
Supplementary Material to “Testing the Equality of
Spectral Density Operators for Functional Processes” by A.
Leucht, E. Paparoditis, D. Rademacher and T. Sapatinas.

This Supplementary Material contains some technical tools, some useful results
on Hilbertian linear process, spectral density, periodogram and tensor operators as
well as the proofs of Proposition 1, Lemma 2 and Lemma 3 of the main document.

1. Auxiliary results
1.1. Technical tools.
Definition 1.1 (Hilbert-Schmidt-Tensorproduct). Let H be a (separable) Hilbert
space, then for each u, v ∈ H, the equation

u⊗ v(x) := 〈x, v〉u, x ∈ H (1.1)

defines a Hilbert-Schmidt operator u ⊗ v ∈ HS(H,H) =: HS(H), the space of
Hilbert Schmidt operators from H to H.

Let L(H) be the set of all linear bounded operators A : H → H. For A and B
operators AB denotes the composition AB(x) = A(B(x)) for any x ∈ H.
Remark 1.1. (a) If {ϕn | n ∈ N} is an orthonormal basis of H, then {ϕn ⊗ ϕm |
n,m ∈ N} is an orthonormal basis of HS(H).
(b) Since the set of Hilbert-Schmidt operators HS(H) is a Hilbert space itself with
inner product

〈A,B〉HS :=
∑
i∈N
〈A(ϕi), B(ϕi)〉 = tr(B∗A), A,B ∈ HS(H),

where {ϕi | i ∈ N} is any orthonormal basis of H, equation (1.1) also applies: For
A,B ∈ HS(H) the equation

A⊗B(C) := 〈C,B〉HSA = tr(B∗C)A, C ∈ HS(H) (1.2)

defines a Hilbert-Schmidt operator A ⊗ B ∈ HS(HS(H), HS(H)) = HS(HS(H)).
(c) In case H = L2([0, 1],C) observe that

〈f ⊗ g(u), v〉 =
〈∫ 1

0
f(·)g(σ)u(σ) dσ, v

〉
,

i.e. f ⊗ g is an integral operator with kernel k(τ, σ) = f(τ)g(σ).
Lemma 1.1. For u, v, f, g ∈ H and A,B ∈ L(H) it holds

(i) (αu)⊗ (βv) = α β(u⊗ v), α, β ∈ C
(ii) (u+ v)⊗ (f + g) = u⊗ f + u⊗ g + v ⊗ f + v ⊗ g

(iii) (u⊗ v)∗ = v ⊗ u
(iv) A(u)⊗B(v) = A(u⊗ v)B∗
(v) 〈f ⊗ g , u⊗ v〉HS = 〈f, u〉 〈v, g〉.
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Proof: Follows immediately from the definition. �

Lemma 1.2. Let H a separable Hilbert space and A,B ∈ HS(H), then

〈A,B〉HS = 〈B∗, A∗〉HS.

In particular 〈A,B〉 ∈ R if A,B are self-adjoint.
Proof: Since 〈A,B〉HS = trace(B∗A) it suffices to show trace(AB) = trace(BA).

Let {ϕn | n ∈ N} be a orthonormal basis ofH, then B(u) = ∑
n〈B(u), ϕn〉ϕn, u ∈ H,

and consequently AB(u) = ∑
n〈u,B∗(ϕn)〉A(ϕn), i.e.

AB =
∑
n

〈·, B∗(ϕn)〉A(ϕn)

and similarly BA = ∑
n〈·, A∗(ϕn)〉B(ϕn). It follows

trace(AB) =
∑
m

〈AB(ϕm), ϕm〉 =
∑
m,n

〈B(ϕm), ϕn〉〈ϕn, A∗(ϕm)〉

=
∑
m,n

〈〈ϕn, A∗(ϕm)〉B(ϕm), ϕn〉 =
∑
n

〈BA(ϕn), ϕn〉 = trace(BA).

�

Definition 1.2 (Operator tensor product). Let H be a (separable) Hilbert space
and A,B ∈ L(H), then the equation

A⊗op B(C) := ACB∗, C ∈ L(H) (1.3)

defines a linear operator A⊗op B ∈ L(L(H)).

Remark 1.2. (a) A⊗op B|HS(H) : HS(H)→ HS(H), since ‖ACB∗‖HS ≤ ‖A‖L‖C‖HS‖B‖L.
(b) In case A,B ∈ HS(H) it holds

‖A⊗op B‖2
HS(HS) =

∑
i,j

‖A⊗op B(ei ⊗2 ej)‖2
HS =

∑
i,j

‖A(ei)⊗B(ej)‖2
HS

=
∑
i,j

‖A(ei)‖2‖B(ej)‖2 = ‖A‖2
HS‖B‖2

HS <∞,

so A⊗op B ∈ HS(HS). For A,B,C,D ∈ HS(H) a similar calculation yields

〈A⊗op B,C ⊗op D〉HS(HS) =
∑
i,j

〈A(ei)⊗B(ej), C(ei)⊗D(ej)〉HS

=
∑
i,j

〈A(ei), C(ei)〉〈D(ej), B(ej)〉

= 〈A,C〉HS〈D,B〉HS.
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(c) Suppose H = L2([0, 1],C) and A,B,C ∈ HS(L2([0, 1],C)) have corresponding
kernerls a, b, c ∈ L2([0, 1]2,C). Then

〈A⊗op B(C)(f), g〉 = 〈ACB∗(f), g〉

=
〈∫ 1

0

(∫ 1

0

∫ 1

0
a(·, ν)b(σ, τ)c(ν, τ) dν dτ

)
f(σ) dσ, g

〉
so A⊗op B|HS is an integral operator with corresponding kernel

k(µ, σ, ν, τ) = a(µ, ν)b(σ, τ).

Lemma 1.3. LetH be a (separable) Hilbert space, f, g ∈ H, α, β ∈ C and A,B,C,D,
E, F ∈ L(H), then

(i) ‖A⊗op B‖L(L) ≤ ‖A‖L‖B‖L
(ii) (A+B)⊗op (C +D) = A⊗op C + A⊗op D +B ⊗op C +B ⊗op D

(iii) (αA)⊗op (βB) = αβA⊗op B
(iv) A⊗op B(f ⊗ g) = A(f)⊗B(g)
(v) (A⊗op B)(C ⊗op D) = AC ⊗op BD

and when restricted on HS(H) and C,D ∈ HS(H)
(vi) (A⊗op B)∗ = A∗ ⊗op B∗

(vii) A⊗op B C ⊗D (E ⊗op F )∗ =
(
A⊗op B(C)

)
⊗
(
E ⊗op F (D)

)
Proof: Follows immediately from the definition. For (vi) notice that by lemma

1.2

〈A⊗op B(C), D〉 = 〈ACB∗, D〉 = 〈CB∗, A∗D〉 = 〈D∗A,BC∗〉

=〈B∗D∗A,C∗〉 = 〈C,A∗DB〉 = 〈C,A∗ ⊗op B∗(D)〉

for C,D ∈ HS(H). �

Remark 1.3. From (v) and (vi) we have in particular

A⊗op B C ⊗op D (E ⊗op F )∗ =
(
A⊗op E(C)

)
⊗op

(
B ⊗op F (D)

)
Theorem 1.1 (Complexification of a real Hilbert space, cf. Kardison& Ringrose,
Exercise 2.8.3 (p. 161)). Suppose H0 is a real Hilbert space with inner product
〈·, ·〉H0 : H0 ×H0 → R. Define on H0 ×H0 the following algebraic structure

(a) +: (H0×H0)×(H0×H0)→ H0×H0, (u0, u1)+(v0, v1) := (u0+v0, u1+v1);
(b) · : C×(H0×H0)→ (H0×H0), (α0 + iα1) ·(u0, u1) := (α0u0−α1u1, α1u0 +

α0u1);
(c) 〈·, ·〉 : (H0 ×H0)× (H0 ×H0)→ C,〈

(u0, u1), (v0, v1)
〉

:= 〈u0, v0〉H0 + 〈u1, v1〉H0 + i〈u1, v0〉H0 − i〈u0, v1〉H0;
(d) ‖ · ‖ : (H0 ×H0)→ [0,∞), ‖(u0, u1)‖2 = ‖u0‖2

H0 + ‖u1‖2
H0,

then H0 × H0 becomes a complex Hilbert space, denoted H. There is a natural
involution on H defined by
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(e) − : (H0)× (H0)→ (H0)× (H0), (u0, u1) := (u0,−u1).
The set HR := {(u, 0) | u ∈ H0} ⊂ H is a closed real-linear subspace of H and

H = HR + iHR = {h+ ik | h, k ∈ HR}.

The mapping H0 3 u 7→ (u, 0) ∈ HR is an isometric isomorphism, i.e. ‖u‖H0 =
‖(u, 0)‖.

Remark 1.4. (a) Notice that for α ∈ C and u = (u0, u1), v = (v0, v1) ∈ H we have

αu = α · u, u+ v = u+ v, u = u, 〈u, v〉 = 〈u, v〉.

Also u = u if and only if u ∈ H0.
(b) Any operator A ∈ L(H0) can be extended to an operator Ac ∈ L(H) by defining
Ac(u) := (A(u0), A(u1)) for u = (u0, u1) ∈ H. The correspondence A 7→ Ac preserves
all algebraic properties of the operator. For example

(i) (αA)c = αAc for α ∈ R
(ii) (A+B)c = Ac +Bc

(iii) (AB)c = AcBc

(iv) (A∗)c = A∗c
(c) If A ∈ L(H0) and α = α0 + iα1 ∈ C we define αA ∈ L(H0,H) by αA(u0) :=
(α0A(u0), α1A(u0)). This operator can then be extended to an operator αA ∈ L(H)
by defining

αA(u) := (α0A(u0)− α1A(u1), α1A(u0) + α0A(u1)), u = (u0, u1) ∈ H.

Notice that the same extension is obtained by first extending A ∈ L(H0) to Ac ∈
L(H) and then multiplying by α.
(d) Suppose {ϕn | n ∈ N} is a basis of H0 and u = ∑

n unϕn, v = ∑
n vnϕn ∈ H0,

un, vn ∈ R. Then

(u, v) = (u, 0) + i(v, 0) =
∑
n

(un + ivn)(ϕn, 0),

so {(ϕn, 0) | n ∈ N} is also a basis for the complexified Hilbert space H. If {ϕn |
n ∈ N} is orthonormal, than so is {(ϕn, 0) | n ∈ N}.

Definition 1.3 (Conjugate and Transposed Operator). Let H = H0 + iH0 be a
complexified Hilbert space and A ∈ L(H). Then define the conjugate operator
A ∈ L(H) by

A(u) := A(u), u ∈ H

and the transposed operator AT ∈ L(H) by AT := A
∗.
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Remark 1.5. (a) The definitions are motivated from the finite dimensional case,
i.e., H = Cn. In that case any operator A ∈ L(Cn) is represented by a matrix
A = (aij) ∈ Cn×n and the conjugated matrix is simply A = (aij). We then have

Ax =
 n∑
j=1

aijxj


i

=
 n∑
j=1

aijxj


i

= Ax

and A
∗ = AT = A∗.

(b) If A = Ac ∈ L(H) is the extension of an operator A ∈ L(H0), then A = A and
therefore AT = A∗.

Lemma 1.4. Let H = H0 + iH0 be a complexified Hilbert space, α ∈ C, f, g ∈ H
and A,B ∈ L(H), then

(i) ‖AT‖L = ‖A‖L = ‖A‖L
(ii) (A+B)T = AT +BT and A+B = A+B

(iii) (AB)T = BTAT and AB = A B
(iv) (αA)T = αAT and αA = αA
(v) AT = A

∗ = A∗

(vi) (AT )T = A and A = A
(vii) (f ⊗ g)T = g ⊗ f and f ⊗ g = f ⊗ g

If A,B ∈ HS(H), then
(viii) AT , A ∈ HS(H) and ‖A‖HS = ‖AT‖HS = ‖A‖HS

(ix) 〈AT , BT 〉HS = 〈A,B〉HS and 〈A,B〉HS = 〈A,B〉HS
Remark 1.6. From (v) and (vi) we have in particular

A
T = A∗ = AT , (AT )∗ = A = (A∗)T .

Proof: (i) By remark 1.4 ‖u‖ = ‖u‖, so

‖AT‖L = sup
‖u‖=1

‖AT (u)‖ = sup
‖u‖=1

‖A∗(u)‖ = sup
‖u‖=1

‖A(u)‖ = sup
‖u‖=1

‖A(u)‖ = ‖A‖L.

(v) For u, v ∈ H

〈A∗(u), v〉 = 〈u,A(v)〉 = 〈u,A(v)〉 = 〈A∗u, v〉 = 〈A∗(u), v〉.

(vii) For u ∈ H

(f ⊗ g)T (u) = g ⊗ f(u) = 〈u, f〉g = 〈u, f〉g = g ⊗ f(u)

and similarly f ⊗ g(u) = f ⊗ g(u).
(ii), (iii), (iv) and (vi) follow immediatly from the definitions.
(viii) Note that {(ϕn, 0) | n ∈ N} is a orthonormal basis for H if {ϕn | n ∈ N} is one
for H0 (cf. remark 1.4 (d)), so that ‖A‖2

HS = ∑
n ‖A(ϕn, 0)‖2 = ‖A‖2

HS and likewise
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‖AT‖HS = ‖A‖HS.
(ix) By remark 1.4 (a)

〈A,B〉 =
∑
n

〈A(ϕn, 0), B(ϕn, 0)〉 =
∑
n

〈A(ϕn, 0), B(ϕn, 0)〉 = 〈A,B〉

and therefore Lemma 1.2 yields 〈AT , BT 〉 = 〈A∗, B∗〉 = 〈B,A〉 = 〈A,B〉. �

Definition 1.4 (Transposed Operator tensor product). Let H = H0 + iH0 be a
complexified Hilbert space and A,B ∈ L(H), then the equation

A⊗Top B(C) := ACTBT

defines a linear operator A⊗Top B ∈ L(L(H)).

Remark 1.7. (a) A⊗Top B
∣∣∣
HS(H)

: HS(H)→ HS(H) since ‖ACTBT‖HS ≤ ‖A‖L‖C‖HS‖B‖L.
(b) In case A,B ∈ HS(H) by lemma 1.1 and lemma 1.5

‖A⊗Top B‖2
HS(HS) =

∑
i,j

‖A(ϕj)⊗B(ϕi)‖2
HS =

∑
j

‖A(ϕj)‖2∑
i

‖B(ϕi)‖2

= ‖A‖2
HS‖B‖2

HS,

so A⊗Top B ∈ HS(HS). For A,B,C,D ∈ HS(H) a similar calculation yields

〈A⊗Top B,C ⊗Top D〉HS(HS) =
∑
i,j

〈A(ϕj)⊗B(ϕi), C(ϕj)⊗D(ϕi)〉HS

=
∑
i,j

〈A(ϕj), C(ϕj)〉〈D(ϕi), B(ϕi)〉 =
∑
j

〈A(ϕj), C(ϕj)〉
∑
j

〈D(ϕi), B(ϕi)〉

=〈A,C〉〈B,D〉

(c) Suppose H = L2([0, 1],C) and A,B,C ∈ HS(L2([0, 1],C)) have corresponding
kernels a, b, c ∈ L2([0, 1]2,C). Then

〈A⊗Top B(C)(f), g〉 = 〈ACTBT (f), g〉

=
〈∫ 1

0

(∫ 1

0

∫ 1

0
a(·, τ)b(σ, ν)c(ν, τ) dν dτ

)
f(σ) dσ, g

〉
so A⊗Top B

∣∣∣
HS

is an integral operator with corresponding kernel

k(µ, σ, ν, τ) = a(µ, τ)b(σ, ν).

Lemma 1.5. Let H = H0 + iH0 be a complexified Hilbert space, f, g ∈ H, α, β ∈ C
and A,B,C,D ∈ L(H), then

(i) ‖A⊗Top B‖L(L) ≤ ‖A‖L‖B‖L
(ii) (A+B)⊗Top (C +D) = A⊗Top C + A⊗Top D +B ⊗Top C +B ⊗Top D
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(iii) (αA)⊗Top (βB) = αβA⊗Top B
(iv) A⊗Top B(f ⊗ g) = A(g)⊗B(f)
(v) (A⊗Top B)(C ⊗Top D) = AD ⊗op BC
(vi) (A⊗op B)(C ⊗Top D) = AC ⊗Top BD

(vii) (A⊗Top B)(C ⊗op D) = AD ⊗Top BC
and when restricted on HS(H)

(viii) (A⊗Top B)∗ = B∗ ⊗Top A∗

Proof: Follows immediatly from the definition, Lemma 1.1 and Lemma 1.4. For
(viii) notice that by Lemma 1.2

〈A⊗Top B(C), D〉 = 〈ACTBT , D〉 = 〈C∗B∗, A∗D〉 = 〈C∗B∗, A∗D〉

=〈ATD,C∗B∗〉 = 〈BC,D∗(AT )∗〉 = 〈C,B∗DTA〉 = 〈C,B∗ ⊗Top A∗(D)〉

for C,D ∈ HS(H). �

1.2. Spectral density operator. Let H0 denote a real separable Hilbert space
and H its complexification, i.e. H = H0 + iH0 (cf. Theorem 1.1). For example, the
complexification ofH0 = L2([0, 1],R) is the spaceH = L2([0, 1],C). Suppose (Xt)t∈Z
is a centred stationary process taking values in H0 such that the auto-covariance
operators RX,t = E[X0 ⊗Xh] are summable in nuclear norm, i.e.∑

t∈Z
‖RX,t‖N <∞.

Then, as in Panaretos and Tavakoli (2013), one can define for N (H) the space of
nuclear operators from H to H, a spectral density operator FX,λ ∈ N (H) through

FX,λ = 1
2π

∑
t∈Z
RX,te

−ihλ, λ ∈ [−π, π].

The operator FX,λ is self-adjoint, non-negative (〈FX,λ(u), u〉 ≥ 0) and satisfies the
inverse relation

RX,t =
∫ π

−π
FX,λ eitλ dλ, t ∈ Z,

where integration is taken in Bochner sense.

1.3. Hilbertian linear processes. Suppose (Xt)t∈Z is the linear process Xt =∑
j∈ZAj(εt−j) where (εt)t∈Z are zero mean, i.i.d. random elements in a (real) Hilbert

space H0 with Cε = E[ε0 ⊗ ε0], E‖ε0‖2 <∞ and ∑j∈Z ‖Aj‖L <∞ (Aj ∈ L(H0) for
all j). Then RX,t = ∑

j∈ZAj+t ⊗op Aj(Cε) and

∑
t∈Z
‖RX,t‖N ≤

∑
t∈Z

∑
j∈Z
‖Aj+t‖L ‖Cε‖N ‖Aj‖L = E‖ε0‖2

∑
j∈Z
‖Aj‖L

2

<∞. (1.4)
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Therefore (Cerovecki & Hörmann (2015), Theorem 4),

FX,λ = 1
2π

∑
t∈Z
RX,t e

−itλ

= 1
2π

∑
t∈Z

∑
j∈Z

Aj+t ⊗op Aj(Cε)
e−i(j+t−j)λ

= 1
2π

∑
t,j∈Z

Aj+h e
−i(j+t)ωCεA

∗
j e

ijλ

= 1
2π

∑
j∈Z

∑
t∈Z

Aj+t e
−i(j+t)λ

CεA∗j eijλ

= 1
2π

∑
l∈Z

Al e
−ilω

Cε
∑
j∈Z

Aj e
−ijω

∗

= 1
2πA(e−iω)⊗op A(e−iω)(Cε), (1.5)

where A(λ) := ∑
j∈ZAjλ

j ∈ L(H) for λ ∈ {z ∈ C | |z| ≤ 1} (cf. Remark 1.4 (c)).
From (1.5) we can deduce for any basis {en} of H that

trace(FX,λ) =
∑
n∈N

〈 1
2π [A(e−iλ)⊗op A(e−iλ)(Cε)](en), en

〉

=
∑
n∈N

〈 1
2π [A(e−iλ)⊗op A(e−iλ)(Eε0 ⊗ ε0)](en), en

〉

= 1
2π

∑
n∈N

E
〈
[A(e−iλ)⊗op A(e−iλ)(ε0 ⊗ ε0)](en), en

〉

= 1
2π

∑
n∈N

E
〈
[A(e−iλ)(ε0)⊗ A(e−iλ)(ε0)](en), en

〉

= 1
2π

∑
n∈N

E
〈〈
en, A(e−iλ)(ε0)

〉
A(e−iλ)(ε0), en

〉

= 1
2π

∑
n∈N

E
〈
A(e−iλ)(ε0), en

〉 〈
en, A(e−iλ)(ε0)

〉

= 1
2π

∑
n∈N

E
∣∣∣ 〈A(e−iλ)(ε0), en

〉 ∣∣∣2
= 1

2πE‖A(e−iλ)(ε0)‖2 (1.6)

1.4. The periodogram operator.
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Definition 1.5 (Periodogram Operator). Suppose (Xt)t∈Z is a centred stationary
time series taking values in H0 and satisfying E‖X0‖4 <∞. Define the periodogram
operator IX,λ by

IX,λ := 1
2π DX,λ ⊗DX,λ, ω ∈ [−π, π]

where DX,λ denotes the discrete Fourier transform

DX,λ = 1√
T

T∑
t=1

Xte
−itλ, λ ∈ [−π, π].

Remark 1.8. By Lemma 1.1

IX,λ = 1
2πT

T∑
t,s=1

Xt ⊗Xse
−i(t−s)λ.

and in case H = L2([0, 1],C)

IX,λ(u)(τ) =
∫ 1

0

1
2πT

T∑
t,s=1

Xt(τ)Xs(σ)e−i(t−s)λu(σ) dσ =
∫ 1

0
pX,λ(τ, σ)u(σ) dσ.

The next theorem establishes a useful relation for the periodogram operator of a
Hilbertian linear process.
Theorem 1.2. Suppose (Xt)t∈Z is the linear process Xt = ∑

j∈ZAj(εt−j) where
(εt)t∈Z are i.i.d. centred random elements in a (real) Hilbert space H0 with E‖ε0‖4 <
∞ and ∑j∈Z |j|1/2‖Aj‖L <∞ (Aj ∈ L(H0) for all j). Then

IX,λ = A
(
e−iλ

)
⊗op A

(
e−iλ

)(
Iε,λ

)
+RT,λ

and supλt∈[0,π] E‖RT,λt‖2
HS = O(1/T ), where λt = 2πt/T , t ∈ {0, 1, 2, . . . , [T/2]}.

Proof: To start with

DX,λ = 1√
T

T∑
t=1

Xte
−itλ = 1√

T

T∑
t=1

∑
j∈Z

Aj(εt−j)
e−i(t−j+j)λ

= 1√
T

T∑
t=1

∑
j∈Z

Aj

(
εt−je

−i(t−j)ω
)
e−ijλ = 1√

T

∑
j∈Z

Aj

 T∑
t=1

εt−je
−i(t−j)λ

e−ijλ

= 1√
T

∑
j∈Z

Aj

 T−j∑
l=1−j

εle
−ilλ

e−ijλ

= 1√
T

∑
j∈Z

Aj

 T∑
l=1

εle
−ilλ +

T−j∑
l=1−j

εle
−ilλ −

n∑
l=1

εle
−ilλ

e−ijλ
=
∑
j∈Z

Aj
(
Dε,λ

)
e−ijλ + 1√

T

∑
j∈Z

Aj
(
UT,j

)
e−ijω,
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where

UT,j :=
T−j∑
l=1−j

εle
−ilλ −

T∑
l=1

εle
−ilλ.

Thus, defining

YT,λ := 1√
T

∑
j∈Z

Aj
(
UT,j

)
e−ijλ,

it holds

DX,λ = A
(
e−iλ

)(
Dε,λ

)
+ YT,λ.

Now Lemma 1.1 yields

IX,λ = 1
2π

[
A
(
e−iλ

)(
Dε,λ

)
+ YT,λ

]
⊗
[
A
(
e−iλ

)(
Dε,λ

)
+ YT,λ

]
=A

(
e−iλ

)
⊗op A

(
e−iλ

)(
Iε,λ

)
+ 1

2π

[
A
(
e−iλ

)(
Dε,λ

)
⊗ YT,λ

+
(
A
(
e−iλ

)(
Dε,λ

)
⊗ YT,λ

)∗
+ YT,λ ⊗ YT,λ

]
=A

(
e−iλ

)
⊗op A

(
e−iλ

)(
Iε,λ

)
+RT,λ.

For the remainder we have

2π‖RT,λ‖HS ≤ 2‖A
(
e−iλ

)(
Dε,λ

)
⊗ YT,λ‖HS + ‖YT,λ ⊗ YT,λ‖HS

= 2‖A
(
e−iω

)
Dε,λ ⊗ YT,λ‖HS + ‖YT,λ‖2

≤ 2‖Dε,λ ⊗ YT,λ‖HS ‖A
(
e−iλ

)
‖L + ‖Yn,λ‖2

≤ 2
∑
j∈Z
‖Aj‖L


︸ ︷︷ ︸

=:κ0

‖Dε,λ‖ ‖YT,λ‖+ ‖YT,λ‖2.

Since (a+ b)2 ≤ 2a2 + 2b2 for a, b ∈ R it follows

4π2‖RT,ω‖2
HS ≤ 8κ2

0 ‖Dε,λ‖2 ‖YT,λ‖2 + 2‖YT,λ‖4

and therefore by Cauchy Schwarz

4π2E‖RT,λ‖2
HS ≤ 8κ2

0

(
E‖Dε,λ‖4

)1/2(
E‖YT,λ‖4

)1/2
+ 2E‖YT,λ‖4.



11

Applying Cauchy Schwarz again gives

E‖YT,λ‖4 = E

∥∥∥∥∥∥ 1√
T

∑
j∈Z

Aj
(
UT,j

)
e−ijλ

∥∥∥∥∥∥
4

≤ 1
T 2E

∑
j∈Z
‖Aj‖L‖UT,j‖

4

≤ 1
T 2

∑
j∈Z

(
E‖Aj‖4

L‖UT,j‖4
)1/4

4

= 1
T 2

∑
j∈Z
‖Aj‖L

(
E‖UT,j‖4

)1/4
4

.

Depending on j ∈ Z we have for UT,j

UT,j =
T−j∑
l=1−j

εle
−ilλ −

T∑
l=1

εle
−ilλ =



∑T+|j|
l=1+|j| εle

−ilλ −∑T
l=1 εle

−ilλ, j ≤ −T∑T+|j|
l=T+1 εle

−ilλ −∑|j|l=1 εle
−ilλ, −T < j < 0

0, j = 0∑0
l=1−j εle

−ilλ −∑T
l=T−j+1 εle

−ilλ, 0 < j < T∑T−j
l=1−j εle

−ilλ −∑T
l=1 εle

−ilλ, T ≤ j,

that is UT,j is the sum of 2 min{|j|, T} independent random variables. Thus (cf.
Brockwell & Davis (1991), Problem 10.14)

E‖UT,j‖4 ≤ E

(∑
l

‖εl‖
)4

≤ 2 min{|j|, T}E‖ε0‖4 + 3
(
(2 min{|j|, T})2(E‖ε0‖2)2

)
≤ 2|j|E‖ε0‖4 + 12|j|2

(
E‖ε0‖2

)2

and therefore

E‖YT,λ‖4 ≤ 1
T 2

∑
j∈Z
‖Aj‖L

(
2|j|E‖ε0‖4 + 12|j|2

(
E‖ε0‖2

)2
)1/4

4

≤ 1
T 2

∑
j∈Z
‖Aj‖L

( (
2|j|+ 12|j|2

)
︸ ︷︷ ︸

≤14|j|2

E‖ε0‖4
)1/4

4

≤ 1
T 2

 4
√

14E‖ε0‖4
∑
j∈Z

√
|j|‖Aj‖L

4

∈ O(1/T 2)

Since

E‖Dε,λ‖4 ≤ 1
T
E‖ε0‖4 + 3E‖ε0‖2



12

it follows that

4π2‖RT,λ‖2
HS ≤ 8κ0

(
E‖Dε,λ‖4

)1/2

︸ ︷︷ ︸
<∞

(
E‖YT,λ‖4

)1/2

︸ ︷︷ ︸
∈O(1/T )

+ 2E‖YT,λ‖4︸ ︷︷ ︸
O(1/T 2)

∈ O(1/T ).

�

Lemma 1.6. Suppose X, Y are independent random elements talking values in a
separable Hilbert space H and E‖X‖ <∞, E‖Y ‖ <∞. Then

E〈X, Y 〉 = 〈EX,EY 〉.

Proof: Let {ϕn | n ∈ N} a ONB of H, then E〈X, Y 〉 = E
∑
n〈X,ϕn〉〈ϕn, Y 〉.

Since by Cauchy-Schwarz and Parsevals identity

E
∑
n

|〈X,ϕn〉〈ϕn, Y 〉| ≤ E

√∑
n

|〈X,ϕn〉|2
√∑

n

|〈Y, ϕn〉|2 = E‖X‖E‖Y ‖ <∞,

Fubini’s theorem yields

E〈X, Y 〉 =
∑
n

〈EX,ϕn〉〈ϕn, EY 〉 = 〈EX,EY 〉.

�

Lemma 1.7 (4th Moment of a strong White Noise). Suppose (εt)t∈Z are i.i.d. cen-
tred random elements in a real Hilbert space H0 with covariance operator Cε =
E[ε0 ⊗ ε0] and E‖ε0‖4 <∞, then

E
[
(εt ⊗ εs)⊗ (εk ⊗ εl)

]
=



E
[
(ε0 ⊗ ε0)⊗ (ε0 ⊗ ε0)

]
, t = s = k = l

Cε ⊗op Cε, t = s 6= k = l

Cε ⊗op Cε, t = k 6= s = l

Cε ⊗Top Cε, t = l 6= k = s

0, otherwise.

Proof: To start with

E‖(εt ⊗ εs)⊗ (εk ⊗ εl)‖HS(HS) = E‖εt‖‖εs‖‖εk‖‖εl‖ ≤ E‖ε0‖4 <∞,

so E(εt ⊗ εs)⊗ (εk ⊗ εl) ∈ HS(HS(H0)) exists and is uniquely determined by

〈E(εt ⊗ εs)⊗ (εk ⊗ εl), (f ⊗ g)⊗ (u⊗ v)〉

= E 〈(εt ⊗ εs)⊗ (εk ⊗ εl), (f ⊗ g)⊗ (u⊗ v)〉

= E〈εt, f〉〈εs, g〉〈εk, u〉〈εl, v〉
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for f, g, u, v ∈ H0 since span{(f ⊗ g)⊗ (u⊗ v) | f, g, u, v ∈ H0} = HS(HS(H0)) (cf.
Werner, Satz VI.6.2 (g)).
1. In case t = s 6= k = l by Lemma 1.1

E〈εt, f〉〈εt, g〉〈εk, u〉〈εk, v〉 =〈Eεt ⊗ εt, f ⊗ g〉〈Eεk ⊗ εk, u⊗ v〉

=〈Cε ⊗op Cε, (f ⊗ g)⊗ (u⊗ v)〉,

so E(εt ⊗ εt)⊗ (εk ⊗ εk) = Cε ⊗op Cε.
2. In case t = k 6= s = l we have

E〈εt, f〉〈εs, g〉〈εt, u〉〈εs, v〉 = 〈Cε, f ⊗ u〉〈Cε, g ⊗ v〉

=
∑
i

〈Cε(ϕi), f ⊗ u(ϕi)〉
∑
j

〈Cε(ϕj), g ⊗ v(ϕj)〉

=〈u,Cε(f)〉〈v, Cε(g)〉 = 〈Cε(f)⊗ Cε(g), u⊗ v〉

=
〈
Cε ⊗op Cε(

∑
i,j

〈f, ϕi〉〈g, ϕj〉ϕi ⊗ ϕj),
∑
k,l

〈u, ϕk〉〈v, ϕl〉ϕk ⊗2 ϕl

〉

=
∑
i,j,k,l

〈f, ϕi〉〈g, ϕj〉〈u, ϕk〉〈v, ϕl〉
∑
n,m

〈〈ϕn ⊗ ϕm, ϕk ⊗ ϕl〉ϕi ⊗ ϕj, Cε ⊗op Cε(ϕn ⊗ ϕm)〉

=
∑
i,j,k,l

〈f, ϕi〉〈g, ϕj〉〈u, ϕk〉〈v, ϕl〉 〈(ϕi ⊗ ϕj)⊗ (ϕk ⊗ ϕl), Cε ⊗op Cε〉

= 〈Cε ⊗op Cε, (f ⊗ g)⊗ (u⊗ v)〉 ,

so E(εt ⊗ εs)⊗ (εt ⊗ εs) = Cε ⊗op Cε.
3. In case t = l 6= k = s we have

E〈εt, f〉〈εs, g〉〈εs, u〉〈εt, v〉 = 〈Cε, f ⊗ v〉〈Cε, g ⊗ u〉

=〈Cε(f)⊗ Cε(g), v ⊗ u〉 = 〈u⊗ v, Cε ⊗Top Cε(f ⊗ g)〉

=
∑
i,j,k,l

〈f, ϕi〉〈g, ϕj〉〈u, ϕk〉〈v, ϕl〉
∑
n,m

〈
〈ϕn ⊗ ϕm, ϕi ⊗ ϕj〉ϕk ⊗ ϕl, Cε ⊗Top Cε(ϕn ⊗ ϕm)

〉
=
∑
i,j,k,l

〈f, ϕi〉〈g, ϕj〉〈u, ϕk〉〈v, ϕl〉
〈
(ϕk ⊗ ϕl)⊗ (ϕi ⊗ ϕj), Cε ⊗Top Cε

〉
=〈Cε ⊗Top Cε, (f ⊗ g)⊗ (u⊗ v)〉,

so E(εt ⊗ εs)⊗ (εt ⊗ εs) = Cε ⊗Top Cε.
4. In case t = s = k = l we have

E〈εt, f〉〈εt, g〉〈εt, u〉〈εt, v〉 = 〈E(ε0 ⊗ ε0)⊗ (ε0 ⊗ ε0), (f ⊗ g)⊗2 (u⊗ v)〉

5. In any other case E〈εt, f〉〈εs, g〉〈εk, u〉〈εl, v〉 = 0 by independence. �
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Theorem 1.3. Suppose (εt)t∈Z are i.i.d. centred random elements in a real Hilbert
space H0 with covariance operator Cε = E[ε0⊗ε0] and E‖ε0‖4 <∞. The covariance
of the corresponding periodogram operator is then given for λ1, λ2 ∈ [−π, π] by

Cov(Iε,λ1 , Iε,λ2) = 1
4π2T

cum(ε0, ε0, ε0, ε0) + 1
4π2T

FT (λ1 − λ2) Cε ⊗op Cε

+ 1
4π2T

FT (λ1 + λ2) Cε ⊗Top Cε,

where FT (λ) denotes the Tth Fejer kernel,

FT (λ) = 1
T

∣∣∣∣∣
T∑
t=1

e−itλ
∣∣∣∣∣
2

=


1
T

sin2(Tλ/2)
sin2(λ/2) , λ /∈ 2πZ

T, λ ∈ 2πZ.

and cum(ε0, ε0, ε0, ε0) := Λ − Cε ⊗ Cε − Cε ⊗op Cε − Cε ⊗Top Cε with Λ := E[(ε0 ⊗
ε0)⊗ (ε0 ⊗ ε0)].

Proof: Since EIε,λ = Cε/2π we have

Cov(Iε,λ1 , Iε,λ2) :=E
[
(Iε,λ1 − EIε,λ1)⊗ (Iε,λ2 − EIε,λ2)

]
=E

[
Iε,λ1 ⊗ Iε,λ2

]
− 1

4π2Cε ⊗ Cε.
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Lemma 1.7 yields then

E
[
Iε,λ1 ⊗ Iε,λ2

]

=E
 1

2πT

T∑
t,s=1

εt ⊗ εs e−i(t−s)λ1

⊗
 1

2πT

T∑
k,l=1

εk ⊗ εl e−i(k−l)λ2


= 1

(2πT )2

T∑
t,s,k,l=1

ei(t−s)λ1e−i(k−l)λ2 E
[
(εt ⊗ εs)⊗ (εk ⊗ εl)

]

= 1
(2πT )2

TΛ + T (T − 1)Cε ⊗op Cε +
T∑

t,s=1
t6=s

e−i(t−s)λ1e−i(s−t)λ2Cε ⊗op Cε

+
T∑

t,s=1
t6=s

e−i(t−s)λ1e−i(t−s)λ2Cε ⊗Top Cε



= 1
(2πT )2

TΛ + (T 2 − T )Cε ⊗ Cε +
∣∣∣∣∣∣

T∑
t=1

e−it(λ1−λ2)

∣∣∣∣∣∣
2

− T

Cε ⊗op Cε
+
∣∣∣∣∣∣

T∑
t=1

e−it(λ1+λ2)

∣∣∣∣∣∣
2

− T

Cε ⊗Top Cε


= 1
4π2T

(
Λ− Cε ⊗ Cε − Cε ⊗op Cε − Cε ⊗Top Cε

)
+ 1

4π2Cε ⊗ Cε

+ 1
4π2T 2

∣∣∣∣∣∣
T∑
t=1

e−it(λ1−λ2)

∣∣∣∣∣∣
2

Cε ⊗op Cε + 1
4π2T 2

∣∣∣∣∣∣
T∑
t=1

e−it(λ1+λ2)

∣∣∣∣∣∣
2

Cε ⊗Top Cε

= 1
4π2T

cum(ε0, ε0, ε0, ε0) + 1
4π2T

FT (λ1 − λ2) Cε ⊗op Cε

+ 1
4π2T

FT (λ1 + λ2) Cε ⊗Top Cε + 1
4π2Cε ⊗ Cε

�
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Remark 1.9. Notice that if ε0 ∼ N (0, Cε) then for f, g, u, v ∈ H0 the vector
(〈ε0, f〉, 〈ε0, g〉, 〈ε0, u〉, 〈ε0, v〉) is multivariate normal distributed, so by Isserlis the-
orem

E〈(ε0 ⊗ ε0)⊗ (ε0 ⊗ ε0), (f ⊗ g)⊗ (u⊗ v)〉

=E〈ε0, f〉〈ε0, g〉E〈ε0, u〉〈ε0, v〉+ E〈ε0, f〉〈ε0, u〉E〈ε0, g〉〈ε0, v〉

+ E〈ε0, f〉〈ε0, v〉E〈ε0, g〉〈ε0, u〉

=〈Cε, f ⊗ g〉〈Cε, u⊗ v〉+ 〈Cε, f ⊗ u〉〈Cε, g ⊗ v〉+ 〈Cε, f ⊗ v〉〈Cε, g ⊗ u〉

=〈Cε ⊗ Cε + Cε ⊗op Cε + Cε ⊗Top Cε, (f ⊗ g)⊗ (u⊗ v)〉.

Therefore E[(ε0 ⊗ ε0) ⊗ (ε0 ⊗ ε0)] = Cε ⊗op Cε + Cε ⊗op Cε + Cε ⊗Top Cε and
cum(ε0, ε0, ε0, ε0) = 0.

2. Proofs of Proposition 1, Lemma 2 and Lemma 3

2.1. Proof of Proposition 1. By Assumption 2, we have b−1/2
(
µ̂0 − µ̃0) P→ 0 and

θ̂0
P→ θ̃0. Furthermore,

√
bT UT − b−1/2µ̃0 =

√
bT
∫ π

−π
‖EF̂X,λ − EF̂Y,λ‖2

HSdλ

+
√
bT
∫ π

−π
‖
(
F̂X,λ − EF̂X,λ

)
−
(
F̂Y,λ − EF̂Y,λ

)
‖2
HSdλ− b−1/2µ̃0

+ 2
√
bT
∫ π

−π
〈
(
F̂X,λ − EF̂X,λ

)
−
(
F̂Y,λ − EF̂Y,λ

)
, EF̂X,λ − EF̂Y,λ〉HSdλ.

(2.1)

The assertion of the proposition follows since
√
bT
∫ π
−π ‖EF̂X,λ − EF̂Y,λ‖2

HSdλ =√
bT
∫ π
−π ‖FX,λ −FY,λ‖2

HSdλ+ o(1) since ‖EF̂X,λ −FX,λ‖HS = ‖EF̂Y,λ −FY,λ‖HS =
O(b2) unifomly in λ. Furthermore,

√
bT
∫ π
−π ‖

(
F̂X,λ−EF̂X,λ

)
−
(
F̂Y,λ−EF̂Y,λ

)
‖2
HSdλ−

b−1/2µ̃0 = OP (1), while the last term in (2.1) is OP (
√
T ) since

√
bT times the ex-

pression of the inner product is bounded by
√
T
{
‖
√
Tb(F̂X,λ − EF̂X,λ)‖HS + ‖

√
Tb(F̂Y,λ − EF̂Y,λ)‖HS

}{
‖EF̂X,λ − EF̂Y,λ‖HS

}
= OP (

√
T ).

Notice that the last equality follows because the sequences
√
Tb(F̂X,λ−EF̂X,λ) and√

Tb(F̂Y,λ−EF̂Y,λ) are bounded in probability, uniformly in λ, since as in Theorem
3.7 of Panaretos and Tavakoli (2013), both sequences converge weakly to Gaussian
elements in L2([0, 1]2,C) with covariance kernels that can be bounded uniformly in
λ.
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2.2. Proof of Lemma 2. We show that mean and variance of
√
bT MT,0− b−1/2 µ0

tend to zero asymptotically. For the mean, we have

EMT,0

=E
∫ π

−π

1
b2T 2

N∑
t=−N

W 2
(
λ− λt
b

)∥∥∥Qc
X,λt

∥∥∥2

HS
+
∥∥∥Qc

Y,λt

∥∥∥2

HS
− 2

〈
Qc
X,λt

, Qc
Y,λt

〉
HS

 dλ

For the first part, we get

√
bT
∫ π

−π

1
b2T 2

N∑
t=−N

W 2
(
λ− λt
b

)
E
∥∥∥Qc

X,λt

∥∥∥2

HS
dλ

= 1√
bT

N∑
t=−N

∫ π/b

−π/b
W 2

(
λ− λt

b

)
dλ E

∥∥∥Qc
X,λt

∥∥∥2

HS

=
∫ π

−π
W 2(λ)dλ 1√

bT

N∑
t=−N

E
∥∥∥Qc

X,λt

∥∥∥2

HS
+ o(1). (2.2)

Using that ∑T
s=1 e

isλt = 0, Remark 1.8 and Lemma 1.1 give

1√
bT

N∑
t=−N

E
∥∥∥Qc

X,λt

∥∥∥2

HS

= 1√
bT

N∑
t=−N

E
∥∥∥A(e−iλt)Icε,λt

A(e−iλt)∗
∥∥∥2

HS

≤ 1
4π2

1√
bT

N∑
t=−N

1
T 2

T∑
s1 6=s2=1

E
∥∥∥A(e−iλt)(εs1 ⊗ εs2)A(e−iλt)∗

∥∥∥2

HS

+ 1
4π2

1√
bT

N∑
t=−N

1
T 2

T∑
s1 6=s2=1

e−2iλt(s1−s2)

× E
〈
A(e−iλt)(εs1 ⊗ εs2)A(e−iλt)∗, A(e−iλt)(εs2 ⊗ εs1)A(e−iλt)∗

〉
HS

+ o(1)

= 1
4π2

1√
bT

N∑
t=−N

E
∥∥∥[A(e−iλt)ε1]⊗ [A(e−iλt)ε2]

∥∥∥2

HS
+ o(1)

= 1
4π2

1√
bT

N∑
t=−N

(
E
∥∥∥A(e−iλt)ε0

∥∥∥2

L2

)2
+ o(1). (2.3)
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Using a Riemann approximation for the latter term as well as (1.6) and recalling
that ∑j∈Z |j|1/2‖Aj‖L <∞ we obtain

1√
bT

N∑
t=−N

E
∥∥∥A(e−iλt)Icε,λt

A(e−iλt)∗
∥∥∥2

HS

= 1
2π
√
b

∫ π

−π

( 1
2π E

∥∥∥A(e−iλ)ε0

∥∥∥2

L2

)2
dλ

+ O

(
1√
b

)
N∑

t=−N

∫ πt/T

π(t−1)/T

∑
j,k∈Z

[eiλt(j−k) − eiλ(j−k)]E〈Ajε0, Akε0〉L2dλ + o(1)

= 1
2π
√
b

∫ π

−π
(trace(FX,λ))2 dλ

+ O

(
1√
bT

) ∑
j,k∈Z
|j − k|1/2E‖[Ajε0]⊗ [Akε0]‖HSdλ + o(1)

= 1
2π
√
b

∫ π

−π
(trace(FX,λ))2 dλ

+O

(
1√
bT

) ∑
j,k∈Z
|j − k|1/2‖Aj‖L‖Ak‖L‖Cε‖N + o(1)

= 1
2π
√
b

∫ π

−π
(trace(FX,λ))2 dλ+ o(1). (2.4)

Hence, (2.3) and (2.4) give

√
bT
∫ π

−π

1
b2T 2

N∑
t=−N

W 2
(
λ− λt
b

)
dλE

∥∥∥Qc
X,λt

∥∥∥2

HS
= 1

2
√
b
µ0 + o(1).

With the same arguments,

√
bT
∫ π

−π

1
b2T 2

N∑
t=−N

W 2
(
λ− λt
b

)
dλE

∥∥∥Qc
Y,λt

∥∥∥2

HS
= 1

2
√
b
µ0 + o(1).

By independence of (et)t und (εt)t, we can deduce that the corresponding peri-
odogramm operators are independent. Hence, we obtain that the mixed terms van-
ish, that is,

E
〈
A(e−iλt)Icε,λt

A(e−iλt)∗, B(e−iλt)Ice,λt
B(e−iλt)∗

〉
HS

= 0.
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Now, we turn to var(
√
bT MT,0):

var(
√
bT MT,0)

= 1
bT 2

N∑
t1,t2=−N

∫ π/b

−π/b
W 2

(
λ− λt1

b

)
dλ
∫ π/b

−π/b
W 2

(
λ− λt2

b

)
dλ

× cov
( ∥∥∥A(e−iλt1 )Icε,λt1

A(e−iλt1 )∗ −B(e−iλt1 )Ice,λt1
B(e−iλt1 )∗

∥∥∥2

HS
,∥∥∥A(e−iλt2 )Icε,λt2

A(e−iλt2 )∗ −B(e−iλt2 )Ice,λt2
B(e−iλt2 )∗

∥∥∥2

HS

)
Under Gaussianity, all summands with indizes t1 and t2 with |t1| 6= |t2| vanish due
to the independence of the periodograms at the corresponding Fourier frequencies.
By standard arguments, we get

E
∥∥∥A(e−iλt)Icε,λt

A(e−iλt)∗
∥∥∥4

HS
≤ CE

∥∥∥Icε,λt

∥∥∥4

HS
.

The latter term can be bounded uniformly in t with similar arguments as in Theo-
rem 1.2. Finally this implies that var(

√
bT MT,0) = O(1/(bT )). �

2.3. Proof of Lemma 3. Recalling Qc
X,λ := A(e−iλ)Icε,λA(e−iλ)∗ = A(e−iλ) ⊗op

A(e−iλ)(Icε,λ) and Qc
Y,λ := B(e−iλ)Ice,λB(e−iλ)∗ = B(e−iλ)⊗op B(e−iλ)(Ice,λ) gives

var(
√
bTLT,0)

= 1
b3T 2var

∫ π

−π

N∑
t1,t2=−N

t1 6=t2

W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
〈
Qc
X,λt1

−Qc
Y,λt1

, Qc
X,λt2

−Qc
Y,λt2

〉

= 1
b3T 2

N∑
t1,t2=−N

t1 6=t2

N∑
s1,s2=−N

s1 6=s2

∫ π

−π
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫ π

−π
W

(
λ− λs1

b

)
W

(
λ− λs2

b

)
dλ

× cov
(〈
Qc
X,λt1

−Qc
Y,λt1

, Qc
X,λt2

−Qc
Y,λt2

〉
,
〈
Qc
X,λs1

−Qc
Y,λs1

, Qc
X,λs2

−Qc
Y,λs2

〉)
.

Notice that by Lemma 1.6 we have for example

cov
(〈
Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λs1

, Qc
Y,λs2

〉)
=E

(〈
Qc
X,λt1

, Qc
X,λt2

〉
− E

〈
Qc
X,λt1

, Qc
X,λt2

〉
︸ ︷︷ ︸

=0, if t1 6=±t2

)〈
Qc
Y,λs2

, Qc
X,λs1

〉

=
〈
EQc

Y,λs2
, E
(〈

Qc
X,λt2

, Qc
X,λt1

〉
− E

〈
Qc
X,λt1

, Qc
X,λt2

〉)
Qc
X,λs1

〉
= 0,
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and likewise for similar terms. Thus

var(
√
bTLT,0)

= 1
b3T 2

N∑
t1,t2=−N

t1 6=t2

N∑
s1,s2=−N

s1 6=s2

∫ π

−π
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫ π

−π
W

(
λ− λs1

b

)
W

(
λ− λs2

b

)
dλ

×

cov (〈Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λs1

, Qc
X,λs2

〉)
+ cov

(〈
Qc
Y,λt1

, Qc
Y,λt2

〉
,
〈
Qc
Y,λs1

, Qc
Y,λs2

〉)
+ cov

(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
X,λs1

, Qc
Y,λs2

〉)
+ cov

(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
Y,λs1

, Qc
X,λs2

〉)
+ cov

(〈
Qc
Y,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λs1

, Qc
Y,λs2

〉)
+ cov

(〈
Qc
Y,λt1

, Qc
X,λt2

〉
,
〈
Qc
Y,λs1

, Qc
X,λs2

〉).
Since (Qc

X,λ)∗ = Qc
X,λ (because (Icε,λ)∗ = Icε,λ) it follows from Lemma 1.2 that

N∑
t1,t2=−N

t1 6=t2

N∑
s1,s2=−N

s1 6=s2

cov
(〈
Qc
Y,λt1

, Qc
X,λt2

〉
,
〈
Qc
Y,λs1

, Qc
X,λs2

〉)

=
N∑

t1,t2=−N
t1 6=t2

N∑
s1,s2=−N

s1 6=s2

cov
(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
X,λs1

, Qc
Y,λs2

〉)

and the same holds for the other two mixed terms since W (λ − λs1)W (λ − λs2) =
W (λ− λs2)W (λ− λs1). Therefore

var(
√
bTLT,0)

= 1
b3T 2

N∑
t1,t2=−N

t1 6=t2

N∑
s1,s2=−N

s1 6=s2

∫ π

−π
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫ π

−π
W

(
λ− λs1

b

)
W

(
λ− λs2

b

)
dλ

×

cov (〈Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λs1

, Qc
X,λs2

〉)
+ cov

(〈
Qc
Y,λt1

, Qc
Y,λt2

〉
,
〈
Qc
Y,λs1

, Qc
Y,λs2

〉)

+ 4cov
(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
X,λs1

, Qc
Y,λs2

〉).
Now consider the first summand in more detail: Suppose t1 6= −t2 and s1 6= −s2,
then in the cases

(a) t1 6= ±s1, t2 6= ±s2
(b) t1 6= ±s2, t2 6= ±s1
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the covariance vanishes due to independence.
(i) Consider the case t1 = s1, t2 = s2 (resp. t1 = s2, t2 = s1 due to symmetry) then

cov
(〈
Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λt1

, Qc
X,λt2

〉)
= E

〈
Qc
X,λt1

, Qc
X,λt2

〉 〈
Qc
X,λt2

, Qc
X,λt1

〉
= E

〈
Qc
X,λt1

⊗Qc
X,λt1

, Qc
X,λt2

⊗Qc
X,λt2

〉
=
〈
EQc

X,λt1
⊗Qc

X,λt1
, EQc

X,λt2
⊗Qc

X,λt2

〉

and by Theorem 1.3 and Lemma 1.3

EQc
X,λt1

⊗Qc
X,λt1

=E
[
A(e−iλt1 )⊗op A(e−iλt1 )(Icε,λt1

)
]
⊗
[
A(e−iλt1 )⊗op A(e−iλt1 )(Icε,λt1

)
]

=EA(e−iλt1 )⊗op A(e−iλt1 )Icε,λt1
⊗ Icε,λt1

(
A(e−iλt1 )⊗op A(e−iλt1 )

)∗
=A(e−iλt1 )⊗op A(e−iλt1 )E

[
Icε,λt1

⊗ Icε,λt1

] (
A(e−iλt1 )⊗op A(e−iλt1 )

)∗
=A(e−iλt1 )⊗op A(e−iλt1 ) 1

4π2Cε ⊗op Cε
(
A(e−iλt1 )⊗op A(e−iλt1 )

)∗
= 1

2πA(e−iλt1 )⊗op A(e−iλt1 )(Cε)⊗op
1

2πA(e−iλt1 )⊗op A(e−iλt1 )(Cε)

=FX,λt1
⊗op FX,λt1

,

since cumop(ε0, ε0, ε0, ε0) = 0 (cf. Remark 1.9) and Fn(2λt1) = 0. Thus (cf. Remark
1.2)

cov
(〈
Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λt1

, Qc
X,λt2

〉)
=
〈
FX,λt1

⊗op FX,λt1
,FX,λt2

⊗op FX,λt2

〉
=
〈
FX,λt1

,FX,λt2

〉 〈
FX,λt1

,FX,λt2

〉
=
〈
FX,λt1

,FX,λt2

〉2
.
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Combining both cases (t1 = s1, t2 = s2 and t1 = s2, t2 = s1) one obtains

2
b3T 2

N∑
t1,t2=−N

t1 6=±t2

(∫
R
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ

)2

E
〈
Qc
X,λt1

, Qc
X,λt2

〉2

s(λ)=λ/b= 2
b3T 2

N∑
t1,t2=−N

t1 6=±t2

b
∫
R
W

(
s− λt1

b

)
W

(
s− λt2

b

)
︸ ︷︷ ︸

=u(s)

ds


2

〈
FX,λt1

,FX,λt2

〉2

= 2
bT 2

N∑
t1,t2=−N

t1 6=±t2

(∫
R
W

(
u− 2π(t1 − t2)

bT

)
W (u) du

)2 〈
FX,λt1

,FX,λt2

〉2

= 1
2π2

2π
bT

2N∑
t1=−2N

(∫
R
W
(
u− 2πt1

bT

)
W (u) du

)2 2π
T

2N−|t1|∑
k=0

〈
FX,λt1−N+k

,FX,λ−N+k

〉2
+O(1/Tb)

T→∞−−−→ 1
2π2

∫ 2π

−2π

{∫ π

−π
W (u− x)W (u) du

}2
dx
∫ π

−π
‖FX,λ‖4

HS dλ.

(ii) Consider the case t1 = −s1, t2 = −s2 (resp. t1 = −s2, t2 = −s1 due to
symmetry). With the notation of Definition 1.5 by Lemma 1.4

Qc
X,λ = A(e−iλ)(Iε,λ − Cε/2π)A(e−iλ)∗ = A(eiλ) 1

2π (Dε,λ ⊗Dε,λ − Cε)A(eiλ)∗

= A(eiλ)(Iε,−λ − Cε/2π)A(eiλ)∗ = Qc
X,−λ

and therefore

cov
(〈
Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λ−t1

, Qc
X,λ−t2

〉)
= E

〈
Qc
X,λt1

, Qc
X,λt2

〉 〈
Qc
X,λt2

, Qc
X,λt1

〉
= E

〈
Qc
X,λt1

, Qc
X,λt2

〉 〈
Qc
X,λt2

, Qc
X,λt1

〉
= E

〈
Qc
X,λt1

, Qc
X,λt2

〉2
.
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Combining both cases (t1 = −s1, t2 = −s2 and t1 = −s2, t2 = −s1) and proceeding
as before yields

2
b3T 2

N∑
t1,t2=−N

t1 6=±t2

∫
R
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫
R
W

(
λ+ λt1

b

)
W

(
λ+ λt2

b

)
dλ

× E
〈
Qc
X,λt1

, Qc
X,λt2

〉2

= 2
bT 2

N∑
t1,t2=−N

t1 6=±t2

∫
R
W

(
u− 2π(t1 − t2)

bT

)
W (u) du

∫
R
W

(
u+ 2π(t1 − t2)

bT

)
W (u) du

×
〈
FX,λt1

,FX,λt2

〉2

T→∞−−−→ 1
2π2

∫ 2π

−2π

∫ π

−π
W (u− x)W (u) du

∫ π

−π
W (u+ x)W (u) du dx

∫ π

−π
‖FX,λ‖4

HS dλ

= 1
2π2

∫ 2π

−2π

{∫ π

−π
W (u− x)W (u) du

}2
dx
∫ π

−π
‖FX,λ‖4

HS dλ

(iii) In the remaining cases (t1 = s1, t2 = −s2; t1 = −s1, t2 = s2; t1 = s2, t2 =
−s1; t1 = −s2, t2 = s1) the covariance is bounded by

( 1
2π

)4
∑
l∈Z
‖Al‖L

8

‖Cε‖4
N =: κ.

For example in case t1 = s1, t2 = −s2 (resp. t1 = s2, t2 = −s1 due to symmetry) we
have

cov
(〈
Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λt1

, Qc
X,λ−t2

〉)
=
〈
E(Qc

X,λt1
⊗Qc

X,λt1
), E(Qc

X,λt2
⊗Qc

X,−λt2
)
〉

=
〈
FX,λt1

⊗op FX,λt1
,FX,λt2

⊗Top FX,−λt2

〉
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since by Theorem 1.3, Lemma 1.3, Lemma 1.4 and Lemma 1.5

E(Qc
X,λt2

⊗Qc
X,−λt2

)

=E
([
A(e−iλt2 )⊗op A(e−iλt2 )(Icε,λt2

)
])
⊗
[
A(eiλt2 )⊗op A(eiλt2 )(Icε,−λt2

)
]

=E
(
A(e−iλt2 )⊗op A(e−iλt2 )Icε,λt2

⊗ Icε,−λt2

) (
A(eiλt2 )⊗op A(eiλt2 )

)∗
=A(e−iλt2 )⊗op A(e−iλt2 )E

[
Icε,λt2

⊗ Icε,−λt2

]
A(eiλt2 )∗ ⊗op A(eiλt2 )∗

=A(e−iλt2 )⊗op A(e−iλt2 ) 1
4π2Cε ⊗

T
op CεA(eiλt2 )∗ ⊗op A(eiλt2 )∗

= 1
2πA(e−iλt2 )CεA(eiλt2 )∗ ⊗Top

1
2πA(e−iλt2 )CεA(eiλt2 )∗

= 1
2πA(e−iλt2 )CεA(e−iλt2 )∗ ⊗Top

1
2πA(eiλt2 )CεA(eiλt2 )∗

=FX,λt2
⊗Top FX,−λt2

.

Therefore by Cauchy Schwarz

∣∣∣cov (〈Qc
X,λt1

, Qc
X,λt2

〉
,
〈
Qc
X,λt1

, Qc
X,λ−t2

〉)∣∣∣ ≤‖FX,λt1
⊗op FX,λt1

‖‖FX,λt2
⊗Top FX,−λt2

‖

=‖FX,λt1
‖2‖FX,λt2

‖‖FX,−λt2
‖

and

‖FX,λ‖ ≤
1

2π‖A(e−iλ)‖2
L‖Cε‖N ≤

1
2π‖Cε‖N

∑
l∈Z
‖Al‖L

2

yields the bound. Furthermore, for example in case t1 = s1, t2 = −s2

1
b3T 2

N∑
t1,t2=−N

t1 6=±t2

∫
R
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫
R
W

(
λ− λt1

b

)
W

(
λ+ λt2

b

)
dλ

= 1
bT 2

N∑
t1,t2=−N

t1 6=±t2

∫
R
W

(
u− 2π(t1 − t2)

bT

)
W (u) du

∫
R
W

(
u− 2π(t1 + t2)

bT

)
W (u) du

︸ ︷︷ ︸
∈O(b2T 2)

∈ O(b),
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hence the terms are asymptotically negletable. Proceeding similarly for the other
two summands we obtain

1
b3T 2

N∑
t1,t2=−N

t1 6=t2

N∑
s1,s2=−N

s1 6=s2

∫ π

−π
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫ π

−π
W

(
λ− λs1

b

)
W

(
λ− λs2

b

)
dλ

× cov
(〈
Qc
Y,λt1

, Qc
Y,λt2

〉
,
〈
Qc
Y,λs1

, Qc
Y,λs2

〉)
T→∞−−−→ 1

π2

∫ 2π

−2π

{∫ π

−π
W (u− x)W (u) du

}2
dx
∫ π

−π
‖FY,λ‖4

HS dλ

and

4
b3T 2

N∑
t1,t2=−N

t1 6=t2

N∑
s1,s2=−N

s1 6=s2

∫ π

−π
W

(
λ− λt1

b

)
W

(
λ− λt2

b

)
dλ
∫ π

−π
W

(
λ− λs1

b

)
W

(
λ− λs2

b

)
dλ

× cov
(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
X,λs1

, Qc
Y,λs2

〉)
T→∞−−−→ 2

π2

∫ 2π

−2π

{∫ π

−π
W (u− x)W (u) du

}2
dx
∫ π

−π
〈FX,λ,FY,λ〉2 dλ.

Notice that for the last summand the cases t1 = s1, t2 = s2 and t1 = s2, t2 = s1
resp. t1 = −s1, t2 = −s2 and t1 = −s2, t2 = −s1 are not symmetric and due to
independence

cov
(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
X,λt2

, Qc
Y,λt1

〉)
=
〈
EQc

X,λt1
, EQc

Y,λt2

〉 〈
EQc

X,λt2
, EQc

Y,λt1

〉
= 0.

and similarly cov
(〈
Qc
X,λt1

, Qc
Y,λt2

〉
,
〈
Qc
X,λ−t2

, Qc
Y,λ−t1

〉)
= 0.

In the case t1 = s1, t2 = s2 we have

cov(〈Qc
X,λt1

, Qc
Y,λt2
〉, 〈Qc

X,λt1
, Qc

Y,λt2
〉) = E〈Qc

X,λt1
, Qc

Y,λt2
〉〈Qc

Y,λt2
, Qc

X,λt1
〉

=〈EQc
X,λt1

⊗Qc
X,λt1

, EQc
Y,λt2
⊗Qc

Y,λt2
〉 = . . . = 〈FX,λt1

,FY,λt2
〉2

and similarly in the case t1 = −s1, t2 = −s2,

cov(〈Qc
X,λt1

, Qc
Y,λt2
〉, 〈Qc

X,λ−t1
, Qc

Y,λ−t2
〉) = 〈EQc

X,λt1
⊗Qc

X,−λt1
, EQc

Y,λt2
⊗Qc

Y,−λt2
〉

= 〈FX,λt1
,FY,λt2

〉〈FX,−λt1
,FY,−λt2

〉 = 〈FX,λt1
,FY,λt2

〉2

Finally under H0 we have FX,λ = FY,λ and the assertion follows. �
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