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Abstract—We consider an unknown response function f defined on A = [0, 1]d, 1 <d < o0, taken
at n random uniform design points and observed with Gaussian noise of known variance. Given a
positive sequence r,, — 0 as n — oo and a known function fy € L2(A), we propose, under general
conditions, a unified framework for goodness-of-fit testing the null hypothesis Hy: f = fy against
the alternative Hy: f € F, ||f — fol| > n, Where F is an ellipsoid in the Hilbert space La(A) with
respect to the tensor product Fourier basis and || - || is the norm in Lo(A). We obtain both rate and
sharp asymptotics for the error probabilities in the minimax setup. The derived tests are inherently
non-adaptive.

Several illustrative examples are presented. In particular, we consider functions belonging to ellip-
soids arising from the well-known multidimensional Sobolev and tensor product Sobolev norms as
well as from the less-known Sloan—Wozniakowski norm and a norm constructed from multivariable
analytic functions on the complex strip.

Some extensions of the suggested minimax goodness-oi-fit testing methodology, covering the cases
of general design schemes with a known product probability density function, unknown variance,
other basis functions and adaptivity of the suggested tests, are also briefly discussed.

Key words: goodness-of-fit tests, hypotheses testing, minimax testing, nonparametric alternatives,
nonparametric regression, random design.

2000 Mathematics Subject Classification: 62G08, 62G10, 62G20.

DOI: 10.3103/51066530709030041

1. INTRODUCTION

We consider the multivariate nonparametric regression model with a random uniform design. More
precisely, we observe

IL’Z:f(tZ)—i-fZ, izl,...,n, (11)

where t; are random design points, t; € A = |0, 1]d, 1 < d < o0. In particular, we assume that ¢; =
{tk} are (for k =1,...,d and i = 1,...,n) independent and identically distributed (iid) random vari-

ables with uniform distribution, i.e., tf ud U(0,1). Moreover, we assume that, conditionally on 7}, =
{t1,...,t,}, & are iid Gaussian random variables with mean zero and variance 72, i.e., & i N(0,72),
where 72 is assumed to be known with 0 < 72 < 0.

Given a positive sequence r,, — 0 as n — oo and a known function fo € Lo(A), where Lo (A) is the
set of squared-integrable functions on A, we propose, under general conditions, a unified framework for
goodness-of-fit testing the null hypothesis

Ho: f=fo (1.2)
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against the alternative

Hy: feF, |f = foll 2, (1.3)
where F is an ellipsoid in the Hilbert space Lo(A) with respect to the tensor product Fourier basis
and | - || is the norm in La(A). (The set F corresponds to a “regularity constraint” on the response

function f.)

We are interested in both rate and sharp asymptotics for the error probabilities in the minimax setup,
i.e., we try to find the maximal rate of convergence of 7, — 0 as n — oo which provides nontrivial
minimax testing, when certain constraints are imposed on the regularity of the response function f.

Although there is a plethora of research work in the literature on the estimation problem for response
functions f € F in (both univariate and multivariate) nonparametric regression (under various design
schemes), much less attention has been paid to the hypotheses testing problem in this model, especially
in the multivariate case. This work is devoted to the goodness-of-fit testing problem (1.2)—(1.3) in the
nonparametric regression model (1.1).

Nonparametric goodness-of-fit testing was studied intensively during the last twenty years or so;
however, main results were obtained for detection of the response function f € Ly(A), withd = 1, in the
univariate Gaussian white noise model, i.e.,

dX(t) = f(t)dt +edW (),  te]o,1], (1.4)

where W (t) is the standard Wiener process, with the noise level ¢ — 0. In particular, rate and sharp
asymptotics for the error probabilities in the minimax setup were obtained for various classes F of
nonparametric alternatives. Moreover, under periodicity, the sharp asymptotics are of Gaussian type
and are determined by a specific extremal problem (see, e.g.,[7], [8], [14], [18]).

These results have been extended in part to the density, spectral density, nonparametric regression
and Poisson models for the univariate case (see, e.g., [8], [14], [17], [18]). Note that, under some
regularity constraints, one can formally deduce some results for the univariate density and nonparametric
regression models from those on the asymptotic equivalence (in Le Cam’s sense) of these models to the
univariate Gaussian white noise model (see, e.g., [2], [26]).

For the d-variable Gaussian white noise model, we have typically similar separation rates with
the smoothness parameter o (associated with the “regularity constraint” on the response function f)
replaced by & = o/d as well as sharp asymptotics of a similar type (see [19]). This leads to the “curse
of dimensionality” phenomenon when d is large (see [20]). It was recently shown that one can actually
lift the curse of dimensionality by using different type of regularity constraints, which are determined
by the so-called “Sloan—Wozniakowski” norm (see [20]). Although, analogously to the univariate case,
one can formally deduce, under some stronger regularity constraints, some results for the multivariate
nonparametric regression models from results on the asymptotic equivalence (in Le Cam’s sense) of
these models to the d-variable Gaussian white noise model (see, e.g., [3], [27]), one cannot apply
these results to the tensor product Sobolev or Sloan—Wozniakowski type spaces, because there are
no asymptotic equivalence results as yet for these spaces.

Rate asymptotics in d-variable parametric regression models were studied in, e.g.,[9],[11], for testing
a parametric model against Lipschitz and Holder classes F of alternatives, respectively. On the other
hand, rate asymptotics in the multivariate regression model, under equispaced design points, were
studied in[1]for the goodness-oi-fit testing problem (1.2)—(1.3), under Besov balls F of alternatives.

The purpose of this paper is to extend some results on the goodness-of-fit testing of [7], [14], [18]—
[21] for the d-variable Gaussian white noise model to the goodness-of-fit testing problem (1.2)—(1.3)
for the multivariate nonparametric regression model (1.1), in a unified framework.

In our study, we use analytic results on an extremal problem for ellipsoids that were presented in
[14], [18]—[21] for the d-variable Gaussian white noise model. These lead to the asymptotic efficiency
results on testing for the multivariate nonparametric regression model (1.1) similar to the ones that
have earlier been obtained, in specific settings, for the d-variable Gaussian white noise model, under the
standard calibration e = 7/4/n. However, the machinery of reduction the hypothesis testing problems
to the extremal problem is different and, essentially, more difficult, especially for the study of the lower
bounds. The proposed tests are of different structure as well: they are based on U -statistics of increasing
dimension. Certainly, this reduction requires some assumptions on the basis functions and on the sample
size (compare with [6] for estimation problem). It is a typical situation for extending results from the
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Gaussian white noise model to other statistical models (e.g., density, spectral density, intensity of a
Poisson process and so on).

Several illustrative examples are presented. In particular, we consider functions belonging to the balls
under the well-known multidimensional Sobolev and tensor product Sobolev norms as well as from the
less-known Sloan—Wozniakowski norm and a norm constructed from multivariable analytic functions
on a complex strip. Some extensions of the suggested minimax goodness-of-fit testing methodology
covering the cases of general design schemes with a known product probability density function,
unknown variance, other basis functions and adaptivity of the suggested tests, are also briefly discussed.

2. PRELIMINARIES AND ASSUMPTIONS
2.1. Minimax Goodness-of-Fit Testing

Consider the multivariate nonparametric regression model (1.1). Given a known function fy €
Lo (A), we test the null hypothesis (1.2), i.e., we test Hy: f = fo. Given a positive sequence r,, — 0
asn — oo, let

Frn) ={f € F: |If = foll = ra},

where F is an ellipsoid in the Hilbert space Lo(A) with respect to the tensor product Fourier basis and
|| - || is the norm in Lo(A). Consider now the alternative hypothesis (1.3), i.e., consider Hy: f € F(ry,).
(In what follows, without loss of generality, we restrict ourselves to the cases fo = 0and 7 = 1.)

Set X,, = {x1,...,2,} and recall that T, = {¢t1,...,t,}. Let P, s be the probability measure that
corresponds to Z, = (X,,,T;,) and denote by E,, ; the expectation over this probability measure. Let ¢
be a (randomized) test, i.e., a measurable function of the observation Z,, taking values in [0, 1]: the null
hypothesis is rejected with probability ¢/(Z,,) and is accepted with probability 1 — ¢ (Z,,). Let

04(1/1) = En,Oﬂ)
be its type I error probability, and let

B(F,rn, ) = sup Ey,p(1—1)
JE€F(rn)

be its maximal type II error probability. We consider two criteria of asymptotic optimality:

[1] The first one corresponds to the classical Neyman—Pearson criterion. For o € (0, 1) we set
ﬁ(*/fvrnaa) = Hf ﬁ(‘/fvrnyw)'

i
Y a()<a
We call a sequence of tests vy, o asymptotically minimax if
O[('lpn’a) S « + 0(1)7 /B(F7 Tna 1/1n,a) = /B(F7 T?ﬂ Oé) + 0(1)7

where o(1) is a sequence tending to zero; here, and in what follows, unless otherwise stated, all limits are
taken asn — oo.

[2] The second one corresponds to the total error probabilities. Let v(F, 7, 1) be the sum of the type |
and the maximal type II error probabilities, and let v(F, r,,) be the minimax total error probability, i.e.,

7(}',7«”) = Hdl}f’)/(f,rn,?,[)),

where the infimum is taken over all possible tests. We call a sequence of tests 1, asymptotically
minimax if

Y(F, Tns ) = Y(F, ) + o(1).
[t is known (see, e.g., Chapter 2 of [18]) that

5(?,7’71704) € [071 - O[], ’Y(F,Tn) = EH(lOfl) (a—l—ﬂ(f,rn,a)) € [07 1]

We consider the problems of rate and sharp asymptotics for the error probabilities in the minimax
setup. The rate optimality problem corresponds to the study of the conditions for which ~(F,r,) — 1
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and v(F,r,) — 0 and, under the conditions of the last relation, to the construction of asymptotically
minimax consistent sequences vy, i.e, such that v(F, r,, ¢, ) — 0. Often, these conditions correspond
to some minimal decreasing rates for the sequence r,,. Namely, we say that a positive sequence ) =
ri(F), ry — 0,is a separation rate if
Y(F,rp) — 1 as rp/ry —0
and
v(F,rp) —0 and B(F,rp,a) =0 forany a€(0,1) as r,/r, — oc.

In other words, it means that, for large n, one can detect all functions f € F if the ratio r,, /7], is large,
whereas, if this ratio is small, it is impossible to distinguish between the null and alternative hypotheses
with small minimax total error probability. Hence the rate optimality problem corresponds to finding
separation rates 7 and to constructing asymptotically minimax consistent sequence of tests.

On the other hand, the sharp optimality problem corresponds to the study of the asymptotics of the
quantities B(F, rn, ), v(F, ) (up to vanishing terms) and to construction of asymptotically minimax
sequences ¥, o, ¥n, respectively. Often, the sharp asymptotics are of Gaussian type, i.e.,

B(F,rp, ) = (H™ — ) +0(1), Y(F,rp) = 28(—uy) + o(1), (2.1)

where @ is the standard Gaussian distribution function, H(® isits (1 — a)-quantile, i.e., ®(H®) =1 —
a, and the sequence w,, = u,(F,r,) characterizes distinguishability in the problem. The separation
rates r are usually determined by the relation w, (F,r}) <1 (see, e.g., [14], [18]). Hence the sharp
optimality problem corresponds to calculating the sequence w,, and to constructing asymptotically
minimax sequence of tests.

2.2. Assumptions

Let Lo(A) = Lo, L be a countable set, {¢;};c, be an orthonormal system in Lq, and L§ C Lo be
the closed linear hull of the system {¢; }ic. For a function f € L5, let § = {6} be the “generalized”
Fourier coefficients with respect to this system, i.e., 6; = (f, &), | € L, where (-,-) denotes the inner
product in Lo.

Let a collection of coefficients {¢; }ie 2, ¢; > 0, be given. The set of functions F C L§ under consider-
ation are the ellipsoids with respect to the orthonormal system {¢; };c with coefficients {¢; }1cr, 1 € L,

ie.,
{ =S (), S @67 < 1}

lec leL
Let
NEC)={leL:cq<C}, N(C)=#N(O),

where # denotes the cardinality of a set.
Consider the following set of assumptions:

(A1) The set N(C) is finite, i.e.,
N(C) <o VYC>0.

(A2) The orthonormal system {¢; };c satisfies

S @) =N©) VCO>0, teA.
leN(C)

(A3) The functions f € F are uniformly bounded in L,(A)-norm for some p > 4, i.e.,

Idp>4: sup/|f )P < oo.
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Remark 2.1. Note that Assumption (A3) follows from the following stronger condition,

sup || f[loo < 00, (2.2)
fer

where || f|loo = supsea | f(2)]-

3. RATE OPTIMALITY
In what follows, the relation A,, ~ B,, means that A, /B, tends to 1, while the relation A,, < B,
means that there exist constants 0 < ¢; < ¢o < oo and ng large enough such that ¢ < A4,,/B,, < ¢y for
n > ng. Let also 1eay be the indicator function of a set A.
For a sequence C = Cy, let N = N(C),), N = N(C),).
Let us introduce one more assumption.

(B1) N = o(n).

Theorem 1. Let r, — O.
(i) [Lower bounds] Assume (A1)—(A2). Take C,, — oo such that limsup(C,r,) <1 and (Bl)
holds. Then

B(F,rp,0) > OH —w,) +0(1),  A(F, ) > 20(—uy) + o(1),

where
2.4
) n ’f’n
= . 3.1
Un 2N (3.1)

(ii) [Upper bounds] Assume (Al1)—(A3). Take C, — oo such that (Bl) holds. Consider the
sequence of tests |l = 1y, >my based on the U-statistics

U, =" > Kn(zi, ), (3.2)
1<i<k<n
where z; = (x;,t;), i =1,...,n, are the observations, with the kernel
! 1" i " i " i 1" 2 i "
Kn(Z,Z ):1‘1‘ Gn(t7t )7 Gn(tvt ):\/qubl(t )qbl(t ) (33)
leN
Set
n
ha(f)= > 6F (34)
\/QN leN

Then, uniformly over H = H,, € R,
(i) < 1—@(H) + o(1),
and, for any c € (0,1), uniformly over f € F and H = H,, such that h,(f) > cH,,
B(F, s ) < O(H — h(f)) + 0(1).

Remark 3.1. We now give some intuition about the suggested U-statistics used in Theorem 1. For
testing the null hypothesis Hy: f =0 in the Gaussian white noise model, a natural test statistic

is a centered and normalized (under Hy) version of the quadratic functional 3, . éf, where 6, =
S &u(t) dX (t). The analog of 6, in the multivariate nonparametric regression model (1.1) is given by
0, =n1 Sy éu(ti)xi, which leads to the quadratic functional

> 0= le D marGaltntr),  Ga(tt) = at)i(t").

leL i k=1 leL

Suppressing now the terms with i = k, a centered and normalized version of this quadratic functional
corresponds to the U-statistic defined in (3.2) with the kernel defined in (3.3).
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Let the sequence C' = C), be determined by the “balance equation”
CAN(Cy,) =< n?. (3.5)
Observe that, in this case, under (A1), C},, — oo and, hence, N(C),) — oo.

Remark 3.2. Note that if r,, satisfies C},r,, < 1, then (3.5) corresponds to u,, < 1in(3.1). Corollaries 1
and 2 below show a motivation of (3.5).

Let us introduce an additional assumption.
(B2)  Forany B >0, N(Cy,) =< N(BC).
Note that we can obtain lower bounds for h,,(f) from (3.4). Indeed, for f € F(r,), we have

- (S0 2 )= (3t 2 )

lel c;>Ch, c>Ch
2
n 2 -2 nry -2
> -C = 1—(r,C, . 3.6
2 o Gty = o (1= (aCa)™?) (36)

Therefore, if Cy,r;, > B > 1, we have from Theorem 1 (ii),
B(F,rp, ) < ®(H — up(1 — B7%)) +o(1),

with u,, determined by (3.1). This leads to
Corollary 1. Let r, — 0. Assume (Al)—(A3) and (B1)—(B2). Then

(i) The separation rates are of the form

ri=Cl

where the sequence C = C,, is determined by (3.5).

(ii) Moreover, let ry,/r; — oo. Then, there exists a sequence H = H,, — oo such that the
sequence of tests |l = 1y, >my is asymptotically minimax consistent, i.e., ¥(F, rp, iy — 0.

We say that a function g(t), t > 0, is a slowly varying function if g(Bt)/g(t) tends to 1 as t — oo,

forany B > 0.
This leads to the following assumption.

(B3) N(C,) is a slowly varying function.

Corollary 2. Let r,, — 0. Assume (A1)—(A3) and (B1)—(B3). Then

(i) The sharp asymptotics (2.1) hold, where u,, is defined by (3.1) with any N(C,,) determined
by (3.5).

(ii) Moreover, for any sequence Cy, satisfying (3.5), there exists a sequence B,, — oo such that,
for the sequence C,, 1 = B,C,, the sequence of tests wff(a) is asymptotically minimax under the

Neyman—Pearson criterion, and the sequence of tests ¢zn/2 is asymptotically minimax under the
total error probability criterion.

Proof. In order to get the upper bounds, note that under (B3) one can take a sequence B,, — oo such
that N(B,,Cy,) ~ N(Cy,). Applying Theorem 1 (ii) for the sequence C,, ; = B, C,,, and for H = H@ and
H = u,/2, and recalling (3.6), we obtain
. N '
L nE () = a1+ of1)
By (3.4), Corollary 2 (ii) now follows.

In order to get the lower bounds, observe first that asymptotics of u,, do not depend on a sequence C,
involved in (3.5). In fact, if (), o is another sequence satisfying (3.5), then C, o ~ B,C,,, B, <1 and,
under (B3), we have N (C), 9) ~ N(C,,). Fix now a sequence C,, in (3.5). It suffices to consider the case
uy, =< 1, which corresponds to having r,C,, ~ A,, < 1. By taking another sequence C,, o = B,,Cy,, By, ~
(24,,)71, we get 7,Cy 0 ~ 1/2. Applying Theorem 1 (i), Corollary 2(i) now follows. This completes the
proof of Corollary 2.
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4. SHARP OPTIMALITY
4.1. Extremal Problem
In order to describe the sharp asymptotics similar to [14], [18], we have to consider an extremal
problem on the space of collections v = {v; }er.
Assume thatr, — 0. Forb =10, < 1, B = B, < 1, by arguments similar to those in Chapter 4 of [ 18]
we arrive at

b, B) inf 4.1

D)= g oSl (+)

V,(b, B) = {v: > wf = n(Br.)?, Y cvp < an}. (4.2)
lel lel

Let u,(B) = u,(1,B) and u, = u,(1,1). Proposition 2.8 of [18] 1mplles that w2 (b, B) is a convex
function in (b2, B2) and, from rescaling arguments, it is easily seen that u2 (b, B) = b 2(B/b).

By using Lagrange multipliers, the extremal collection v, = {v;, }ier in (4.1) is of the form v?

In —

22(1 — (¢;/C)?)4, where a; = max(0, a) for any real number a, and the quantities zo = 2, 0(b, B) > 0,
C = C,(b, B) are determined by the equations

Zv,%n = 22 Z (1—(¢/C)?) = n(Bry,)?, (4.3)
lel q<C
S vt =2 Y (1 - (q/C)?) =nb?, (4.4)
lel q<C

while the value of the extremal problem is

= ;Zv;fn =z > (1= (a/C)) (4.5)

lel q<C
Let
L=) (1—(a/C)), Io=Y (1—(a/C)*?
leN leN
I =3 (a/CP1-(a/C)?.
leN
[t is easily seen that the equations (4.3)—(4.5) can be rewritten in the form
2 4
20 =n(Bry)? ORI —nb?,  w2(b,B) = ;zéfo _n (2;’;) fo (4.6)
1
Observe that Iy = Iy + I, > I and
b1
2 1 2 -2
C* = B2 > b%(Bry) " — o0 as 1, — 0.
Under (A1), this yields N — oo. Moreover, one has
(3/4)N(C/2) <L < N(C),  (3/4)*N(C/2) < Io < N(O).
Hence, under (B2), these yield
nr2 nrd
I, < Iy < N, 22 = N u? (b, B) =< N (4.7)

Introduce the additional assumption
(C1) Forall B= B, <1, up(B) < uy.
Note that, under Assumption (C1), we get
u}(b,B) ~u? as b=b, —1, B=B, —1
(compare with Propositions 2.8 and 5.6 in [18]).
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4.2. Sharp Asymptotics

Theorem 2. Let r, — O.
(i)[Lower bounds] Assume (A1)—(A2), (B1)=(B2) and (C1). Then

B(F ) 2 @(H —up) +0(1),  (F,rn) > 28(—un/2) + o(1), (4.8)
where u,, is the value of the extremal problem (4.1), (4.2) forb= B = 1.

(ii)[Upper bounds] Assume (A1)—(A3) and (B1)—(B2). Let lim inf u,, > 0. Consider the sequence
of tests i = 14y, >m) based on the U-statistics

1
n — Kn 7y )
U, " Z (ziy 21)

1<i<k<n
where z; = (x;,t;), i =1,...,n, are the observations, with the kernel
Kn(2,2) =22 Gt 1), Gu(t )= wwdit)an(t), (4.9)
leN

where wy, | = vfn/un and {v;,,} is the extremal sequence of the extremal problem (4.1), (4.2) for
b= B =1, or, equivalently,

Wt = (U (@/OP) s, wd = ) (1~ (/O

leN
Then, uniformly over H = H,, € R,
a(¥y) <1—@(H) +o(1),
and, for any c € (0,1), uniformly over H = H,, such that u,, > cH,,
B(F,rn, i) < @(H — uy) + o(1). (4.10)

Remark 4.1. Combining (4.8) and (4.10), we see that the sequence of tests ¥2 with H = H(® is
asymptotically minimax under the Neyman—Pearson criterion, i.e.,

Oé( TIL{(Q)) <o+ 0(1)7 5(f; Tnawrlg(a)) = q)(H(a) - ’U,n) + 0(1)’

and the sequence of tests ¥f with H = u,, /2 is asymptotically minimax under the total error probability
criterion, i.e.,

V(F 1o /%) = 20 (—un /2) + o(1).

5. TENSOR PRODUCT FOURIER BASIS

Let Z3* C Z* consist of all sequences [ = (I1,...,lq,...) with finitely many elements {; # 0, and

consider the natural embedding Z¢ c Z°: (Iy,...,1q) — (l1,...,14,0,...). Let £ be an infinite subset
of Z2°.

Consider the tensor product Fourier basis {¢; }1e in Lo, i.e.,

o) =[] on(t*), t=(@'. 7. )eA, leL, (5.1)

k
where ¢;(u), j € Z, u € [0, 1], is the standard Fourier basis in Lo ([0, 1]), i.e.,

do(u) =1, ¢j(u) = V2cos(2mju), ¢_i(u) = V2sin(2mju), j > 0.

Definition 5.1. A set £ is called sign-symmetric i, for all I = (I1,...,l4,...) € L, one has el =
(Elll, ey Edlg, - . ) € Liorall g5 = +1.
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Definition 5.2. The collection {h;};c, is called sign-symmetric if the set £ is sign-symmetric and
hi =hgforalll € Lande = (eq,...,eq4,...), 65 = £1.

(D1) The set £ and the collection of coefficients {¢; };c are sign-symmetric.

Let us now show that, under Assumptions (Al)and (D1), Assumption (A2) holds true for the tensor
product Fourier basis (5.1). Since the set A is sign-symmetric, under Assumption (D1) this follows
from the following statement.

Lemma 5.1. Let M C Z3° be a finite sign-symmetric set and let {¢;}1ec be the tensor product
Fourier basis (5.1). Then

D i) =#M) VteA.

leM

Proof. Consider the representation M = U,M,,, where u C N and M, consists of [ € M such that
#{j: l; # 0} = m. It suffices to check that, for all u,

Gt = #(My) VieA
lEMy,

Clearly, this holds for u = (). Without loss of generality, assume m = {1,...,d},d € N. Let M} = {l €
My:1; >0V j € u}. Since M is sign-symmetric, M} consists of all &, l € M}, & = (e1,...,€q),
er = £1 and #(My,) = 29#(M}). It suffices then to check that, for each I € M},

S 6 =2

Consider ex, k = 1,...,d, as 7id Rademacher random variables, i.e., P(ey, = 1) = P(e, = —1) = 1/2.
Then, by independence,

> Sa(t) = 2'E: H 02, (tF) =2 H e 92, (1"

since B, ¢2 | (1) = (2sin®(lxt*) + 2 cos? (Ixt*)) /2 = 1. This completes the proof of Lemma 5.1.

Remark 5.1. Note that for the tensor product Fourier basis (5.1), condition (2.2) (and, hence, Assump-
tion (A3)) is fulfilled if

> 2706 ? <00, J(1) = #{j: I; # 0} (5.2)
lec
Indeed, we have sup,c  |¢1(t)| = 2772, and hence

1712 < (3 1l sup o 1) < (T o) (T 2/0a?) < Y20

lel lel lel lel

6. EXAMPLES: RATE AND SHARP ASYMPTOTICS IN VARIOUS ELLIPSOIDS

Let us first give some more notation. For a function f = 3", 0y € L&, we set || f||2 = Y, 07¢F
and let L% 5.=1f€ L% || f]le < oo} be the Hilbert space with the norm || - ||... (Clearly the ellipsoid F is
the unit ball in Lﬁc.)

Consider the tensor product Fourier basis (5.1). In all examples below, Assumption (D1) holds true.
Hence, by Lemma 5.1, Assumption (A2) holds true. It is easily seen that Assumption (A1) is also fulfilled
in all examples below. The validity of Assumption (A3) is discussed in each example separately.

The first two examples are versions of the classical multidimensional Sobolev norm (see [19]).
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6.1. Multidimensional Sobolev Norms
Let A=[0,1]%, d € N, £ =27\ {0}, and let

d
=Y 2rl[*,  leL, o>0. (6.1)
k=1

Then, for o € N, the norm || f||. corresponds to the sum of o-derivatives of a 1-periodic f over all
variables, i.e.,

d
IA12 =" N0 flog)?, (6.2)
k=1

where || - || is the norm in Lo(A).

Assumption (A3) is fulfilled for ¢ > d/4 according to the so-called Sobolev embedding theorem (see
Eq. (3.2.20) of [5]).

Let now

d g
= (Z(mk)?) . leL, o>0. (6.3)

k=1
Then, for o € N, the norm || f||. corresponds to the sum of all the derivatives of a 1-periodic f of order o,
ie.,
d d
IFIE=D2 - Do 107 /ot - ot |1 (6.4)
=1 ip=1

Certainly, the norms (6.2) and (6.4 ) are equivalent for any fixed d since the ratio of coefficients in (6.1)
and (6.3) is bounded away from 0. Hence Assumption (A3) is fulfilled for o > d/4.

[t was shown in [19] that

N(C) ~C¥ Ji(d,0), k=12,
(e.g., k = 1 corresponds to (6.1) and (6.2), and k = 2 corresponds to (6.3) and (6.4)), where

(1 +1/20) To(d. o) 1

Ji(d, o) = - .
1(d,0) 2d7d/2D(1 + d/2)

- mil(1+d/20)’
Using equation (3.5), these yield

O = n2o/(4a+d)’ N(O) - n2d/(4a+d)'
Hence Assumption (B2) is fulfilled, while Assumption (B1) is fulfilled for o > d/4. Thus we obtain the
separation rates

T:L _ n—2cr/(4o+d) )

For the sharp asymptotics, it was shown that
up ~ Cp(d, o)y, k=12,
where, for the norm (6.2),
414 20/d)T(1 2
Ci(d. o) = (14 20/d)T'(1 4 d/20) ’
(1 + 4o /d)1+d/20Td(1 + 1/20)

and for the norm (6.4),
71+ 20 /d)T'(1 + d/2)
T (1 +4o/d)1Hd/20Td(3/2)
Assumption (C1) is thus fulfilled. Hence we arrive at (2.1).
The next two examples correspond to tensor product norms in ANOVA modeling. These spaces are

capable of dealing with interactions of all orders in a flexible way, thus vastly extending the classical
additive methodology in multivariate nonparametric regression inference (see [12], [25]).

Csy(d, o)
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6.2. Tensor Product Sobolev Norm
Let A =[0,1]%,d € N, £ = Z4, and let
a= [] 12ell”, 1€l c.o0=1 (6.5)
k:lp#0

For a o € N, this corresponds to the following (see [25]). Let us consider the functional orthogonal
ANOVA expansion

F) =" fult), /fu(tu)dtk =0 Vkeu, (6.6)
v A

where the sum is taken over all subsets u = {j1,...Jm} C{1,....d}, 1 <ji <...<jm <d} and
ty ={tj,... tj, };ifu =0, then f, = constant = [ f(t)dt. Then,

2 2
12 = I full2
U

where || fy||c.. is the norm of mixed mo-derivatives of a 1-periodic fy, i.e.,
[fullew = 107 f /085, ... 0t5 | (6.7)

Assumption (A3) is fulfilled for o > 1/4, using appropriate embedding properties (see Chapter III
of [30]).
[t was shown in [21] that
Cl/cr logd—l(c)
mlod=1T(d)

2 o/(40+1)
C = < dTil > .
log™ " (n)

Hence Assumption (B2) is fulfilled, while Assumption (B1) is fulfilled for o > 1/4. Thus we obtain the
separation rates

N(C) ~

Using equation (3.5), this yields

*
n

<10gd—1 (n) > o’/(4o’+1)

n2
For the sharp asymptotics, it was shown that

2 Ottt (6.9)
" logd_l(rﬁl) ’
where
20(0)I(d) (7o )?
(1 + 40)b(@)

Assumption (C1) is thus fulfilled. Hence we arrive at (2.1).

_20+1

C(d7 U) = 2

b(o) (6.10)

6.3. ANOVA Subspaces

Let A =[0,1]¢, d € N. Taking m € {0,1,...,d}, let £% be the set that consists of I € Z¢ such
that #{k: I, # 0} = m, and L™ = ;'"”:0 E?. Under (6.6), the spaces ng” and L§d’m consist of the
functions

ft)= Z fu(tu), ft) = Z fu(tu),
w: #(u)=m

u: #(w)<m
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respectively, i.e., they consist of sums of functions of m variables or no more than m variables. [f m = 0,
this corresponds to the constant function, while the case m = 1 corresponds to functions with an additive
structure. Take ¢; according to (6.5). Then we obtain

IFIZ=" > Ifulle A= D Il

w: #(u)=m w: #(u)<m

respectively, where, for o € N, the norm || f||c., of a 1-periodic f, is determined by (6.7) (see [25]).
Assumption (A3) is fulfilled for o > 1/4, since the spaces presented here are subspaces of the tensor
product Sobolev spaces discussed in Section 6.3.

Take ¢; according to (6.5). Denote by Ny(C') the function N (C') for the tensor product Sobolev norms,
by Num(C) the function N(C) for £ = £4™, and by N&,(C) the function N(C) for £ = L%,. Observe
that

v = (D)wen Naner =3 (N)atio

i=o M
Set M = (i) and note that M > 1for 0 < m < d. It was shown in[21] that, as C' — oo,

MCY7 logm=1(C)

N (C) ~ MN(C) ~ MNy(C) ~ Amem=1D(m)

(6.11)

the last relation follows from (6.8). For both the cases £&, and £4™, using (3.5), we have

s n

~o o/(40+1)
= (i)
log™ ™ (n)

Hence Assumption (B2) is fulfilled, while Assumption (B1) is fulfilled for o > 1/4. Thus we obtain the
separation rates

. (logm_l (”ﬁ) > o/(4o+1)

Let u,, q be the quantities that determine the sharp asymptotics for the tensor product Sobolev norms
with sharp asymptotics (6.9). Using (6.11), we obtain, in both cases, the sharp asymptotics

2 4+1 /0
9 Upm  C(m, o)n’ry, /
~Y ~Y

"M Mlog™ (1)’
where the constant C'(m, o) is defined by (6.10). (Note that (6.12) corresponds, in the case m < d,
to some loss of efficiency compared to (6.9), since the sample size n is now reduced by the factor

M~12 > 1.) Assumption (C1)is thus fulfilled. Hence, we arrive at (2.1).

The next example corresponds to classical multivariable analytic functions on a complex strip
(see[22],[24]).

u

(6.12)

6.4. Multivariable Analytic Functions on a Complex Strip
Let A =1[0,1]%,d € N, £ = Z% and, for k > 0, let

d
= H cosh(2mkly,), leLl.
k=1

This corresponds to analytic functions f that provide periodic extensions to the complex d-dimensional
strip (1 + dug, ..., tg + iug), lug| < & (i.e., of size 2x), and

1712 =273 IF -+ enm)ll”
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This case is closely related to the case

d
& =exp (271/12 |lk\), lel

k=1

(see [24]). Using el*l /2 < cosh(z) < el®l, condition (2.2) is fulfilled for any > 0 by Remark 5.1, since

o0 d
Z 2J(l)cl—2 < 9d Z Cl—2 (1 +2 Zexp(27mk)> < 00.

lel lel k=1

Thus, Assumption (A3) is fulfilled.

[t was shown in [21] that
2¢1og?(C)
N(©) ~ (mk)IT(d + 1)
Using equation (3.5), this yields

nl/2

(log(n))4/4
Hence Assumptions (B1), (B2) are fulfilled; moreover N (C) is a slowly varying function, i.e., Assump-
tion (B3) is also fulfilled. Thus we get the separation rates
o log(my

n nl/2

C =

and the sharp asymptotics
2 (7k)IT(d + 1)n%rd
" 2log?(n) '
Assumption (C1) is thus fulfilled. Hence we arrive at (2.1).
The last example corresponds to an infinite-dimensional extension of the ANOVA decomposition,

that was first suggested to lift the curse of dimensionality in high-dimensional numerical integration
(see[23],[28], [32]).

6.5. Sloan—Wozniakowski Norm
Let A =[0,1]*°, £ = Z°. Takingo > 0, s > 0, let
a= [] #ll°,  leL, s>0, >0, co.p. =1
FEN: 1;#0

This corresponds to an infinite tensor product of weighed Hilbert spaces. Under an infinite-dimensional
ANOVA expansion,

f(t) = qu(tu)v /fu(tu)dtk =0 Vke u,
v A

where the sum is taken over all finite subsets u C N, we obtain
IFI2 =) @l fullZe, () =]+,
u keu

and, for o € N, the norm ||fu||g7u of a 1-periodic f, is determined by (6.7) (see [20] and compare with
(23], [28], [32))

Contrary to the previous examples, we are not aware of any embedding theorems for spaces of the
Sloan—Wozniakowski type, and hence we cannot verify Assumption (A3) under minimal smoothness
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conditions (like o* 2 min(o, s) > 1/4). However, condition (2.2), which leads to Assumption (A3), is
fulfilled for o* > 1/2. Indeed, let (z;), k € Z, 1 < j < d, be a matrix. Applying the formula

d d
ZHmljJ:HZwk’j’ l_:{ll,...,ld)EZd,

lezd j=1 j=11€Z

to the matrix entries

S 1, k=0,
BT 2522wk, k£,
and letting d — oo, we get, foro > 1/2 and s > 1/2,

Z 2J(l)cl—2 — Z H 2j_2s‘27le|_2U

leL leL jEN: 1;#0
=1] (1 +277) |27Tk|_20> <oo;  Z=12\{0}.
JeN kel

Thus, by Remark 5.1 Assumption (A3) is fulfilled for o* > 1/2.
For simplicity, we consider below only the case o # s. It was shown in [20] that if 0 < ¢ < s, then
N(C) ~ A;CY7 exp (Az(log C)U/(U+5)) (log C) =42,
and thatif 0 < s < o, then
N(C) ~ B1C"* exp (Ba(log C)"/?)(log )~ 75,

where A;, i =1,2, and B;, i = 1,2, 3, are positive constants, which only depend on o, s. Recall that

*

o 2 min(s, o). Then, we get the following log-asymptotics

_log(C)

O—*

log(N(C))

)

which correspond to the Sobolev norms ford = 1 and o = o*.

[t also follows that Assumption (B2) is fulfilled, while Assumption (B1) is fulfilled for o* > 1/4. The
separation rates are of the following form. [f 0 < o < s, then

r% s =20/ (o) oy (Cl(log(n))a/(s+0))(log(n))_CQ,
and if 0 < s < o, then

vy = n~ 2/ exp (Dy+/log(n) ) (log(n)) 2.
These yield the following log-asymptotics:

20" log(n)

log(rs) ~ =7 M.

The sharp asymptotics are of the following form. If 0 < o < s, then
ui ~ anQTf;H/" exp ( — Cy(log r;l)"/(H")) (log r;l)%.
[f0 < s < o, then
ui ~ D3n2r3+1/5 exp ( — Dy \/log ot > (log r;1)3/4,

where Cy, i =1,...,5,and D;, i = 1,...,4, are positive constants, which only depend on o, s. Thus,
Assumption (C1) is fulfilled. Hence we arrive at (2.1).
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7. SOME GENERAL REMARKS

In this section, we discuss how the main results established in Theorems 1 and 2 (and, hence,
Corollaries 1 and 2) can be extended to more general settings, involving non-uniform design schemes
and unknown variances. Some remarks about adaptivity issues are also presented. We also present
other than the Fourier basis and its tensor product version, examples of basis functions that satisfy
Assumption (A2), and reveal how Assumption (A2) can be replaced by a weaker assumption at the cost
of replacing Assumption (B1) with a slightly stronger assumption.

7.1. General Random Design Schemes

The main results established in Theorems 1 and 2 are evidently extended to random design points
y=(y',...,y?) € R d > 1, with a known product probability density function, p(y) = p1(y') x ... x
pa(y?), by applying the coordinate-wise Smirnov transform, i.e., y — F(y) = (Fi(y"),..., Fy(y%) €
A =[0,1]%, where F}, is the cumulative distribution function corresponding to the probability density
function pg. Indeed, consider the goodness-of-fit testing the null hypothesis Hyp: f = 0 against the
alternative Hy: f € Fp, || fll2,p > rn, where Fp consists of functions defined on R? which are of the
form g(y) = f(F(y)),y € R with g € Fand || f]l2,p = (fga F2(¥)p(y) d(y))*/?; note that, in this case,
|| fll2,p = llg]|. The corresponding test statistics are now based on the kernels (3.3) and (4.9) with
t=(t',...,t%) replaced by F(y) = (F1(y'), ..., Fy(y?)) (compare with [15]).

We conjecture that the main results established in Theorems | and 2, can be also extended, subject
to some additional constraints similar to [15], to unknown product probability density functions by
replacing F(y) = (Fi(y), ..., Fa(y?)) with F,(y) = (Fu1(y)), ..., Fna(y?)) in the appropriate test
statistics, where F, ;. is the empirical distribution function corresponding to Fj, for the design points
y¥, ..., yk; this development is, however, outside the scope of this paper.

7.2. Unknown Variance
The results obtained in Theorems | and 2 are evidently true when ¢&; u N(0,1) is replaced by

& id N(0,72), where 72 is a known variance with 0 < 72 < oo, by multiplying u,, by the factor 772

and multiplying r by the factor 7, for the lower bounds, and by multiplying the kernels (3.3) and (4.9)
by the factor 772, for the upper bounds.

For an unknown variance 72 with 0 < 3; < 72 < 8 < oo, we replace the multiplicative factor 7~
appeared in the kernels (3.3) and (4.9) by 7,, 2, where 72 = >_I'_| 22, It is easily seen that

2

g2 = 4 fI7 Varaprd= (U4 = 171+ 47717 +2%) = o(1),
the latter being true by Assumption (A3). These yield 72 ~ (72 + || f||?), in P, s-probability, which
makes possible to repeat all the arguments presented in Appendix 2 (observe that, in Appendix 2,
Il£II? = o(1) for “least favorable™ alternative functions f € F).

The above observations indicate that the main results established in Theorems 1 and 2 still remain
true when the variance 72 is either known or, when unknown, is replaced by an appropriate estimator as

the one considered above.

7.3. Adaptivity

Typically, the smoothness parameter (o for Sobolev norms, « for analytic functions, min(o, s) for
Sloan—Wozniakowski norms) is unknown. This leads to the so-called problem of adaptivity: one
has to construct a test procedure that provides the best minimax efficiency (separation rates or sharp
asymptotics) for a wide range of values of the unknown smoothness parameter. This problem was first
studied in [29], and further developed in Chapter 7 of [ 18], for the univariate Gaussian white noise model.
The idea is to use the Bonferroni procedure, i.e., to combine a collection of tests for a suitable grid in a
region of the unknown smoothness parameter. It was shown in [18] and [29] that this procedure provides
an asymptotically minimax adaptive testing with a small loss (one gets an additional (but unavoidable)
loglog(e~!) factor in the separation rates). We conjecture that these ideas of adaptivity could be also
developed for the multivariate nonparametric regression models considered in this paper but the exact
details should be carefully addressed; this development is, however, outside the scope of this paper.
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7.4. Other Examples of Basis Functions Satisfying Assumption (AZ2)

(a) (Haar basis): Let ¢ji(t), 5 =0,1,..., k=1,...,27, ¢t € [0,1], be the standard Haar orthonormal
system on [0, 1] (see, e.g., Chapter 7 of [31]), where j is the scale parameter and k is the shift parameter.
Note that, in this case, >, ¢?k(t) = 27 for each resolution j. Consider now the tensor product version of

the Haar basis on A = [0,1]¢, d > 1, and consider coefficients ¢; = ci, L= ((j1,k1),...,(ja, ka)), which
only depend on the scale parameter j = (j1,...,74) and not on the shift parameter k = (k1,. .., kq).
Hence, by working along the lines of Section 5, it follows that the tensor product Haar basis functions
on A satisfy Assumption (A2).

(b) (Walsh basis): Let ¢;(t), j =0,1,...,t € [0,1], be the Walsh basis functions system on [0,1]; the
Walsh basis functions take actually sums and differences of the Haar basis functions to obtain a complete
orthonormal system (see, e.g., Chapter 7 of [31]). Note that, in this case, |¢;(x)| = 1 for each j. Consider
now the tensor product version of the Walsh basis functions on A = [0,1]¢, d > 1. Hence it follows
immediately that the tensor product Walsh basis functions on A satisfy Assumption (A2).

(¢) (Orthonomal basis on a compact connected Riemannian manifold without boundary): Let S
be a compact connected Riemannian manifold without boundary and consider the orthonormal system
of eigenfunctions ¢;i(z), v € S, associated with the Laplacian (Laplace—Beltrami operator) on S, for
different eigenvalues A\j, Ay < Ag < ..., with A\; — oo as j — oo (see, e.g., [4]). For each j =1,2,...,
they satisfy the relation Zl,?:l(gbik(a:) — p~1(8)) = 0, where k; < oo is the (algebraic) multiplicity of
the eigenvalue \; and p is the invariant measure on S (see, e.g., formula (3.18), p. 127 of [6], or
the last line of p. 1256 of [4]). The above relation is a natural and deep extension of the classical
relation sin?(x) + cos?(z) = 1 for the one-dimensional circle. Similarly to (a), consider now coefficients
c(jk) = ¢ or corresponding coefficients ¢; = ¢; for the tensor product basis functions on S d>1.
Hence by working along the lines of Section 5, it follows that the tensor product basis functions on S¢
satisfy Assumption (A2). Therefore our general framework could be a platform to derive analogous

statements to the ones given in Theorems 1 and 2 for minimax goodness-of-fit testing in nonpara-
metric regression problems on compact connected Riemannian manifolds without boundary, .S, or their

products, S? but the details in the derivation of these statements should be carefully addressed; this
development is, however, outside the scope of this paper.

7.5. Replacing Assumption (A2) by a Weaker Assumption

Assumption (A2) can be replaced by the weaker assumption

(A2a)  sup Y ¢7(t)=O(N(C)) as C — oo

tea leN(C)

(it covers the cosines orthonormal system, compactly supported (other than the Haar basis) orthonormal
wavelet systems, as well as their tensor product versions) by replacing Assumption (B1) with the slightly
stronger assumption

(Bla) N = o(n?/3).

Indeed, the only difference in the proofs of Theorems 1 and 2 is in relation (8.9). In particular, one
can use the Cauchy—Schwarz inequality which yields an additional factor IV, and this is compensated
by Assumption (Bla).
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8. APPENDIX 1: PROOF OF LOWER BOUNDS
Let us start with some more notation. Recall first that X,, = {x1,...,z,}, T, = {t1, ..., tn}, Zn =
(Xn,Ty),and z; = (z4,t;), and that P, f is the probability measure that corresponds to Z,,, whereas E,, ¢
is the expectation over this probability measure. Denote also by Var,, s the corresponding variance. Let
P, be the probability measure that corresponds to 7}, and P;ff be the conditional probability measure
with respect to 7). We denote by E, 7 and Eg,f the expectations over these probability measures,

whereas Var,, 7, Varf,f are the corresponding variances. (Clearly, £, f(-) = En,TE;Cf(-).) Also, for a
function f = 3, 6;¢;, we denote the measure P, ¢ by P, y, with analogous notation for the expectations,
conditional expectations and variances. Let also EF¢ and Var?'¢ be the expectation and variance of
the conditional probability measure with respect to Z,, = {&1,...,&,}, where &; i N(0,1). Certainly,
Poe=Pnyo.

8.1. Lower Bounds for Theorem 2

8.1.1. Priors. We use the constructions similar to [7] and follow, with necessary modifications, tech-
niques from [14]—[18]. It suffices to consider the case

u? =< 1. (8.1)
Take 6 € (0,1), let a;,, = v;,(b, B) be the extremal collection for the extremal problem (4.1), (4.2) with
b=1-0,B=1+4,andlet A= A, be the diagonal matrix with diagonal elements a; = a;,, 1 € N.

Under (8.1), using (C1), (4.7), we have

1
u(b, B) = ) > at, =<1,  D,= Nlﬁ%a;n ~ ZgN = 1. (8.2)
leN
Let v = \/nf and let 7,(dv) be the Gaussian prior N'(0, A%) on the parametric space consisting of
{viher = Vn{0}iec, i-e., vy are independent in [ and, for each [, v; ~ N(0,a?) for ¢, < C and v; = 0
for ¢; > C', in m,-probability.
Note that, in the sequence space of the “generalized” Fourier coefficients 6 = {6}, with respect to

the orthonormal system {¢; };c ., the null hypothesis (1.2) (recall that fy = 0) corresponds to Hy: 6 =0
and, assuming f € F, the alternative hypothesis (1.3) corresponds to

Hy: ) qop <1, > 6f =k (8.3)
lel lel
Let V,, = V,,(1,1) be the set determined by (4.2) with B = b = 1; this corresponds to the alternative
set (8.3).
Lemma8.1. Forany d € (0,1), one has mp(Vy,) =1+ o(1).
Proof. This follows from evaluations of 7,,-expectations and variances of the random variables H; (v) =

D ieN v? and Hy = D oleN c?v?, and by using the Chebyshev inequality (compare with similar evalua-
tions in [14],[17], [18]).

Let B(Py.0, Pr,,, @) be the minimal type I error probability for a given level o € (0,1) and (P, 0, Pr,,)
be the minimal total error probability for testing the simple null hypothesis Hy: P = P, o against
the simple Bayesian alternative Hy: P = P, for the mixture Py, (A) = [ P, ,-1/2,(A) mn(dv). By
Lemma 8.1 and using Proposition 2.11 in [18], we have

ﬁ(}—v Tn, a) > ﬁ(Pn,O’ Pﬂ'n’ Oé) + 0(1)’ V(f’ Tn) > ’Y(Pn,O, Pﬂ'n) + 0(1)'

Hence it suffices to show that

B(Poo, Pryya) > ®(HY —u,) +0(1),  (Puo, Pr,) > 20(—un/2) + o(1). (8.4)
In order to obtain (8.4), it suffices to verify that, in P, o-probability,
log(dPr,, /dPp0) = —up /2 + tnCp + 1, M — 0, G — ¢~ N(0,1) (8.5)

(see[18], Section 4.3.1, formula (4.72)).

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No.3 2009



258 INGSTER, SAPATINAS

8.1.2. Likelihood ratio and correlation matrix. For f(t) = > ;.- 010:(1), the likelihood ratio is of the
form

1

dP, dpT
Y= o SRV (wo)y), 0 ={bihen, v = b,

= =exp | —
P dPT, " (

where w = {w; }ienr, wi = wy, = \/1” oy xidi(t;), and R is the correlation matrix

R =R, ={rji}jen: i = i Z¢j(tz)¢l(t )
=1

here, and in Section 9.1.3, (-, -)s denotes the inner product in the sequence space.
Let Tr(+) be the trace of a square matrix.

Lemma 8.2. (i) The matrix R is symmelric and positive semidefinite. Moreover, E, 7R = I,
where In = {0;1};1en is the N x N identity matrix.

(ii) Under (2.2) and (B1), one has

E,rTr(R*) ~ N, (8.6)
E,1Tr((R - Iyx)?) = o(N), (8.7)
E,rTr(RY) ~ N. (8.8)

Proof. First, we prove statement (i). For any & = {Z;}jen, Z; € R, one has
> Ty = Z ( PEAC ) > 0.
JIEN i=1 jeN

Since {¢; }1enr is an orthonormal system,
Burri= [ 6,060t = 5.
A

Thus, statement (i) follows.
Now, we prove statement (ii). Analogously, we have, using (A2), (B1),

1
Buin(ri =0 = Varugr =} [ oo - 53)
A

1 1
- [wdwd- s
A

and

EnTTI‘( R IN Z EnT T]l / Z ¢] ¢l

JAEN A JAEN
-/ <ZN¢J ) a T = o).
JE

which yields (8.7). We obtain (8.6) from (8.7) since Tr(R?) = Tr((R — In)?) + Tr(Iy).
Let us now evaluate E,, 7 Tr(R*). Let R? = {bj;}1en,

]l = Z TjsTsl = n2 Z Z ¢j to ¢s to ¢s(tﬁ)¢l(tﬁ)

seN seN a,B=1
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We have

IS Sy (ta) st (1)t 5 () (1) (E3) 1 1),

JLEN 1,5,8,7eN a,3,7,0=1

Observe that

n

D Eur{0i(ta)ds(ta)ds(ts)di(ts)di(ty)dr (1) dr (t5)d1(ts) } = Sa+ Sz + Sz + 51,

a,B,7,0=1

where Sy, ..., Sy correspond to the sums (we omit indices j, [, r, s in notation of Sy, ...,.S4)

S, =24 Z ,

1<a<f<y<o<n

53:6< o+ Yy o+ ¥ )

1<a=p<y<i<n 1<a<f=y<i<n  1<a<f<y=0<n

52=2< o+ Yy o+ ¥ )

1<a=p=vy<é<n 1<a<f=v=6<n 1<a=0<y=0<n

Si= >

1<a=p=vy=di<n
By independence of ¢;, and since {¢;} is an orthonormal system, we have
Sy = C4(n)djs0510;r-0p1,

S3 = C3("){5jr5lr / &5 (t) 02 () pu(t) dt + G550, / bs(t)1(t) e (t)r(t) dt
A A
+ 8l / 606204 (0) dt .

Sy — rl/qb? (D621 (D) (1) dt+533/¢l (D)62(£)6; (D) (1) dit

/ 6,000 dt) [ 6502 w)enu) du) )
A

A

S =n / G2(1) G2 (162 (1) $R (1) dt
A

where Cy(n) ~ n*, C3(n) < n? 02( ) n?. Therefore,

Z S1 Z 5]858l5]7‘57“l = NC44(’I’L) ~ N,
l] s,;reN l,j,8,r€EN n

L X =" S [@wdaa
l] s,reN i SENA

303 _ 3NCy(n) )
¢;(t = O(N*/n),
(o=

LY s Y [dusnendo

l] s,reN lj,s,re./\/’A
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1 4 N?
- n3/(z¢?(t)) dt = n3’
A JEN
Analogously,

3 cm/qb] V62 b1 (1) (1)

Jsre./\/

Z t)) dt

l.j,s

A/ seN
/Z -

eN
and
J;:GN /¢J ¢s )ou(t) dt A/¢J )du)
/qb] (3 stm)aca) /qb] (Estw)atoa) @9
_N2Z /ng] Vit dt)(/@ Yebu (u du =Ny 65 =N
LieN A LjeN
Thus,
L D> Sa=0(N%/n?).
,]sre./\/

Combining evaluations above and (B1) we get (8.8):
Tr(R') ~ N(1+ O(N/n + (N/n)* + (N/n)*)) ~ N.

Thus, statement (ii) follows. This competes the proof of Lemma 8.2.
8.1.3. Bayesian Likelihood Ratio. Let us now study the Bayesian likelihood ratio. A direct calculation
gives

dp, dpP, 1 1

™o g = 'Gq), 8.10
dPoo NPTy VdetG D (,467) (8.10)

where ¢ = Aw, G =G,, = Iy + ARA. Let 7; > 0,1 € N, be the eigenvalues of the symmetric positive
semidefinite matrix D = A'RA = {ajairji};en- Let ¢ be the eigenvectors of the matrix D and let

ql - <q7 el>57l E ﬁ
We can now rewrite (8.10) in the form

Ly = log (jzlj:;)) :;Z<1—qf%

—log(1 + 7~'l)>.
leN !

Let || A]joo = SUp|z <1 || Azz|| for a generic matrix A. Observe that

| D], = m%ml <> F=Te(DY).
leN
Using the standard relations

Tr(AC) = Tr(CA)  and  Tr(A'BA) < ||A||% Tr(B),
for a symmetric positive semidefinite matrix B, we get the inequalities

Te(D?) < |All5 Te(R?)  and  Te(D?) < [|A|5, Tr(RY).
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By (8.2),

|A||%, = maxa} < D, /N.

leN
Jointly with (8.6) and (8.8), the above yields
E,r(Tr(D?) =0(1),  E,r(Tr(D*)) =O(N™Y).
Hence
En,T(%%qm) = O(N~Y4),

Thus, in P, 7-probability,

Dl = max|| = of1) (8.11)

Using the well-known relations
(I+y) ' =1-ytoly) and log(l+y)—y+y*/2=0(y*) as y—0,
we get, with P, 7-probability tending to 1, by (8.11),

L, = ; > (@ —7) =7+ 7/2) + o D atd) + o 3o 7F)

leN leN leN
_ ; (Tr(Q) — Tr(D) — TH(QD) + Tx(D?)/2) + o TH(QD)) + o Tr(D?))
= 1 (Te(@) ~ T(QD) ~ Te(D*)/2) + o TH(@D)) + o Tx(D?)), (8.12)

where
Q=qq = Az A = {aja1ziz1}j1en, Q =Q - D= A(z2 - R)A.
Let us now study the P, o-distribution of L,.
Lemma 8.3. /n P, o-probability,

Tr(QD) = o(1), (8.13)
Tr(D?) = Tr(A*) + o(1), (8.14)
EnoTr(Q) =0, (8.15)
Var, o Tr(Q) = 2 Tr(A*) + o(1). (8.16)

Proof. Let® = n='2{¢;(t;)}jen.i=1...n bean N x n-matrix, and set & = (&,...,&,). Then, in P, o-
probability,

R = 0% z = B¢, 22 =0 PE, E(E) =
Observe that
E} ozt = ®(E] 66N = &9’ = R,
which yields
Eno(Tr(@Q) =0, Eyo(Tr(QD)) = (8.17)
Analogously, using the formula
Var(Tr(BEE)) = 2 Te(BB'),
we get

Vary o(Tr(QD)) = Vary  Tr(A®EE' D' AD) = 2 Tr(BB'),
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where B = & A?20®’A2®. By Lemma 8.2 and (8.2), it is easily seen that
Tr(BB') = Tr((ARA)") < [|A5, Tr(RY).
Using the formula
Vary, () = Varr(E; o(-)) + Er(Vary, o(-)),
we get
Var, o(Tr(QD)) = o(1),

which together with (8.17), yields (8.13).
To obtain (8.14), note that

Tr(D?) = Tr(D?) + 2 Tr(A%D) + Tr(A*), D =D — A% = A(R— Iy)A,
and observe that, by Lemma 8.2 and (8.2),
Te(D?) < A% Te((R — In)?) = o(1),  (Tr(A2D))? < Tr(A*) Tr(D) = o(1).
Obviously, (8.15) follows from (8.17), and (8.16) follows from (8.14), since
Var! ((Tr(Q)) = Varl o(Tr(ADEE' D' A)) = 2Tr((ADD'A)?) = 2Tr(D?).

This completes the proof of Lemma 8.3.

Let ¢, = Tr(Q)/2up, u2 = Tr(A*)/2. By Lemma 8.3, we rewrite (8.12) in the form

P,
L, = unCy — ui/Q + Mns Tin oy 0.

Lemma8.4. /n P, o-probability, ¢, — ¢ ~ N(0,1).

Proof. Let us rewrite Tr(Q) in the form

1 Tr(@) = ; Tr (A(I)(é“é" o I)(I)’A) = ; Zw“(é‘? — 1) -+ Z wik&fj = A, + B,,
i=1

1<i<k<n
where

W= {wi}ipoy = OA%Q, wy = Z ai di(t:)di(tr,)-
" ien

[t is easily seen that ENtA, = 0, and by (AQ) (8.2),

VarT5 Zw o 22(2&%(}51 )

i=1 leN

= 2n2NZ(Z¢l )2:D2nnN:0(1)'

=1 leN
Thus, A, — 0in La(Py,0) and in P, g-probability.
The term B,, is a degenerate U -statistic,

Z Wa(ri,rs), r; = (&,t;) are iid,

1<i<k<n
r) =6 aint)nit"), /Wn('r,ar”)P(dT,) =0 v,
leN

where P(dr) = Ny 1(d§) x Ua(dt), i.e., & and ¢ are independent, & ~ N (0,1), and ¢ is uniformly
distributed on A.
The statement of Lemma 8.4 follows from the following proposition.
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Proposition 2. In P, g-probability, the statistics B, are asymptotically N'(0,u?2).

Proof of Proposition 2. Clearly, Ep, ,B, = 0 and, forry = (£1,t1), 12 = (€2, 12),

Varp, ,(By) = ”(”_1) / W2(ry,19) P(dry) P(drs)
(
= E(&& aiygi(t1)pi(tz) ) dty dis
2 / / > )

= i~ 1 Z aja //ébg t1)0;(t2)di(t1)di(t2) dty dts
JlEN

_ n — 1 Z at ~ u
leN

Forr = (&1,t1), 72 = (€2, t2), 73 = (€3, 13), let
G, ra) = /Wn(rl,rg)Wn(rg,rg)P(drg),

Gra = / G2 (r1, o) P(dry) P(dry),

Wya= / Wi(ry,72) P(dry) P(dry).

Using the asymptotic normality of degenerate U-statistics established in [10] together with Lemma 3.4
in[16], it suffices to verify the conditions

Gz = o(1), (8.18)
W4 = o(n?). (8.19)
We have
Gn(r1.72) = Ep(ae, dts) (€1§2§§ Z aidi(t)du(ts) Z a?¢j(t2)¢j(t3)>
leN JEN
—a6 3 aladeit);(t) / Bults) 5 (t)dts = 6162 S alon(tr)en(ts),
JLEN leN
Gn2 = E(&1&2) aji(t)di(ta) ) dtidts =) af = );
/ / > ) e

which yields (8.18). Next,

4
Wia = E(&¢€ Gi(t1)¢u(ta) ) dty dt
4 12A// 2011112) 1402

leN

<9 sup (Zaﬂﬁz t1)du(tz2) 2// Za?@(tl)@(h))zdh dty = O(N),
A

t1t2€A N oy leN

since, by (A2) and (8.2), we have
sup ‘Zalqbl t1) i (to ‘ = sup Zalqbl t1) <Ina}\)f<al sup ZQSZ t1) = O(NY?).

tit2a€A T oy HEA 1N BEENETY

This implies (8.19), which completes the proof of Proposition 2. Hence Lemma 8.4 follows.

Thus we obtain (8.5), which yields (8.4). Hence Theorem 2 (i) follows.

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No.3 2009



264 INGSTER, SAPATINAS
8.2. Lower Bounds for Theorem 1

The same scheme as used in the proof of the lower bounds of Theorem 2 can be also employed here.

Let C?r2 < (1 —6),6 > 0. It suffices to assume u2 = n?rt /2N = O(1). We take the Gaussian prior
7, = N(0, A?) that corresponds to the matrix A = a,, Iy with a2 = nr2(1 + 6)/N. Recall H1, Hs from
the proof of Lemma 8.1. Analogously to the proof of Lemma 8.1, we have

Er, Hy = a:N =nr2(1+96),
E;, Ho < C?a2N < nC?*2(1-6) <n,
Vary, Hy = 202N = O(1),
Var,, Hy < 2C%*alN = O(n?/N).
Since, by Chebyshev’s inequality, Var,, Hy = o((Er, Hi)?), k = 1,2, these yield 7, (V;,) = 1 + o(1).

Observe that relations (8.2) hold true with zy = a,,. Repeating the calculations in the proof of the
lower bounds of Theorem 2, we arrive at (8.4) with u2 = Na? /2 = n?r% /2N (1 + 6)2. Since § > 0 can
be taken arbitrarily small, this yields Theorem 1 (i).

9. APPENDIX 2: PROOF OF UPPER BOUNDS

9.1. Upper Bounds for Theorem 2

We consider the test sequence ¥ = 14y, >my based on the U-statistics U, with the kernel
K, (21, 22) of the form (4.9).

9.1.1. Type | error. Observe that K, (z1,22) = u,, 'W,, (21, 22), where W, is the kernel of the U-
statistics mentioned in Proposition 2. Applying Proposition 2, we get

U, 750 ¢~ N(0,1).
This yields
Eno() = Poo(Un < —H) =1—®(H) + o(1). (9.1)

9.1.2. Minimax type Il error. By (9.1) we have to verify that

sSup En,f(l - 7[)7[1{) = Ssup Pn,f(Un > H) = ®(H — up) + o(1). (9.2)
feF(rn) feF(rn)

1
v = \/nely hn(f) = 9 Z wn,lvlz-
leN

Lemma9.1. Uniformly over f € F,

Vary, ; Up = 1+ O(|Lf]I* + | £1I)-

Moreover, uniformly over f € F such that

1fll=0o(1), |fllsa=0(1), and hy(f)=0(Q), (9.5)
the statistics U, — hy(f) are asymptotically N'(0,1) under P, g-probability.
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Remark 9.1. Using Hélder’s inequality and (A3) with p = 4 + 26, § > 0, we get

IFIE < UAIUANG,  a=2/(0+1/8),  b=p/A+8);  Ifl < Iflp
Therefore, under (A3), Lemma 9.1 yields
sup Var, ;U, = O(1)  and  Var, U, =14+ O(||f|* + | fII) (9.6)
feF

uniformly over f € F, and
uniformly over f € F such that h,(f) = O(1) and || f|| = o(1).

Proof of Lemma 9.1. Let f = n~1/2 > ier vidn- Denote z = (z,t) with z = f(t) + &, { and ¢ are inde-
pendent, & ~ N(0,1), and ¢ is uniformly distributed on A. Since the terms of the sum in U-statistics are
identically distributed and uncorrelated, we have

n—1
2
where z1 and 25 are independent and distributed as z,
E, 1K, (21,22) = By x1202Gy (t17t2) = ETf(tl)f( t2)Gr(t1,t2)

= Z wnlET =n ! Z W, lvl

leN leN

En’fU = En,fKn(zla’ZQ))

Hence (9.3) follows.
Let us now evaluate the variance. Rewrite the U-statistics in the form

Un = Un0 + Un,l + Un,27 (97)

where

nk— E Knk Zuzj

" <ici<n
are U-statistics with the kernels K, ;.(21, 22) of the form
Kno = 6&Gn(t,t2),  Kng = (§1f(t2) + &2 (41))Gnltr, t2),
Koo = f(t) f(t2)Gnltr 1), Gltita) = > wnidi(t)di(t2),

leN

and the terms U, o, Uy, 1, and Uy, 2 are uncorrelated. Obviously,

En,fUn,O = nfUn 1= 0

En,fUn,2— anl</f ¢l dt> ~ hy, (f)

leN
Similarly to Proposition 2,
1
Varn,f UTMO ~ 9 //G%(tl, tg) dtl dtg Z Wy, =1.
A A IEN

Analogously, by (A2) and (4.7), and since max; wi,l = O(1/N),

Varn,f Un71 ~ 2 / / fz(tl)G?L(tl,tQ)dtldtQ
=2 [ () Y w07 () dt = O(|I £11*).
A/ (P63 utusto)
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Next,

Varn,f Un72 § //fQ(tl)fQ(tQ)Gi(tl,tQ) dtl dtg = An
A A

Let G,, be the integral operator in Lo(A) associated with the symmetric positive semidefinite kernel
Gn(tl, tg), ti,t9 € A, and

|Galloo = sup G f|| = maxw,y = O(N~/?).
If11<1 leN

Observe that, by (A2) and (4.7),
Gy, =sup Yy w107 (t) < N||Gnlloo,  GrlIGnllee = O(1).
tEA e
We have

An = z:wn,l//<l5z(151)¢l(752)1‘2(151)]‘2(162)Gn(151,152)dt1 dts
A

leN A

= an,l<f2¢laGn(f2¢l)> < Gl an,z|!f2¢zH2

leEN leN
— |Gl / S w07 (1) £ dt
A leN
< l1Gulesup (3 wnio?() [ 7o)

leN A
=[Gl GLIIF 1T = O F11D-

Hence (9.4) follows.
Using (9.7) and an evaluation similar to the above under (9.5), we have

Un - hn(f) = Un,O + Un,l + Un,2 - hn(f)a
where Uy, 1 — 0, Up 2 — hy(f) — 0in P, y-probability. By Proposition 2, the statistics U, o are asymp-
totically Gaussian AV(0,1). This completes the proof of Lemma 9.1.

Let b, (f) = O(1). Let us now evaluate || f||?, f € F. We have
IFIP=) 6 =4, +B, A=) 6 B,= > 6
lel <C/2 c>C/2
The second sum is controlled by
B, <4C™*) " cj0} <4C7? = o(1).
leL

The first sum is controlled by

AL < (4/3) Y (1= (a/C)*)6} = (4/3)(wa/n) Y wn vy

leN leN
= (4/3)(wn/n)hn(f) = O(hn(f))y

since, by (4.7) and (B1), we have w,/n = O(N'/2/n) = o(1). Therefore, by (9.6), we have in P, ;-
probability,

Un = ho(f) + Cns Cn — ¢~ N(0,1),
uniformly as h,(f) = O(1).
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Lemma 9.2.

inf A, = Uy,
fej:(Tn) (f)

Proof. 1t follows using general convexity arguments (see [14], Lemma 11 of [17], Proposition 4.1
of [18]).

Let us now evaluate type Il errors for a sequence f = f,, € F(ry). First, let h,(f,) — oo. Applying
Lemmas 9.1, 9.2, and (9.6), we have

= n,f( n,f_Uann,f_H)
< Var, ((Un)/(Eny — H)* = o(1).

Let hy,(fn) = O(1) (by Lemma 9.2 this is only possible for u,, = O(1)). Applying Lemmas 9.1, 9.2,
and (9.6) once again, we have
En (1 =4y) = By y(Un < H)
Pn,f( —-U,>E,;—H)
= Lo (Cn = > ha(f) = H 4 0(1)) = ©(H — hn(f)) + o(1).
Therefore,

_ . H — _ ] — _
fES]l__l(I:n)En,f(l Uy ) =P(H fel}lén)hn(f))+0(1) O(H — uy) + o(1).

This yields (9.2). Hence Theorem 2 (ii) follows.

This completes the proof of Theorem 2.

9.2. Upper Bounds for Theorem 1
Observe that the kernel (3.3) is of the form (4.9) with coefficients
wl7n:wn:\/2/N, leN.

Hence Proposition 2 is applicable to the U-statistics U,, with kernel (3.3) and yields asymptotic
normality N'(0,1) of U,, under P, . Thus we get (9.1). Analogously, we obtain Lemma 9.1 with

07
¢2Nl§/ b
[{h,(f) =O(1), f € F, then || f|| = o(1). In fact,

IFI2 = "0 <> 02 +C2 > cfor

leL leN c>C

< \/iNhn(f) +C7% = o(1).

These yield (9.2) for f € F such that h,(f) = O(1). If h,,(f) — oo, then it follows from Chebyshev’s
inequality and the boundedness of the variances that P, ;(U, > H) — 0 for H < chy,(f), c € (0,1).
Hence Theorem 1 (ii) follows.

This completes the proof of Theorem 1.
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