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6. Illustrative examples. Here, we briefly mention some illustrative
examples arising in various scientific fields that lead to the GSM (1.2) (or the
equivalent model (1.3)). The various models presented below are scattered
throughout the literature, see, e.g., [1], [2], [3], [5], [6] and [12].

e differentiation (f € L?([0,1]), periodic on [0,1], {¢k}ren being the
complex trigonometric system on [0,1]). The goal is to detect or es-
timate the m-th derivative f(t) = g™ (t) (for some m € N), based
on the observation of a trajectory {Y. = Y.(t)}, t € [0, 1], obeying
the Gaussian white noise model (1.1) with D = [0,1], H ={f : f €
L2([0,1]), fy f(t)dt =0}, H C L*([0,1]) and Af(t) = Ag™(t) = g(t).
This problem corresponds to a mildly ill-posed inverse problem since
b, — 0 (or, equivalently, o — c0) polynomially (with 5 = m) fast as
k — oo.

e the Dirichlet problem of the Laplacian on the wunit circle (f €
L%(]0,27]), periodic on [0, 27], {¢k }ken being the trigonometric system
on [0,27]). The goal is to detect or estimate the boundary condition
f based on the observation of a trajectory {Y: = Yz(¢)}, ¢ € [0, 27,
obeying the Gaussian white noise model (1.1) with ¢ in place of ¢,
D = [0,27], H = L*([0,27]) and Af(t) = u(ro,¢), where u(r,¢p),
r € [0,1], ¢ € [0,27], is the solution of the Dirichlet problem of the
Laplacian on the unit circle in polar coordinates with boundary condi-
tion u(1, ) = f(¢). This problem corresponds to a severely ill-posed
inverse problem since by, — 0 (or, equivalently, o — 00) exponentially
fast as k — oo.

YSome of the numbering that appears in this supplement corresponds to numbering
used in the article, Sections 1-5. Also, the references cited herein refer to the corresponding
references cited in the article. The extra references used, that are not cited in the article,
are given at the end of this supplement.
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e the heat conductivity equation (f € L?([0,1]), periodic on [0,1],
{¢k }ken being the complex trigonometric system on [0, 1]). The goal
is to detect or estimate the initial condition f based on the observa-
tion of a trajectory {Y: = Y.(z)}, = € [0, 1], obeying the Gaussian
white noise model (1.1) with z in place of t, D = [0,1], H = L?([0,1])
and Af(t) = u(T,x), where u(t,z), t > 0, € [0,1], is the solution
of the heat conductivity equation with periodic boundary conditions
and initial condition «(0,z) = f(x). This problem corresponds to an
extremely ill-posed inverse problem since by — 0 (or, equivalently,
o — o0) power-exponentially fast (with v = 2) as k — oc.

e deconvolution (f € L*([0,1]), periodic on [0, 1], {¢x } xen being the com-
plex trigonometric system on [0, 1]). The goal is to detect or estimate
the response function f based on the observation of a trajectory {Y: =
Y.(t)}, t € [0,1], obeying the Gaussian white noise model (1 1) with
D =1[0,1], H = L*([0,1]) and Af(t) = (g )(t) = [, f(u)g(t —u)du,
i.e., A is the convolution operator on L?(0, 1]), where the unknown
kernel (or blurring function) g € L2([0,1]) is also periodic on [0, 1].
This problem corresponds to a mildly, severely or extremely ill-posed
inverse problem, depending on the decay of by, = |vk| to zero as k — oo,

where v, k € N, are the Fourier coefficients of g.

REMARK 6.1.  We mention that the GSM (1.2) can also arise in comput-
erized tomography, see, e.g., [1], [2]. However, the methods used in this Sup-
plement to study asymptotics in the considered ill-posed inverse problems
cannot be directly applied to deal with minimax hypothesis testing in this
particular problem (for the explanation, see Remark 4.2 in [9]). Arguments
and techniques used to tackle this problem and to derive analogous results
with the ones obtained in this article and the Supplement, were specifically

developed in [9], for g = 2.

7. Mildly ill-posed inverse problems with the class of analytic
functions. (A family of asymptotically minimaz adaptive consistent tests
of simple structure.) A family of asymptotically minimax consistent tests of
simple structure, that is also adaptive, in the sense that it does not depend

on the unknown parameters «, § and ¢ € (0, 2], is constructed as follows.
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Let a compact set ¥ = {(a, )} C R2 be given. Denote by O, , (1) the
set under the alternative given by (2.4) with r = r.(«, 8) and ¢ = 2. Let
Ug o 3(1) be the value of the extreme problem (3.1) for the set ©. = ©, o 5(7).
Observe that, for a; = exp(ak) and o, = k?, k € N, a > 0, 8 > 0, and for

e small enough, in view of (4.7),
clog(e™") < me(a, f) < Clog(e™),

as

sup [ log(ue,a,5(r:(a, 8)))| = o(log(e ™)),
(a,B)EX

where the constant ¢ and C' satisfy

0< max a ' <C, 0<ec< min a '
(,8)€X (a,8)€X

Set

(7.1) us (%) = (a,ig)feil ua,oz,ﬁ(rs(a>5))'

THEOREM 7.1. Let ap = exp(ak) and o, = k5, k € N, a > 0,
B > 0. Consider the GSM (2.2) and the hypothesis testing problem (2.3)
where O, () denotes the set under the alternative given by (2.4) with
r=re(a,B) and q = 2, and let r-(c, B) be taken in such way that u.(X) in
(7.1) satisfies u(X) — oo. Then, the family of tests e m = Wy .~y with
tem given by (5.1) andm = Clog(e71)+O(1) € N, m > Clog(s1), is adap-
tive and asymptotically minimax consistent, i.e., ae(Ye ) — 0 as H — o0
and one can take H = H, — oo such that B:(Ye,H,Oc 0 5(r:(a, 5))) — 0,
uniformly over (a, ) € X. In view of the embedding (4.8), these hold true
uniformly in q € (0,2].

The proof is given in Section 11.8.

REMARK 7.1. As stated in Theorem 7.1, the family of tests
¢51H:H{t57m>H} with t.,, given by (5.1) and m = Clog(e~!) + O(1) € N
is adaptive with respect to the unknown parameters o, § and ¢ € (0,2].

Furthermore, there is no price to pay for this adaptation, meaning that both
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non-adaptive and adaptive procedures for the considered ill-posed problem
share, asymptotically, the same separation rates. However, this is usually
an exception to the rule and in most cases there is a price to pay for the
adaptation which is usually appear in the form of an extra log-log factor in
the separation rates. The study of adaptivity in the remaining considered
ill-posed problems and the construction of appropriate rate optimal families

of tests is the theme of the article, Section 5.

8. Mildly ill-posed inverse problems with the Sobolev class of
functions. (A family of asymptotically minimax consistent tests of simple
structure.) If u. — oo, then one can construct a family of asymptotically
minimax consistent tests of simpler structure than (3.3). Indeed, observe
that, by (11.10), one has

7n2

- £
- 52\/7710%’

where [m] is the integral part of m. Hence, for an integer-valued family

(8.1)  ream ~cf, ca=ci(a,B) > 1, wue m=[m] €N

m = m. — 00, one has

7.2

— 1>
g2 \/%afh

For each m € N, consider the following families of test statistics and tests

(8.2) am+17e > B+o(l), B>1, wu.

1 m
(8.3) tem = \/ﬁ Z((yk/E)Q - 1), VYem = ]I{ts,m>H}‘
k=1

THEOREM 8.1.  Consider the GSM (2.2) and the hypothesis testing prob-
lem (2.3)-(2.4) with q=2. Let aj, = k* and o, = k°, k€ N, a > 0, 8> 0.
Let the value ue of the extreme problem (3.1) be determined by (11.10),
and assume that u. — oo. Then, the family of tests (8.3) with m = m
satisfying (8.2) and H = H. — o0, is asymptotically minimaz consistent,
i.e., ae(Vem.) — 0 and there exists ¢ > 0 such that B (Ve m.,0:) — 0 as
H. < (c+o(1))u..

The proof is given in Section 11.4.
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9. Extremely ill-posed inverse problems with the class of gen-
eralized analytic functions. (A family of asymptotically minimaz con-
sistent tests of simple structure.) The family of tests given by (3.3) are
determined by the sequence {wy}ren given by (3.2) and are rather compli-
cate. Furthermore, as revealed in Remark 4.13, the condition wy = o(1) does
not hold under assumption (4.10) and, hence, these families of tests are rate
optimal only. We describe below another rate optimal family of tests that is
of simpler structure.

This procedure is determined by a family m = m(r.) such that r. € AY, =
[1/am,1/am-1], m € N, m > 2. Take o € (0,1) small enough and consider
the collection T}, ,, 1 < k < m, such that
(9.1)

Tonm = Tmm—1 = o~H((1 - /6)), Tk = (1= ca/(m -k —1)%),

where ¢ is taking in such way that 3.7 2k~2 = 1/(6¢). (Note that this
yields Y70 (=T 1) = /2.)

Consider now the following families of events and tests
(9.2) Vea={y:lyel > eTnp, k=1,2,....m}, theo=1.y,_,.

THEOREM 9.1.  Consider the GSM (2.2) and the hypothesis testing prob-
lem (2.3)-(2.4) with g = 2. Let {ay }ren and {0k }ken be increasing sequences
satisfying (4.10). Then, the family of tests given by (9.2) with the collec-
tion Tk, 1 < k < m described by (9.1) is asymptotically minimaz consis-

tent, i.e., ae(Ven) < a and one can take ub™ = ul™(r.) — oo such that

Be(Ye,a, O(re)) — 0.
The proof is given in Section 11.10.

REMARK 9.1. It is evident that the statement a.(1): ) < o in Theorem
9.1 holds uniformly for each € small enough such that r.as < 1. From the
proof of Theorem 9.1, it is also evident that this statement does not depend

on the assumption (4.10).

10. Possible extensions. One can consider a wider class of sets under

the alternative, than the one given by (2.4), i.e., the set under the alternative
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be determined by the following conditions

(10.1) 0. =Op(r)2{ne® Y |aopml’ <1, Y |owml? > 12}
keN keN

(in other words, we separate the alternative hypothesis from the null not

in the [2-norm but in the IP-norm), where 0 < p,q < oo, with standard

modifications for the case p = oo and/or ¢ = co. In what follows, we discuss

appropriate methods for the study of these problems and mention some

theoretical results.

Observe that for p = ¢ = 2, the proof of Theorem 4.1 (see Section 11.1)
is based on convexity arguments after the transform uy = |nx|?, k € N. A
similar property holds true for the cases p € (0,2], ¢ > p, after the transform
up = |nkl?, v, k € N. In particular, if there exists an extreme sequence in
the extreme problem (3.1), then this determines sharp or rate asymptotics,
and centered and the normalized (under Hy) weighed x? test statistic (3.3)
determines sharp- or rate-minimax tests. However, the extreme problem is
more complicated for p # 2, q # p. For the polynomial case ay = k%, o =
k% k€N, o, 8 > 0, and the exponential case a = e**, o, = ¥, k € N,
a, f > 0, similar and related problems were studied in [11], Section 4.3.

However, if either p > 2 or p > ¢ (for instance, if p = 2 > ¢, as in Section
4.7), then the extreme problem (3.1) is not reduced to a convex problem.
Below, we shortly describe the key ideas in order to get a convex problem
(see [11], Chapters 5 and 6, for more details).

Setting vy, = mx/e, k € N, Vo = {n/e, n € ©.}, = = y/e, let us try
to find the asymptotically least favorable priors of product type 7¢(dv) =
[I;en ek (dvy) that correspond to a sequence of priors 7. = {7} on R.
Here, we consider a sequence 7 as elements of the linear space of singed
measures with Hilbertian structure generated by the positive semi-definite

bilinear form
(m,7) = %(Wk,rk); (m,r) = /R/R(e *— Dr(dt)r(ds),

which is generated by the likelihood ratio. Namely, let 7 = 7 (dt),r =

r(ds) be one-dimensional measures and let P;, P, be the mixtures of
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one-dimensional Gaussian measures P, = N(¢,1), t € R, ie., Pr(dr) =
[ P,(dz)m(dt) (and similarly for P,). One can easily see that

wn =6 () (a7 )

We factorize this space by the equivalence ady ~ 0, a € R. The bilinear

form is positive-defined on the factor-space. Let II be the set of sequences 7
that consists of probability measures. One can identify this set with the set
of corresponding cosets in the factor space, see [11], Section 3.3.3, for more
details.

For the product prior m(dv) = [[cn mr(dvr), T € II, we have the following
inequality for the variation distance

(825 ) = (1) = ()

- TR ( -7+

< e (3 (G -1)) - 1=exp(lalP) - L

keN

This yields that the Hilbertian norm ||7| determines the non-
distinguishability conditions in the Bayesian problem, and if the priors #®
are asymptotically supported on V. (i.e., #¢(Vz) — 1), then the relation
|7=|| — O yields non-distinguishability in the minimax problem. One can
show that, under suitable assumptions on the sequence 7., the quantity ||7¢||
determines the parameters of the asymptotic normality in the Bayesian log-
likelihood ratio for the priors <, i.e., log(dPre /dPy) ~ N (—||7:||?/2, [|7]?)
under Py-probability. These yield the following asymptotic lower bounds for
the error probabilities in the Bayesian problem (testing Py against Pye)

(10.2)  Be(a) = S(H — 7)) +0(1), e > 2®(—||7||/2) + o(1)

(with similar inequalities for the minimax problem if 7¢(V.) — 1). Therefore,
in order to get “asymptotically best” lower bounds, we have to minimize ||7.||
over the sets of sequences 7. such that product priors ¢ are asymptotically

supported on V..
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Introduce now the set

={Tell: Y obEn |t > (re/)P, Y afofEq |t <77},
keN keN

with standard modifications for the case p = co and/or ¢ = co (observe that
I1; is a convex set), and consider the following extreme problem, analogous
o (3.1),

(10.3) ue = 1nf |7].
Often, one can take product priors 7€ such that
]l = e+ o(1), 7(V2) = 1.
This yields the following lower bounds in the minimax problem
(10.4)  B-(0z,0) > S(H™ —u.) +0(1), 7=(0:) > 28(—u./2) + o(1).
In order to obtain the upper bounds, let us consider tests 1)z o based on the

o) = I Y (Gt 1))

keN

statistic

One can check that
Eo(lz) = 0, Varg(lz) = 1, Ey(lz) = (7,0)/[7]| = (dv,7),
where 7 = 7/||7||, and &, = {dy, }ren € Il.. Under the additional relations
(10.5)  Var,(lz) =1+ 0((6,,7)?), Iz — &~ N(0,1)under Py,
(10.6) Iz — (04, 7) — € ~ N(0,1)under P,, v € V- : (6,,7) = O(1),
we then get, for the tests ¥z g = I;. > H,
a(zm) = O(—H) +o(1), Be(n,¥ru) = ®(H — (3u,7)) + o(1),

and we have to take 7 in order to maximize h(7) 2 inf,cv. (0, 7). By con-

vexity and applying formally the minimax theorem, we get

sup inf (6,,7) > sup inf (7,7) = inf  sup (7,7)
FeIl:||r||=1vEVe Fell:||r||<1 7€l m€lle Ferr:||r| <1

= f = Ue.
nf (7] = .
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Therefore, taking tests 1. g which correspond to extreme sequences 7. in
(10.3), we have

(10.7) B(Oc, ¥r.i) < P(H — uc) +o(1).

Comparing (10.2) and (10.7), we get the sharp Gaussian asymptotics of the
form (2.8).

Therefore, it suffices to verify only the relations (10.5) and (10.6) for the
extreme sequence in the extreme problem (10.3). One can show that this

sequence consists of symmetric three-point measures
h
Thy,ze = (1 - hk)(S(] + ?k(é—zk + 5Zk)7 hi € (07 1]7 2,p >0, keN

(two-point measures for hy = 1, k € N), see [11], Section 5.4. Therefore,
the extreme problem (10.3) is reduced to the extreme problem (4.15) with
constraints similar to (4.16), and the statistics lz_ are of the form (4.21) (if
hi = 1, k € N, then the extreme problem (10.3) is reduced to an extreme
problem similar to (3.1), and the statistics Iz, can be replaced by (3.3)). The
assumptions (10.5)-(10.6) can be verified (for slightly modified test statistics
combined with thresholding (4.20)) under some constraints on the extreme
sequences z and h (roughly speaking, it suffices to consider a sequence z,
k € N, that is bounded or tends to infinity not too fast).

Thus, one has to study an extreme problem similar to (4.15)-(4.16), and
to verify the required properties of the extreme sequences z and h as well
as other required assumptions. These were done in [11] for the polynomial
case a = k®, o, =k?, k€N, a >0, 8 > 0, with [%-ellipsoids (bodies), ¢ €
(0,2], for Sobolev classes of functions. Gaussian asymptotics were obtained
(namely, “dense” and “sparse” type of asymptotics).

The dense type of Gaussian asymptotics corresponds to the case when

the “main mass” of the extreme sequence 7. corresponds to hy = 1, k € N.

2

2 < mz§, where the “efficient value”

In this case, we have the rate relations u

20 = 20,c and the “efficient dimension” m = m, satisfy
mPHP Ly < re /€, mOtAT e, — 1/e

(these holds for instance for p = ¢ = 2). For the sparse type, where the “main

mass” corresponds to h, € (0,1), k € N, we have the relation u? < nh%,
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where the “efficient sparsity” hg = ho and the “efficient dimension” n = n,

satisfy
n5+1/ph(1)/p = r. /e, na+ﬂ+1/qh(1)/q = 1/e

(these holds for instance for p = 2 > ¢ > 0). The separation rates r} =
r¥(a, B, p, q) are determined by the relation u. =< 1. Observe that zg =< m~1/4
for the dense type and hg =< n~1/2 for the sparse type, when u. < 1.

There are regions of parameters («, 3,p,q) where the Gaussian asymp-
totics do not hold (the main reasons are that either u. = 0 or the extreme
sequence 7. do not exist). We have different types of asymptotics in these re-
gions. The most interesting seems to be the “degenerate” type: the Bayesian
likelihood is not asymptotically Gaussian but asymptotically constant (these
holds for instance for the case p = 00). The asymptotically minimax tests
wga are of the form (4.22) and do not depend on («, 3, p, q) from the region
of degenerate asymptotics. The division of the set of («, 3, p, q)-values (in
terms of the parameters r = (3, s = a + ) to the regions of various types of
asymptotics is given in [11], Section 6.4.

Finally, let us compare the separation rates r3(a, 3, p,q) with the rates
R. = R.(«, 8,p,q) of accuracy in the estimation problem for the loss func-

tion determined by a similar norm of [P-type, i.e.,
1/p
R. =inf sup (E&77 Z kP (7, — nk)\p> , 0<p< oo,
n 77€®q,o¢+[3 keN

where the infimum is taken over all possible estimators 7 of 7, the later

belonging to the following class of sequences

IN

@q’OH”B = {T] c l2 . Z ’k(a+ﬁ)nk‘q
keN

1}, 0<g<oo

(with standard modification for the case p = oo and/or ¢ = o0). Using
known results on the asymptotics of R.(«, 3,p, q) (see, for instance, Delyon
& Juditsky (1996), Donoho et al. (1995), Lepski et al. (1997)), one can see
that

ri(a, B,p,q) < Re(a, B,p,q) for the regions of Gaussian asymptotics
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and
rX(e, B,p,q) < Re(c, B,p,q) for the region of degenerate asymptotics.

We believe that a similar study is possible for a wider class of ill-posed
inverse problems (for instance, the exponential case aj, = e®* and/or o}, =
Pk keN, a, B> 0, for various l, and l;-norms, 0 < p,q < oo, considered
in the set under the alternative). This is a possible topic of future research

that we hope to address it elsewhere.

11. Proofs. We present below detailed proofs of Theorems 4.1-4.9, The-
orems 5.1-5.4, Theorems 7.1, 8.1 and 9.1, along with detailed proofs of the

auxiliary statements used in their proofs.

11.1. Proof of Theorem 4.1. To prove the theorem, we utilize techniques
and results presented in Chapters 3 and 4 of [11] for minimax hypothesis
testing in infinite dimensional settings. In particular, in order to get the lower
bounds, we replace the minimax problem by a Bayesian one. Let m = 7. be
a prior (probability measure) on the sequence space such that 7(©(r;)) =
1. Let P.r = Ex(P.,) be the mixture over 7 and L., = dP./dP.y =
ErdP.,/dP: be the likelihood ratio. Denote by 8(Py, Pi, o), (P, P1) the
minimal type I error probability for a given level o and the minimal total
error probability, respectively, for testing the simple null hypothesis Hy :
P = Py against the simple alternative hypothesis Hy : P = Py, for the
measure P of the observations. It is well known (see, e.g., [11], Section 2.4.2)
that, for any « € [0, 1],

(11.1)

1
55(9(7"5), a) > B(PS,Oa P. ., O‘)a ’75(@(7"5)) > V(Pe,o, Ps,fr) = 1*§HP5,0*P5JH1,

where || Pz — P: x||1 = E-0|Lex — 1] is the variation distance. Therefore, as
e — 0, in order for 7.(O(r.)) — 1, it suffices || P. o — P x||1 — 0. Since

||P€,0 - PE,WH% < ||P€,0 - PEJ"H% = Ee,O(Ls,Tr)Q -1,

it suffices E. o(Lc x)? — 1. By (2.5), this leads to 3:(0(r:)), @) — 1—a. Also
the relation E. (L. .)? = O(1) implies liminfv.(r:) > 0 and B:(r-, @) >
1 — «a for any «a € (0, 1), see [11], Proposition 2.12.
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To proceed, we need a definition. A set V' is called sign-symmetric (or
orthosymmetric) if v = {v; }ieny € V, then © = {£v;}ieny € V for all changes
of signs of the coordinates. Observe now that ©(r;) is a sign-symmetric set.
For n € O(r.), let us consider the product prior m. = [], 7.k, Where
ek = %(5% +0_y,), k € N, are symmetric two-points priors. Note that,
7e(©(r:)) = 1 by the sign-symmetric condition. Let Pe(,]:])k be the measure for
Yk = Mk + €&k, &k ~N(0,1), k € N, and

Ié?k = dfg%k/dfio = exp((—nj /2% + meyr/<?)),
LE) = Ep (L)) = e /% cosh(ym/<?).

Simple calculations give E&O(E,rk(Lgfgk))2 = cosh(n?/e?), k € N. There-
fore, using the inequality cosh(t) < exp(t2/2) (which follows from Taylor’s

expansions), we have

Eeo(L2,) = Eeg [] Ex (LE))? = [] EeoBr (LE),)?
keN keN
= Hcosh n?/e?) < exp(e 4277k/2
keN keN

if u2(n) = 2e7* Y, cn i — 0, and in order to get the best n € O(r.) we use
the extreme problem (3.1). Also if uZ(n) = O(1), then we get E.o(L2,) =
O(1). This completes part (1)(a) of the theorem.

In order to get the sharp lower bounds, take 7 that corresponds to the

extreme sequence 7). of the problem (3.1). In order to get the relation
Be(Pe, Pre, ) 2 ®(H' — ) + 0(1), 7(Peg, Per) 2 20(~ue/2) + 0(1),
it suffices to show that

(11.2) 10g(Ler) = —uZ/2 + ucte + b,

where u; = u.(7:) = O(1) and & — £ ~ N(0,1), §: — 0 in P o-probability
(see [11], Section 4.3.1). Setting x. = yr/e, Ve = Te /€, k € N, we note
that >, o v;“?k = 2u2. We have

log(Lex) = Y (=02 /2 + log(cosh(ze rve 1))).
keN
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Using the inequality
|log(cosh(t)) — t2/2 + t1/12| < Bt5, t € R,

for some B > 0, we have (11.2) with §. = 6.1 + Jc 2, where

1
Z Vp(al, = 1), 0en= ﬁ Z v (3 —al,),

keN keN

1
56_

N 2u,

6 6
‘5572| < 6573 =B § :Us,kxa,k'
keN

Since z. ~ N(0,1), k € N, under P, the relations 6.1 — 0, dz.2 — 0
follow from E; gd.1 = 0 and, for some constants B; > 0, [ =1,2,3,4,

8 4,2
Vare o0:1 = B1 sz,k < Byucwg = o(1),
keN

E. 0.3 = Bs Z vgk < B4ug’wg = o(1),
keN

since 0.3 > 0. Also, E.of: = 0, Var.p{ = 1 and the asymptotic
N(0,1) normality of & under P, follows from Lyapunov condition: if
Zel = ’Uik(éltg’k — 1) then EkeNEE,O'Zg,k/(Zk E&O,zg’k)2 < Bw3 — 0 for
some B > 0. This completes the lower bounds of part (1)(b) of the theorem.

In order to obtain the upper bounds let us calculate the expectations
and variances of the statistics t. of the form (3.3) for a sequence wy =
i/ ue, wi, >0, k€ N, S, qw? = 1/2; woy = supyey wy € (0,27Y/2], where

7j and u? are the extreme sequence and the extreme value in (3.1). We have

(11.3)  Begte =0, Varcgte=1, Eegte=¢ 23 wpnly =: he(n),
keN

(11.4)  Varc,t. =1+ 472 Z wing; 1< Vare yt. <1+ 4he(n)wo.
keN

The key point is the following lemma.

LEMMA 11.1.
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Proof. Denote 7, = 77,3, T = ﬁ,%, k € N, w = {wg}reny and consider
the set T = {7 = {7p}ren : 7 = {M}ren € O(r)}. Observe that T is a
convex set (i.e., O(r:) is a quadratically convex set) in the sequence space
Iy and h.(n) = e 2(1,w) = e~ 2(1,7)/(V2||7|]), where (-,-) and || - || stand,
respectively, for the scalar product and the norm in l,. We have to check
that G := inf ey (7,7) = |7, where

11.5 TeY 7|| = inf .
(11.5) 7eT, |7ll= if |7l

First observe that G < ||7|? since 7 € T, and it suffices to check that
G > ||7||*>. Suppose there exists 79 € T such that (m9,7) < ||7||?, which is
equivalent to r := ((19p — 7),7) < 0. Consider the interval 7(¢t) = 7 + t(19 —
7), 7(t) € Y for all ¢t € [0, 1], by convexity of Y. We have, for ¢ € (0,1) small
enough,

IT@1 = 1717 + 2tr + |70 = 7* < ||7]1*.

This contradicts to (11.5). The lemma now follows.

Return to the proof of the upper bounds. Let u. — oo. Then, applying
the Chebyshev inequality and (11.3) we have, for H — oo,

Var, ot.
2
For the alternative hypothesis, applying the Chebyshev inequality once

— 0.

a€(¢6,H) = PE,O(tz-: > H) <

again, (11.4) and Lemma 11.1, we have, for H = cu., ¢ € (0,1) and uni-

formly over n € O(r¢),

55(77, ¢5,H) = Pz—:,n(ts < H) = Pz—:,n(hs("?) —te > hs("?) - H)
Var, ,t. - 1+ dwohe(n)

(he(n) — H)? = ((1 = ¢)he(n))?
This completes part (2) of the theorem.

Let u. < 1 and wy = o(1). Observe that t. = £ where & is the statistic
from the proof of the lower bounds, and it was shown that t. is asymptoti-
cally standard Gaussian under P . This yields a. (e n) = ®(—H) + o(1).
In order to evaluate type II error probability, let us divide the set ©(r;) into

— 0.

two sets

65,1 = {77 S G(Ts) : hs(n) < hs}a 65,2 = {77 € @(7’5) : hs(n) > hs}a



DETECTION IN ILL-POSED INVERSE PROBLEMS 15

where h. — oo, h.wy — 0. Similarly to evaluation above, we get
SUp,co, , Be(Ve 1, m) — 0 for any H = O(1). Let € O 1. By (11.4), we have
Vare ,;te = 1+ o(1). Observe that the statistics t- = (t- — he(n))/+/Vare pt-
are asymptotically standard Gaussian under P ;. This follows from Lya-
punov’s condition, since t. — h-(n) = > cn fgyk, where fak are independent
and P. ,-distributed as wy, (& — 1 + 2v&y), where v, = g /e, & ~ N(0,1),

k € N. Therefore, one has, for some constant B > 0, uniformly over n € ©, 1,

74 4 4 4
Eenter, < Blwy +wyvg),

2
St uted) < wd Y wd 4l (z w)
keN keN keN

< 2 212

~ w0/2+’w0ha—>0.

It also follows from the asymptotic normality of 7. that, uniformly over
RS 9571,

66(7771/1&71{) = P.,(t: < H) = Pa,n(ie < (H - ha(n))/\/varemta)
= B(H — he(n)) + o(1).

By Lemma 11.1 and evaluation over n € O, 2 above, we get

B(O(re), Yem) = ®(H — inf he(n)) +o(1) = ®(H — u) + o(1).
n€B(re)

Taking H = H® and H = u, /2, it completes the upper bounds for part
(1) (b) of the theorem. The theorem now follows.

11.2. Equations (4.1)-(4.2). The equations (4.1)-(4.2) are immediately

rewritten in the form
(11.6) r2=220, 1=zA"1J,,
and, hence, the extreme problem (3.1) takes the form

(11.7) ul =e23.0y/2,
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where

J1o= Za,‘i(l—Aai)Jﬂ

keN
Jo = A aioi(l - Ad})+,
keN
Jo = J1 — Jg = 20%(1 — Aai)a_

keN
It is also convenient to rewrite (11.6) and (11.7) in the form
Jl re\ 4 J()
11.8 24 2:(£) o
( ) TE J2 uE c 2J12
Note that the first equation in (11.8) is used to calculate A.

11.3. Proof of Theorem 4.2. Set A = m™2% in (4.1); the quantity m =
m. determines the efficient dimension in the problem. Then, the extreme

sequence (4.1) in the extreme problem (3.1) takes the form
(11.9) i = BKP( = (kfm)?)y, 1<k <m,

while the equations for zy = z9., m = m, and u. take the form (11.7),
(11.8), where

PO ON!

1<k<m
e GG
b= om0 () 0-6))

We consider the situation m — oo and r. — 0 as € — 0. Let us now find
the asymptotics of the sums Ji, Js and Jy as m — oo. Replacing the sums

Ji, Jo and Jy by integrals, after some calculations, we have, as m — oo,

7 2c 4
! 4B+ )48 +2a+1)
2c
Jo ~ = ds,
2 (da+48+ )48 + 20+ 1) = 7

8a?

Jo (48 +1)(4a + 48+ 1)(48 + 2a + 1)

= dp.
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These yield

(11.10) P~ MY, U2 ~ cgedplatiBtl)/a

where ¢; = (di/d2)"/CY, ¢y = (dy/dy)*PHD/CNd,/(2d3). Hence, the
value u. of the extreme problem (3.1) and the efficient dimensions m = m.

satisfy
(11.11) Up ~ C;/QS_Q(01/m>(4a+4/8+1)/2, m~ ¢ <€4ug/02)—1/(4o¢+4ﬁ+1).

Observe also that, for the extreme sequence determined by (11.9), one has

~9 2,.,208
max Bzgm
wy = 1<k<m g 0 =m Y250, B>0.

/ — 52,2B+1/2
22]:‘”/:1 ﬁé Zom B+/

The theorem now follows on applying Theorem 4.1.

11.4. Proof of Theorem 8.1. To prove the theorem, we need the following
proposition. (Note that its validity is true for a wider class of sequences

{ak }ken and {og }ren, which cover all ill-posed inverse problems of interest.)

PROPOSITION 11.1.  Let {a}ren and {og}ren be positive increasing se-
quences. Assume that there exists B > 1, a >0, m =m. € N, g9 > 0 such
that, as 0 < € < €g,

2
i _are
(1112) TeQm+1 > B, Uue < 82\/%0'271‘
Set
1 m
11.13 hai(n) = 2 s = inf hy(n).
( ) m(n) 52\/%;17719 m nEO. m(n)

Then, there exists b= b(B,a) > 0 such that hy > bus as 0 < € < gg.
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Proof. By definition of O, since the sequences {ay}reny and {ok}ren
increase as k — oo, and by (11.12), we have, for n € O(r.),

m 1 m 1 0o

2 2,2 2 2, 2
St > 3o (2 Y ai)
k=1

2 2
m =1 m k=m+1

V

1 2 1 — 2 29 1 2 1
Z 5 |TE 3 Z Aok | = 5 | 7: — 3
T Bl gt T Bl
2 2
gy = 1oL ) SME gy
O Telmai1 O,
Therefore, we have
b1T2

(11.15) ho > S >bu, b=0b/(v2a).

e2v/2mo?,

The proposition now follows.

We are now ready to prove Theorem 8.1. By the asymptotic normality
of ts under Py, as m — oo (see [11], Lemma 3.1), we have a(¢. g) =
®(—H)+o0(l) =0 as H=H.— oo.

In order to evaluate type II error probability for the test 1. pr, take hy (1)
and hy, as in (11.13). By the asymptotic normality of ¢z — hy (1) under P, .
as m — oo (see [11], Lemma 3.1), we have
(11.16)

Be(n, e mr) < O(H — hm(n)) + o(1), ﬁE(eeﬂpa,H) < ®(H — hpy) +o(1).

Proposition 11.1 implies that Sc(¢e n.,0:) =0 as H. < (c+o(1))u. —

00, ¢ € (0,b). The theorem now follows.

11.5. Proof of Theorem 4.3. We first consider the “standard” case g = 2.
Let the efficient dimension m = m. be determined by A = exp(—2am) in
(4.1). Then, the extreme sequence (4.1) in the extreme problem (3.1) takes

the form

(11.17) it = 22 exp(2Bk)(1 — exp(2a(k —m)))y, 1<k<m,
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while the equations for zy = z9., m = m, and u. take the form (11.7),
(11.8) where

Jo= Y ep(Bh)(1 - expa(k —m))),

1<k<m
Jo = exp(—2am) Z exp((2a + 48)k)(1 — exp(2a(k — m))),
1<k<m
Jo = 11— Ja= Z exp(48k) (1 — exp(2a(k — m)))2.
1<k<m

We consider the situation m — oo and r. — 0 as € — 0. Let us now find the
asymptotics of the sums Ji, Jo and Jy as m — oco. After some calculations,

we have, as m — oo,
J1 =< Jy < Jy < exp(48m)
and, hence, using (11.8), we get the the relations
(11.18) re < exp(—am)), u? = e dpdath/a

Hence, the value u, of the extreme problem (3.1) and the efficient dimensions

m = m, satisfy

o _ 2log(e™) — log(ue)
(1L19) ue < e exp(=2(a+ f)m), m= =077

Hence, the “standard” case ¢ = 2 for the theorem follows on applying The-

+0(1).

orem 4.1.

Consider now the “sparse” case ¢ € (0,2). The embedding (4.8) yields
Y(1,04(r:)) < (¥, 02(rs)). Therefore, it suffices to establish the lower
bounds. Take m = max{k : r.exp(ak) < 1}, and consider the vector n,,
that contains only one non-zero coordinate, the value z, = r.exp(—pAn)
at position m. One can easily check that 0, € ©4(r.) for any ¢ € (0,2).
Therefore, one cannot distinguish between Hy and H; if z, = o(e), which
is equivalent to r. = o(r¥), where r} is obtained by combining u. =< 1 and
(11.18). In view of the above and the results for the “standard” case ¢ = 2,
the “sparse” case ¢ = 2 for the theorem also follows. Hence, the theorem

follows.
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11.6. Proof of Theorem 4.4. We first consider the “standard” case g = 2.
Let the efficient dimension m = m. be determined by A = m™2% in (4.1).

Then, the extreme sequence (4.1) in the extreme problem (3.1) takes the
form

(11.20) i = 23 exp(26k) (1 — (k/m)**),, 1<k <m,

while the equations for zy = z9., m = m. and u. take the form (11.7),
(11.8) where

Bo= Y exp(4kB) (1—@)2&),
1<k<m
o= 3 oolds) (7’;)2 (1—(7’72)%),

Jo = Ji—Jo= Y exp(4kp) (1_<T;;>2a>2

1<k<m

We consider the situation m — oo and r. — 0 as € — 0. Let us now find
the asymptotics of the sums Jy, Jo and Jy as m — oo. Take § > 0, § — 0,

such that m§ — oo, md > log(m), mé? — 0 as m — oo. Set k = m — [.
Then,

S = Yoo D (1 - (1 - l>2a)

m
1<k<m, l=m—k

m _ 2l
= i 3 (2 o m?))

m(1—06)<k<m, l=m—k

+ ¢tmB 3 e 4B (1 - (1 - l>2a)

m
1<k<m(1-6), l=m—k
= exp(4mp)(A+ B).

For the term A, we have
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Set t = exp(—4/). Then, the sum A; can be rewritten in the form

Ay = Ai(m, B) = exp(—48) ( > t), =<1,

m(1-8)<k<m, l=m—k
where (); denotes differentiation with respect to t. Therefore,

A _ 205141(”%5) +

—2y _ . —1
o O(m =) =xm .

For the term B, we have

B

3 exp(—410) (1 - (1 - 7;)2&)

1<k<m(1-6), I=m—k
= O(exp(—4pmd)) = o(1/mF), k e N.

Hence, combining the two terms, we get the asymptotics

_ 2acexp(48m)Aq(m, 6)(1 +O(m1)) = exp(46m)'

m m

J1

For the asymptotics of Jo, let us first rewrite it in the form

Jo=—Ti+ > exp(45k:)(1 _ (2)“) — —Ji(e, B) + 1 (20, B).

1<k<m

The asymptotics of Jq(2«, ) are studied similar to ones of J; = Ji(a, f),
and we get

Jo = 2am™ e Ay (m, B)(1 + O(m™1)) ~ J1.

For the asymptotics of Jy, we use the second order Taylor’s formula to

get
2 2 3
2 200 — 1
<1—l> =1- al+a(a2)l —G—O(lg).
m m m m
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Repeating the considerations that we used for J;, | = m — k we have for

o = expldmb) ‘;‘;2 S exp(—419) (z%o(i))

m(1—6)<k<m m
+ O(exp(4mp(1 —9)))

4 2
= exp(4mp) % Z exp(—418) 12 + O(m™®)
m m(1-96)<k<m

+ o(exp(4mB) m~3)

o2
= exp(4dmp) <Z71TL2A2 + O(m_g)) + o(exp(4mB) m™3).

Taking derivatives as in the calculation of A;, we get Ay = As(m, ) < 1,

which implies
exp(4pm)
Jo = ST
m
Thus, using (11.8), we obtain the following asymptotics

4 4
gy SRABM) L exp(m)

m m?2

J, B
r2 = m% <1—|—JO> = m 2 <1—|—>, B =1,
1 m

and, hence, we get the relations

bl

(11.21) rc=m 4+ 0(1), ul=<etrlexp(—48rc ).

Hence, the value u. of the extreme problem (3.1) and the efficient dimensions

m = me satisfy

(11.22) ul ~ e7tmT exp(—4mpB) Az /(247),
2log(e™!) — 2aloglog(e~t) — (log(ue.)
20
where D < 1 hold true uniformly over («, ) € X for any compact set
Y C (0,00) x (0,00). Hence, the “standard” case ¢ = 2 for the theorem

follows on applying Theorem 4.1.

(11.23) + D,

Consider now the “sparse” case q € (0,2). In view of the embedding (4.8),

it suffices to establish the lower bounds. Take m = max{k : r.k® < 1},m =
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r~12 4 O(1), and consider the vector 7, that contains only one non-zero
coordinate, the value z, = r. exp(—£n) at position m. One can easily check
that n,, € ©4(r.) for any ¢ > 0. Therefore, one cannot distinguish between
Hy and H; if z, = o(e), which is equivalent to

re/e = o(exp(—ﬁrgl/a + 0(1)).

However, this is equivalent to u. — 0, where u, is determined by (11.21). In
view of the above and the results for the “standard” case ¢ = 2, the “sparse”

case ¢ = 2 for the theorem also follows. Hence, the theorem follows.

11.7. Proof of Theorem 4.5. Let the efficient dimension m = m. be de-
termined by A = exp(—2ma) in (4.1). Then, the extreme sequence (4.1) in
the extreme problem (3.1) takes the form

(11.24) 7?2 = 22%% (1 — expa(k —m)))y, 1<k<m,

while the equations for zp = z9., m = m, and u. take the form (11.7),
(11.8), where

Jio= Y EY(1—exp(—2a(m — k),
1<k<m
Jo = Y E¥exp(—2a(m — k))(1 — exp(—2a(m — k))),
1<k<m
Jo = Ji—Jo= Y k(1 -exp(—2a(m—k)))>.
1<k<m

We consider the situation m — oo and r. — 0 as € — 0. Let us now find

the asymptotics of the sums .J;, Jo and Jy as m — co. We have

(11.25) Jy = Z k4P — Z k*P exp(—2a(m — k)) = A — B,

1<k<m 1<k<m
where 15 5
k 1 mAtt
A= 4P = A8+t — ] —~—.
D, W= > D) m

1<k<m 1<k<m

Let us now evaluate the term B in the sum (11.25). Let K = m — [. Then,
B = Z kY exp(—2a(m — k))
1<k<m

= m? Z (1 —1/m)* exp(—2ad) = m*’B.
1<k<m, l=m—k
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Let « > 0. Using the Taylor’'s formula, and since the series

S Fexp(—2al), k = 1,2, converges, we get
4481 12
B, = Z (1 - +0 <m2>> exp(—2al) < 1.
1<k<m, l=m—k
Therefore, combining the terms A, B and B7, we get
mA+1
46+ 1

Similarly, for Jo, letting k = m — [, we have
(11.27)

43
Jy = m*? Z ((1 - 75@) ) exp(—2al)(1 — exp(—2al)) =< m*.

1<k<m, l=m—k

(11.26) Ji

By (11.26) and (11.27), we have
(11.28) Jo = J1 — J2 ~ J1 ~ 01m45+1, J2 = m45,

where ¢y = 1/(48 + 1). Hence using (11.8), we get the the relations
(11.29)
re = m'2e " ud ~ di(re /) mm WY ~ dy(re /o) log s )T,

where di = 1/(2¢;) and dy = y1a*#t1 Hence, the value u. of the extreme

problem (3.1) and the efficient dimensions m = m, satisfy

(11.30) u? = e dexp (—dam)m= 4D~ log(rT V).
Observe also that, for the extreme sequence determined by (11.24), one has
maxi<ig<m 77]% BZ(Q)m2B

— .2,,28+1/2
Vst A

Hence, the theorem follows on applying Theorem 4.1.

wo = =m~ 1% 50,

11.8. Proof of Theorem 7.1. In view of the embedding (4.8), we only need
to consider the case ¢ = 2. It was shown in the proof of Theorem 8.1 that
a(e,g) — 0 as H — oo. In order to evaluate the type II error probability, it

suffices to consider only the case where u.(r(c, 3)) = o(log(¢~1)), uniformly
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over (o, ) € ¥. Similar to the proof of Theorem 8.1, we have the relation

(11.16), and it suffices to evaluate the quantity

m

1
hS «, /8 - lnf 2.
(@5 = o, teutosy 2T kz g

=1

Since Dmg(a, 8) > m > me(a, f) and D = C(1 + o(1))/c > 0, we have
he(a, ) > dhZ(a, §), d=D"'2(1+0(1)),

and

) m(a,B)
R, ) = — —— inf ) > i

2 o=
e2y/2m(a, B) n€Oc,a,5(re prt

with m(a, 8) = [me(a, 8)], where [a] is the integral part of a. By (11.29), the
assumptions of Proposition 11.1 are fulfilled uniformly over (o, 3) € ¥. In
particular one can take a > 0 such that (11.12) holds true for all (a, 5) € %,
as ¢ is small enough. Applying now Proposition 11.1, we have h¥(a, ) >
bug o 5(1re(a, B)) > buc(X). Therefore, we get he(c, B) > biue(X) = 00, by =
bd. By (11.16), this implies that it suffices to take H. — oo, H. < bau.(X)
with any ba € (0,b1). The theorem now follows.

11.9. Proof of Theorem 4.6. Before we prove the theorem we need the
following result.
Recall, that the extreme sequence (4.1) in the extreme problem (3.1) is

of the form
(11.31) i = 22021 — Ad2), keN,
where the quantities zp = 20, and A = A, are determined by the equations

2 22

ZkeN apoin = 1,
2-9 _ .9

> keN Olly = Tz

and, thus, the value of the extreme problem (3.1) takes the form

1
2 § :~4
Ye = 501 Tk
keN
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Consider now the following “truncated” version of the above system of

equations

(11.32) { 2z 9k = 1

N
Il
‘ -
(7=
i
T

>kt 01%771% =12, o2 k=1
In order to solve the equations (11.31)-(11.32), let us define a function r(A),
A € (0,a5?) as follows. Take m = m(A) € N, m > 2, such that a,%; <
A < a;? and set

S o1 — Add) )”2 L
11.33 r(A :< L . A€ (0,a7%).
(11.33) =\, a2~ Aad) 027

Then, for r. small enough, the quantity A = A, in (11.31) is determined by

the equation
(11.34) re = 1(Ae).

Note first that r(A) is a positive continuous functions in A € (0, a5 ?). The
following proposition ensures the existence of a unique solution in (11.34).

(Note that its validity does not depend on the assumption (4.10).)

PROPOSITION 11.2.  The function r(A) defined in (11.33) is strictly in-

creasing in A € (0,a52).

Proof. Let a;fﬂ < A < a,? m > 2. Introduce a probability measure

P = {p;}ier on the set I = {1,2,...,m} such that p; = o}/> L, o}, i € L.
Set

m 2
Hp,,(A) = <Za§ai(1 - Aa%)) , m>2.
k=1

We consider a = {a;};c; as random variable on the set I. Then, we have

(r}(A), = (2=t U/%)(Z?:};j?i)) — (k1 opap)?
(SR e — (2R aipr)?) (05, o)
- Hpy(A)
_ (Er(ah) = (Br(a®)?) (kL o)
Hypn(A)

Varp(a®) (34, 03)
- Hm(A]; Lok >0,
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where (-)"; denotes differentiation with respect to A. The proposition now

follows.

We are now ready to prove part (a) of the theorem. Let A = A, be the
solution of (11.34). It then follows from (4.10) that

m—2 2 2 m—2
(11.35) k=1 akaknk_ﬁam 1Um 177m 1 4 -4
. m—2 92~ 2 M = T0Nm—1>
> ket Uknk m—lnm—lv —

where 7; = 7p,i(A), i =0, 1,2, are such that

4 2 1 — Ag2
(11.36) o~ Ime2tmea( A p) gy
Um—lam—l(l - Aam—l)
4 2
Um—?(l _ Aam—Q)
11.37 ~ =o(1 =o(1
( ) 2 0_7%1_1(1 ACL?n 1) ( )7 70 O( )

Therefore, we can rewrite the equations (11.32) in the form
(11.38)

2 2 ~2 2 2 =2 __
91@m—10'm—177m—1 + CnOmNm = 1a - 0 ~4 ~4 2
2 ~9 2 ~9 2 Us =& (007Im—1 + 7Tm) /2,
92‘7m7177m71 + OmMm = Tes

with 0; = 0., (A) = 147, (A) ~ 1, i = 0,1,2. Setting 21 = 7j2,_;, 22 = 712,
we find z = (21, 2z2) from (11.38):

2 2
. ag,re — 1 . 02 — az, 17261 > Izl
1 = 2 = : ~o .
2 2 2 2 2 2 Ve 1
(92am - ela’mfl)amfl (02am - elamfl)am 2e
We have 7j,, = 0 (this corresponds to A = a,?) asr2 =712 | :=a T;’{lem_l,

where by (11.36), (11.37), Om—1 = Om2(a,2)/0m1(ay2) > 1, Op1 ~ 1. The

conditions z; > 0, z9 > 0 correspond to

(11.39) 2<r?<al? Omo.

By (11.36), (11.37), and the definition of r,, we have, as m — oo,
2 Nl(l_i_o-;lnl'(l_a?n 1/am) (1= ap, 1/a%1+1)> 2
a2, ol (1—a2/a2,.,) o

Recalling the monotonicity of r(A), we see that if a,, +1 < A. < a,?, then

re = 1(Ae) € Ay = [P, Tme1] = [ant (14 0(1)), ;' 1 (1 + o(1))], Where

r¢>ai_1,i:m—1,m.

r

> —.
2
Am
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Let e min = min, _ea,, ue(re). Thus, we get
(11.40) Ue(T2) > Uemin < (62a%1072n)_1 as 1. € Ay,

Let us now consider the interval A}, = [rm1,7m-1,1], 7,1 = 1/a;. For

re € A we set Z = (21, 22), 2% = (2], 23),

% = agnrg —1 5y = 1-— a%nflrg )
(6202, — 0ra2,_1)on, (0202, — 6102, )02,
= aznrg -1 = 1-— agn_lrg ‘
M )
(a2, — a7271—1)07271—1 (a2, — a?n—l)”?n
N - z z*
PR R

Note that, for some B > 0,
(11.41) |ui(re) —ui(ry)] < B(r%—r%)/62afn_1, as rm1 <r1 <712 < Ty,
and it is easily seen that
Ue(re) ~ui(re) asre —0; ui(r) >wue(r) Vr>0.
Also, for 6 = Z — z and for r. € A, (A}, = [rm, "'m—1,1], we have
181 = o(ag 172 +1)/ap,00,) = e*0(te min)-

These yields, as re € [rp, "'m—11],

U (re) ~ U:(ra)

1142) = N
(11-42) ﬁ62<aa—a;1>< o ot

Let 7 € [rm—1,1,"m—1] C AZ,_;. Observe that

0 < wui(re) —us(re)

< Ui (rm—1,1) — Ue(rm—1,1) + [ui(re) —ui(rm—1,1)] = & + &2,

where

& =ui(rm-1,1) — Ue(Tm—11), & = |ui(re) — ui(rm—-11)|-
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By (11.42),
§1= O(UE(Tmfl,l)) = o(ue(re))-

Applying (11.41) for the interval A} | we get

P2 g2
<B m—1 m—l,l'
@ oy,
Since 12, | — 712 11 = (Om-1 —1)/aZ,_,, using (11.36), (11.37), we have
Om—1—1=0(c2 _,/ok ). By (11.40), these yield
o2
—0(—m=2_ )= 7
=0 () = o)

as 7. € A¥ ;. This completes part (a) of the theorem.

We now prove part (b) of the theorem. For r € A¥ , m € N, m > 2,

m»

consider the piecewise linear (in r2) function u/"(r) defined in (4.12). We

then have, at the break points,

; 1 ; 1
11.43 (1 fam) = U1y ) =
( ) Ug ( /am) 626L%10'72n Ug ( /am 1) 620,%171 727171

Using the standard inequalities

(z+y)/V2<Val+y2<az+4y, >0, y>0,

we get, for r > 0 small enough,

(11.44) W (r) /2 < Wt (r) < W) V2.

I —=

Part (b) of the theorem follows by (11.44) and part (a) of the theorem.
Parts (c) and (d) of the theorem follow immediately by combining Theo-

rem 4.1 and part (b) of the theorem. The theorem now follows.

11.10. Proof of Theorem 9.1. For type I error probability, we have

m m
a(Vea) = Peo(Vea) < ZP&O(WH > T re) <2 Z (=T k) =
k=1 k=1

In order to evaluate type II error probability, observe that

5(77,1/15,a) = PE,n(yE,a) < 1gllcl<n Pa,n(‘yk’ < Tm,kg)
<k<m

< ®( min (T, —e
< (é}glgﬂm( mk =€ Nk)),
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and it suffices to check that
(11.45)

. —1 lin *
inf max (e N —Tmk) | w00 as u'™(r.) > oo, 1. AF.
1e®(r2) (1§k;§m( n. m, ) e (1) ) e m

The following proposition is useful to our goal.

PROPOSITION 11.3.  Let assume (4.10) holds true. Let r. € A, , consider
the collection Hy, i, 1 < k <m satisfying 0 < Hy, < Bi(m —k + B2 for
some B; >0, 1 =1,24f1<k<m-—-2and Hym = Hypm-1=1. Then

Jnf | max eT2H, i > ul™(re)(1/(2V2) + 0(1)).

Proof. Let n € O(r.), take

(11.46) rli=——+ , telo,1],

and suppose that

—277-1 .2 lin
X e H ime < u'(re).

On noting that u!™, in view of (11.46), takes the form

£

, 1—¢ t
lin
u, (r) = , te€|0,1],
e (r) e202 a2, + e202 a2, [0,1]
we then get
m—2 m—2
D oimi < Su™(re) Y oiHmy
k=1 k=1

1—1¢ t
2 2
= _ + =:0 =o(r?).
e (g ) =0
Set 7= (0,...,0,9m—1,Mm,---). It follows from the estimation above that
i € O(7:), 72 =r2 — b for some b > 0, and

13

ue(i) > Ul (1/2 + 0(1)) > (1/2 + o(1) (u?%)—fiz)

Om—1

02 . .
o1 (1 _B 27"2) ul™(ro) ~ ul™(ro) /2 > uc (1) (1/V2 + o(1)).

2 01
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This implies

o0
ey k=t D mp > 202 () > ul(ro)(1+ o(1)),
keN k=m—1

Since azo?n? < 1, we have n, < (aroy)” " and
keN k0K n

(@my10me1)?
- - 1

E M < E (aror)™ < (amyp10mer) 4 }( %
k= - 4 (akor)
=m+1 k=m+1 k=m+1

~ (amp10mi1) " = o(eul(re)).

Thus, for m large enough,

e max(ny,_ 1, nm) =€ o1 + ) /2 = w2 (re)(1/2 + o(1)),

which yields
e 2 max(np, 1, M) = ue(re)(1/V2 + 0(1)) > u™ (r2)(1/2V2 + o(1).

The proposition now follows.
We are now ready to complete the proof of the theorem. Note that T}, ;, >
®~1(1 - ca)) are bounded away from 0. The collection Hy, . = (Trnk/Trnm)?

satisfies the assumption of Proposition 11.3 since, as m — k — oo,

Ty = 0! <1 - (m—cka—1)2> ~ \/2log <(m_C’;_1)2>

Applying now Proposition 11.3 to this collection we get that there exists
k, 1 < k < m such that

5_177k > 8_1/4<Tm,k/Tm,m) u‘lgin(rexl + 0<1))7

which yield

lin

max (5_177k —Tp) — 00 as u"(r:) = oo.

1<k<m

This implies (11.45). The theorem now follows.
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11.11. Proof of Theorem 5.1. We first obtain the lower bounds. Take a
collection k; such that

(b—a)  log(3)

gb(’%l) a—+ l5€7 1<I<L L€7 ¢(HL) bv o (56 I IOg(e’S_l)

Assume, without loss of generality, that u.(k;) =< 1/loglog(e~1) uniformly
inl=1,2,...,L. Observe that log(L) ~ loglog(¢~1). Set

(11.47) my ~ (e (log 1Og(5_1))1/4> —(r1) '

By construction, we have

mp—mp_1 o~ M1 (exp (5 log (5_1 (log log(s_l))flﬂ)) — 1)
= mi—1(3(1+0(1))) — 1) ~ 2my_;.

Set

(11.48) Ay={keN:m_1 <k<m}, M =H#(A)2~m_1.
Take a collection z; > 0 such that

(11.49) szlaZ”(/il)ag”(m) =1, 1<I<L.

By (11.10), (11.11), the relation (11.49) implies that, as the quantity d in
Theorem 5.1 (a) is small enough (this corresponds to r-(x) small enough),

one has

(11.50) Mo, (k) >ri(k), 1<1<L.

mp—1

Set u? = M;z}/(2¢*). Observe that the relations (11.49), (11.47), (11.48)
imply

(11.51) u? ~ 3loglog(e ™) /4 = u?(ky),
Therefore the relations z}' = 2eu? /M, (11.47), (11.51) and (11.48) imply

(11.52) 21 = o(e).
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Consider the priors

=~

L
1
= H (5zlek + 5—zlek)/27 ™= Zﬂb
=1

ke

where {ep}ren is the standard basis in 12 and 0y is the Dirac mass at the
point 7 € 2. The relations (11.49), (11.50) imply, for d = d(¥) small enough,
(O, (1e(k1))) = 1, 7(©(X)) = 1. Let Py, = Ex P.,; and Py = E;P., be

the mixtures over the priors. It suffices to check that
(11.53) E-g ((dp,r JdP.o — 1)2) — o(1).

Using evaluations similar to [11] (see formulae (3.64)—(3.69)), we have

M=

Eeo ((dp,r JdP.g — 1)2> - Eeo ((de JdP. — 1)2>

1
2
I

I
—

[
=
M=

(E&o (dPy, /dP-g)? — 1)

(eﬁlz — 1) ,

where %2 = 2M; sinh?(2?/(22)) ~ u? by (11.52). By (11.51) one has

N
I
—

<

2 -
M=

N
I
—

max; ul2
log(L)

(11.54) ~3/4<1.

This yields (11.53) and completes part (a) of the theorem.

We now obtain the upper bounds. Recall that we have, in Theorem 5.1
(b), Le = o(log(e™1)), L. — oo. It follows from the exponential inequality
for y2-statistics that

(11.55) log(Peo(tm > H)) < —H?/2(1+0(1)) as H = o(v/m), H — oo,

see, e.g., (5.22) in Ingster & Suslina (2004). This implies that, for the type
I error probability,

a(wﬁ) S Z Pa,O(tml > Hl) S Z l70/2+0(1) — 0 as La — OQ.
=L, =L,
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Let us evaluate the type II error probability. It suffices to consider the
case u. = D4/loglog(¢~1) with D larger enough. Observe that (see (11.16))

55(777@05) < lgqui Pz—:,n(tml < Hl) = glLri(I)(Hl - hmz (77)) + 0(1)a
where Ay, (n) is determined by (11.13). Therefore uniformly over k € ¥,
Be(Oc,i,e) < ®(1/Clog L — max hm,(K)) + 0o(1), hpy, (k) = inf hpy, ().

For k € %, let us set m. (k) = (e~*loglog(e1))/(4a+45+1) and take I such

that m;_1 < mg(k) < my, ie.,

4log(e™1h)
(4o + 45 + 1) log(2) > Le.

my = cme(k), c€ (1,2], [~

It follows from (11.10), (8.2) that, for D = Djye.(X) larger enough,
re(K)am,+1(k) > B + o(1), with B = B(X) > 1 that could be taken com-
mon for all k € X. It follows from (8.2) that the assumptions of Propo-
sition 11.1 are fulfilled for m = m; with some a(X) = sup,ya(k) > 0,
uniformly over x € X. Applying Proposition 11.1 one can take b = b(X)
such that, uniformly over kK € X, hy, (k) > bus(x). Thus, it suffices take
D(X) > max(Dypaz(2), C/b(X)). This completes part (b) of the theorem.

Part (c) of the theorem follows immediately in view of parts (a) and (b)
of the theorem and (11.10). The theorem now follows.

11.12. Proof of Theorem 5.2. We first obtain the lower bounds. Take a
collection k; such that ¢(k;) = ac +10., 1 <1< L = L., ¢(kr) = be, where
a<a:<b:.<b, ac=a+o0(l), b- =b+ o(1) and take L such that

be — ae 2

5 pu— ~Y
c L 2log(e~1) — logloglog(s~1)’

my = [¢(k1)(2log(e™1) — logloglog(e 1) —log(c))] € N, ¢ < exp(—1/2),

where [a] is the integral part of a. By construction, m; — mj_1 ~ 2.
Applying (11.18), we see that, if u.(x) < dloglog(e~!) for all x € ¥ and
some d > 0, then u}(k) = g2 2R B alm) ) loglog(s~!) forall k € ¥

and some dy. Observe that, for any ¢ > 0 from the definition of m; above,
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one can take d small enough (this corresponds to 7-(k) small enough) such
that d; < c¢. This yields

(11.56) exp(—aymy) > re(kyp).

For k; € X, let us take z; = me,,, where m; = exp(—(oy + f;)my) and {e; }1en
is the standard basis in [2. By (11.56) this yields 1, € O (ky, (k1)) for any
q = q; > 0. Let us consider the prior

and the mixture P, over 7. Since m(0.(X)) = 1, it suffices to verify that
(see [11], Section 2.5.2, Propositions 2.11, 2.12)

(11.57) E.o(dPy/dP.g —1)* — 0.
One has
1 L
E.o(dPg/dP.g —1)* = 3 > E.o(dP. /AP — 1)
=1
1 L 2/.2
(11.58) = ﬁZ(e”l/E —1).

=1

The relation (11.57) holds true as L < log(¢~!) and for ¢ small enough

(11.59)

max 77 /e? < cloglog(e™ 1) sup exp(2(ey + ;) = c1loglog(e™1), ¢; < 1.
1<I<L s

Thus (11.59) holds true under the assumption of the theorem for d small
enough. This completes part (a) of the theorem.

In order to obtain the upper bounds, we need the following (general)

proposition and its corollary.

PROPOSITION 11.4. Let b = {b;}ien and ¢ = {c;}ien be positive se-

quences, b = {b;};en be an increasing sequence, b; — oo and ¢;b; — oo as
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i — o00. Let also v > 0 be a small enough quantity and let X = {z|x =
{zi}ien} be a set of sequences x = {x;}ien that are determined by the con-

straints

Zbicimigl, Zciﬂjizh ;>0 VieN
€N €N

Consider the extreme problem

w=w(r)= ;g)f( o(x), ox)= flelg x;.

Then, the extreme sequences x* = {x}}ien such that ¢(x*) = w is of the

form:

ri=w, i=12,...om—1, xy, =wy, x;=0 as i>m,

where the quantities w and wy, 0 < wy < w, are of the form

by, — 1 b St ei(1 = rby)
S (b — i) . S (b — i)

and the integer m is determined by the inequalities

k
D i1 Ci

w =

(11.60) By <1 <Bpm-1, Br=Z , k=12,...,m.
2= bici
One further obtains the inequalities
1
(11.61) Cpn<w<Cp-, Ch=_——— k=12,....m
iz bici

Proof. In order to find a minimum of a convex function defined on a con-
vex set X, we use the methods of sub-differentials (see Tikhomirov (1976)).
Consider X and ¢ as in the statement of the proposition, and let z € X.
Then, the structure of X implies that lim;_ ., z; = 0 and there exists i € N
such that z; > 0.

Let as consider the sets I(z) consisting of the indices i € N such that
x; = sup;ey &i- Then I(x) # 0, x € X, and for i € I(x) we have x; > 0. The
sub-differential of the convex function ¢(x) = sup, z; consists of sequences
d = {d;}ien such that d; > 0,43 € N, d; = 0 for i ¢ I(z), and } ;. ndi = 1
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(see Lemma 1 in Section 1.4.1 of Tikhomirov (1976)). We get the following

relations for the extreme sequence x*:
d; = Aej — uciby + €5, 1 €N

where A > 0, > 0 and d;, €;, ¢ € N, are non-negative quantities such that:
if X >0, then ), ycix; = r;if p >0, then ), biciz] = 15 if i ¢ I(x*),
then d; = 0 and zje; = 0, i € N, >, d; = 1. These relations are possible
if A >0, > 0 only, and it can be rewritten in the form

dzz)\cl(l—bl/B)—i—El, 1eN, B>0.

Since b; > 0 increases in ¢ € N, and b; — 00, as i — 0o, then d; > 0, g; =0,
i €N, xf =sup;enzi :=w > 0asi<m—1, where m = m(B) = max{i :
b; < B} and z} = 0 as i > m. The quantities B and x, := wy are taken
such that b,, = B, d,, =&, > 0,

m—1 m—1

waici—}—wobmcm: 1, wZCi—i—wocm:r, 0 <wy < w.
i=1 i=1

The proposition now follows.

COROLLARY 11.1. Let a = exp(ak) and o, = exp(fk), k € N, a > 0
and > 0. Let ro > 0, r- — 0. Set m = —(logr:)/a+ O(1). Then, for

m1 =m+ c and ¢ > 0 large enough, one has

inf 2 = -9 — 2 )
TIGICE)I(TE) lggle i eXp( m(a + ﬂ)) € Ug

Proof. We apply Proposition 11.4toi =k € N, b; = a%, c = 022, T; = "7@2»

X = 0O(re) and 7 = r2. It then follows from (11.60), (11.61) that
_log Te

inf supn? < exp(—2m(a+ ), m= + O(1).
n€O(re) ieN o

Therefore and by (11.18) we have exp(—2m(a + f§)) < GO T I
suffices now to check that we can replace sup,;cy by max;<,,, for m; = m+c

and ¢ > 0 large enough. This follows immediately from the inequalities

2 2.9
a; o;1);

<1, 7 € N. This completes the proof of the corollary.
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We are now ready to obtain the upper bounds. One has

a(e) < > Poollyl/e > H)=2> &(—H)
=1 =1

X

1 . 1
— Y 50
log(L) ; 1€/2/log(1)

Let us now evaluate the type II error probability. In view of the embedding

(4.8), it suffices to consider the case ¢ = 2. We have
/65(7/)&777) < Ilgiilpa,nﬂylvg < Hl) < Ilgiil(l)(Hl - |77l‘/5)'
It suffices to verify that, uniformly over k € ¥,

11.62 inf max(n?/e2 — H?) — co.
( ) €O (mire(r)) (n/ i)

We apply Corollary 11.1. Since

_— 2log(e™1) — log(ue) + O(1)
2(a+ B)

and, as L <l <mpy=m+c¢, c=0(1),

= O(log(e™"))

Hf = Clog(l) < Clog(my) < Cloglog(c™")) + O(1),
it follows from Corollary 11.1 that

inf 2,2 _H2 inf 2.2 _H2
neléle(n) mlax(nl /e 2 17619115(5) }2%((771 /e ‘)

v

> bu. — Cloglog(e ™) — oo,

as liminf u./loglog(¢~!) > D, for D large enough. This completes part (b)
of the theorem.

Part (c) of the theorem follows immediately in view of parts (a) and (b)
of the theorem and (11.18). The theorem now follows.

11.13. Proof of Theorem 5.3. We first obtain the lower bounds. Set H =
(e2log**(e~ M) loglog(e~1))~!. Take a collection x; = (c, B;) € ¥ such that

1 21 1
— =2a, + , 1<I<L=L., — =2b,,
B ° log(H) = 6L :
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where L < log(H) ~ 2log(e™!),and a < a. < b. < b, ac = a+o(1), bs = b+
o(1) are taken in such way that m; = log(Ha~2%) /283, € N. By construction,
we have m; — my_; = 1 and

(11.63)

my 2 exp(=2fm) ~ (afy)**e* loglog(e ') < 27> loglog(e~")(1 4 o(1)).

Assume, without loss of generality, that u.(r;) < loglog(e~!), uniformly
inl=1,2,..., L. Taking into account (11.21), (11.22) and (11.23), we can

assume that, for d small enough (this corresponds to 7.(x) small enough),
(11.64) m; > re(kg).

For [ =1,2,...,L, let us take 1 = 2j€y,,, where z; = m; ® exp(—/3m;) and
{e;}1en be the standard basis in [2. By (11.64), this yields 1, € ©.(k;) for
any g = ¢q; > 0. The following steps are along the lines of the proof of part
(a) of Theorem 5.2. We consider the prior

and the mixture P, over the prior 7. Since 7(0(X)) = 1, it suffices to verify
(11.57). By (11.58), this relation holds true as

2/.2
maxlglgL Zl /6

11. li
(11.65) im sup log(L)

<1

By construction, we have log(L) ~ loglog(s~!), and by (11.63), 27/e? <
272 Joglog(¢~1)(1 + o(1)). This implies (11.65). This completes part (a) of

the theorem.
In order to obtain the upper bounds, we need the following corollary.

COROLLARY 11.2. Let ap = k* and o, = exp(Bk), k € N, a >0, 8> 0.
Letr. >0, re = 0. Set m =r-*+ O(1). Then, for miy =m+c and ¢ >0
large enough, one has

inf  max n? < m ?“exp(—2mpB)) < c%u., as my > m.
nEd(re) 1<i<m:
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Proof. The first rate relation follows from Proposition 11.4 and is similar
to the proof of Corollary 11.1, the second one follows from (11.22), (11.23).
This completes the proof of the corollary.

We now obtain the upper bounds. In view of the embeddings (4.8) it
suffices to consider the case ¢ = 2. We work along the lines of the proof
of part (b) of Theorem 5.2 and apply Corollary 11.2, (11.21), (11.22) and
(11.23). This completes part (b) of the theorem.

Part (c) of the theorem follows immediately in view of parts (a) and (b)
of the theorem and (11.21). The theorem now follows.

11.14. Proof of Theorem 5.4. We first obtain the lower bounds. By mak-
ing r.(k) larger, we can assume, without loss of generality, that C' = 1, i.e.,
for all k € X3,

ul™ (ko (K)) = sup ul (ke (k) = u™ (%),
KE

and, some d > 0, u“"(X)/ loglog(¢~!) = d. Taking A. = (e\/ul"(¥))~!, find
a collection x;, 1 <1< M = M. < M(A.,X) such that, for m(Ag, k;) = my,

one has
mp —my| > 1, Yk I=1,.,M, k#1; re(r) €Ay,
Observe that loglog(A.) ~ loglog(e~!) and that, by (5.14),
log(M(A., X)) ~ log(M), liminflog(M)/loglog(e™!) =b> 0.

For each [ = 1,2,..., M, take t; € [0,1] such that

1—1¢ ]

ap, (K1) ag, (k1)

r2 (ki) =

Let us now consider a collections of vectors n' =

(0,0,...,0,7k, 1,7k,,0,0,...) with

Vi o I—1

amg—1 (K)Om—1 (k1) ™ iy (K1) o, (K1)

l —
T]mlfl -
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One can easily check that ' € O, (r-(x;)) and
(11.66)
e 2013 = u (re(k)) = ul"(2), (n'n") =0,V ki =1, M, k#1.

3

We now work along similar lines of the proof of part (a) of Theorem 5.2. We

consider the prior
M

1
= 2
=1
and the mixture P, over 7. Since 7(O. ( )) = 1, it suffices to verify (11.57).

Similarly to (11.58), one has, by (11.66),

Eco(dPr/dP:o — 22 exp(|['[3/€%) — 1) = M~ exp(ul™(5)).

Therefore, the relation (11.57) holds true as

ulzn (2)

1
log(M)

lim sup

By (5.14), it suffices to take d € (0,b). This completes part (a) of the theo-
rem.

We now obtain the upper bounds. First, observe that the family 7.

satisfies
o T2k/2
SNo(-T) = T+ > 7
keN ke>2exp(T2/2)Ts2 =k
1
11.67 = 1.8 g = o)
(11.67) S 2 gy W

k>2exp(T2/2)T: 2

By (11.67) we have

a(We) <> Peollyrl/e = Tep) =2 @(=T.p) = o(1).

k=1 k=1

Next, let n € O, x(re(k)). We have

Be(woem) < inf Poy(lyel/e < Tep) < nf O(Tep — e el),
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and it suffices to check that, uniformly over x € ¥ and n € O, x(r:(k)),

(11.68) sup(e k| — Tex) — 0.

keN
Let m = m(Ac, k) where Ac . = (e\/ulm(k,ro(k)))~L. We have r.(x) €
Af,. Since the sequence T2, ~ 2log(k) increases in k, the relation (11.68)

follows from

maxi<k<m 6_27)]%

11. lim inf 2.
(11.69) T X (T2, 21og(m))

Applying Proposition 11.3 to the collection H,,, =1, k =1,2,...,m, we
have

max &2 > ol (72 (1)) (1/ (2V2) + (1) 2 " (2)(1/(2v2) + o(1).

Also, since m(A, k) increases in A, and A., < bA. where A, =

(e+/loglog(s=1))~!, we have
2log(m) < 2L(bA., %) < 2Bloglog(e™)(1 +0(1)), T2 <loglog(¢™1).

Therefore, the relation (11.69) holds true as u“"(X) > Dloglog(s~!), for

D > 2y/2max (2B, 1). This completes part (b) of the theorem.

Part (c) of the theorem follows immediately from parts (a) and (b) of the

ad

%4(k). The theorem now follows.

theorem and the definition r
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