SUPPLEMENT TO:
“MOVING BLOCK AND TAPERED BLOCK BOOTSTRAP FOR
FUNCTIONAL TIME SERIES WITH AN APPLICATION TO THE
K-SAMPLE MEAN PROBLEM”

Dimitrios PILAVAKIS, Efstathios PAPARODITIS* and Theofanis SAPATINAS
Department of Mathematics and Statistics, University of Cyprus,
P.O. Box 20537, CY 1678 Nicosia, CYPRUS.

This supplement contains the proofs of Lemma 5.2 and Theorem 2.2 as well as some additional

numerical results.

1 PROOFS OF LEMMA 5.2 AND THEOREM 2.2

Proof of Lemma 5.2. Consider (i). Note first that, using Lemma 2.1 of Hérmann and Kokoszka
(2010), the sequence {(Y;, ), i = 1,2,...} is L2-m-approximable, since > m>1 (EKY; — Yim, y>|2)1/2 <
Iyl > s (ENY: — Y;-,mHz)l/2 < 00. Therefore, by Lemma 4.1 of Hormann and Kokoszka (2010), we
get that
oo

> [E(Yo, y) (Vi y)| < o, (1.1)

1=—00
Also, note that if wy(7) is of the form (3) of the main paper, then

Wh

— =1
bw * w(h/b) -

where W, = Z?;f wy(i)wy(i +h), h=0,1,...,b—1, and w *x w denotes is the self-convolution of w.

Therefore, since ||wy||3 = Wy, we get, for any fixed h, as n — oo,

Wh Wh bw * w(0) bw * w(h/b)
= 1. 1.2
w2~ bww(h/o) Wo  bwxw(0) (12)

Furthermore, by Cauchy-Schwarz’s inequality, it is easily seen that Z?;{L wp(Dwp(i+h) < Z?:l w? (i),

ie.,
Wi < |lwpl|3 for h=1,2,...,b—1. (1.3)
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To complete the proof of (i), it suffices to prove that Z LW/ lws |3 EYo, y) (Y, y)  —
> E(Yo, y)(Yn, y). For this, and for b large enough, we use the bound

b—1 W
ZiE(Yo, (Yn,y) ZE Yo, y)(Y;,y)
2wy 3
m W m
<[>0 B (Yo, ) (Vi) — D E (Vo) (¥iy)
Z w3 2
b—1 Wi -
up> w ||2E<Yb’ W (Yny) — Y B(Yo,y)(Yi,p)
h=m+1 i=m+1

Because of (1.2) and (1.1), the first and the last term are o(1). Concerning the second term, we show
that there exists my € N such that

b—1
lim sup Z L@E(Yb, (Yn,y) Z E(Yo, y)(Yi,y)| =0
n—oo |, T HwbHQ i=m+1

for m = mg. By using Assumption (1) of the main paper, expression (1.3), the facts that Wy, > 0 and
that (Yp,y) and (Y;;,y) are independent for ¢ > m + 1, we get that, for every e > 0, 3m; € N such

that, for every m > my,

b—1 0o

Z (W" 1) E((%,y)(Yh,yD‘S > EYo, u)(Yiy)

H b||2 i=m+1
o0

= > [EXo,y)(Yi - Yis,v)|

1=m-+1

< Iyl BIYIH)? S BV -vil?) P <o, (5)
1=m-+1

h=

because of expression (3) of the main paper.

Consider next assertion (ii). Notice first that,

/] { ZYt Yi(v) ~ E[¥o(u >Yo<v>1}2—op<1>.

Hence, and since the summands of Y;(u)Y;15(v) and Y;,p(v)Y;(u) can be handled similarly, it suffices
to show that

b—1

/] Zumwlzzﬁ Weralr) = 2 ERY() = on(l)

t>1

~—

(1.6)



By expressions (1.2) and (1.3), the proof of (1.6) is analogous to the proof of (A.2) of Horvath et
al. (2013). This completes the proof of the lemma.

Proof of Theorem 2.2. Let S = /n(X, —E*(X,)) and, as in Theorem 2.1 of the main paper,
we have that S} = k~1/2 ZZ LUF —EX(U})], where U = b~ 1/2(X€-71)b+1—|—X(* o2t AXL), 1=
1,2,...,k, are ii.d. random variables, (S¥,y) = k~1/2 EZ L W —EX(W)] with W = (UF,y), i

3 K3

1,2,...,k, and p* = E*(W7). Let C be the covariance operator with kernel

(u,0) = ElYo (u)Yo(0)] + 3 E¥o(u)Vi(0)] + 3 ENo(0)Vi(w)], u,v e [0,172
h>1 h>1

N =n—-b+1, |lwp|1 = Z;’Zl wy(t) and |Jwy|3 = Zt Lwi(t). Finally, let X; =Y;—Y,,i=1,2,...,n,

and
1

 Jwell2

It suffices to prove that

(wb(l)XZ + wb(2>XZ‘+1, oot wb<b)Xi+b,1) , t=1,2,...,N.

(L1) (S:,y) 4 N(0,0%(y)) for every y € L%, where o%(y) = (C(y), y), and that
(L2) the sequence {S},n € N} is tight.

To prove (L1), we establish that, as n — oo,

Var* (5%, ) = o2 (y) (1.7)
and that .
Swy) 4y, (1.8)

Var*((53, v))
To see (1.7), note first that Var* ((Si,y)) = k! Zle Var* (W — E*(W})) = Var*(IW]) and that

& 1 Y i
Var Wl Z <U27y>_NZ<UJ7y>
N = i j=1
N[ b 2 LA b 2
~ T ) wp()Yire—1,9) | — |+ wy(s)(Yjts—1,9)| - (L.9)
N; | [[wll2 ; " N]z::l [[w||2 Sz_:l a
We next show that
1N 1 L b
N 2 Tl 2 (8 Yits10) = On( ) (1.10)
=1 s=1

Toward this, note that

1 b
N;"wbHQZ H—s 172/)




n b—1 - b—1 b
1 [Jwp |z Z]—l wp(s) Zt:b—j+1 wp(t)
= N <)/:L7y> - 1 - ==——= <Y7y> - 1- <Yn— '+17y> )
N Jwell2 ; = [[ws |1 ’ = [[ws |1 ’
(1.11)
and that
len 1
E|—= wy(s)(Yits—1,9)| = 0. (1.12)
N 2 gl 2 ()i
Furthermore, using the decomposition
2
n b—1 i b—1 b
>l wp(s) 2= w(?)
(Yi,y) — 1*57 (Yj,y) — (Ynjr1,v)
2 2 I A 21 ey P i+
—1b-1 i ;
—_1 Wy t i: Wp( S
NI <1 : 2‘”) (1 _ Z“) Yo ¥50)
i=1 j=1 i=1 j=1 ‘wle Hwle
b—1 b—1 b b
D embig1 W(S) > t—b—jr1 W(t)
+ 1— === 1- (Yn—it1, y)(Yo—j+1,9)
ZZ ( Tl Tl : st
b—1 b—1 ; b
> d1 wp(s) D t—b—it1 Wo(t)
-2 l—==——] (1= (Yo-iv1, (Y5, 9)
;; < [[ws 1 [[ws 1 ’
e (L S w(s)
_QZZ 1- = <K7y><y}>y>
Pt w1
n b—1 b
g wpl(t
S35 (1- ) o, 1
i=1 j=1

we get, by equation (1.11), the fact that [Jwy|s = O(b'/?), |lws1 = O(b) and the same arguments as
those used to obtain equation (24) of the main paper, that

2
N b
I A 2,
¥ 2 il 2 )19 N2uwbu2;]zlE Ve O
= O(b/n) + O(b*/n) = O(b*/n). (1.14)

From (1.12) and (1.14), assertion (1.10) follows. Consider next the first term of the right hand side

of equation (1.9). For this, we have

NZ [HwbHQZwb Yivi 1,y >

b— n—h
1 1
~ Nl {Z”“’b”z o Fi) + 5 Wh S (0500 o) + (i 0%
2 h=1

2

i=1
b—1 b—1 b
(Hwb’% _Zwl?(t)> }/svy Z <”wbH§ - Z wl?(t)> <Yn—s+1ay><Yn—s+lyy>
s=1 t=1 s=1 t=b—s+1

S



b—1 b—h i
-y (wh = wpltywy(t + h)) (Y, ) (Y, ) + (Yien y) (i, y)]

h=1i=1 =1
b-1b-h b-h

- > <Wh - > w(twp(t + h)) [(Yn—iv1, ¥) (Yn—it1-h,Y)
h=1 i=1 t=b—i—h+1

+(Yoiy1-n,¥) <Yn—i+1,y>]},

from which it follows that

N

2
1
w 7
n—h

b—1
Wp 1
f§j Y ) (Yi) E)Hwb’ﬁQ & 2 [V 0 Vi, )+ (Vi ) (Vi )]
h=1 2 i=1

Op(b/n) + Op(b* /).

Hence, using expressions (1.9) and (1.10), we get,

Var* (W7) //cN w, v)y(u)y(v)dudv 4+ O, (b /n), (1.15)

where o . .
en(uv) = Z Hwb,,gNZ Yi(w)¥in () + Yin(@Yi(0)). (116)

i=1 =1 i=1

Using Lemma 5.2 (ii) of the main paper and Cauchy-Schwarz’s inequality, we conclude that, as n — oo,

‘//(én(u, v) — ¢(u,v))y(u)y(v)dudv

where ¢, (u,v) = (N/n)én(u,v). Thus,

//cnuv dudv—>// c(u,v) (v)dudv

and, using equation (1.15),

< (/ {¢n(u,v) —c(u,v)} dudv> v lyll> = op(1). (1.17)

Var* (S}, y) N// u,v) (v)dudv + Op(b?/n)
I // e, )y (u)y(v)dudv = 02(y), (1.18)

as n — 00. To prove (1.8), as stated in the proof of Theorem 2.1 of the main paper, we must establish
Lindeberg’s condition.
For this, let W; = (U;,y), i = 1,2,...,n, and note that, by (1.9), we have

1 N
Wi— " = (Uiy) = 5 D _{Uj
]:1



 lwlle &  Nwsll2
1 b 1 N 1 b
wy () (Y; , — w Yy, 7
HwbH2 ; b( )( i+t—1 y> NZ_; HwbHQE:I b( )( j+s—1 y)
J= s=
1 N
7j=1

with an obvious notation for WiY and 5. Hence, using (33) of the main paper and Markov’s inequality,

we have, for any é > 0 and for any € > 0, that

k
1 * * * * * *
t=1

< OEA{ET (W — p* )P U(Wy — | > em)] }

= 0B (W) — )2 1((WY = py| > emy)]

<467 [EWY PL(WY| > eh/2) + B(uy)*1(| | > e74/2)]

<45 [EWY )P LW | > eri/2) + E(ud)?] - (1.20)

W
Since E(W{)?2 =D |nl<b <‘ 1 > E[(Yy,y)(Yn,y)], we get, by Lemma 5.2 (i) of the main paper that,

w13
E(WY)? S // c(u,v) (v)dudw,

and, by the dominated convergence theorem, that lim, . E(W{ )21(|W}'| > e7;/2) = 0. Using this
result and expression (1.14), it follows that the bound in (1.20) converges to 0 as n — oo, which
establishes Lindeberg’s condition.

Consider now (L2). For this, it suffices to verify that conditions (a)-(e) of Theorem 2.1 of the
main paper are satisfied. Note that, by letting y = e; in expression (1.18), property (b) follows with
¥, = [[e(u,v)ej(u)e;(v)dudv. To prove (c), note that, by Proposition 6 of Hormanm et al. (2015),
since the stochastic process {Y;,t € Z} is L?-m-approximable, the covariance operator C' with kernel
c(+,-) is trace class. Therefore, 3,5, %5 = 375 [[ c(u,v)ej(u)ej(v)dudv = 37,5 Aj < oo, where
Aj, j > 1 are the eigenvalues of the covariance operator C. To establish (d), let first

1 .
UF = o ¥ ws¥in, b (0Yigp), i =12, N,

Then, using equation (1.9), we have

N
Var*((U7, €;)) Z [

From expressions (1.11) and (1.13), we get,

1 & ’
> [y )

j>1 i=1

N 2
Z ] (1.21)

2 \



n n

Z (Yi, e) (Y, €5)

>1 =1 t=1

b—1 b—1
Zs 1’U)b ) _ M gy .
+];zz (1 [|w |1 > (1 [ws |1 ><Yu i) (Y, ej)

1wy
N [luy 3 |-

1
b
+ZZ 1- Eicp-i1 wb(?) 1— izbyi1 bl0) (Yn—it1, €5)(Yn—s+1,€5)
7j>1 4i=1 s=1 Hwle ||wb||1
b—1 b—1 b
—2X > 1- Lo nlt) 1 — Zizpmins WD) (Yn—ir1,€)(Ys, €5)
i>1 i=1 s=1 Hwb”l ||wbH1
n b—1
— D=1 we(t) e e
2;;;@ HWh)mn%»
n b—1
—23) Y M (1 > b|:}:||11 b(t)> (Vi e/ Yn_or1,e5) | - (1.22)
j>1 =1 s=1

Hence, and because (z,y) =3 ;51(z,€;)(y, €)),

1 & i
Y
> [x 2w
j>1 i=1
non —1b-1 i i
1 [Jws? 2 s—1 Wh(5) D a1 Wo(s)
== Yi, Yy + Lo lo) ) (1) 2s (Y3, Ys)
N [lwp|3 ;; ;H [l [l
b—1 b—-1
Zt b—i+1 wp(t Zt b—j+1 wy(t)
+ 1- : Yn—i 7Yn—s
;;( Tl fugly ) Yot Yoo
b—1 b—1
Zt  w(t Zt bit1 Wo(1)
-9 1— 1-— Yn—i a}fs
;2( i A TR AR
n b—1 j
> -1 wp(t)
—2 1 — == (Y5, Y;
;;( Feolr ) 0
n b—1 b
D t—b—st1 Wh(t)
—2) 3 |1 = (Vi Yasi1) -
i=1 s=1 ol
Therefore, by using (40) of the main paper, we get
2 n n
Ly B Yi, Vi) + Op(b%/n) = Op(6%/n) = 0p(1 1.23
> NZ< i 2€5) _WHwngzz} i, Y1) + Op(b7/n) = Op(b"/n) = 0p(1). (1.23)
7>1 =1 i=1 t=1

Consider now, the first term of the right hand side of expression (1.21). By Parseval’s identity,

1 Y 1 Y
ZNZ<Uf,ej>2= NZ”UiYHQ
=1

i>17 =1



N ||w Hz { Z lwsl|3(Yi, Ya) + th Z (Y5, Yien) + (Yien, Yi)]
- Z <IlwbH§ - Zw?(ﬂ) (Y, Ys)

-
- (HwbH% - > w%j(t)) (YViesits Yosit1)

t=b—s-+1

7o
—_ =

b—h 7
Z (Wh = wp(Byw(t + h)) [(Y:, Yien) + (Yign, i)
h=1i=1 t=1
b—1b—h b—h
- (Wh_ > wy(t)wy(t +h)> [(Yo—it1, Yn—it1-n)
h=1 i=1 t=b—i—h+1
+ (Yo—it1-n, Ynz‘+1>}}-
Hence,
1 & 1 L A
Y 2 2
T ; i/ = ) l }/;,Y; YZ 7}/;' b ) 1.24
;N;<Uz ,€5) NZ +Z Hwsz z; +h) + (Yitn, Yi) + Op(b7/n) ( )
. Wi . . .
and because N/n — 1 as n — oo and taking gy(h) = e o Lemma 5.1 of the main paper, in
0
1
conjunction with expressions (1.2) and (1.3), we get, as n — oo, that } .-, Nzi]il(UiY,ej)z £
Yoo o E((Y0,Y;)). Thus, using (1.21) and (1.23), we conclude that
* * P -
> Var' (U7 e5)) = ) E({Yo,Y3)) (1.25)
j>1 i=—00

and, using > 72 E((Y,Y;)) = 30,5, Aj, property (d) is established. Finally, (e) is proved using
the same arguments as in the corresponding case in Theorem 2.1 of the main paper, and taking into
account expressions (1.21), (1.24) and (1.25).

Consider next assertion (ii) of the theorem. It suffices to prove that, as n — oo, |[nE*(X, —
E*(X,)) ® (X, — E*(X,)) — 2nFo|lzs = op(1). Notice that nE*(X, —E*(X,)) ® (X, — E*(X,)) is

an integral operator with kernel

d(u,v) = E*[U} (u) — E*(UF ()] [UF (v) — E*(UF (v))]

LS oy LS gy Ly 1.26
=y LU @U@ = | 50 @] | 5220 ] (126)



- zlvuwlbna{ > Il 3Ya(w)Yi(w) + > W 3 V() Yin (v) + Yien(w)Yi(v)]
i=1 J

b—1 s b—1: b
- Z <|lwbH§ - wa(ﬂ) Ys(u)Ys(v) - (\lelg - > w?(ﬂ) Yos41(u)Yn—s41(v)

s=1 t=b—s+1
b—1b—h
-3 <Wh - Zwb Jwy(t + R ) [Yi(w)Yign(v) + Yien(u)Yi(v)]
bt v -
-> > <Wh - Y w(twy(t+ h)) [Yn—it1(w)Yn—it1-n(v) + Yn—i—i—l—h(v)Yn—i-i-l(u)]}
h=1i=1 t=bi—h+1

and
N

! NUY LSy
N; i(U)N; j(“)

ol o e S w® [, S ws) )
‘N?Hwbrr%{zzy’(“)yj(”” Tl )\ T e ) VN0

i=1 j=1 =1 =1
PR (- Bt (- Bt
) ZZ <1 ] W) (1 ] Zfb\ﬁiiﬁlwb(t)) Yot (¥ (0) + Yoisr (0950
N ig (1 N w> [Yi(u)Y(v) + Yj(u)Yi(v)]

[l 1

n b—1 b ) w
-2 (1 _ it ”(t)> [Yi ()Y 1 (v) + E(U)Yn—m(u)]}.

Therefore, d(u,v) = éy(u,v)+ R(u,v) where éy(u,v) is defined in (1.16) and R(u,v) is the remainder
term, and

*

InE*(X,, — E* (X))@ (X, —E*(X,)) — 2nFo||us
< 2//[6N(u, v) — c(u, v))>dudv + 2//[RN(U,U))]2dudv.

Using similar arguments as those used in the proof of assertion (i7) of Theorem 2.1 of the main paper,
it follows that [[[R(u,v))]?dudv = o0p(1), from which assertion (ii) follows because of (1.17). O

2 ESTIMATING THE STANDARD DEVIATION OF THE MEAN FUNCTION
ESTIMATOR

Recall that realizations of length n = 100 and n = 500 from the functional time series models (4)
with errors following either the FAR(1) model (7) or the FMA(1) model (8) of the main paper



have been generated and the standard deviation, o(7) = \/W of the normalized sample mean
VX, (1) = (1/y/n) >, X;(7) has been estimated, over a set of 7 € Z, using the MBB, the TBB
and the SB procedures. The exact standard deviation has been estimated using 100, 000 replications
of the models considered. R = 1000 replications of each data generating process have been used
where, for each replication, B = 1000 bootstrap pseudo-time series have been generated in order to
evaluate the bootstrap estimators.

Since the results of both block bootstrap methods are, for small sample sizes, sensitive with respect
to the choice of the block size b, we first present some simulations results which demonstrate the
capabilities of these block bootstrap methods for functional time series. For this, we present, in some
sense, the less biased results that can been obtained using the three different block bootstrap methods.
That is, we present the results obtained when the block size b used has been selected as the one which
minimizes the absolute averaged relative bias 7! ZiTzl ‘O';b(ﬂ') Jo(1;) — 1‘ for j = 1,2. Here, o7 (1)
and o3 ,(7) denote the MBB and TBB estimators of o(7), respectively, using the block size b. The
same criterion has been used to choose the “best” probability p of the geometric distribution involved
in the SB procedure i.e., the one which leads to the smallest overall in the sense described above.
For the FAR(1) model and for n = 100, the block sizes selected using the described procedure were
b=>5,b=8 and p = 0.25 for the MBB, the TBB and the SB procedure, respectively. For n = 500,
the corresponding values were b = 10, b = 18 and p = 0.1. For the FMA(1) model, for n = 100 and
n = 500, we obtained the parameters: b = 4 and b = 14 for the MBB, b = 6 and b = 10 for the TBB,
and p = 0.5 and p = 0.125 for the SB, respectively. The block bootstrap estimates of o(7) obtained
using these block sizes for the FAR(1) model are presented in Figure 1 and for the FMA(1) model in
Figure 2.

As it is seen from these figures, the TBB estimates perform best with the MBB estimates being
better than the SB estimates. For both sample sizes considered, the block bootstrap estimators
perform better in the case of the FMA(1) model than in the case of the FAR(1) model while for the
FMA(1) model, the TBB estimates are quite good even for n = 100 observations. The results using
all three bootstrap methods are better for the larger sample size of n = 500 curves.

To demonstrate the performance of the suggested simpler rule b* = (nl/ 3} to choose the block
size b, the TBB estimates using this block size are compared with the estimates obtained using the
block size leading to the less biased estimates, as described above. Comparisons for the FAR(1) and
for the FMA (1) model are shown in Figure 3 and Figure 4 respectively.

As these figures demonstrate, for both sample sizes and for both models considered, the TBB
estimates using the block size b* perform well, being quite close to the TBB estimates using the

“best” block size in the sense described above.

3 TBB-BASED TEST VERSUS PROJECTION-BASED TESTS

We compare the performance of the TBB-based test with the projection-based tests U&?m and U,(i)m
proposed in Horvéth et al. (2013) (see (3.11) and (3.12) in their paper). We adopted their simulation

10
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Figure 1: Comparison of different bootstrap estimates of the standard deviation o(7;) of the
normalized sample mean /nX,(7;) for FAR(1) time series and for a set of values 7; € [0,1]. The
first figure refers to n = 100 and the second to n = 500. The estimated exact standard deviation is
denoted by e while the mean estimates of the standard deviation of the TBB are denoted by “¢”, of
the MBB by “A”, and of the SB by “+”.
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Figure 2: Comparison of different bootstrap estimates of the standard deviation o(7;) of the
normalized sample mean /nX,(7;) for FMA(1) time series and for a set of values 7; € [0,1]. The
first figure refers to n = 100 and the second to n = 500. The estimated exact standard deviation is
denoted by e while the mean estimates of the standard deviation of the TBB are denoted by “¢”, of

the MBB by “A”, and of the SB by “+4”.
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Figure 3: TBB estimates of the standard deviation o(7;) of the normalized sample mean /nX,(7;)
for the FAR(1) time series and for a set of values 7; € [0, 1] using the “best” block size and the block
size b* = [n!/3]. The first figure refers to n = 100 and the second to n = 500. The estimated exact
standard deviation is denoted by e while the TBB estimates using the “best” block size are denoted
by “o” and using the block size b* by “+4”.
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Figure 4: TBB estimates of the standard deviation o(7;) of the normalized sample mean /nX,(7;)
for the FMA(1) time series and for a set of values 7; € [0, 1] using the “best” block size and the block
size b* = [n!/3]. The first figure refers to n = 100 and the second to n = 500. The estimated exact
standard deviation is denoted by e while the TBB estimates using the “best” block size are denoted
by “o” and using the block size b* by “4”.
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a = 0.01 o =0.05 a =0.10

~ v, v?., mB o, v?., B UV, U?., TBB
0.0 0018 0019 0017 0066 0072 0.070 0122 0.135 0.128
0.016 0.070 0.122
0.2 0051 0.033 0058  0.136 0.116 0.149 0216 0.187 0.235
0.046 0.142 0.236
04 0194 0.123 0150  0.359 0.265 0.322 0467 0.363 0.431
0.178 0.364 0.476
0.6 0421 0296 0405  0.622 0518 0.633 0731 0.625 0.737
0.425 0.649 0.738
0.8  0.686 0.538 0.684  0.857 0.746 0.847 0915 0.831  0.920
0.674 0.849 0.910
1.0 0.874 0.787 0870  0.959 0.908 0952  0.981 0.945 0.977
0.881 0.959 0.987
1.2 0976 0937 0964 0995 0981 0990  0.998 0.992 0.995
0.973 0.994 0.997

Table 1: Empirical rejection frequencies of the projection-based tests U&?m and Ug?m are the results
reported in Table 2 of Horvath et al. (2013). For the TBB-base test, the first line corresponds to
the choices b = 6 and b = 8 and the second line to the choices b = 6 and b = 10 of the block size for

sample sizes n; = 100 and ny = 200, respectively.

set up and generated two samples according to the functional time series model (4) with the errors €;
following the FAR(1) model (7) with kernel (9) of the main paper, for ¢ € {1,2}, with mean functions
given by u1(t) = 0 and pa(t) = vt(1 —t) for the first and for the second population, respectively. All
curves were approximated using T = 49 equidistant points 71, 7o, ..., 749 in the unit interval Z and
transformed into functional objects using the Fourier basis with 49 basis functions.

We considered sample sizes n; = 100 and ny = 200 and block sizes b = by = 6 and 8 (for n; = 100)
and b = by = 6 and 10 (for ny = 200). The tests have been applied using three nominal levels, i.e.,
a = 0.01, @ = 0.05 and « = 0.1. All bootstrap calculations were based on B = 1000 bootstrap
replicates and R = 1000 model repetitions. The results obtained are shown in Table 1 for a range of
values of . Notice that v = 0 corresponds to the null hypothesis. The empirical rejection frequencies
?nz and UT(L?)M are those reported in Table 2 of Horvath et al. (2013).

As can be seen from Table 1, the TBB-based test performs well retaining the nominal sizes and

of the projection-based tests U,S

having a power which increases as the deviations from Hj increases, as described by the parameter ~.
Compared to the projection-based test Ug?m, the TBB-based test performs better while its empirical
size and power is similar to that of the projection-based test Uﬁ?m. Notice, however, that the TBB-

based test is consistent against any alternative for which ||u1 — pe|| > 0 which is not the case with
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the U,Sj?nz (and U,(g)m) test if such alternatives are orthogonal to the projection space.
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