�no� dhl� jGj � N� h G kale�tai
peperasm
nh om�da ��nite group
�

Par�deigmata

�� E�dame prohgoum�nwc �ti to �Sn� 
 e�nai �mh abelian�� om�da� Wc gnwst�� to
Sn peri�qei n� stoiqe�a� dhlad� jSnj � n�� �Ara to Sn e�nai peperasm�nh om�da�

�� H m�nh gn�sia upoom�da tou

S� �

� �
� �
� �

	
�

�
� �
� �

	 �
�

e�nai to monos	nolo

S � � feg �
� �

� �
� �

	 �

�tetrimm�nh upoom�da�� O anagn
sthc mpore� e	kola na epalhje	sei tic sunj��
kec �ii
 kai �iii
 tou Orismo	 A�����

Je�rhma A�	�� �Je�rhma Lagrange�

�Estw �G� �
 mia peperasm�nh om�da kai H mia upoom�da thc G� T�te� h t�xh
jHj thc H diaire� akrib
c thn t�xh jGj thc G�

Ap�deixh
Ekt�c twn st�qwn aut�c thc paragr�fou� �



A��� Dakt	lioi kai s
mata ��

A�� Dakt	lioi kai s
mata

Orism�c A����

Dakt�lioc �ring
 e�nai mia tri�da �R��� �
 pou apotele�tai ap� �na mh ken�
s	nolo R kai d	o pr�xeic� thn pr�sjesh � kai ton pollaplasiasm� �� pou ika�
nopoio	n ta ex�c�
�i
 To ze	goc �R��
 e�nai abelian� om�da� dhlad�

�a� x� �y � z
 � �x� y
 � z �x� y� z � R�
�b� � to mhdenik� stoiqe�o � � R t�toio 
ste

x� � � � � x � x �x � R �

�g� �x � R up�rqei to ant�jet� tou 
x� t�toio 
ste

x� �
x
 � �
x
 � x � � �x � R �

�d� x� y � y � x �x� y � R�
�ii
 To ze	goc �R� �
 e�nai hmiom�da� dhlad� h pr�xh � e�nai prosetairistik��

x�yz
 � �xy
z �x� y� z � R

�iii
 H pr�xh � e�nai epimeristik� wc proc thn pr�xh �� dhlad�

x �y � z
 � xy � xz �x� y� z � R

kai
�y � z
 x � yx� zx �x� y� z � R �

An epipl�on�
�iv
 � to monadia�o stoiqe�o e � R� t�toio 
ste

xe � ex � x �x � R �

t�te o dakt	lioc kale�tai dakt�lioc me monadia�o �ring with identity
 � ��
dakt�lioc�
Ep�shc� an o pollaplasiasm�c � e�nai antimetajetik�c� dhlad�

xy � yx �x� y � R �

t�te o dakt	lioc kale�tai antimetajetik�c dakt�lioc �commutative ring
�

Parathr�sh
�Otan den up�rqei per�ptwsh s	gqushc� ja l�me apl� o dakt�lioc R qwr�c na ana�
f�roume tic pr�xeic�

Parade�gmata

�� Ta parak�tw s	nola me tic sun�jeic pr�xeic thc pr�sjeshc kai tou pollapla�
siasmo	 e�nai antimetajetiko� dakt	lioi me monadia�o stoiqe�o to ��
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�Z��� �
 � dakt	lioc twn akera�wn
�Q��� �
 � dakt	lioc twn rht
n
�R��� �
 � dakt	lioc twn pragmatik
n
�C��� �
 � dakt	lioc twn migadik
n

�� O �Mn�n��� �
 e�nai dakt	lioc �bl� pr�blhma ���

�� O �P���� �
 e�nai antimetajetik�c dakt	lioc me monadia�o stoiqe�o to e�x
 � �
kai kale�tai dakt�lioc twn poluwn�mwn�

Orism�c A���	

�Estw o dakt	lioc �R��� �
� K�je stoiqe�o a � R pou �qei ant�strofo a�� � R�
t�toio 
ste

aa�� � a��a � e �

kale�tai mon�da �unit
 tou R�

Parade�gmata

�� Oi mon�dec tou �Z��� �
 e�nai oi � kai ���

�� Oi mon�dec tou �Q��� �
 e�nai �la ta stoiqe�a tou Q me exa�resh to ��

�� Oi mon�dec tou �P���� �
 e�nai ta stajer� polu
numa p�x
 � c �� �� c � R�

Orism�c A����

S�ma ��eld
 e�nai �na s	nolo K me d	o pr�xeic� tic � kai �� t�toiec 
ste�
�i
 H tri�da �K��� �
 e�nai �nac antimetajetik�c dakt	lioc me monadia�o stoi�
qe�o�
�ii
 To ze	goc �K�� �
� �pou K� � K 
 f�g kai � to mhdenik� stoiqe�o� e�nai
mia om�da�

Sunoptik�� mporo	me na po	me �ti to s
ma e�nai �nac antimetajetik�c dakt	lioc
me monadia�o stoiqe�o tou opo�ou �la ta mh mhdenik� stoiqe�a e�nai mon�dec� dhlad�
�qoun ant�strofo� Analutik�tera� se �na s
ma K isq	oun ta ex�c�

Gia thn pr�sjesh�

�� �i
 x� �y � z
 � �x� y
 � z �x� y� z � K�
�ii
 x� y � y � x �x� y � K�
�iii
 � to mhdenik� stoiqe�o � � K� t�toio 
ste

x� � � x �x � K �

�iv
 �x � K up�rqei to ant�jet� tou 
x � K� t�toio 
ste

x� �
x
 � � �



A��� Dakt	lioi kai s
mata ��

Gia ton pollaplasiasm��

�� �i
 x�yz
 � �xy
z �x� y� z � K�
�ii
 xy � yx �x� y � K�
�iii
 � to monadia�o stoiqe�o � � K me � �� �� t�toio 
ste

�x � x� � x �x � K �

�iv
 �x � K me x �� �� up�rqei to ant�strof� tou x��� t�toio 
ste

x��x � � �

�� H pr�xh � e�nai epimeristik� wc proc thn ��

x�y � z
 � xy � xz �x� y� z � K �

Parat�rhsh
�Ena s
ma �qei toul�qiston d	o stoiqe�a� ta � kai �� To s	nolo f�g ikanopoie� tic
parap�nw idi�thtec ekt�c thc ��iii
 kai epom�nwc den apotele� s
ma�

Parade�gmata

�� Ta s	nola Q � R kai C me tic sun�jeic pr�xeic thc pr�sjeshc kai tou polla�
plasiasmo	 e�nai s
mata�

�� H tri�da �Z��� �
 den apotele� s
ma giat� ta m�na mh mhdenik� stoiqe�a pou
�qoun ant�strofo e�nai ta � kai ���

�� To s	nolo f�� �g me tic sun�jeic pr�xeic den e�nai s
ma� To s	nolo den e�nai
kleist� wc proc thn pr�sjesh afo	

� � � � � �� f�� �g �
Or�zoume t
ra tic d	o pr�xeic wc ex�c�

� � � � � � � � �

� � � � � � � � �

� � � � � � � � � � � � �

� � � � �

Parathro	me �ti to f�� �g e�nai kleist� wc proc tic d	o pr�xeic kai �ti to ant��
jeto tou � e�nai o eaut�c tou� To f�� �g me tic pio p�nw pr�xeic e�nai s
ma kai
sumbol�zetai me F� � Z��

Pr�tash A����

An to K � e�nai upos	nolo tou C� to �K ���� �
 e�nai s
ma an isq	oun ta ex�c�
�a� � � K � kai � � K ��
�b� To K � e�nai kleist� wc proc tic pr�xeic � kai ��
�g� An x � K �� t�te 
x � K ��
�d� To K � 
 f�g e�nai kleist� wc proc thn antistrof��

Ta stoiqe�a en�c s
matoc K ja ta kalo	me arijmo�c �numbers
� an den up�rqei
k�ndunoc s	gqushc� � bajmwt� �scalars
�
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A�� Exwterik�c pr�xeic

Sthn par�grafo �� or�same thn �nnoia thc dimelo	c pr�xhc sto mh ken� s	nolo A�
	 � A�A� A �pou �a� b
 �� a 	 b

H pio p�nw pr�xh l�me �ti e�nai eswterik� afo	 �la ta emplek�mena stoiqe�a an�koun
sto A� D�noume t
ra ton orism� miac exwterik�c pr�xhc�

Orism�c A����

�Estw d	o mh ken� s	nola A kai B� Kalo	me exwterik� pr�xh sto A� mia
apeik�nish thc morf�c � � B �A� A me

�l� a
 �� l � a � l � B � a � A �

Parathr�seic

�� Ef�son den up�rqei k�ndunoc s	gqushc� ja parale�poume to s	mbolo thc pr�xhc�
dhlad� ja gr�foume la ant� l � a� Ep�shc� e�nai profan�c ap� ton orism� �ti
la � A� Jewro	me dhlad� �ti to A e�nai kleist� wc proc thn pr�xh ��

�� Mia exwterik� pr�xh �pwc thn or�same pio p�nw mpore� na perigrafe� kai me �na
s	nolo monomel
n pr�xewn� mia gia k�je l � B� Pr�gmati� gia k�je l � B
or�zetai mia apeik�nish

� � A� A me a �� la �

pou e�nai ex orismo	 mia monomel�c pr�xh�

�Estw K �na s
ma kai A �na mh ken� s	nolo� Ja kalo	me bajmwt� pollapla�
siasm� �scalar multiplication
 mia exwterik� pr�xh thc morf�c

� � K �A� A

me
�l� a
 �� la � l � K �a � A �

To la kale�tai bajmwt� pollapl�sio �scalar product� tou a� Shmei
noume �ti o
bajmwt�c pollaplasiasm�c den or�zetai gia opoiod�pote s	nolo A �p�q� gia to Sn��

Parade�gmata

�� Sto Kn �K�Q � R � C� o bajmwt�c pollaplasiasm�c or�zetai wc ex�c� an
u � �u�� u�� � � � � un
 � Kn kai l � K� t�te

lu � �lu�� lu�� � � � � lun
 � Kn �

�� Sto Mm�n� an A � �aij
 �Mm�n kai l � K� t�te

lA � �laij
 �Mm�n �



A��� Exwterik�c pr�xeic �	

�� Sto C�R
� an f � C�R
 kai l � R� t�te
�lf
�x
 � lf�x
 � C�R
 �

�� Sto Pn� an p � a� � a�x� � � �� anx
n � Pn kai l � R� t�te

�lp
�x
 � �la�
 � �la�
x� � � � �lan
xn � Pn �



�
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A� Probl�mata

�� �Estw �na s	nolo S kai mia pr�xh 	 pou or�zetai wc ex�c�

a 	 b � a � a� b � S �

�a� Na deiqje� �ti to ze	goc �S� 	
 e�nai hmiom�da�
�b� E�nai h pr�xh 	 metajetik��

�� Jewro	me to s	nolo R twn pragmatik
n arijm
n kai thn pr�xh 	 pou or�zetai
wc ex�c�

x 	 y � �xy � x� y� x� y � R �

�a� Na brejo	n oi � 	 � kai ��� 	 ��
�b� E�nai to ze	goc �R� 	
 hmiom�da�
�g� E�nai h pr�xh 	 metajetik��
�d� Na breje� to oud�tero stoiqe�o wc proc thn pr�xh 	�
�e� Poi� stoiqe�a tou R den �qoun summetrik� wc proc thn pr�xh 	�

�� Na brejo	n �lec oi upoom�dec thc �S�� 
�
Shme�wsh� To  sumbol�zei th s	njesh metaj�sewn�

�� An h �G� �
 e�nai mia om�da me t�xh jGj � ��� na brejo	n �lec oi upoom�dec thc�

� An to �G� �
 e�nai om�da� na deiqjo	n ta ex�c�

�a� �a��

��

� a � a � G�

�b� �ab
�� � b��a�� �a� b � G�

�� �Estw Mn�n to s	nolo twn n � n pin�kwn�
�a� Na deiqje� �ti to Mn�n me tic sun�jeic pr�xeic thc pr�sjeshc kai tou
pollaplasiasmo	 e�nai dakt	lioc�
�b� �Eqei o �Mn�n��� �
 monadia�o stoiqe�o�
�g� E�nai o �Mn�n��� �
 metajetik�c�
�d� Poi�c e�nai oi mon�dec tou �Mn�n��� �
�

�� Na oristo	n kat�llhlec pr�xeic pr�sjeshc kai pollaplasiasmo	 gia na e�nai
s
ma to upos	nolo f
�� �� �g tou Z�

�� �Estw S to upos	nolo tou R pou or�zetai wc ex�c�

S �
n
x � R j x � p� q

p
�� p� q � Q

o
�

Na deiqje� �ti to S me tic sun�jeic pr�xeic thc pr�sjeshc kai tou pollaplasia�
smo	 e�nai s
ma�

�� Exhg�ste giat� to s	nolo Mn�n twn n � n pin�kwn me tic sun�jeic pr�xeic thc
pr�sjeshc kai tou pollaplasiasmo	 den e�nai s
ma�



Par�rthma B

H ENNOIA THS ALGEBRAS

Orism�c B����

�Enac dianusmatik�c q
roc V p�nw se �na s
ma K� ston opo�o �qei oriste�
�nac pollaplasiasm�c � pou se k�je ze	goc �x� y
 � V � V antistoiqe� akrib
c
�na stoiqe�o x � y � V onom�zetai grammik� �lgebra �� aplo	stera� �lgebra
p�nw sto K� an gia k�je x� y� z � V kai l � K isq	oun oi idi�thtec�
�i� �x � y
 � z � x � �y � z

�ii� x � �y � z
 � x � y � x � z

�y � z
 � x � y � x� z � x
�iii� l �x � y
 � �lx
 � y � x � �ly

An epipl�on�
�iv� x � y � y � x �

h �lgebra kale�tai antimetajetik��

An up�rqei �na stoiqe�o e � V � t�toio 
ste gia k�je x � V na isq	ei

x � e � e � x � x �

aut� e�nai monadik� kai onom�zetai monadia�o stoiqe�o thc �lgebrac�

Parade�gmata

�� To s	nolo C twn migadik
n arijm
n me to sun�jh pollaplasiasm� e�nai mia
�lgebra p�nw sto s
ma R twn pragmatik
n arijm
n�

�� O dakt	lioc P� twn pragmatik
n poluwn	mwn apotele� mia �lgebra p�nw sto
R�

�� O q
roc Mn�n�K
 me thn pr�xh tou pollaplasiasmo	 �pin�kwn� e�nai mia �lge�
bra p�nw sto K� To monadia�o stoiqe�o thc �lgebrac aut�c e�nai o monadia�oc
n� n p�nakac I� afo	

AI � IA � A �A �Mn�n �

Epeid� o pollaplasiasm�c pin�kwn den e�nai antimetajetik�c� h �lgebra aut�
den e�nai antimetajetik��

��



�� Par�rthma B� H ENNOIA THS ALGEBRAS

�� To s	nolo

L�V 
 � fT � V 
� V � T grammik�c g

twn grammik
n telest
n p�nw sto grammik� K�q
ro V me thn pr�xh thc s	n�
jeshc e�nai mia �lgebra p�nw sto K� H �lgebra aut� den e�nai antimetajetik��
To monadia�o thc stoiqe�o e�nai o tautotik�c telest�c�


