Supplementary Material to “Testing the Equality of
Spectral Density Operators for Functional Processes” by A.
Leucht, E. Paparoditis, D. Rademacher and T. Sapatinas.

This Supplementary Material contains some technical tools, some useful results
on Hilbertian linear process, spectral density, periodogram and tensor operators as
well as the proofs of Proposition 1, Lemma 2 and Lemma 3 of the main document.

1. AUXILIARY RESULTS
1.1. Technical tools.

Definition 1.1 (Hilbert-Schmidt-Tensorproduct). Let H be a (separable) Hilbert
space, then for each u,v € H, the equation

u@uv(z) = (z,0)u, x€H (1.1)

defines a Hilbert-Schmidt operator v @ v € HS(H,H) =: HS(H), the space of
Hilbert Schmidt operators from H to H.

Let L(#H) be the set of all linear bounded operators A : H — H. For A and B
operators AB denotes the composition AB(x) = A(B(x)) for any x € H.

Remark 1.1. (a) If {¢, | n € N} is an orthonormal basis of H, then {p, ® ¢, |
n,m € N} is an orthonormal basis of HS(H).

(b) Since the set of Hilbert-Schmidt operators HS(H) is a Hilbert space itself with
inner product

(A, B)us = 3 _(Al¢i), B(g)) = tr(B"A), A, B € HS(H),

where {p; | i € N} is any orthonormal basis of H, equation (1.1]) also applies: For
A, B € HS(H) the equation

A® B(C) = (C, B)ysA = tr(B*C)A, C € HS(H) (1.2)

defines a Hilbert-Schmidt operator A® B € HS(HS(H), HS(H)) = HS(HS(H)).
(c) In case H = L*([0,1],C) observe that

(o gt.e) = [ F0a@Iuto) doyv)

i.e. f® g is an integral operator with kernel k(7,0) = f(7)g(0).
Lemma 1.1. For u,v, f,g € H and A, B € L(H) it holds
(i) (ou) @ (Bv) =a fu®v), «feC
(i) (o) @ (f+g)=u@ [ +udg+vaf+vag
(iii) (u®v) =vRu
(1V§ A(u) ® B(v) = A(u ® v)B*

(V) (f@g, ucvus = {f,u) <v,9>~1



Proof: Follows immediately from the definition. OJ

Lemma 1.2. Let H a separable Hilbert space and A, B € HS(H), then
(A, B)us = (B*, A") s

In particular (A, B) € R if A, B are self-adjoint.

Proof: Since (A, B) gs = trace(B*A) it suffices to show trace(AB) = trace(BA).
Let {¢, | n € N} be a orthonormal basis of H, then B(u) = >, (B(u), ¢n)@n, u € H,
and consequently AB(u) = X, (u, B*(¢n))A(pn), i€

AB = Z B*(on))A(en)
and similarly BA =3, (-, A*(¢n))B(pn). It follows

trace(AB) = Z<AB(g0m), POm) = Z<B(§0m)’ ) (Pn, A" (m))

m m,n

= Z Som >B(90m) (Pn> = Z<BA(90n>a ‘Pn> = trace(BA).

n

O

Definition 1.2 (Operator tensor product). Let H be a (separable) Hilbert space
and A, B € L(H), then the equation

A®,, B(C) := ACB*, C € L(H) (1.3)

defines a linear operator A ®,, B € L(L(H)).

Remark 1.2. (a) A ®qp By : HS(H) = HS(H), since [ACB*|gs < [|Allc||Cllus||Bl|c.
(b) In case A, B € HS(H) it holds

1A ®op Bllizs(s) = Z 1A ®op Bles @2 ¢5)llis = D_ 1 Aler) ® Blej)llus

4,7
= Z 1A 1?1 B(es)I* = 1AIzs | Bllzs < oo,
so A®,, B € HS(HS). For A, B,C,D € HS(H) a similar calculation yields
(A®qp B,C ®op D)irs(ns) = D_(Ale:) ® B(e;), Clei) ® D(e;))ms
.3

=D _(A(e:), Clen))(D(e;), Blej))

= (A, CYus(D, B)us
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(c) Suppose H = L*([0,1],C) and A, B,C € HS(L?([0,1],C)) have corresponding
kernerls a, b, c € L*([0,1]?,C). Then

(A@op B(C)(f), 9) = (ACB*(f), 9)

—</01 (/01 /01 a(-,v)b(o, T)c(v, T) dv dT) f(o) da,g>

so A ®.p Bl is an integral operator with corresponding kernel

k(u,o,v,7) = a(p,v)b(o, 7).

Lemma 1.3. Let H be a (separable) Hilbert space, f,g € H, o, 5 € C and A, B,C, D,
E F e L(H), then
(1) |4 @0p Blleie) < [IAlllIBll
(ii) (A+ B) ®op (C+ D) =A®pp C+ ARy D+ B Ry C+ B®g D
(iii) (aA) ®gp (BB) = afA @, B
(iv) A®q, B(f ©g) = A(f) © Blg)
(V) (A®qp B)(C ®op D) = AC ®,p BD
and when restricted on HS(H) and C, D € HS(H)
(vi) (A®ep B)" = A" ®,p B”
(vii) A®yy B C® D (E®y F)* = (A4, B(C)) & (E @, F(D))
Proof: Follows immediately from the definition. For (vi) notice that by lemma
1w

(A®,, B(C),D) = (ACB*, D) = (CB*, A*D) = (D*A, BC*)
—(B*D*A,C") = (C, A"DB) = (C, A* @,, B*(D))
for C, D € HS(H). O

Remark 1.3. From (v) and (vi) we have in particular
A@y B C®yp D (E @0y ) = (A@4, B(C)) @0 (B @0y F(D))

Theorem 1.1 (Complexification of a real Hilbert space, cf. Kardison& Ringrose,
Exercise 2.8.3 (p. 161)). Suppose Ho is a real Hilbert space with inner product
(-, Vo Ho X Ho — R. Define on Ho x Hg the following algebraic structure
(a) +: (HoxHo)x (HoxHo) = HoXxHo, ‘<U0,U1)+(U07U1) 1= (ug+wvo, ur+v1);
(b) -: Cx (HoxHo) = (HoxHo), (ag+iag)-(ug,ur) = (apup—aquy, arug+
QoU1);
(C) <,>( ()XH()) ( 0XHO)—>C,
<(U07U1) (U07U1)> 1= (U0, Vo) o + (U1, V1)ao + i{u1, vo)a, — 1(Uo, V1)1 s
(d) -1l (Ho x Ho) = [0,00),  [I(uo, wr)[I* = l[uollFy, + l[unllZy,
then Ho X Ho becomes a complex Hilbert space, denoted H. There is a natural
involution on H defined by



(e) 7: (Ho) X (Ho) = (Ho) x (Ho), (ug,uq) := (ug, —uy).
The set Hg := {(u,0) | u € Ho} C H is a closed real-linear subspace of H and

H=Hg+iHgr ={h+ik|h k€ Hg}.

The mapping Ho > u — (u,0) € Hg is an isometric isomorphism, i.e. |lully, =

I, O)-

Remark 1.4. (a) Notice that for o € C and u = (ug, u1),v = (v, v1) € H we have

u=a-u, utv=u+v, u=u, (U,0)=(u,v).

Also v = @ if and only if u € H,.
(b) Any operator A € L(H,) can be extended to an operator A. € L(#H) by defining
Ac(u) == (A(uo), A(uy)) for u = (ug, u1) € H. The correspondence A — A, preserves
all algebraic properties of the operator. For example

(i) (@A), = A, foraeR
(ii) (A+ B).=A.+ B.
(i) (AB). = A.B,
(iv) (4°), = A
(c) If A € L(Hp) and o = ag + iy € C we define oA € L(Ho, H) by aAlug) =
(apA(ug), a1 A(ug)). This operator can then be extended to an operator aA € L(H)
by defining

aA(u) = (apA(ug) — a1 A(ur), a1 A(ug) + apA(ur)), w = (up,u1) € H.

Notice that the same extension is obtained by first extending A € L(H,) to A. €
L(H) and then multiplying by «.

(d) Suppose {¢, | n € N} is a basis of Ho and u = >, uppn, v = 3, Vnn € Ho,
Uy, Uy, € R. Then

(u,v) = (u,0) +i(v,0) =D (un + iv,) (0, 0),

n

so {(¢n,0) | n € N} is also a basis for the complexified Hilbert space H. If {p, |
n € N} is orthonormal, than so is {(¢,,0) | n € N}.

Definition 1.3 (Conjugate and Transposed Operator). Let H = Hy + iHy be a
complexified Hilbert space and A € L(H). Then define the conjugate operator

A€ L(H) by

A(u) = A(w), uvweH

0k

and the transposed operator AT € L(H) by AT := A



5

Remark 1.5. (a) The definitions are motivated from the finite dimensional case,
i.e., H = C". In that case any operator A € L(C") _is represented by a matrix
A = (a;;) € C™™ and the conjugated matrix is simply A = (a@;;). We then have

ZZL‘ = (Z aijxj) = (Z aijxj) = E
J=1 i j=1 i
and A" = AT = A%

(b) If A = A. € L(H) is the extension of an operator A € L(H,), then A = A and
therefore AT = A*.

Lemma 1.4. Let H = Ho + tHo be a complexified Hilbert space, « € C, f,g € H
and A, B € L(H), then

) A" = Al = Al

(ii) <A+B) = AT+ BT and A+ B=A+

iii) (AB) =BT"A" and AB=AB

(iv) (aA)T = aA” and oA =aA

(v)
)

os/

v) AT =A" = A*
(vi) (AT)T —Aand A=A
(vii) (f®9)' =g® fand f®g=f@7
If A,Be€ HS(H), then
(viii) AT, A€ HS(H) and ||A|lgs = [|AT|us = | Allzs
(ix) (A", B"Ygs = (A, B)gs and (A, BYus = (A, B) ;14

Remark 1.6. From (v) and (vi) we have in particular

A=A =AT, (AT =A = (AT
Proof: (i) By remark [1.4] |lu| = |[u]|, so

1A%l = sup [|AT(w)]| = sup [|A"(u)]| = sup [A(u)|| = sup [A@)[| = [|A]lc.

[[uf| =1 fJuf| =1 [[uf| =1 l[all=1

(v) For u,v € H

(vii) For u € H
(f@g) () =g f@)=@fg=(ug=79 f(u)

and similarly f ® g(u) = f @ g(u).
(i), (iii), (iv) and (vi) follow immediatly from the definitions.
(viii) Note that {(y,,0) | n € N} is a orthonormal basis for H if {¢,, | n € N} is one

for Ho (cf. remark[1.4] (d)), so that [|A]|%s = S, | A(@n, 0)]|2 = [|A[|%s and likewise
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1A s = [[A]l s

(ix) By remark |1.4] (a)
(A,B) =3 (A(¢n, 0), B(gn,0)) = > _(A(¢n,0), B(n, 0)) = (4, B)
and therefore Lemma yvields (AT, BT) = (A*, B*) = (B, A) = (A, B). O

Definition 1.4 (Transposed Operator tensor product). Let H = Hy + iHy be a
complexified Hilbert space and A, B € L(H), then the equation

A®L B(C):=AC"B"
defines a linear operator A ®}, B € L(L(H)).
Remark 1.7. (a) A®], B‘HS(H) : HS(H) — HS(H) since ||ACT BT ||gs < || Allz||Clzs||Bllc-
(b) In case A, B € HS(H) by lemma [l.1| and lemma

14 @g, Bllirsns) = 2 1A(#5) @ Blei)llzs = 2 1AW I 2 1Bl
2Y] 7 7

= [ AllzslI Bl s

so A®,, Be HS(HS). For A, B,C, D € HS(H) a similar calculation yields

(AL, B,C &L D)psmsy =D (Ale;) @ Bp:), C(e;) @ D(¢;))us

1’7j

=D _(Al9;), Cle))(D(@1), B(gi)) = > _(Alp;), Cles)) > (D), B(i))

J J

=(A,C)(B, D)

(c) Suppose H = L*([0,1],C) and A, B,C € HS(L*([0,1],C)) have corresponding
kernels a, b, c € L*([0,1]%,C). Then

(A &g, B(C)(f), 9) = (ACTB(f), 9)

= </01 (/01 /01 a(-, 7)b(o,v)e(v, ) dv dT) f(o) dO,g>

so A ®Zp B’HS is an integral operator with corresponding kernel

k(p, 0,0, 7) = alp, 7)b(o, v).
Lemma 1.5. Let H = Ho+ iHo be a complexified Hilbert space, f,g € H, a, 5 € C
and A,B,C, D € L(H), then
(i) 1A @3, Bllewy < IAllcliBllc
(i) (A+B) &L, (C+D)=A®,, C+Axl, D+ B!, C+B&., D



) (a ) @ (BB) = afA®y, B
(iv) A, B(f ®g)=Alg©B(f)
(v) (A ® . B)(C®.,D)=AD ®,, BC
( ) <A®Op )(O®ZpD):A€®Zp§D
(vii) (A®L, B)(C ®,, D) = AD ®], BC
and when restricted on HS(H)
(viii) (A®L, B)* = B*®,, A*
Proof: Follows immediatly from the definition, Lemma and Lemma [1.4] For
(viii) notice that by Lemma

(ii

(A®l, B(C),D) = (AC"B",D) = (C*B*,A*D) = (C*B*, A*D)
=(A"D,C*B*) = (BC,D (A")*) = (C, B*"D"A) = (C, B* ®_, A*(D))
for C,D € HS(H). O

1.2. Spectral density operator. Let H, denote a real separable Hilbert space
and H its complexification, i.e. H = Hg + iHo (cf. Theorem . For example, the
complexification of Hy = L?([0, 1], R) is the space H = L*([0, 1],C). Suppose (X})scz
is a centred stationary process taking values in H, such that the auto-covariance
operators Rx; = F[Xy ® X}] are summable in nuclear norm, i.e.

S IRxllw < oo
teZ

Then, as in Panaretos and Tavakoli (2013), one can define for A'(H) the space of
nuclear operators from H to H, a spectral density operator Fx € N(H) through

1 )
Fx = — ZRXV,:G_ZM, A € [—m, 7).
27 ez
The operator Fx , is self-adjoint, non-negative ((Fx(u),u) > 0) and satisfies the
inverse relation

Ry = / Fxae™d\,  tez,

where integration is taken in Bochner sense.

1.3. Hilbertian linear processes. Suppose (X;)icz is the linear process X; =
> jez Aj(ei—;) where (;)icz are zero mean, i.i.d. random elements in a (real) Hilbert

space Ho with C. = Eleg ® ¢, Elleo||* < 0o and Y5 [|4;ll2 < 00 (A; € L(Ho) for
all 7). Then Rx; = > ez Ajrt ®op A;(C;) and

2
Do IRxellar < 3D 1Ajelle IC: v 145l = Elleo® (Z IIAjIIc> <oo. (1.4)

teZ teZ jET JETL
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Therefore (Cerovecki & Hérmann (2015), Theorem 4),

1 —i
Fxpy= 7ZRX,t e A

2T ez
1 o
= o Z Ajii Qop Aj(Oa) e~ H=iA
21 iz \jez
=— 3 Ajy e U0 AT e
27 yien ! !
1
ZA]—H e~ ()N CA* A
T o jez \ tez
ZA e —ilw E ZA] efijw
leZ JEZ
1 , .
— AT @ Ale™)(CL), (15)

where A(X) := Y ep AN € L(H) for A € {z € C | |2] < 1} (cf. Remark (c))
From ({1.5)) we can deduce for any basis {e,} of H that

trace(Fx) = 3 <217T[A(e_“) Sop AN (C ). en)

neN

=2 <27r e™) @op Ale™)(Ezg ®60)](en),en>

neN

[A(e™™) Qop Ale™™) (g0 ® €0)](en), en>

= - BIAE ) e P (16)

1.4. The periodogram operator.
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Definition 1.5 (Periodogram Operator). Suppose (X;)icz is a centred stationary
time series taking values in H, and satisfying E|| X, ||* < co. Define the periodogram
operator Ix by

1
Ix):=— Dx)\®Dx,, wE€/[-m,7]
2

where Dx ) denotes the discrete Fourier transform
1 & A
DX,)\ = — Xte_” y A E [—7T77T].
Remark 1.8. By Lemma

T
[X,)\ = Z Xt & Xseii(tis)/\.

t,s=1

2nT
and in case H = L*([0,1],C)

Ix(u /QW—TZXt Je =y (o da—/pX,\Tcr) (o) do.

t,s=1

The next theorem establishes a useful relation for the periodogram operator of a
Hilbertian linear process.

Theorem 1.2. Suppose (Xi)icz is the linear process Xy = Y ;cz Aj(ei—;) where
(¢¢)tez are i.i.d. centred random elements in a (real) Hilbert space Ho with Elgo||* <
0o and Y ez 1172 Ajlle < 0o (A; € L(Ho) for all j). Then

IX,A = A(e_i)‘) ®Op A(e‘i’\) (Ie,A) + RT’)\

and supy,co ) Bl Rral3rs = O(1/T), where A\, = 2nt/T, t € {0,1,2,...,[T/2]}.
Proof: To start with

T
Dx )= T ZX e = 1T tE:l (% (e g)) e Mg+
=1 = €
1 a A A
- ﬁZ]eZZA <€t Je Z(t j) > —i JEZZA (th ]6 =g )6_”
1 —ilA g
= — ge e
\/TJG% (lzlzﬂ )
1 T T—j
_\/TZ (Zsle zlA+ Z gle—zlA de il )6 igA
JEZ I=1—3
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where
T—j ' T )
UTJ' = Z 516_”)\ - Z&le_lw\.
I=1—j =1
Thus, defining
YT)\ = i Z Aj (UTj)e_ij’\,
=

it holds
Dx ) = A<€7i’\> (DE,)\) + Y7

Now Lemma yields

Iox =57 [A() (Der) +¥ra] @ [A(7) (Dea) + Yo

S
7
A7) @A) (1) + 52 [A() (D) 9 s
+(A(e) (Dan) @ Yra) +Vea @ Vi)
=A(e™) @op A(e™) (L.1) + Rra.
For the remainder we have
21| Rl ms < 2| A(e7) (D2n) ® Yrallms + Yo @ Yrallns
=2 A(e™™) Do ® Yrallus + | Yrul?

< 2|[Dep @ Yeallas [A(e™) [l + [[Yanl?

<2 (Z HAch) Dl 1Yl + (YAl
JEZ
=:KQ

Since (a + b)? < 2a® + 20? for a,b € R it follows
Am?|| Rrwlizs < 85 [1Denll? (IVall® + 21 Yrul*
and therefore by Cauchy Schwarz

1/2 1/2
A7 E|| Rrallis < 868 (EIDeall') ~ (EIYeall*) ™ + 2B Yo"
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Applying Cauchy Schwarz again gives

4 4
1
E|Yral* = ZA (UT]) < TQE(Z“AJHL”UTJH)
]EZ JEZ
4 4
1 ) NE /4
< S (maioet) ") = o ( Siane(mi) ")
T2\ “ T
JEL JEZ
Depending on j € Z we have for Ur;
SO e = e, < -T
Yl ge = il ge ~T<j<0
T—j ) T )
UTJ' = EZG_ZM — ZSle_ZD\ =140, J= 0
I=1—j =
Zl 1—5 € e Zz— S T <y,

that is Up; is the sum of 2min{|j|, 7} independent random variables. Thus (cf.
Brockwell & Davis (1991), Problem 10.14)

4
E||Ur,|* < E (z ||sl||) < 2min{j|, T}E||&||* + 3 (2min{[j|, T})* (Bl [*)?)
l

. . 2
< 2/j|Elleo]l* + 12[3] (Elleol?)

and therefore

4
2\ 1/4
BYrall* < T(ZHA e (201 Bleoll* + 1213 (Elleol)” ) )
JEZ
4
_ o . 1/4
< = | S slle( (2151 +12152) Blleol?)
JEZ —_—
<14l5]2
(\/14EH50 143 VIsllA, ||,;) oW/1?)
JEZ

Since

1
EIDoallt < 7B leoll* + 3B ol



12
it follows that
1/2 1/2
47| Reallfs < 8ko (EHDE,AII“) (EHYT,AW) +2E|[Yr,ll* € O(1/T).
| A

<oo €0(1/T) o(1/1?)

O

Lemma 1.6. Suppose X,Y are independent random elements talking values in a
separable Hilbert space H and E||X|| < oo, E||Y|| < co. Then

E(X,Y)=(EX,EY).

Proof: Let {¢, | n € N} a ONB of #H, then E(X,Y) = EY, (X, ¢n)(pn,Y).
Since by Cauchy-Schwarz and Parsevals identity

ES" (X, gu) (0, V)| < bvz e mv\/z (Y, 0u)2 = B X|[E|Y] < o0,

Fubini’s theorem yields

E(X,Y) =S (EX, ¢.){gn, BY) = (EX,EY).

n

OJ

Lemma 1.7 (4th Moment of a strong White Noise). Suppose (g¢)iez are i.i.d. cen-
tred random elements in a real Hilbert space Ho with covariance operator C, =
Eleo ® o] and E||go||* < oo, then

E{(é?o@éo)@(&o@éo)}, t=s=k=1
Ce ®op Cs, t=s#k=1

Ella®e) ® (er®a)| =1 C. @, O, t—kAs=1
C€®ZPC€, t=1l#k=s
0, otherwise.

Proof: 'To start with
Ell(et @ e5) @ (er @ e) | msrs) = Elledlllesllllexllllall < Elloll < oo,
s0 E(e; ®e5) ® (e, @) € HS(HS(Hy)) exists and is uniquely determined by
(Bler®e,) @ (er®ear), (f®9) @ (u®v))
= E{(e1®e,)®@ (e ®e), (f®9)® (u®v))

= Ees, f){es, 9)(er, w) (€1, v)
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for f,g,u,v € Ho since span{(f ® g) ® (u®@v) | f,g,u,v € Ho} = HS(HS(Ho)) (cf.
Werner, Satz VI.6.2 (g)).
1. In case t = s # k = [ by Lemma [1.]]

Eley, [){er, g)(ex, u){eg,v) =(FEe; @ &4, [ @ g)(Feg ® eg,u @ )

=(C: ®op Cs, (f ® 9) ® (u®V)),

SO E(St ® 5t) & (E‘:k ® 5k) = Ce ®op Ca'
2. In case t = k # s = [ we have

Eer, [)(es g)er u)(es, v) = (Ce, f @u)(Ce, g @)
=2 (Celpi), f @ uli)) 3 _(Celps), 9 @ v(5))

i J

—(u, (), Co(9)) = (Colf) © Colg)ou @ v)
<c Doy Co(S U 0102 07005 © 03), Tty 00) (0, 91) 01 3 sol>

%,] k,l

= > (fr ) (g, 05) (i) (v, 1) Y ((Pn @ Pm, 0k @ @1)p; @ ), Ce Qop Ce(n ® )

,9,k,l n,m

= 2 {fr0id (9,95 (ws 2n) (v, 1) (01 ® 05) ® (1 ® 1), Cc @y Cc)

=(C: ®op Ce, (f®9) @ (uRW)),

SO E(gt & gs) & (515 & 55) - CE ®0p Cs-
3. In case t =1 # k = s we have

Eler, f)(es, 9)(es,u) (e, 0) = (Ce, f @ 0)(Ce, g @ )
=(C:(f) ® Ce(9),v @ u) = (u®v,C. ®,, C=(f ® 9))

= Z Fr i) (g, 05) (u, o) (v, 00) Y <<<Pn ® Py 01 @ ;)08 ® 1, Ce O, Ce(on @ som)>
7.k,

n,m

= > (fr0) (g, 25) (s 00) (v, 00) (96 ® 01) @ (01 @ ), Ce @, Ci)

4,5,k,1
=(C. @5, Ce, (f ® g) @ (u®v)),

so E(ey ®e,) ® (8, ®ey) = C ®0Tp C..
4. In case t = s = k = [ we have

Eer, [)(en, 9) (e, u){er, v) = (B2 @ €0) @ (€0 @ €0), (f @ 9) @2 (u® )

5. In any other case FE(ey, f){es, g)(ek, u) (e, v) = 0 by independence. O
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Theorem 1.3. Suppose (g;)icz are i.i.d. centred random elements in a real Hilbert
space Ho with covariance operator C. = Eleg®¢&o] and Elgo||* < co. The covariance
of the corresponding periodogram operator is then given for \i, Ay € [—m, 7| by

1 1
COV(L?,)\U Ie,)q) :mcum(g(]? €0, €0, EO) + mFT<)\1 - )\2) Cg ®op Cg

+ Fr(A + X2) C. ®Zp Ce,

472 T

where Fr(\) denotes the Tth Fejer kernel,

2 1 sin%(T)/2)
T sinZ(A/2) A ¢ 2n

ET: 0
et

T, A € 217.

and cum(gg, €9, €0,€0) = A — C. @ C. — C: ®,, C. — C. ®Z;) C. with A == El(gy ®
80) ® (60 ® 80)].

Proof: Since El. y = C./2m we have

COV<I€,)\1J IE,)\Q) =F |:<IE,/\1 - EIE,)\l) & (IE,)\Z - EIE,)\Q)

1
:E |:Ia7)\1 ® ]57)\2:| - 4771_205 ® Cg.



Lemma, [1.7] yields then

E [Jm ® Im]

1 1 ‘
—i(t—s)A1 —i(k—1)A2
(27TT E e Rege >®(27TT E EL®ere )]

t,s=1 k=1

=F

1 L e (e
T Z cit=s)A1 —i(k=D)A2 E{(gt ® ) ® (e ® 61)]
t,s,k,l=1

1

T
~(2nT)? (TA HTT = D0 @y Gt 3 7 MeTTIRC, 84y .

t#s

t,s=1

T
+ Z e—i(t—s)>\16—1‘(15—5)>\2618 ®(7);7 Oe)

t#£s
1 d —it()q )\2) i
= 2nT)? TA +(T* - T)C. ® C. + ;e C. ®,p C

T
Z e —it(A1 +>\2
t=1

2

1 . 1
—47T2T<A C.®C.— C. @4y C. — C. @] 0) 5C-8C.

2 2

T T
s Z Ce ®gp Ce —|— Z Hatd2)| o ®Zp C.
47 T = —
1
=4F2TCUIH(€0, €0,€0,€0) + 47T2TFT()\1 —X2) C: ®gp Ce
1 . 1
+ M—QTFT(M + X)) C: ®,, C. + 47205 ® C;

15
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Remark 1.9. Notice that if £g ~ N (0, C.) then for f,g,u,v € Hy the vector
({0, [), (€0, 9), (€0, u), (€0, v)) is multivariate normal distributed, so by Isserlis the-
orem

E((g0 ® €9) ® (€0 ® €0), (f ® g) ® (u®0))
=E(eo, f) (€0, 9)E{e0, u){e0, v) + E{eo, f){c0, u) E(0, g) (€0, V)

+ Eeo, f) (0, v) E{e0, 9) (€0, 1)
=(Ce, f ® g)(Ce,u @) +(Cc, f @ up(Ce g ®@v) + (C, f @ N(Ce g @ u)
=(C. @ C. + C. ®pp Ce + C- ®L, C:, (f ® 9) ® (u® ).

Therefore E[(cg ® €9) @ (g0 ® €0)] = C: Rop C: + C. Qpp C: + C: ®Zp C. and
Cum(z—fo,{fo, 60,50) = 0.

2. PROOFS OF PROPOSITION 1, LEMMA 2 AND LEMMA 3

2.1. Proof of Proposition 1. By Assumption 2, we have b~1/2 (ﬁo — [ip) £ 0 and

QAO Ei 50. Furthermore,

VI U = b2 = VAT [ |EFx — BEFvallfsdA
- \/Z_)T/_ l (J'EX,A — E]?X,A) — (ﬁY,A - E]?Y,A) 3rsd) — 0721

+ 2\/1_)T/_ ((ﬁx,x - EﬁX,)\) - (ﬁy,x - EﬁY,A); EFx — EFy ) usdA.
(2.1)

The assertion of the proposition follows since vbT [™_||[EFx.x — EFyal%gd\ =

\/BTffﬂ ||]:X,)\ - FY,/\HJQLISd)‘ + 0(1) since ||E./—"X7)\ - JT:X,A”HS = ||E.FY7)\ - FYAHHS =

O(b?) unifomly in A. Furthermore, VT | FX,A—Efx,A>—(fKA—EFy7A) 1%, gdA—
é

b='2[iy = Op(1), while the last term in (2.1) is Op(v/T) since VDT times the ex-
pression of the inner product is bounded by

\/T{H Vv Tb(ﬁx,,\ — EﬁX,)\)HHS + || v Tb(ﬁY,)\ — EﬁY,)\)”HS}{HEﬁX,)\ — EﬁY,AHHS}
= 0p(VT).

Notice that the last equality follows because the sequences v/ Tb(]? XA~ EF ) and

vV Tb(]?K A — E]?y,,\) are bounded in probability, uniformly in A, since as in Theorem
3.7 of Panaretos and Tavakoli (2013), both sequences converge weakly to Gaussian
elements in L%(]0, 1], C) with covariance kernels that can be bounded uniformly in
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2.2. Proof of Lemma 2. We show that mean and variance of v/bT My —b~1/2 g
tend to zero asymptotically. For the mean, we have

EMr

-+ [ e 0 (452 { s

For the first part, we get

Y)\t

TR

a 1 N 2 A — )\t 2
1 [ (5 Elalfs o
1 X At
= — w2lyN=2
VT t;N /_”/b ( b )
m 1
= [ W*N\)d\ —=— (1) (2.2)
/77r VT Sy

Using that 37, e = 0, Remark [1.§ E and Lemma give

HS

1 a —iAt\ TC —iAg | *
:\/I_)Tt;NEHA(e VIE, Ale™™)

< - - . EllA —i¢ . 5 A —iA ) *
= 4m2 \/bT t:z;N T2 31;1 H (™) (es; ®Esy) Ale™) HS
1 1 al 1 d —2iX¢(s1—$2)

1 1 XN . N )
47r2\/5TtZNEH[A(€ el ® [Ale™ e[+ o(1)

1 1 N o 9 \ 2
= iz 2 (Flae e, ) +om 03
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Using a Riemann approximation for the latter term as well as (1.6)) and recalling
that Y,z [7]"/%(| 4]z < oo we obtain

Z EHA S IE ) Ale M)

HS
>\ 2 \?
E|A(e™ d\
271'\/_/ <27r H LQ)
wt/T ) o
( > Z / Z)\t(]_k‘) _6M(J-’¢)]E<AJ‘€O,Ak50>L2d)\ + 0(1)
mw(t— l/TjkEZ
1 ™
(trace(]-"X)\))Qd)\

- 27?\/13 -7

L0 (W) " 15 — K"2El|[Ase0] ® [Areol | s + o(1)

J,kEZ

=5 \/_ (trace(Fx.))> dA

+0 <\/b—> > 17 = kA Nl ARl Cellar + o(1)

7,k€EL

27r\/_/ (trace( .7:X,\)) d\ + o(1). (2.4)

Hence, and . ) give

A=A 2
it [ 3w (25 B sl

1
= 2—\/5,% +o(1).

With the same arguments,

Vi [ 3w (A5 anefanl

\1/5M0 +o(1).

S:2

By independence of (e;); und (g;);, we can deduce that the corresponding peri-
odogramm operators are independent. Hence, we obtain that the mixed terms van-
ish, that is,

B (A() 12 Ale™)" Bl )12, B ™)), =0,
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Now, we turn to var(\/l_aT Mry):

var (VT Mr,)

"A(e—iAtQ)I{;)\tQA(e_iAtQ)* . B(G_Mt2)I;)\QB(G_MQ)*

2
HS

Under Gaussianity, all summands with indizes t; and ¢ty with |t1| # |t2] vanish due
to the independence of the periodograms at the corresponding Fourier frequencies.
By standard arguments, we get

—iAt\ 7C —it*4 c 4
B[ A 12, Ale™)|| < CE||I2, [,

The latter term can be bounded uniformly in ¢ with similar arguments as in Theo-
rem |1.2) . Finally this implies that var(vbT M) = O(1/(bT)). O

2.3. Proof of Lemma 3. Recalling Q% , = A(e™™) IS A(e™)" = A(e™™) Qqp
Ale™)(I£,) and Q5 := B(e™™)I¢\Ble SN = B(e™) @gp Bl (I8 ) gives

var(VT L)

1 = XN A=A A=A
:b3T2UCLT< B Z 14 <bt1> W (bt?> d>\<@§(,)\t1 - ng,,\tl7Q§<,,\t2 - QCY,)\t2>)

1 A=\, A=\, T A=\, A= A,
e R e L BV e K G
t1¢t2 51#2

X cov (<Q§(,)\t1 — Q% Qxn, — Qcy,At2>7 <Q§(,/\Sl — Qv @x o, — Q‘C)’,/\52>) .
Notice that by Lemma we have for example
cov ({(Qin,» Qn, )+ (@5, Q5as,))
E((Q5n, Q) = E(@5n, @ion,) ) (@, Qi)

=0, if t1#£+ts

= (B, B((Qn, Qo) = B (@5 Qn,) )@, ) = 0
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and likewise for similar terms. Thus

var(VOT L)
1

A=\, A= T A=, A=A\
d / AT An 2 ) g
b3T2 ty, QZ—N S1s SQZ_—N /— ( ) W ( b -7 W b W b

t1 51782

{COU (<QX Aty ? QX >‘t2> <Q§(v>‘51 ’ Qg{Aw >) + cov (<Q§/’)‘t1 ’ Q;At2> ’ <Q§/f)‘31 ’ Qg/’)‘SQ >)
t cov (<Q§(’)‘t1 ’ Q;At2> ’ <Q§(v>‘31 ’ Q({/J‘Sz >) + cov <<Q§(’)‘t1 ’ Qg:ﬂ)‘t2> ’ <Q§/v)‘51 ’ Qg{J‘Sz >)

+cov ({@Q5a Qs )+ Qs Q5 ) + cov (@5, Qsn, ) - (@ Q5 ) }

Since (Q% )" = Q% (because (I£y)* = I¢,) it follows from Lemma (1.2 that

N N
oY v (@5, Qxn, ) (@5 Q%))
t1,tg=—N s1,590=—N

t1#to s1#s2

N

N
3 > cow (<Q§(,/\t1 : Q%,\t2> ; <Q§(,>\Sl ; QCY,)\32>)

t1,tg=—N s1,59=—N
t17#to 81752

and the same holds for the other two mixed terms since W(A — A1 )W (A — A\g2) =
WA= As2)W (A — Ag1). Therefore

var(VOT L)
1

A= A A=A, T A=, A= A,
S G G RV Gy R G B

F#to s17#82

{COU (<QX Aty 0 Q% ,\t2> <Q§(,)\Sl , Qgg,\s2 >) + cov (<Q§/,,\tl ) Qif,xt) ’ <Q§/,>\Sl ) Q;,ASQ >)

+deov ((Qnr Qing )+ (@ons @) }

Now consider the first summand in more detail: Suppose t; # —t5 and s; # —so,
then in the cases

(a) tl 7A :i:Sl, tz 7é :|282
(b) tl 7é :i:SQ, tz 7é :i:Sl
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the covariance vanishes due to independence.
(i) Consider the case t; = s1, to = sy (resp. t; = S, to = 51 due to symmetry) then

cov ({Qcny Qi) ( @y @) = B (Qcny» Q) (Qin, Qi)
= B (Q%n, ® Qs i, © Q)

= (EQ%, ® Qi EQ%n, © Q%n,)

and by Theorem [1.3[and Lemma[1.3

EQ% \, ® Qxx,
—F [A(e*i/\tl) Rop A(efi/\tl)([;)\tl)} ® [A(e*i/\tl) Rop A(e*i)\tl)<[€c7/\t1):|
=BACT) @y AP, © L2, (AlT™) 20y Ale™))

=A%) @op Al E I, ® 15, | (A7) @ Ale™0))’
1
472

1 —iAt —iA¢ 1 —iA¢ —iAt
A ) 81y Al By s Al) 81 Al N(C

=A(e™™) @y Ale™™1) 5 C. @y Cc (A7) @ Ale™™))"

=Fxx, @op Fx N,

since cumyy, (€, €0, €0, €0) = 0 (cf. Remark [1.9) and F,,(2);,) = 0. Thus (cf. Remark
19)

cov (<Q§<)‘t1 ’ Qg(’)‘t2> ’ <Q§(’)‘t1 ’ QS{J‘Q >) - <fX’At1 Bop fX’Atl ’ ‘FX’AQ Bop ]:X’At?>
<~FX,)\tl s FX ey > <]'-X,At1  FX e, >

2
<]:X,)\t1 ; fx,,\t2> :
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Combining both cases (t; = s1,ty = s9 and t; = s9,t3 = 1) one obtains

2 X A=Ay, A=A, o L2

b3T2 Z (/]RW< b ' ) W( b ' ) d)‘> E<QX7>\t17QX,>\t2>
t1,to=—N
t1#+tg

2

sN)=M/b 2 N Aty At 2
o £ b (p)e] o

t1,tg=—N
t1#+tty %/(S)—/
2 N 27T(t1 — tg) 2 2
e, 2 (/RW<u— i) W du ) (Fx, Fx,)
ty#Ety
1 2r 2N 21ty 2 o 2Nt 2
S W< —)W d) F F O(1/Th
et o (L (0 S ) W@ ) TS (P v P )+ 00/

oo 1 2T T 2 T
Lo | {/ W(u—x)W(u)du} dr [ 1 Fxalls

27T2 —27 -

(ii) Consider the case t; = —s1, ts = —$y (resp. t; = —sg, to = —s; due to
symmetry). With the notation of Definition (1.5 by Lemma

. , o1 — .
Q\ = Ale™)(Ien — Cc/2m) A(e™?)* = A(@ZA)§<D5,)\ ® D, — C.)A(e™)*

= A(e™)(Ie-n — Cc/2m) A(e™)* = Q% _»
and therefore

cov (<Q§(=)‘t1 ’ Q§(7)‘f2> ’ <Q§(v)‘—t1 ’ Qg()‘—tz >) =Lk <Q§(’)‘t1 ’ Qg{v)‘f2> <Q§<7)‘f2 ’ Qg(’)‘tl >
E QS @ny) (@, @i,
B (@, Q)
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Combining both cases (t; = —s1,ty = —s2 and t; = —$a,ty = —s1) and proceeding
as before yields

2 A=Ay A= A At A At A
e Z/ ( )W(b dA/RW e Rl G RO

t1,tg=—N
t1#Etg

2
X E Q% Q)

2 X 21 (t; — o) 21 (t; — o)
LIS -z du | il d
e, 2 Lw <u Wy du [ Wt TR W) du
t1#%to

2
X <-7:X iy s ]:X,At2>

27T2/ / (u—x)W(u )du/Tr W(u+ x)W(u) duda:/_:HfX’/\Hj%{sd,\

-

1 2 - ,
“or? /—27r {/—w W(u —z)W(u) du} dx /_7r | Fx Al s dA

(iii) In the remaining cases (t; = s1,ty = —S9; {1 = —S1,lo = So; t] = Sg,ty =
—$1; 11 = —$9,ty = s1) the covariance is bounded by

(2 ) (% HAZH£)8 IC:[lyr =2 &

For example in case t; = s1,ty = —$y (resp. t; = Sa,ty = —s; due to symmetry) we
have

cov (<Q§(,>\t1 ) Q§(,>\Q> ; <QCX7)\t1 » @, >)
- <E(Q§(,)\t1 ® Qg()\tl)’ E(Q%)‘Q ® Qg{’_)\tz )>
- <FX7At1 Qop ‘FX7)‘t1 ) FX7At2 ®Zp FX’_At2>
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since by Theorem [I.3] Lemma [I.3] Lemma [1.4] and Lemma

E(Q%x, ® Q% x,)
—E ([A(e72) @4, Ale™2)(I2, )] ) @ [A(€™2) @ A(e™2)(I2_,)]
—E (A(e™2) @5 Ale )L, @15, ) (A(e™2) @4y Ale™))"
=A(T) 8o AT B I, @ 1, | Ale “tz) Sup Ale2)”

=A(e™?2) @ A(e*”w)—QCg BT CLA(e™2)* @p A"

_i —1)\t2 Mtz 1 —i)\t2 1Aty \*
_27TA( YO A(e M2 )* ®op o —A(e YCA(e2)
1

:714(6—7;/\@2)0614(6—1‘)\1&2)* ®T iA(€ZAt2)C€A(6Z>\t2)*

s P or

=FX i, oy FXi~r, -

Therefore by Cauchy Schwarz

lcov ({Q%n,» Qsny )+ (Qsny> @iy )| SUFx e @op i, 11 Fx 0, @2 Fix eyl

=[F 3, P IFxns, 1 Fx o |

and
2
[Fxall < *HA( TIZNC < *HC [ (Z HAzHc)
l€Z
yields the bound. Furthermore, for example in case t; = sy, = —s9
1 A— N\ A— Ay A— N\ A+ N
1 d>\/ : 2 ) dx
MZMZN/ () w (5 o v (05w (5)
1 m(ty — to) 27 (ty + ta)
———= | W(u)d /W - d
T ZN/ ( oT ) (wydu . <“ )V d
t)#+iy

€O(b2T2)

€ O(b),
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hence the terms are asymptotically negletable. Proceeding similarly for the other
two summands we obtain

1 N N il A—A A=A gl A— s A— s
e £ B L) () L () ()
tlff;;N 31;‘;2¢:‘S;N -n —T

X Ccov (<Qcy7)\t1 ; Q;)\t2> ) <Q§f,)\sl ) Q%ASQ >)
2o, L W W) du}2 do [ 1Fvallhs dr

7T2 —27 -

and

4 N N m A=A A=) w A — )\ A — A
e X3 (A w (A [T (A w (A2 ay
R, R,

X cov <<Q§(’>‘t1 ! Qg/ﬁ)‘f2> ! <Q*CX’)‘51 ! Qg/ﬂ)‘SQ >>

Tooo, 2 /27r {/7r W(u—z)W(u) dU}2 dx /7r (Fxp Fra)® dA.

P —27 - -7
Notice that for the last summand the cases t; = s1,t9 = sy and t; = $9,19 = 53

resp. t; = —$1,ts = —So and t; = —$o,t9 = —s; are not symmetric and due to
independence

cov (<Q§(v)‘t1 ’ §/v>‘t2> ! <Q§(v>‘t2 ! Qg/v)‘tl >) - <EQ§(’>‘H ’ EQ%At2> <EQ§(7>‘1§2 ’ EQ;AH >
0.

and similarly cov (<Q§“t1 , ng,/\t2> , <Q§(,A_t27Q§/,A_t1>) = 0.
In the case t; = s1, ty = s9 we have

COU(<Q,CX,/\751 ? Q;,)\tz >7 <Q§(,)\t1 ) Q%)\tz >) = E<Q§(,)\t1 ) Qg/,)\tz > <Q§/,)\t2 ? Q-CX,)\tl >
:<EQ.CX,)\151 ® Q?X,)\ﬁ ) EQ;,)\tQ ® Q;}Aw) = ... = <‘FX7)\t1 ? ‘Fyy/\t2>2
and similarly in the case t; = —s1, ty = —so,
CO/U<<Q§(,)\t1 ? Q;,At2>’ <Q§(,>\,t1 ? Q§7A7t2 >> - <EQ§(,>\151 ® Qg{7_>\t1 ? Eng,)\tz ® Q;,—At2>
= (Fx s Ty, (Fxng s Fyoag,) = <fX,)\t17FY,>\t2>2

Finally under H, we have Fx y = Fy,\ and the assertion follows. O
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