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1. Introduction

In the past decades, the standard deconvolution model was studied by many researchers who tried to find optimal
solutions to this problem. Amongst them, Donoho (1995), Abramovich and Silverman (1998), Johnstone et al. (2004) and
Chesneau (2008) proposed various wavelet thresholding estimators of the unknown response function in this model that
achieve optimal (in the minimax or the maxiset sense), or near-optimal within a logarithmic factor, convergence rates over
a wide range of Besov balls and for a range of LP-loss functions defining the risk.

On the one hand, there are several cases when one needs to recover initial or boundary conditions on the basis of
observations of a noisy solution of a partial differential equation. The estimation problem of the initial condition in the
heat conductivity equation was initiated by Lattes and Lions (1967). This problem and the problem of recovering the
boundary condition for elliptic equations based on observations in an internal domain were considered in a minimax setting
by Golubev and Khasminskii (1999), and sharp asymptotics for the L?-risk over a range of Sobolev balls were obtained.
On the other hand, Casey and Walnut (1994) and De Canditiis and Pensky (2004, 2006) considered the multichannel
deconvolution model which arises in signal and image processing, e.g., in LIDAR (Light Detection and Ranging) remote
sensing and reconstructions of blurred images (see, e.g., Park et al. (1997)). Using the maxiset approach, De Canditiis and
Pensky (2006) derived upper bounds for the LP-risk, 1 < p < o0, over a wide range of Besov balls, of an adaptive term-by-
term thresholding wavelet estimator for a fixed target function f (-). However, the minimax properties of their estimator and
the case when the number of channels increases with the number of points at which f(-) is observed were not considered
by De Canditiis and Pensky (2006).

Recently, Pensky and Sapatinas (2009) showed that all the above described problems are special cases of the functional
deconvolution model given by

y(u,t) = ff(x)g(u, t —x)dx + iz(u, t), teT=10,1], ue U = [a,b], (1)
T vn
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with —0co < a < b < oo. Here, the kernel or blurring function g(-, -) is assumed to be known, and z(u, t) is assumed to be
a two-dimensional Gaussian white noise, i.e., a generalized two-dimensional Gaussian field with covariance function

E(z(uq, t1)z(uz, t)) = 8(uy — up)d(ty — tp),

where §(-) denotes the Dirac §-function. The analogous discrete model, when y(u, t) is observed at n = NM points (u, t;),
I=1,2,...,Mandi=1,2,...,N,isgiven by

yu, t) = /f(X)g(Ul, ti—X)dx +¢€;, t= % €T =[0,1], yy € U = [a,b], (2)
T

where ¢;; are standard Gaussian random variables, independent for different [ and i.

Pensky and Sapatinas (2009) obtained minimax lower bounds and proposed an adaptive (linear or block thresholding)
wavelet estimator, for both the functional deconvolution model (1) and its discrete version (2), that is asymptotically optimal
(in the minimax sense), or near-optimal within a logarithmic factor, under the L2-risk over a wide range of Besov balls.

The aim of this paper is to provide the analogous statements of the above-mentioned minimax results obtained by Pensky
and Sapatinas (2009) under the L2-risk for the case of [P-risk, 1 < p < oco. More specifically, we first obtain lower bounds for
the [P-risk, 1 < p < oo, when the unknown response function f () in functional deconvolution model (1) and its discrete
version (2) are assumed to belong to a Besov ball and the blurring function g(-, -) is assumed to possess some smoothness
properties, including both regular-smooth and super-smooth convolutions. Furthermore, we investigate the asymptotic
optimal (in the minimax sense) properties of an adaptive (linear or block thresholding) wavelet estimator under the LP-risk,
1 < p < oo, over a wide range of Besov balls. As an illustration, we discuss particular examples for both continuous and
discrete settings.

In what follows, as in Pensky and Sapatinas (2009), we assume that for a fixed u € [a, b], bothf(-) and g(u, -) are periodic
functions with period on the unit interval T = [0, 1]; this assumption appears naturally in the above-mentioned special
models which (1) and (2) generalize.

2. Meyer wavelets and Besov balls

Let ¢*(-) and ¥ *(-) be the Meyer scaling and mother wavelet functions, respectively (see, e.g., Meyer (1992)). As usual,
G50 =27¢*@x— k), Y =27y @x—k), j ke,
are, respectively, the dilated and translated Meyer scaling and wavelet functions at resolution level j and scale position k/2/.

(Here, and in what follows, Z refers to the set of integers.) Similarly to Section 2.3 in Johnstone et al. (2004), we obtain a
periodized version of Meyer wavelet basis by periodizing the basis functions {¢*(-), ¥*(-)}, i.e.,

b)) =Y 2P Qx4+ -k, Y =Y 2P +i) — k).

i€Z i€Z

Note that, for any jo > 0 and any j > jo, any f(-) € [P(T) can be written as

2o —1 o -1
FO =" airdior® + DD Bt
k=0 j=ijo k=0

It is well known that the Meyer wavelet basis satisfies the following three properties (see, e.g., Johnstone et al. (2004)):

1. Property of concentration. Let p € [1,00) and h € {¢, ¥}. For any integer j € {r,...,00} and any sequence
u = (ujk)jk there exists a constant ¢ > 0 such that

21 P . 21
Z wihjg| < c2®?7D Z |uj 1P (3)
k=0 » k=0

(Here, and in what follows, ||g ||, refers to the L’-norm of a function g(-).)
2. Property of unconditionality. Let p € (1, 00). Let us set ¥, _1 x = ¢ k. For any sequence u = (uj); r, we have

. p . 1/2 P
oo Y-1 oo V-1 /
_ 2
E E Upei|| =< E E [k |
=71 k=0 j=1=1 k=0
p p

(Here, and in what follows, the notation a =< b means there exist two positive constants ¢; and ¢, such thatc;b < a < ¢;b.)
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3. Temlyakov property. Let 0 € [0, 00). Let ¥y _1x = ¢, k. For any subset A C {r — 1,..., 00} and for any subset
2 c{o,...,2 — 1}, we have

1/2||P
(ZZ |2f'“wjk|2) =YD 2P
p

JjEA ke JjEA ke

Remark 2.1. The property of concentration is used in the proof of Theorem 4.2, in the case of super-smooth convolutions.
The property of unconditionality and Temlyakov property are indirectly used in the proof of Theorem 4.2, since they are
used in the proofs of some auxiliary results (i.e., Theorems 5.4.1 and 5.4.2 in Chesneau (2006)).

Now, let us give the definition of Besov balls, the main function spaces used in our study. Let M € (0, c0),s € (0, R), p €
[1,00] and r € [1, oo]. (Here, R refers to the number of vanishing moments and continuous derivatives of the mother
wavelet function v *(-); note that, for the Meyer wavelet basis, R = 00.) Let 8;_1 x = o, k. We say that a function f belongs
to the Besov ball Bj”(M) if and only if the associated wavelet coefficients Bj, when p € [1, 00) and r € [1, 00), satisfy

00 21 1/p\ T 1r
(Z (Zj(s+1/2—1/p) <Z |,3jk|p) ) ) <M,
j k=0

=1—1

with respective sum(s) replaced by maximum when p = oo and/or r = oo.

3. Construction of the wavelet estimator

Let e (t) = 2™ m e 7, and for any j, > 0 and anyj > jo, let

¢mjok = (ema ¢j0k>a ‘/’mjk = (ema ij)a fm = (em’.ﬂ

be the Fourier coefficients of ¢ (), ¥;k(-) and f (-), respectively. Moreover, let

h(u, t) = /f(x)g(u, t—x)dx, teT=]0,1], ueU=]a,b], (4)

and let the functional Fourier coefficients of h(u, -), y(u, -), g(u, -) and z(u, -) be given, respectively, by
hrn(u) = (ema h(uv ))’ .Vm(u) = (em».V(uv ))7 gm(u) = (emag(u7 ))a Zm(u) = (em7 Z(u, ))

Using the properties of the Fourier transform, then for each u € U, for the continuous model (1), we have

1
Yin(W) = gn(Wfm + ﬁzm(u),

where g,,(u) = hp, (1) /fi and z, (1) are generalized one-dimensional Gaussian processes satisfying
E(Zﬂ’l1 (ul)zrn2 (uz)) = Brn],mzfs(ul - u2)7
where 8, is Kronecker’s delta. For the discrete version (2), using properties of the discrete Fourier transform, for each
I=1,2,...,M,we have
1
Ym(Up) = gmUfm + ﬁzmlv

where z,,; are standard Gaussian random variables, independent for different m and |, i.e.,
E(Zm1,l1zm2,lz) = 81’)11,11’12811.12 .
A natural estimator of f;, is given by
p———
J; gm(Wym)du
b
J; |gm(w)|>du
M
fn =1 X gn(u)ym(u)
=1

, in the continuous case,

, in the discrete case.

é g ()2

(Here, and in what follows, h denotes the conjugate of a complex number or a complex function h; h is real if and only if

h=h)
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Consider also the following assumptions on the blurring function g(-, -). Define
b
f lgm(u)|?du,  in the continuous case,
T(m) = '

1 M
i Z lgm(u)|®,  in the discrete case,
=1

and suppose that, for some constants v € R, > 0(withv > 0ife = 0), 8 > 0 and some constants K; and K3, independent

of m, the choice of M and the selection of pointsu;, [ = 1,2, ..., M, with0 < K; < K5,

ri(m) < Kom|™" exp(—a|m|”), (5)
and

i (m) = Ky|m| ™ exp(—a|m|”). (6)

Following standard terminology, « = 0 corresponds to regular-smooth and o« > 0 corresponds to super-smooth blurring
functions g(-, -). Define also

oo — o = 3 (1o8® " >0
87 \ 2o ’ ’

200 = [log(n)™®/2D] 2l =p’ o =0,

where § € (0, (2v + 1)7']. (Here, and in what follows, [x] denotes the integer part of x.)
By Plancherel’s formula, the scaling coefficients, o «, and the wavelet coefficients, B;, can be represented as

Gk = ) fnbmigks Bk = D_ fn Wit

meCj’E megj
where C* = {m : ¢pjor # 0} and, for allj > jo, G; = {m : Y # 0}, both subsets of 27 /3[—27"2, —2/] U [2/, 27*2], due to

j
the fact that Meyer wavelets are band limited (see, e.g., Johnstone et al. (2004), Section 3.1). Hence, ojy and Bj, are naturally
estimated by

&jok = Z fmquijok Bjk = me‘l’T]k (8)

* meGj
meCJO j

We now construct a wavelet (linear or block thresholding) estimator of f(-). For this purpose, we divide the wavelet
coefficients at each resolution level into blocks of length I;. More specifically, let the following set of indices

A={1,2,....2/l}, Ur=1{k=0,1,....20 =1 (t-D<k<tl—1}

and let

A A 1/p
b = ogm™ 201, By = (3" 1Bl /b)

keUje

For any jo > 0, we finally reconstruct f () as

2001 J-1
Fo® = Goior© + DY > Bul(1Bie| = d2n™ )y (o), 9)
k=0 Jj=jo teAj keUj

where I(A) is the indicator function of the set A. (Since j, > ] — 1 when o > 0, the estimator (9) only consists of the first
(linear) part and, hence, a threshold parameter does not need to be selected in this case.)

Note that since the choices of jy, J and the threshold value are independent of the parameters s, p, r and M (that are
usually unknown in practical situations) of the Besov ball B;’,(M), the wavelet estimator (9) is adaptive with respect to
these parameters.

In what follows, we use the symbol C for a generic positive constant, independent of n, which may take different values
at different places.
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4. Main results

We construct below minimax lower bounds for the [P-risk, 1 < p < 00, both for the continuous model (1) and the
discrete model (2). For this purpose, we define the minimax LP-risk, 1 < p < oo, over the set §2 as

Ry(£2) = inf sup E|If, — £,
fn fe

where ||g]|, is the [P-norm, 1 < p < oo, of a function g(-) and the infimum is taken over all possible estimators fn(~)
(measurable functions) of f (-), based on observations either from the continuous model (1) or the discrete model (2).
The following theorem provides the minimax lower bounds for the [P-risk, 1 < p < oo, under assumption (5).

Theorem 4.1. Let {¢j, «(-), ¥jk(-)} be the periodic Meyer wavelet basis discussed in Section 2. Let s > max(0, 1/p — 1/2),
1<p<o001=<r<ocoandM > 0. Then, under the assumption (5), as n — oo, there exists some constant C > 0 such that,

Clogn)™™/# if o >0,
Cn~*1P, ifo =0, ¢ >0,

Ru(B) (M) = 17 10 oo (10)
C() , ifa=0, € <0,
n
where
s s—1/p+1 2v+1
= oy = /o+1/p ) €=5p+ (p—p)
2(s+v)+1 26—1/p+v)+1 2

and s* =s+1/p— 1/ min(p, p).

Remark 4.1. The two different lower bounds for « = 0 in (10) refer to the dense case (¢ > 0) when the worst functions
f() (i.e., the hardest functions to estimate) are spread uniformly over the unit interval T, and the sparse case (¢ < 0) when
the worst functions f(-) have only one non-vanishing wavelet coefficient. Also, the restriction s > max(0, 1/p — 1/2),
1< p <o00,1=<r < oo, that appears in the statement of Theorem 4.1, ensures that the corresponding Besov spaces are
embedded in L*(T).

The next theorem provides the minimax upper bounds for the adaptive (with respect to the Besov parameters) wavelet
estimator given by (9), under the assumption (6).

Theorem 4.2. Let fn(-) be the adaptive wavelet estimator defined by (9), with jo, ] and § given by (7). Let s > 1/p — 1/2 +
1/(26) —vif a =0ands > 1/pif a > 0,1 < p <o00,1 <r <ooand M > 0. Then, under assumption (6), asn — oo,
there exists some constant C > 0 such that,

C(logn)™"/#, ifa >0,
A Cn~%1? (log n)*1Plr=p} | ife =0, € >0,
sup (I, —f12) < " U8 (1)
feB, (M) C < g ) (log n)maX(O«P—p/T)H(E:o)’ ife =0, € <0,
n

where o1, oy, € and s* as in Theorem 4.1.

Remark 4.2. Theorems 4.1 and 4.2 imply that, for the LP-risk, 1 < p < o0, the estimator fn(-) defined by (9) is asymptotically
optimal (in the minimax sense), or near-optimal within a logarithmic factor, over a wide range of Besov balls B;.r(M) of
radiusM > Owiths > 1/p—1/2+1/(28) —vif o« =0ands > 1/pif ¢ > 0,1 < p <oocand 1 <r < oo.In particular,
the estimator (9) is asymptotically optimal, except for the cases (i)a« = 0,¢ = 0,p > p/rand (ii)a = 0,€ > 0,p > p; in
these latter cases, the estimator f,,(-) defined by (9) is asymptotically near-optimal within a logarithmic factor, i.e.,

(Inm) P/ ifa >0,
n~op, ifa =0, € >0, p<p,

Rn(B,,,(M)) = (l“”)azp, ifa =0, € <0,
" ora=0,€=0,p=<p/r
and
Cn~?(log n)*'”, ife =0, €>0, p>p,

f_fIP < Inn\*?
fesglEM)E”f” f”P —|C (T) (logn)(p’g), ifae =0,€¢=0, p> p/r.
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(Here, and in similar expressions, we abuse notation, and g;(n) =< g;(n) denotes 0 < liminf(g;(n)/g(n)) <

lim sup(g;(n)/g2(n)) < oo asn — oo.) Note that since the constant C in Theorems 4.1 and 4.2 is different, it means
that the estimator f,(-) defined by (9) is rate optimal.

5. Examples

In this section, we briefly present inverse problems discussed in Section 1 which can be seen as applications of the
functional deconvolution model (1) or its discrete version (2). The optimality (in the minimax sense), or near-optimality
within a logarithmic factor, for the L?-risk over a wide range of Besov balls in the Examples 1-3 below have been discussed in
Pensky and Sapatinas (2009) (see their Examples 4, 1, 5, respectively); here, we use the methodology presented in Sections 3
and 4 to check that the corresponding estimators are also optimal or near-optimal under the [P-risk (1 < p < c0).

Example 1 (Estimation of the Speed of a Wave on a Finite Interval). Let h(t, x) be a solution of the initial boundary value
problem for the wave equation

32h(t 32h(t,
(&0 OREX) et h(0. x) = 0,

ot2 ox2
OMEX | _ ). hit.0) = h(t. 1) = 0. (12)
ot |y

Here, f (-) is a function defined on the unit interval [0, 1] and t € [a, b],a > 0, b < 1. We assume that a noisy solution
y(t, x) = h(t, x) + n~/2z(t, x) is observed, where z(t, x) is a generalized two-dimensional Gaussian field with covariance
function E[z(t1, x1)z(t2, X2)] = §(t;1 — t2)8(x1 — X»), and the goal is to recover the unknown speed of a wave f(-) on the
basis of observations y(t, x).

Extending f (-) periodically over the real line, it is well known (see, e.g., Strauss (1992), p. 61) that the solution h(t, x) can
then be recovered as

1
h(t,x) = %/ I(jx — z| < t)f (z)dz, (13)
0

so that (13) takes the form (4) with g(u, x) = 0.51(|x| < u), where u in (4) is replaced by ¢ in (13). It is easily seen that the
functional Fourier coefficients g, (-) satisfy (5) and (6) withv = 1 and ¢ = 0.

Hence, according to Theorems 4.1 and 4.2, the adaptive block thresholding wavelet estimator given by (9) achieves the
following minimax upper bounds (in the LP-risk, 1 < p < o0)

S| S| 3
"zt (lnn)ﬁ, ifs > 5(1—19/,0),
Rn(B; (M) < p(s=1/p+1/p)
s Inn 25—2/p+3 3
(n) (In ) PO P=P/IHE=0) - jf 5 < 5(1 —p/p)s
over Besov balls B‘p (M) of radius M > Owiths > 1/p —1/2—-1/(25) +v,1 < p <oocand 1 < r < oo.(The minimax

lower bounds (in the [P-risk, 1 < p < o0) have the same form without the extra logarithmic factor.)
Example 2 (Estimation of the Initial Condition in the Heat Conductivity Equation). Let h(t, x) be a solution of the heat
conductivity equation

ah(t, 82h(t,
(X): (x)7 Xe[0’1]7t6[a’b],a>0,b<00,

ot 0x?
with initial condition h(0, x) = f(x) and periodic boundary conditions
oh(t, oh(t,
h(t, 0) = h(t, 1), ©y) 0y
dx x=0 ox x=1

Again, suppose that a noisy solution y(t, x) = h(t, x) + n~"/?z(t, x) is observed, where z(t, x) is as in Example 1, and the
goal is to recover the unknown initial condition f (-) on the basis of observations y(t, x).
It is well known (see, e.g., Strauss (1992), p. 48) that, under the assumption of periodicity, the solution h(t, x) is given by

_ ! (x+k —z)?
h(t,x) = (4pt)~1/? /0 éexp{—‘“}f(z)dz, (14)

which coincides with (4) when t and x are replaced by u and t, respectively. It is easily seen that the functional Fourier
coefficients g, (-) satisfy (5) and (6) withv = 1, @ = 87%aand B = 2.
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Hence, according to Theorems 4.1 and 4.2, the adaptive wavelet estimator given by (9) achieves the following minimax
convergence rates (in the [P-risk, 1 < p < o0)

Rn(B L(M)) < (In n)—j(5+1/ll 1/ min(p, p))

over Besov balls Bi),r(M) of radiusM > Owiths > 1/p,1 < p <ocand1 <r < oo.

Example 3 (Estimation in the Multichannel Ddeconvolution Problem). Consider the problem of estimating f (-) € L?(T) on the
basis of the following model

1
dvi(t) = f *g(t)dt + —dWi(t), teT =1[0,1], I=1,2,..., M, (15)

J/n
where g;(-) are known blurring functions and W(t) are independent standard Wiener processes.

Adaptive term-by-term wavelet thresholding estimators for the model (15) were constructed in De Canditiis and Pensky
(2006) for regular-smooth convolutions (i.e.,a = 0in(5)and (6)), over a wide range of Besov balls. However, minimax lower
and upper bounds were not obtained by these authors who concentrate instead on upper bounds (in the [P-risk, 1 < p < 00)
for the error, for a fixed target function (using the maxiset approach). Moreover, the case of super-smooth convolutions
(i.e., > 0in(5) and (6)) and the case when M can increase together with N have not been treated in De Canditiis and
Pensky (2006).

Consider now the adaptive wavelet estimator fn(-) defined by (9) for the continuous model (1) or the discrete model
(2). Then, under the assumption (6), the corresponding minimax lower bounds are given by Theorem 4.1, while, under
the assumption (5), the corresponding minimax upper bounds are given by Theorem 4.2. Thus, the proposed functional
deconvolution methodology significantly expands on the theoretical findings in De Canditiis and Pensky (2006).
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Appendix. Proofs

Proof of Theorem 4.1. The proof follows by working along the lines of the proof of Theorem 1 in Pensky and Sapatinas
(2009), with necessary modifications, hence we omit the details. (For the details, we refer to Petsa (2009).)

In what follows, we use the symbol ¢ for a generic positive constant, independent of n, which may take different values
at different places.

Proof of Theorem 4.2. For the proof of Theorem 4.2, we are going to use Theorems 5.4.1 and 5.4.2 in Chesneau (2006). The
important assumptions in these theorems are stated below:

(F1) Let us set 31-0,1,,( = @jyk. There exist some constant ¢ > 0 such that, forallj € {jo — 1,jo,...,J}, k€ {0, 1, ..., 2 -1
and n sufficiently large,
E(|Bc — Biel™) < c2%'n .

(F2) There exist two constants d > 0 and ¢ > O such that, forj € {jo,jo + 1, ....,J}, t € A; and n sufficiently large,

1 N o )
P(f Z 1B — Bl = 27'd2"n 1/2) <cn P,

J kert

We show below that Assumptions (F1) and (F2) hold in order to apply Theorems 4.5.1 and 4.5.2 in Chesneau (2006), for
the casea = 0.

Assumption (F1). Using the theory of generalized random fields, it is easy to check that &;x — o, is a centered Gaussian
random variable, with

1

_ Z | Pmjok| (/ lgm )| du) , for the continuous model,

meC*

Var(&jox — k) =

Z |gm () |*
Z | mjok] (l ! ) , for the discrete model.

mEC*
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Under assumption (6), it is easy to see that

T (m) Sk czzlov
Var(@or — k) <270 D |Gmjigel* = = ImP s =

meC* meC*

for both the continuous model (1) and the discrete model (2). Using the same arguments, it is easy to see that, for eachj > jo,
Bix — bj are also centered Gaussian random variables with variance

C22jv

Var(Bjk - Bix) <
Therefore, the following inequalities hold
c2iovp

~ ~ p/2
E(|@jok — ojpk|?) < 6p(Var(@px — o))"~ < R
CZZPVJ

E(1Bi — Bil®) < cp(Var(Bjx — Bj))P <

Assumption (F2). We first show that Assumption (F2) holds for p > 2. It is sufficient to show that

1/p d2vn—1/2
(( Zw,k—ﬂ,k) +>§m-p, (16)

1 keU;j ¢

v

Consider the centered Gaussian process
Zy = Z vk(Bix — Bjk),
keUje

where v, € 24 = {v : k € U and ey, 10kl < 1} and % + % = 1. By the duality argument used by Chesneau (2008),
we get

1/p
sup Z(v) = (Z |Bix — ﬁjup) :
vERq kel
Thus, Jensen’s inequality and Assumption (F1) lead to
R 1/p . 1/p ;
E(sup Z;:(v)) = (Z |ﬂjk—ﬂjk|") < (Z E<|ﬁjk—ﬁﬂ<|">) <oPn V22 = vy,
vesZq keUj; keUj;

Under assumption (6), it is easy to see that

E((Bjk - Bi) By — ﬁjk)) > ijklﬁmjk (m) (17)

meG

Hence, using (17), YmjxYmjw = O for k # k" and Zmecj |lﬁmjk|2 = 1, we arrive at

sup Var(zjt(v)) = sup Y > vUEQBi — B B — Bir)

Ve vESg keUj; KUyt

K 22]1) 22vj
= sup Y [l <K==V (18)

vER keUj

To continue the proof of Theorem 4.2, we are going to use Lemmas 2 and 5 in Pensky and Sapatinas (2009). Applying
dn—1/211/Pvi
J

Lemma 5 in Pensky and Sapatinas (2009) with x = V= CIJ?/pn‘1/22”f, V, = K, ZZTVJ and d sufficiently large, we

4
have
(( > 1B —ﬂm‘”) > 2—12”fc1n—1/2> = (suD Z(v) > 1}P2712%dn —1/2>
J keUj vERq
< P(sup Z(v) > x+ V1>
Ve
<

ex ex C ogn n .
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Now, we show that Assumption (F2) holds for 1 < p < 2.Itis easy to see that the following inequality holds

1/2
(( > 1B - w) >o.5d2f“n—‘/2> (( ijk—ﬂm) zo.sdzf”n—”z). (19)

J keUj; J keUj;

In order to complete the proof of Theorem 4.2, we now apply Lemma 2 in Pensky and Sapatinas (2009) which, combining
with (19), gives (16). Hence, we have shown that (F1) and (F2) are satisfied for all 1 < p < oc. Applying Theorem 5.4.1 and
5.4.2 in Chesneau (2008), we obtain the required upper bounds.

For the case @ > 0, the estimator is given by fn t) = fzoo_ ! @jokPiok (t). Minkowski’s inequality leads to
A 2o—1 P o 2-1
E(lfa = FIp) < 277'E | | X Gior — cigdtion| | +2"71 > Zﬂ,kw]k : (20)
k=0 Jj=io k=1
p p

Additionally, using the property of concentration (3) and the definition of jy, we have

. p
2Jo—1
EL Y @ok — ig)dior| | < clogmPt/2/En=p/4 = o((logn)#*"/F), (21)
P
and
oo P-1 %) » » )
Z Z Bicic <Z szj(erl/pf]/min(p,p))) = c(log n)—3(5+1/P—1/m1n(p,p)). (22)
j=jo k=1 v J=Jo

Inequalities (20)-(22) lead to the optimal rate of convergence for the case a > 0.
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