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Abstract—We consider the detection problem of a two-dimensional function from noisy observa-
tions of its integrals over lines. We study both rate and sharp asymptotics for the error probabilities
in the minimax setup. By construction, the derived tests are non-adaptive. We also construct a
minimax rate-optimal adaptive test of rather simple structure.
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1. INTRODUCTION

The problem of tomography is to reconstruct a two-dimensional function (image) from its Radon
transform, i.e., from observations of its integrals over lines. This problem, and its extension to higher
dimensions, appears in different scientific fields such as radio astronomy and medical imaging (see, e.g.,
[7],19], [20]). We consider the tomography problem from a statistical perspective that can be formulated
as a problem of reconstructing a two-dimensional function from its noisy Radon transform (see, e.g., [5],
[6], [15], [16]).

Despite some work on the minimax estimation problem of a two-dimensional function from its
noisy Radon transform (see [6], [16], [17]), to the best of our knowledge, there exist no work on the
corresponding minimax detection problem. The general statement of this problem is given in Section 2,
while some preliminaries and notation in the minimax signal detection framework are presented in
Section 3. Within this framework, in Section 4, we consider the detection problem of a two-dimensional
function from its noisy Radon transform and study both rate and sharp asymptotics for the error
probabilities. By construction, the derived tests are non-adaptive. A rate-optimal adaptive test of rather
simple structure is also constructed. The proofs are given in the Appendix.

2. FORMULATION OF THE PROBLEM
2 1. The Radon Transform

Denote by || - || the standard Euclidean norm in R?, i.e., ||z| = (22 + 23)'/?, z = (21, 22) € R?. Let
H = {x € R?: ||z|| < 1} be the unit disk in R?, and let u denote the Lebesgue measure in R?. Consider
the integrals of a function f: H +— R over all lines that intersect H. The lines are parameterized by the
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348 INGSTER et al.

length u € [0, 1] of the perpendicular from the origin to the line and by the orientation ¢ € [0, 27) of this

perpendicular. Suppose that f € L'(H, ) N L?(H, ). Define the Radon transform of the function f by
V1-u?2

/ flucosp —tsinp,usingp +tcosp)dt, (u,p) €S, (2.1)
—V1—u2

s

Rf(uv(:o): 2\/1—11,2

where
S={(u,0): uel0,1], ¢ €[0,2m)}.

Thus, the Radon transform R f is 7 times the average of f over the line segment (parametrized by (u, ¢))

that intersects H. It is natural to consider R f as an element of L2(S, ), where p is the measure on S
defined by

21 — u2

d:U‘O(u’ SD) = T d% (’LL, 90) € 5.

2.2 The Gaussian White Noise Model
Consider now the Gaussian white noise model
dYz(u, p) = Rf(u,p) dudp +edW(u,¢), (u,p) €S, (2.2)

where W is a standard Wiener sheet on S (i.e., the primitive of white noise on S) and € > 0 is a small
parameter (the noise level). Although this model is continuous and real data are typically discretely
sampled, its versions have been extensively studied in the nonparametric literature and are considered
as idealized models that provide, subject to some limitations, approximations to many sampled-data
nonparametric models (see, e.g.,[2], [4], [8], [21]).

The Gaussian white noise model (2.2) may also seem initially rather remote. One may, however, be
helped by the observation that what it really means is the following: for any function g € L?(S, uo), the
integral

4/90u¢ﬂlﬂuwﬁdudw

can be observed with Gaussian error having zero mean and variance equal to £2 [/ % (u, ) dudp (see,
e.g., [4]).

The Radon transform R is a compact operator and its singular value decomposition (SVD) is
well known (see, e.g., [20]). To introduce it, let N ={1,2,...} be the set of positive integers, put
Z+ = NU {0}, and define a set of double indices giving rise to the following lattice quadrant

L= {viv=_(jl), jl €L} (2.3)
An orthonormal complex-valued basis for L?(H, ) is given by
Gu(r,0) = V2 + 1+ )V2 20 (r) expfi( — 16}, weT, (2.4)

where z = (rcos 6, rsinf) € H, with Z° denoting the Zernike polynomial of degree a and order b, with
a,b € Zy (see, e.g.,[7]). The corresponding orthonormal complex-valued basis in L?(S, ) is

Uu(u, @) = 72U () exp{i(j — 1)g}, v €T, (u,9) €8, (2.5)
where
Up(cos ) = Sm((m * 1)0), m € Zy, 0¢€]|0,2m),
sin @
are the Chebyshev polynomials of the second kind. We then have (see, e.g., [6])
Réu = bulzy
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MINIMAX NONPARAMETRIC TESTING 349
with singular values
by=7m(j+1+1)7"% wvel. (2.6)

Since we work with real-valued functions f, the complex-valued bases (2.4) and (2.5) are identified,
in standard fashion, with the equivalent real-valued orthonormal bases ¢, and v, v € T, respectively,
defined by

V2 Re(¢,)  ifj>1,
by =9 by if j =1, (2.7)
V2Im(g,) ifj<l,

with an analogous expression for,, v € I.

Hence, by standard calculations (see, e.g., [6], [13]) and an application of the spectral theorem for
the self-adjoint compact operator R*R (R* being the adjoint of R), the Gaussian white noise model
(2.2) generates the following equivalent discrete observational model in the Fourier domain, called the
Gaussian sequence model,

Yy =0b,0,+¢&, verl, (2.8)

where y, = (Rf,¢,), v € T, are the “observations”, b,, v € I, are the singular values of the Radon
operator R given by (2.6), 8, = (f, ¢,), v € T, are the Fourier coefficients of f with respect to ¢, given
by (2.7), and &, v € T, are independent and identically distributed (iid) standard Gaussian random

variables, i.e., &, @N(O, 1),v erl.

2.3. The Class of Functions

Crucial to the suggested detection methodology is the idea of considering minimax detection over
certain classes of functions in f € L?(H, ). Following [6], we consider a special class of functions with
polynomially decreasing coefficients 6 = {6, },er, i.e., forsomep > 0, L > 0,

Fo.L)={f =3 0.6,:0€06(p.L)} (2.9)
vel
with
&(p,L) = {0 el Y (GGHU*U+1)TR < L2}. (2.10)
vel, v#(0,0)

It has been shown that F(p, L) can be identified with the set of functions f which have 2p weak
derivatives (provided 2p is an integer) that are square-integrable on H with respect to the modified
dominating measure

dpizpsr () = (1 — [l2]*) dpu(x), = € H.

This is weaker than the square-integrability with respect to p assumed for the usual Sobolev spaces (see
Proposition 2.2 in [14]).

24. The Aim

The goal is to determine whether the two-dimensional function f corresponds to a known “etalon”
function fy (i.e., to test the null hypothesis Hy: f = fp) or there exists a difference between f and fy (i.e.,
against the alternative hypothesis Hy: f = fo+ Af with Af € F(p, L), see(2.9)—(2.10)), based on the

observation of a trajectory {Yz = Yz(u, )}, (u,¢) € S, from the Guassian white noise model (2.2).

From mathematical point of view, we can take fo = 0 by passing to the observation Y; with dY; =
dYe(u, ) — R fodudp. For this reason, without loss of generality, we assume in the sequel that fo = 0,
use f in place of Af, and take the observation Yz. In order to avoid having a trivial power (see below),
our ultimate goal is to determine whether f satisfies (3.1) (see below), using only tests calibrated in such
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a way that if one had run them in the absence of an f € F(p, L), a certain restriction of the significance
level (error probability) is met.

In the sequel, we elaborate on the set under the alternative hypothesis and the suggested test
statistics that provide a good quality of testing in the minimax framework. Before going into the
details, however, we give the necessary preliminaries on the minimax signal detection framework in the
standard Gaussian white noise model which provide the avenue for developing the suggested detection
methodology and deriving theoretical results for detecting a two-dimensional function from its noisy
Radon transform.

Hereafter, the relation A. ~ B. means that A./B. — 1 as ¢ — 0 while the relation A, < B,
means that there exist absolute constants 0 < ¢; < ¢o < o0 and g¢ > 0 small enough such that ¢; <
A:/B: <cyfor0 < e < e.

3. SIGNAL DETECTION IN THE GAUSSIAN SEQUENCE MODEL:
THE MINIMAX FRAMEWORK

Consider the Gaussian sequence model (2.8). In order to avoid having a trivial minimax hypothesis
testing problem (i.e., trivial power), one usually needs to remove a neighborhood around the functional
parameter under the null hypothesis and to impose some additional constraints that are typically
expressed in the form of some regularity conditions, such as constraints on the derivatives of the
unknown functional parameter of interest (see, e.g.,[11], Sections 1.3—1.4).

In view of the above observation, the main object of our study is the hypothesis testing problem

Ho: 0 =0 versus Hi: Y alf2 <1, Y 67 >r2, (3.1)
vel vel
where 6 = {0,},er €12, a, >0, v €T, and 7. >0, r. — 0, is a given family. It means that the
alternative set corresponds to an ellipsoid of semi-axes 1/a,,, v € T, with an [?-ball of radius r. removed.
(Here, 1 = {¢: Y, cr (% < oo} with T given by (2.3).)
Consider now the sequence n = {n, },er with elements , = 6, /0, where we seto, =1/b,,v € T.
In view of (2.6), the sequence n = {n, },er € l2, and the Gaussian sequence model (2.8) takes the form

Yy =m +e&, vel. (3.2)
The hypothesis testing problem (3.1) can now be written in the following equivalent form
Hy:n=0 versus Hi:ne€O(r), (3.3)

where the alternative set, i.e., O(r¢), is determined by the constraints

o={nel: Y akZ<1}, () ={nco: > o=}, (3.4)
vel vel

i.e., the alternative set corresponds to an ellipsoid of semi-axes 1/(a,0,), v € T', with an ellipsoid of
semi-axes r. /o, v € I', removed.

We are therefore interested in the minimax efficiency of the hypothesis testing problem (3.3)—(3.4) for
a given family of sets ©. = ©(r.) C [2. Itis characterized by asymptotics, as e — 0, of the minimax error
probabilities in the problem at hand. Namely, for a (randomized) test ) (i.e., a measurable function of
the observation y = {y, },er taking values in [0, 1]), the null hypothesis is rejected with probability ¢ (y)
and is accepted with probability 1 — «(y). Let P: ;, be the probability measure for the Gaussian sequence
model (3.2) and denote by E. ;, the expectation over this probability measure. Let a.(¢) = E. g9 be its
type [ error probability, and let 5.(©¢, ) = sup,ceo, Fe (1 — 1) be its maximal type II error probability.
We consider two criteria of asymptotic optimality:

(1) The first one corresponds to the classical Neyman—Pearson criterion. For a € (0, 1), we set

68(667 04) = > ai:(li)ga 56(667 ¢)

We call a family of tests v o asymptotically minimax if
ae(¢a,a) <a+ 0(1)7 ﬁe((aeawe,a) = ﬁa(@aa) + 0(1)7
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where o(1) is a family tending to zero; here and in what follows, all limits are taken as € — 0 unless
otherwise stated.

(2) The second one corresponds to the total error probabilities. Let 4. (O, 1) be the sum of the type |
and the maximal type II error probabilities, and let 7.(O.) be the minimax total error probability, i.e.,

76(66) = i3f76(957 ¢)7

where the infimum is taken over all possible tests. We call a family of tests 1. asymptotically minimax
if

Ve(Oc, 1) = 72(Oc) + o(1).
[t is known that (see, e.g.,[11], Chapter 2)

B:(Oc,a) € 0,1 — a, 7:(0;) = O“Eir&)fl)(oz + B:(0¢,a)) € ]0,1]. (3.5)

We consider the problems of rate and sharp asymptotics for the error probabilities in the minimax
setup. The rate optimality problem corresponds to the study of the conditions for which 7.(©.) — 1 or
7:(0:) — 0 and, in the latter case, to the construction of asymptotically minimax consistent families
of tests 1, i.e., such that 7. (0., 1.) — 0.

We are interested in a set ©, of the form
O = O(re) = {n € O: || > re},

where © C Iy is a given set, | - | is some norm in Iy (not necessarily the standard lo-norm) and . — 0
is a given positive-valued family. For this case, we use the notation v-(O(re)) = (7<), B:(O(r2), ) =
Be (72, ) and we are interested in the minimal decreasing rates for the sequence r. such that 4. (r.) — 0.
Namely, we say that a positive sequence r} — 0is a separation rate, if

Ye(re) =1 and  Be(r-,a) = 1—a forany «a€(0,1) as r./ri—0, (3.6)
and
Ye(re) = 0 and f(re,a) — 0 forany «a€(0,1) as re/ri — oo. (3.7)

In other words, it means that, for small &, one can detect all sequences n € ©(r.) if the ratio r./r} is
large, whereas if this ratio is small then it is impossible to distinguish between the null and the alternative
hypotheses with small minimax total error probability. Hence the rate optimality problem corresponds to
finding the separation rates } and to constructing asymptotically minimax consistent families of tests.

On the other hand, the sharp optimality problem corresponds to the study of the asymptotics of the
quantities B: (O, ), 7= (O¢) (up to vanishing terms) and to the construction of asymptotically minimax
families of tests 1), o and 9, respectively. Often, the sharp asymptotics are of Gaussian type, i.e.,

B-(0.,a) = D(H™ — )+ 0(1), 72(0,) = 28 (—ue/2) + o(1), (3.8)

where @ is the standard Gaussian distribution function, H(®) is its (1 — a)-quantile, i.e., ®(H(®) =
1 — . The quantity ue = u-(r:) is the value of the specific extreme problem (4.1) on the sequence
space 12, and the extreme sequence of this problem determines the structure of the asymptot-
ically minimax families of tests ., and .. Moreover, we shall see that if u.(r;) — oo, then
Ye(rs) — 0, Be(re, ) — 0, and if us(rz) — 0, then 4. (r:) — 1, Be(rsya) — 1 — a for any a € (0,1),
i.e., the family u.(r.) characterizes distinguishability in the testing problem. The separation rates r}
are usually determined by the relation u(r}) =< 1 (see, e.g., [10],[11]). Hence sharp and rate optimality
problems correspond to the study of the extreme problem (4.1) and of the asymptotics of the family
ue(re).
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4. MINIMAX IMAGE DETECTION FROM NOISY TOMOGRAPHIC DATA
4.1. A General Result: Rate and Sharp Asymptotics

Recall the Gaussian sequence model (3.2). We are interested in the hypothesis testing problem (3.3)
with the alternative set ©. = O(r.) given by (3.4).

Consider now the extreme problem

ul =ul(r.) = inf Zny (4.1)

776@ re)

Suppose that O(r.) # () and u. > 0, and let there exist an extreme sequence {7, },er in the extreme
problem (4.1). (Observe the uniqueness of a nonnegative extreme sequence {7, },cr, because, by
passing to the sequence {z,},er with elements z, = 2, v € ', we obtain the minimization problem
of a strictly convex function under linear constraints.) Denote

iy

w, = v vel, wo = Sup wy, (4.2)
\/2 ZIJEF nu vel
and consider the following families of test statistics and tests
te = Zw,,((y,,/s)Q - 1), Ve, = L >y, (4.3)
vel

where 1iay denotes the indicator function of a set A. (Note that the values of 7,, w,, v € I, and wyq
depend one, i.e., N, = Mg, Wy = Wy, v € I', and wy = wo ¢.)

The key tool for the study of the above mentioned hypothesis testing problem is the following general
theorem. Its proof follows along the lines of the proof of Theorem 4.1 in [13]; hence it is omitted.

Theorem 4.1. Consider the Gaussian sequence model (3.2) and the hypothesis testing prob-
lem (3.3) with the alternative set given by (3.4). Let u. be determined by the extreme problem (4.1),
let the coefficients w,, v € I', and wq be as in (4.2), and consider the Jamily of tests 1. g given
by (4.3). Then

(1)(a)Ifue — 0, then B.(re,a) — 1 — a for any o € (0,1) and ve(rz) — 1, i.e., minimax testing
is impossible. If u. = O(1), then liminf 5. (r.,a) > 0 for any a € (0,1) and liminf . (r.) > 0, i.e.,
minimax consistent testing is impossible.

(b) I] u. < 1 and wy = o(1), then the tests . g of the form (4.3) with H = H® qnd H = Ue /2
are asymptotically minimax, i.e.,

(Y, ge) < a+o(1),

Be(O(re), ¥, pe)) = Be(re, @) + o(1),

Ve(O(re), Ve u. j2) = 7e(re) +0(1),
and the sharp asymptotics (3.8) hold true, i.e.,

Be(re, @) = @(H —u.) + o(1),
Ve(re) = 28(—ue/2) + o(1).
(2) I ue — o0, then the tests .y of the form (4.3) with H = T are asymptotically minimax

consistent for any ¢ € (0,1) and a family T, ~ cug, i.e., 7(O(re), Y- 1.) — 0.

Theorem 4.1 shows that the asymptotics of the quality of testing is determined by the asymptotics of
values u, of the extreme problem (4.1). In order to make use of it, one needs to study the extreme problem
(4.1). This problem is studied by using Lagrange multipliers. Then, the extreme sequence in the above
mentioned extreme problem is of the form

2 =201 — Ad?)y, verT, (4.4)
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where ()4 = max(t,0), t € R, and the quantities zp = 29 and A = A are determined by the equations

i = 12
2ver (4.5)
ZVEF azagﬁg - L
The equations (4.5) are immediately rewritten in the form
r? =221,
(4.6)
1= Z(Q)Afljg,
and, hence, the extreme problem (4.1) takes the form
u =e1250/2, (4.7)
where
J1 = Zoﬁ(l — Ad?),, Jy = AZagaﬁ(l — Ad?)y, Jo=J1—Ja= Zoﬁ(l — Aa2)t.
vell vell vell
[t is also convenient to rewrite (4.6) and (4.7) in the form
J re\*
e 2= (") 70 4.8
/r.E J27 uE c 2J12 ( )

Remark 4.1. Let u. = u.(rc) be the value of the extreme problem (4.1) with sequences a = {a, },er
and o = {0, },er associated with the alternative set ©. = O(r.) given by (3.4), and let . = @.(r:) be
the corresponding value of the extreme problem similar to (4.1) with sequences @ = Ca = {Ca, },er
and ¢ = Do = {Doy, }yer in (3.4), for some constants C, D > 0. Then, it is easily seen that the relation
fe (1) = (CD)"2u.(Cr.) holds true.

Remark 4.2. In order to obtain the corresponding rate and sharp asymptotics for the noisy tomographic
data, we need to study the asymptotics of the quantities J;, i = 0, 1, 2, given above. We note, however,
that the methods used in [13] to study analogous asymptotics in a wide range of linear statistical ill-
posed inverse problems cannot be adapted to the problem at hand. The reason is that there does not exist
a common ordering for the sequences a = {a, },er and o = {0, },er associated with the alternative set
©. = O(r.) given by (3.4). The arguments and techniques used to prove Theorems 4.2 and 4.3 below
are specifically developed to tackle this problem.

4.2. Rate and Sharp Asymptotics for the Noisy Tomographic Data
According to (2.6) and (2.10), consider the double-index sequences
ay =LY (j+1)P(I+1)P, veTl, (4.9)
o, = tGi+1+1)Y2 vel, (4.10)
for some p > 0 with I given by (2.3).

Theorem 4.2. Consider the Gaussian sequence model (3.2) and the hypothesis testing prob-
lem (3.3) with the alternative set given by (3.4). Let {a,}yer and {o,},cr be defined as in (4.9)
and (4.10), respectively. Then

(a) The sharp asymptotics (3.8) hold with the value u. of the extreme problem (4.1) determined
by

~ 4.11

where B=3"_, m™3 = ((3) &~ 1.202 with {(-) the Riemann’s zeta-Junction.

143/(2p)
2 o gt 3/ppdt3/p 4 2p+3 ( 3 ) b

MATHEMATICAL METHODS OF STATISTICS Vol.20 No.4 2011



354 INGSTER et al.

(b) The asymptotically minimax family of tests . g are determined by the family of test
statistics t. given by (4.3) with coefficients w,, v € T', and wg as in (4.2), and with extreme sequence

{fi,}ver satisfying (4.4) with A ~ 4p3jr3r§.

(c) The separation rates are of the form

r? = etp/(apt3). (4.12)

Remark 4.3. It is easily seen that the asymptotic results in Theorem 4.2 hold true uniformly over p € X
for any compact set 3 C (0, 00).

Remark 4.4. Rate and sharp asymptotics in the corresponding minimax estimation problem under the
L?-risk have been obtained in [6]. In particular, the asymptotic (as € — 0) minimax rates of estimation
are given by

R?:=inf sup EHf— fI? = g/ (2p+2)
[ feF(p,L)

where the infimum is taken over all possible estimators f of f based on observations from the Gaussian
white noise model (2.2). (Here, we adopt the standard notation and write g;(¢) =< g2(e) to denote 0 <
liminf(gi()/g2(¢)) < limsup(gi(e)/g2(e)) < 0o as € — 0.) By comparing r} with Ry, it is observed
that the asymptotic minimax rates of testing are faster than the corresponding asymptotic minimax
rates of estimation; this phenomenon is common in nonparametric statistical inference (see, e.g., [11],
Sections 2.10 and 3.5.1, [13]).

4.3. Adaptivity and Rate Optimality for the Noisy Tomographic Data

The family of tests considered in Section 4.2 depends on the parameter p that is usually unknown in
practice. Therefore, it is of paramount importance to construct families of tests that do not depend on the
unknown parameter p and, at the same time, provide the best possible asymptotic minimax efficiency.
Such families are called adaptive (to the parameter p), and the formal setting is as follows.

Let X be a compact set in (0, 00) and a family r-(p), p € X, be given, where ¢ > 0 is small. Let the set
O©:(p,r<(p)) be determined by the constraints (3.4) with a, = a,(p), v € T', and r. = r-(p), and set

O (%) = U Oc(p, 7(p))-
peEX
We are interested in the following hypothesis testing problem
Hy:n =0, versus Hi:ne o (%)

We aim at finding conditions for either ~.(©.(X)) — 1 or 7.(0.(X)) — 0, and to constructing

asymptotically minimax adaptive consistent families of tests ¥ such that v.(0.(%),4%) — 0 as
7:(0:(X)) — 0.
Let u:(p) = us(p,7-(p)) be the value of the extreme problem (4.1) for the set ©, = ©.(p, r-(p)). Put

us(X) = ;gg ue(p)-

We are interested in how large u.(X) should be in order to provide the relation . (©.(X)) — 0. We say

that the family u2? = u2¢(X) — oo characterizes adaptive distinguishability if there exist constants
0<d=d(X) < D(X) =D < oo such that

Y(©:(X)) — 1 as limsupus(p)/u?d <d,
peEX

7:(0:(2)) — 0 as lim ing us(p)/ul® > D.
pe

Observe that it follows from the asymptotics (4.11) that, by making r-(p) larger or smaller, one can
increase or decrease u.(p, re(p)) in order to get u.(p, r:(p)) ~ ue, forall p € ¥ and any family u. > 0.
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We call a family 72%(p), p € ¥, such that u%? < u.(p,7%%(p)), the family of adaptive separation
rates.

Note that the relation 7. (©:(X)) — 0 is possible if u.(X) — oco. However this implication does not
hold for the tomography problem under consideration, as we show below. (A similar situation appears in
some ill-posed inverse problems, see [13].) Hence, hereafter, adaptive distinguishability conditions and
adaptive separation rates are sought for the tomography problem. In contrast to Theorem 4.2, there is
price to pay for the adaptation. We show below that

u?? = /logloge~1, (4.13)

yielding a loss in the separation rates in terms of an extra factor {/logloge=1 in . Furthermore, the
derived families of tests are of simple structure. (A similar loss in the separation rates was first observed
in [22] and more recently in [13].)

Specifically, let p be unknown, p € ¥, where ¥ = [pmin, Pmax), and let 0 < ppin < Pmax < 00 be a
compact interval in (0, 00). Let us also consider the collections

pr €Y, cx~2/re(pr), k=0,1,... K, K=K, =< log(g_l)loglog(s_l),
where pg = pmax > P1 > - .- > Pk = Pmin (the collectionpg, £ =1,2,..., K — 1, will be specified in the
proof) and collection of statistics ¢, ., of the form
2

1
ts,ck = Z wy,k((yg/€2) - ]-)7 Wy = oy )1/2’ Z wik = 9’ (414)

uECl,,k (2 ZI/ECV,k O-LV1 IIGC'VJc

for v € I' given by (2.3) and C,, = {v: a,p, < ci}. Consider the following families of thresholds and
tests

He=2\/log(K.),  Ve={yiteo <H., VO<k<K}, =1y, (4.15)
where A denotes the complement of a set A.
Denote also
4
= M) = : D) . 4.16
¢(p) dp i3’ ¢(%) ={o(p): p € £} C (0,00) (4.16)

Theorem 4.3. Consider the Gaussian sequence model (3.2) and the hypothesis testing problem
(3.3) with the alternative set given by (3.4). Let {ay,}ver and {o,},er be defined as in (4.9) and
(4.10), respectively. Then

(a) (lower bounds) Let the set ¢(X) given by (4.16) contains an interval [a,b], 0 <a <b<
4/3. There exists constant d = d(%) > 0 such that if limsup,cy, u-(p)/+/loglog(e~1) < d, then
1 (0-(%) — 1.

(b) (upper bounds) For the family of tests 1. given by (4.15), a(v:) = o(1) and there exists
a constant D = D(X) > 0 such that if liminfyes; uc(p)/\/loglog(e~!) > D, then B-(0:(X),v.) =
o(1).

(c) (adaptive separation rates) The adaptive distinguishability family ul® is given by (4.13)
and the adaptive separation rates r®(p), p € %, are given by

ri(p) = (e V/loglog(e~1) )4p/(4p+3)'

Remark 4.5. Rate and sharp adaptation in the corresponding minimax estimation problem under the
L?-risk have been obtained in [6]. In particular, it is shown in [6] that

R2 = pe(p, L)(1 + o(1)),
where

1/ aip PP 2/(2p+2) _Ap/(2p+2)
L) = 2 2)L p p/ip
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and an adaptive penalized blockwise Stein-type estimator f was constructed (see [6], Egs. (3.12)
and (5.8)) such that

E P 2
lim sup sup 1F = £l =1

e=0 pelpr,pal, LE[L, L] feF(p,L) Pe(Ps L)

forany 0 < p1 < p2 < oo and 0 < Ly < Lo < co. Note that, in contrast to adaptive minimax separation
rates, there is no price to pay for adaptation in the corresponding minimax estimation problem under
the L2-risk (i.e., a global measure). The unavoidable logarithmic factor for adaptivity that appears in the
minimax separation rates r%¢(p) stated in Theorem 4.3 also appears in various other adaptivity problems,

such as minimax signal detection (see [13]) and minimax estimation under the L?-risk (see [24]) in
some ill-posed inverse problems. It also resembles the minimal price one needs to pay for adaptation in

minimax estimation under the [2-risk (i.e., a local or pointwise measure) that has been observed in [18],
[2], [19] and [23] in the case of Lipschitz and Sobolev balls and, more recently, in [3] and [1]in the case
of Besov balls.

5. APPENDIX: PROOFS

For simplicity in the calculations, we omit the factors L= and 7! in (4.9) and (4.10), respectively.

In other words, from now on, we work with a, = (j + 1)?(l +1)? and o, = (j + 1+ 1)Y/2,p > 0, v € .
The final results can be obtained on rescaling by using Remark 4.1.

5.1. Proof of Theorem 4.2

[t follows from Theorem 4.1 that the efficiency in the detection problem under consideration is
determined by the asymptotics of the quantity

2 [ Te ! Jo
u; = 99
e ) 2Jj

Ji=D(A) =) op(1—Aa))y,  Ja=J(A) =AY ajou(l—Aa))y,
vel vel

J() = J()(A) = 203(1 — Aa?,)i = Jl — JQ,
vell

where

forv € I' given by (2.3). Moreover, the quantity A = A. — 0 is determined by the relation

J
2 1
=A .
Tz I

In order to study the asymptotics of u., we are interested in the asymptotics of the functions J;(A),
1=0,1,2,as A — 0. We first, however, start with the asymptotics of the following function

I(A)= > o), vel. (5.2)

{v: Aa2<1}

(5.1)

Proposition 5.1. Let I(A) be defined as in (5.2). Then, as A — 0,

I(A) ~ Qf A-3/20),

where B=3"2_,m™3 = ((3) (c]. Theorem 4.2).

(5.3)
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Proof. Setj+1=m,l+1=mn, H=[m A"/ and H, = [A~'/“P)] where [t] is the integer part
of t. Consider the set
Crnnpa = {(m,n):m>1n>1 (mn)* < A},

Then, we have

I(A) = > (m+n—1)7

(m n)ECm n,p,A

Hy H1

m=1n= 1 m=1n= 1

H,
:;Z((m—1+H)(m+H)(2m—1—1—2H)—(m_1)m(2m_1))+O(A—1/p)

m=1

H,
=2 (Hm?+ H*m — Hm — H*/2+ H*/3 + H[6) + O(A7'7).

m=1

We now indicate the asymptotics of the terms in the last sum. Observe that

He LAV (A m),  Hy = A-VE) 1 3a),

m
where a(A,m) € [0,1) and 3(A) € [0,1). Thus, we have

H1 Hl

Z Hm2 _ Z(A—l/(2p)m 4 Oé(A,m)'mQ) _ A—l/p/2 + O(A—3/(4p))’
m=1 m=1
H; Hq 1 1
S Hm =Y (A7) m 4 a(A,m))?m ~ AP log(ATH 1) = AT Tg(A )
Hl H1
S Hm=3(A7VCP ¢ a(Am)m) ~ A3/0P)
m=1 m=1
Hy 1 Hy
ZHQ/Q* Z(A 1/(2p/m+a(Am)) — A~ Up
m=1 m=1
h 3/(2p) 1
> H3/3= A Zm—3+o ~1/p)
m=1
Hl H1
S H6=3 (AT fm 4 a(4,m)) /6 = o(AVP).
m=1 m=1
Therefore
24-3/p) B A-Uplog(ATY) ) 2B
= - —1/py —3/(2p)
I(A) ; > m % +0(A7P) ~ A .

m=1

The proposition now follows.

Let us now return to the asymptotics of J;(A4), i = 0,1,2, as A — 0. Introduce the following function

F(t)=I(t"1) = > (m+n—12 t>0, (5.4)

(mn)€C,,, 1 p,e=1
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and observe that F/(0) = 0 and F(t) is nondecreasing in ¢t > 0. It follows from Proposition 5.1 that

F(t) ~ th?’/@p), t — 0. (5.5)
For T = A~!, the functions J;(A), i = 0,1, 2, could be rewritten in the form
T T
w4 = [a-ymyare,  nW = @11,
0 0
T

Jo(A) = /(1 —t/T)2dF(t) = J; — Ja.
0
Integrating by parts, we get

Ji(A) =171 / F(t)dt.
0

In order to study the asymptotics of the above integral, we divide it into the following two parts

T T1/2 T
/ Flt)dt = Sy +Ss,  S1 = / Flydt, S — / Ft) dt.
0 0 T1/2

Hence it suffices to check that S = 0(.S2) and to use the asymptotics (5.5) of the integrand in Ss. It is
easily seen that

0 S Sl S F(Tl/Q)Tl/Q — T3/(4p)+1/2

and that
T
2B 3/ (2p) ABp  rits/(op)
S, /<3t ) ) dt 3(2p+3)T .
T1/2
Therefore we get
4B
J1(A) ~ b p=3/0p), (5.6)

3(2p+3)

Similarly, for T = A™!, we get
T

T T
Jo(A) =T7! / tdF(t) — T2 / t*dF(t) = 2T / tF(t) dt
0 0

0
r 8B 4B 4B
—T—l/Ft dt ~T3/(2p)< L b ) - p A3/ (57
®) 3(4p+3) 3(2p+3) (4p+3)(2p+3) (5.7)
0
and that
16 Bp? 3
Jo=Ji—Jo~ AP 5.8
071727 3(2p 4+ 3)(4p + 3) (5.8)
Thus, it follows from (5.1), (5.6), (5.7) and (5.8) that
1+3/(2 )
U B (L El " (5.9)
dp+3 ¢ e E 2B \4p+3
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Therefore the separation rates r} are of the form
= g/(4p+3), (5.10)
In order to get the sharp asymptotics, in view of Theorem 4.1, it is enough to check the condition

maxyy,: g2 A<1} 0-1%(1 - Aa’g)

wo = = (1), Ve T
\/2 > azacty 0u(1 — Aag)?
This condition follows directly from the relation
max  on = o(Jo(A)). (5.11)

{v: a2 A<1}
Indeed, form = j+1 € N,n =141 € N, the last condition follows from (see (5.8))
ot =(m4+n—1)2<4A7/P < AT =< Jy(A)

v =

as A — 0,forv = (m — 1,n — 1) such that a2 = (mn)?* < A~L.
The theorem now follows.

5.2. Proof of Theorem 4.3

Let p be unknown and consider p € X, where ¥ = [Pmin, Pmax)> 0 < Pmin < Pmax < 00, is a compact
interval in (0, o). Recall the expression ¢(p) from (4.16) and that Z, = NU {0}.
We first obtain the lower bounds. Take a collection pg, k € Z,, such that

o(pr) =a+kd., k=0,1,..., K=K,

with
B B . (b=a) log(2)
gf)(pK) —b>a—¢(p0) > 0, 0=10.= K log(sfl)'
Therefore
pe €t —3/4,a7 —3/4 =%, b<4/3,
and

1

0c = ¢(pr) — ¢(Pr—1),  Pr—1— Pk = (4pk + 3)(4pr—1 + 3)0:/16 = log(c—1) — o(1).

Assume without loss of generality that, uniformly in p € %,

u(p) ~ /dloglog(e™1), (5.12)
where the constant d > 0 will be specified below. This corresponds to taking, uniformly in p € X,
re(p) ~ (s(d(p) log log(e 1)) /4“7, (5.13)
where
2B 3 —(2p+3)/(2p)
) = datp). o) =27 (o)) .
Take

Ty, ~ (2re(pp)) VP, k=0,1,...,K..

By construction, we have
Ty = T ~ T (2p5ﬁ1_p;1(€{‘/dlog log(e=1)) 7% — 1)

= T—1 (exp(log(2)(1 + 0(1))) = 1) ~ Tje—.
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Observe that the function F'(t) = F),(t) defined by (5.4) depends on p. Also, by (5.5), we can write

F(t) = F,(t) = > (i1 + iz + 1)°

{((t1+1) (52 +1))2P<t, i1,i2€Z4 }
= > ol=FR{")~ th?’/(?m.
{v: a2<t}
Set
Ap={r=01) €Ly xZy: Tr1 <G+ 1) +1) <Tp}.
Take a collection z;, > 0, vy ., Yo € Ak, k= 1,2,..., K, such that
5'/00-1/0 if 1y € Ak,
Vo = 2

kovo g {0 otherwise,

with &, = £1, vy € Aj. We then have

7B
> o =2 Y 0u =z (FUTE) = Fu(TE ) ~ 12 3T} = 2rZ(pr)
VoGAk VoGAk
and
1
D VT Gon =2 D Tntip, < 2T AR+ 0(1) = (14 0(1)) < 1.
I/oGAk VoGAk

Furthermore, we have
ul(py) ~ dloglog(e™), d>0, pye.

Consider now the priors

K
1
Tk = H (5ZkUVO€V0 + 67%01’061}0)/27 k=1,2,..., K, = K Zwk’

VoEAk

(5.14)

(5.15)

(5.16)

where {e,,},,ez, xz, is the standard basis in the space 12 that corresponds to sequences indexed by

vy € Z4 X Zy, and &, is the Dirac mass at the point n € (2. The relations (5.15) and (5.16) imply

ﬂ_k(@E(pkvré(pk))) =1, 77(66(2)) =L
Let Py, = Ex, P.,, Pr = E;P: , be the mixtures over the priors. It suffices to check that

E.o((dPx/dP. —1)?) = o(1).

Using evaluations similar to Section 5.6 in [13], we have

K
1
Esvo((dpﬂ/dpsvo - 1)2) = K2 ZEsvo((dPﬂ'k/dP&O - ]‘)2)

L
= K2 Z (Es,o(dpﬂk/dpao)Q . 1)
k=0
S g2 Z (exp (2 Z sinh? (202, /27 )) - 1>'

VoGAk

Note that 030 =j+14+1<Tyifvy € Ag. Therefore, uniformly over vy € Ay, we have
2 2 2
z2p0; 21
k™ vo < Ktk

g2 g2

— rs(pk)QJr?/pkg*? — £2/(4pr+3) (10g log(gfl))(ka+2)/(4pk+3) = o(1),

(5.17)
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and (since sinh? (2702 /2e?) ~ zloh [4e?)

24
2 Y sinh(eFo2, /2) ~ 22 () o Ly 2P ()
124} GAk

24
~ 7 03/pk log log(e™1).
B da(py)loglog(e™)

One can take d > 0 such that, for any py € %,

24 16 Api + 3 [ 4(4py, + 3)\ ¥/ P0)
d’ = 23/px <d =d; < 1.
g2 e sd g, max, {ka—i—?)( 3 s

Then we have

E.o((dPy/dP.o — KQZ((%Xp( S sinh®(z02 /252))_1)

VoGAk
- Klogh(e~1) _ log® (1)

K? ~ log(e ) = oll).

We now obtain the upper bounds.
Similarly to the proof of the lower bounds, assume without loss of generality that w.(p) ~

\/D loglog(e~1), uniformly in p € X, where the constant D > 0 will be specified below. This corresponds
to (5.13) with d replaced by D, uniformly in p € 3.

In order to evaluate the type I error probability, we consider a different grid with different K = K, i.e.,
o(pr) = a + ko, k=0,1,..., K = K, d(pr) =b>a >0,
where

sy -0 log(2)
N log(e=1)loglog(e~1)"
Let us evaluate the exponential moments
E. o(exp(ht..,)), h>0.
Recall that (y,/e) o\ N(0,1), v €T, under Py. Recall the set Cpp ={v: avp, <c}, verl, k=
0,1,..., K. Let the family h = h. be taken in such a way that

h =o(1
S Vot = o)

Then we have
E. o(exp(ht.c,)) = H (exp(—hwmk)EE,o exp(hwmk&g))

veC, i
= exp ( Z (—hw, j, —log(1 — Qhw,,,k)/Q))
veC, i
— exp ( 3 Rl (1 O(hwyk))> = exp(h2/2)(1 + o(1)). (5.18)
veC, i

Let h = H.. Then, fork =0,1,..., K., we have

2 1
maxec, , 0 chk/p’“
h max w, ) = H,

<
veC, (2 ZueCuk 0.3)1/2 (4Bci/pk(1 + 0(1))/3) 1/2
- ngg/@p’“)(pk) - 62/(3+4pk)(10g 1Og(€—1))2(1+pk)/(3+4pk) = o(1),
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and by (5.18), forany k = 0,1,..., K., we have

E o(exp(Hcte c,))
exp(H2)

This implies that, for the type [ error probability,

P.o(tee, > He) < ~exp(H?/2 — H?) = exp(—H?/2) = K 2.

K.

a(e) €D Peg(tee, > He) < KZ'(140(1)) — 0.
k=0

Let us evaluate the type Il error probability for
n€0:() = Ocp(re(p
peEX

There exists p such that n € O, ,(r:(p)), pr < p < pr—1. Observe that

< <
ﬁ( ¢s) 0<r21<1}( Psn(sck H)

Denote h. ., = E. (t:,). We then have

he e, = g2 Z w,,JmZ; Var, ,(tee,) =1+ 472 Z wz,kng =1+ OC(hey,)- (5.19)

IIEC'VJc Vecu,k

Let us now evaluate

Ck: veC,

he Cr — \/2 Z 01,771,7

where the function

{v:aZ ,<c}

is of the form (5.14) with asymptotics given by (5.14) as well. Observe that a, p, = a’,j’“p/p and hence,

) 2 —2p/pk __ 2 . 1
Z U Zo-uny Z Uy > Te(p) — ¢ - Te(p)<]_ 2( 2p/pk>'
veCy i vel {v: avpy>cr} e p)ck

Because a(p)P?(P)/* satisfy the Lipschitz continuity, we have by (5.13) with d replaced by D

rfa(g)) = (1+0(0:)) exp ((pcb(P) — prd(pr) ( log(e™) + (log(D™') — loglog log(e—l))/4))

and
0 < polo) — proon) = (6l — 00) < 0.~ o HEA L
We get
1< T:(Zf)) < 93/(loglog(c™) (1 4 (1)) =1+ o(1), (5.20)
and, moreover, we have
A 1
zi =1+ pf, 0<p—pr=A2p <pr-1—pp = log(e~1) log log(e~1)

Thus we have
Ck < Ci/pk =cy, - CkAP/Pk — Ck(l 4 0(1))’ ,re(p)ci/pk — 2(1 _’_0(1)).
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These relations and (5.20) imply, for e > 0 small enough,
> oomg = r2(pk) (1= 1/4(1 4 0(1))) = r2(px)(3/4 + o(1)).
VECV k
Therefore, for large enough D > 0, we have, forall k =1,2,..., K,

(Pk:)(3/4+0( ) k) [3V3
P Z \/2 82%/(21316)(8\/3 0(1))

~ (Da(py) log 1og(5*1))1/2273/<2pk < 3V3

8V B
It follows from (5.19) and (5.21) that, for k such that n € ©. ,((p)), pr < p < pr—_1, one has
Vare (hec,, — tec,.)

(1)) > 2H, ~ 4+/loglog(e~1). (5.21)

Ps,n(ts,ck S HE) = Ps,n (hs,ck - ts,ck 2 hs,ck - Hs) <

(ha,ck 118)2
4Vare ;) (tee,) 41+ O(heye,)) 1 _
) ) — ’ 1 1 . 5.22
< hg,ck hg,ck B 4log log(e1) enl1) =oll) ( !

Hence for any n € ©,(X), one has
Be(n,v:) < 1/(4loglog(e™1)) + 0,(1) = o(1),

1
€ 95 )Y sy We) = 5 e) = 1),
B:(0:(%), ¢2) nesélffmﬂ( 1m,%e) < 4log log (= )+n€S®u€1()Z)on()

where, by (5.22), (4.14) and (5.19) for any n € ©.(X%)

46723 o, Wi LTy 4dmax,co, , Wy, 9 7
077(1) = veCy k ,k:2v2 < velCy , Wrk < - (loglog(sfl)) 1/2.
(5 Z:I/GCVJc wl/7k77y) hé,ck HE

This completes the proof of part (b) of the theorem.

Part (c) of the theorem follows immediately from parts (a) and (b) of the theorem and (4.11). The
theorem now follows.
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