
ΑΠΑΝΤΗΣΕΙΣ ΤΩΝ ΑΣΚΗΣΕΩΝ

Εισαγωγή

2. (α) ∆εν υπάρχουν κρίσιµα σηµεία.
(ϐ) Σχετικό ελάχιστο : (1, 2).
(γ) Σαγµατικό σηµείο : (nπ, 0), n = 0,±1,±2, ...

3. (α) (1, 2, 2)
(ϐ) (±

√
5, 0, 0)

4. (α) (i) Ελάχιστο : f
(
−4

3
,−2

3
,
4

3

)
= −6 Μέγιστο : f

(
4

3
,
2

3
,−4

3

)
= 6

(ii) Μέγιστο =
1

3
√
3

στα σηµεία
(

1√
3
,
1√
3
,
1√
3

)
,
(

1√
3
,− 1√

3
,− 1√

3

)
,
(
− 1√

3
,
1√
3
,− 1√

3

)
,(

− 1√
3
,− 1√

3
,
1√
3

)
Ελάχιστο = − 1

3
√
3

στα σηµεία
(

1√
3
,
1√
3
,− 1√

3

)
,
(

1√
3
,− 1√

3
,
1√
3

)
,
(
− 1√

3
,
1√
3
,
1√
3

)
,(

− 1√
3
,− 1√

3
,− 1√

3

)
(ϐ)
(
1

6
,
1

3
,
1

6

)

7. u = F (x) +
1

x
G(y)

u = x5 + x− 68
1

x
+ 6

y4

x

8. u = F (2x+ y) +G(2x− y) + 1
4
xe2x+y

9. ux =
1− 12v

1− 8uv
, vx =

2u− 3

1− 8uv
, uy =

2 + 4v

8uv − 1
, vy =

4u+ 1

8uv − 1

10.
d2F

dη2
+

(
dF

dη

)2

+
1

2
η
dF

dη
= 0, η =

x√
t

11. (i) u(x, t) = 10e−x−3t − 6e−4x−6t

(ii) u(x, t) = 6e−
π2

4
t sin

(π
2
x
)
+ 3e−π2t sin πx

Κεϕάλαιο 1

1. (α) y(x) = −sinh(x− 2)

sinh 1
(ϐ) y = x, I = 1

2
π
(
1 + 1

12
π2
)

(γ) y = c1 sinx

1



(δ) y = 2x
x+1

2. y2 + (x− c1)
2 = c2

3. y = c1 cosh

(
x+ c2
c1

)
4. ρ cos(ϕ+ c1) = c2

7. y =

√
2

π
sin(nx), n = 1, 2, 3, ...

8. (α) y = 1− cosx

(ϐ) y =
1

c1
cosh(c1x+ c2) + λ

9. y =
1

4

λ

λ+ 1
(x2 − x) + x, z = x

10. y = c2e
x + c3e

−x + 1
4
c1, z = −2c3e

−x + 1
4
c1x+ c4

17. (m1 +m2)l1θ̈1 +m2l2(θ̈2 cosα+ θ̇22 sinα) + (m1 +m2)g sin θ1 = 0,
l1θ̈1 cosα+ l2θ̈2 − l1θ̇

2
1 sinα+ g sin θ2 = 0,

όπου α = θ1 − θ2

18. m[r̈ − rθ̇2 − r sin2 θϕ̇2] = −Vr,

m

[
d

dt
(r2θ̇)− r2 sin θ cos θϕ̇2

]
= −Vθ,

m
d

dt

[
r2 sin2 θϕ̇

]
= −Vϕ.

19. I[y(x)] =
∫ 1

0

(
y′

2 − y2 − 2xy
)
dx

y = 5
18
x(1− x)

y = 71
369

x(1− x) + 7
41
x2(1− x)

20. y = 21
28−2π2x

2(π − x)

21. I[y(x)] =
∫ 1

0

[
(1− x2)y′

2 − 12y2
]
dx

Ακριβής λύση: y = 1
2
(5x3 − 3x)

22. c1 =
85

26
, c2 = −35

13

24. (α) λ = 15

(ϐ) λ = 14.42 ή λ = 63.58

Κεϕάλαιο 2

2



1. (α)
1

s2
(
1− e−s

)
(ϐ)

1 + e−sπ

1 + s2
(γ)

1

s2 + 2s+ 2

(δ)
s2 − 1

(s2 + 1)2
(ε)

8

s3
− 15

s2 + 9
(στ)

1

2(s− 2)
− 1

2s

(Ϲ)
2

s2 + 16
(η)

1

2

(
3

s2 + 9
− 1

s2 + 1

)

2. (α)
√

π

s
(ϐ)

√
π

2s3/2
(γ)

3

4

√
π

s5/2

4. (α)
6

(s+ 2)4
(ϐ)

1

(s− 2)2
+

2

(s− 3)2
+

1

(s− 4)4

(γ)
e−2s

s2
+ 2

e−2s

s
(δ)

s

s2 + 4
e−πs

6.(α) f(t) = 1− U(t− 4) + U(t− 5), L{f(t)} =
1

s

(
1− e−4s + e−5s

)
(ϐ) f(t) = t2U(t− 1), L{f(t)} = 2

e−s

s3
+ 2

e−s

s2
+

e−s

s

(γ) f(t) = t− tU(t− 2), L{f(t)} =
1

s2
− e−2s

s2
− 2

e−2s

s

(δ) f(t) = sin t− sin tU(t− 2π), L{f(t)} =
1− e−2πs

s2 + 1

7. (α) f(t) = |sin t| , f(t+ π) = f(t), L{f(t)} =
coth(πs/2)

s2 + 1

(ϐ) f(t) =
{

sin t, 0 < t ≤ π
0, π < t ≤ 2π

, f(t+ 2π) = f(t), L{f(t)} =
1

(1− e−πs)(s2 + 1)

8.
1− (s+ 1)e−s

s2(1− e−2s)

10. (α)
1

s(s− 1)
(ϐ)

s+ 1

s [(s+ 1)2 + 1]
(γ)

1

s2(s− 1)

11. (α)
6

s5
(ϐ)

48

s8
(γ)

s− 1

(s+ 1) [(s− 1)2 + 1]

12. (α)
s2 − a2

(s2 + a2)2
(ϐ)

6s2 − 2

(s2 + 1)3
(γ)

6s4 − 36s2 + 6

(s2 + 1)4
(δ) ln

(
s+ b

s+ a

)
(ε)

1

2
ln

(
s+ 1

s− 1

)
14. (α) 1 + 3t+ 3

2
t2 + 1

6
t3 (ϐ) 1

4
e−t/4 (γ) 1

4
sinh 4t

(δ) 2 cos 3t− 2 sin 3t (ε) 1
2
e2t − e3t + 1

2
e6t (στ) 1

3
sin t− 1

6
sin 2t

15. (α) 1
2
t2e−2t (ϐ) e−t(1− t)

(γ) 5− t− e−t
(
5 + 4t+ 3

2
t2
)

(δ) 1
2
(t− 2)2U(t− 2)

3



(ε) U(t− 1)
(
1− e−(t−1)

)
(στ) 1

2
t sin t

16. (α) 1− e−t (ϐ) −1
3
e−t + 1

3
e2t

(γ) 1
4
t sin 2t (δ) 1

4
sin te−2t − 1

2
te−2t cos t+ 1

4
e−2t sin t

18. (α)
√

π

s+ 2
(ϐ)

ln(s2 + 1)

s3
− 3s2 + 1

s(s2 + 1)2
(γ)

1

s+ 1
tan−1

(
2

s+ 1

)
(δ)

1

(s− 3)
√
s− 2

(ε)
√
s+ 1− 1

s
√
s+ 1

(στ)
1

s2
√
s+ 1

(Ϲ)
2

s3
e−2s(1 + 2s+ 2s2) (η) 1

4
ln

(
s2 + 4

s2

)
(ϑ)

e−s

s2
(s2 + s+ 1)

21. (α) 1
2
et − e2t + 5

2
e3t (ϐ) 1

5
e−t(4 cos t− 3 sin t)− 4

5
e−3t (γ) 1

2
sin t sinh t

22. (α) eterf
√
t+

1√
πt

(ϐ) (1− cos(t− 1))U(t− 1)− (1− cos(t− 2))U(t− 2)

(γ) eterf
√
t+

1√
πt

− et

23. (α) y(t) = 1
9
t+ 2

27
− 2

27
e3t + 10

9
te3t

(ϐ) y(t) = 1
2
(et sin t− et cos t+ 1)

(γ) y(t) = −t+ 1
2
sin t+ 1

4
et − 1

4
e−t

(δ) y(t) = cos 2t− 1
6
sin 2(t− 2π)U(t− 2π) + 1

3
sin(t− 2π)U(t− 2π)

(ε) y(t) = e−2t cos 3t+ 2
3
e−2t sin 3t+ 1

3
e−2(t−π) sin 3(t− π)U(t− π)

+1
3
e−2(t−3π) sin 3(t− 3π)U(t− 3π)

24. (α) y(t) = (e− 1)e−t + (e + 1)te−t

(ϐ) y(t) = 1
3
t3 + ct2

25. (α) x(t) = −1
2
t− 3

4

√
2 sin(

√
2t), y(t) = −1

2
t+ 3

4

√
2 sin(

√
2t)

(ϐ) x(t) = 1 + t+ 1
2
t2 − e−t, y(t) = −1

3
(1− e−t − te−t)

26. u(x, t) = u0erfc
(

x
2
√
t

)
Κεϕάλαιο 3

4. c1 = 2, c2 = −1, c3 =
2
3
, E2 =

18π3 − 49

18π

5. (α) f(x) = π + 2
∞∑
n=1

(−1)n+1

n
sinnx

(ϐ) f(x) =
2 sinh π

π

[
1

2
+

∞∑
n=1

(−1)n

1 + n2
(cosnx− n sinnx)

]

(γ) f(x) =
1

π
+

1

2
sin x+

1

π

∞∑
n=2

(−1)n + 1

1− n2
cosnx

4



(δ) f(x) = −1

4
+

1

π

∞∑
n=1

[
− 1

n
sin

nπ

2
cos

nπ

2
x+

3

n

(
1− cos

nπ

2

)
sin

nπ

2
x

]
(ε) f(x) =

9

4
+ 5

∞∑
n=1

[
(−1)n − 1

n2π2
cos

nπ

5
x+

(−1)n+1

nπ
sin

nπ

5
x

]
(στ) f(x) =

1

π
(eπ−π−1)+

1

π

∞∑
n=1

[
(−1)neπ − 1

n2 + 1
cosnx+

(−1)n(1 + n2 − n2eπ)− 1

n(n2 + 1)
sinnx

]

10. (α) f(x) =
π

2
+

2

π

∞∑
n=1

(−1)n − 1

n2
cosnx

(ϐ) f(x) =
2

π

∞∑
n=1

1− (−1)n(1 + π)

n
sinnx

(γ) f(x) =
2

π

(
1 +

∞∑
n=2

1 + (−1)n

1− n2
cosnx

)

(δ) f(x) =
3

4
+

4

π2

∞∑
n=1

cos
nπ

2
− 1

n2
cos

nπ

2
x

11. (α) f(x) =
2

π
+

4

π

∞∑
n=1

(−1)n

1− 4n2
cos 2nx

f(x) =
8

π

∞∑
n=1

n

4n2 − 1
sin 2nx

(ϐ) f(x) =
5

6
+

2

π2

∞∑
n=1

3(−1)n − 1

n2
cosnπx

f(x) = 4
∞∑
n=1

[
(−1)n+1

nπ
+

(−1)n − 1

n3π3

]
sinnπx

(γ) f(x) =
π

4
+

2

π

∞∑
n=1

2 cos
nπ

2
− (−1)n − 1

n2
cosnx

f(x) =
4

π

∞∑
n=1

sin
nπ

2
n2

sinnx

(δ) f(x) =
3

4
+

4

π2

∞∑
n=1

cos
nπ

2
− 1

n2
cos

nπ

2
x

f(x) =
∞∑
n=1

[
4

n2π2
sin

nπ

2
− 2

nπ
(−1)n

]
sin

nπ

2
x

12. (α) f(x) =
4π2

3
+ 4

∞∑
n=1

[
1

n2
cosnx− π

n
sinnx

]
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(ϐ) f(x) =
3

2
− 1

π

∞∑
n=1

1

n
sin 2nπx

13. f(x) =
1

4
+

2

π2

∞∑
m=1

(−1)m − 1

m2
cosmπx+

2

π2

∞∑
n=1

(−1)n − 1

n2
sinnπy

+
4

π4

∞∑
m=1

∞∑
n=1

((−1)m − 1)((−1)n − 1)

m2n2
cosmπx sinnπy

20. (α) f(x) =
1

π

∫ ∞

0

[
3α sin 3α+ cos 3α− 1

α2
cosαx+

sin 3α− 3α cos 3α

α2
sinαx

]
dα

(ϐ) f(x) =
1

π

∫ ∞

0

cosαx+ α sinαx

1 + α2
dα

21. (α) f(x) =
2

π

∫ ∞

0

πα sin πα + cos πα− 1

α2
cosαxdα

(ϐ) f(x) =
4

π

∫ ∞

0

α sinαx

α4 + 4
dα

22. (α) f(x) =
2k

π

∫ ∞

0

cosαx

k2 + α2
dα, f(x) =

2

π

∫ ∞

0

α sinαx

k2 + α2
dα

(ϐ) f(x) =
∫ ∞

0

4− α2

(4 + α2)2
cosαxdα, f(x) =

8

π

∫ ∞

0

α

(4 + α2)2
sinαxdα

23. f(x) =
2

π

∫ ∞

0

sinα cosα(x− 1)

α
dα

24. F (α) =
4

α3
(α cosα− sinα)

25. F (α) =
α

1 + α2

26. Fs{f(x)} =
1− cosα

α
, Fc{f(x)} =

sinα

α

27. (α) u(x, y) =
2

π

∫ ∞

0

F (α)
sinhα(2− y)

sinh 2α
sinαxdα

(ϐ) u(x, y) =
2

π

∫ ∞

0

sinhα(π − x)

(1 + α2) sinhαπ
cosαydα

29. (α) u(x, t) = e−γ2kt

(
a0 +

∞∑
n=1

an cos
(nπx

L

)
exp

(
−n2π2kt

L2

))
,

a0 =
1

2
, an =

2(1− cos(nπ))

n2π2

(ϐ) u(x, t) =
L2

π3

∞∑
n=1

1− (−1)n

n3
cos

nπαt

L
sin

nπx

L
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30. u(x, t) =
4

π

∞∑
n=1

(−1)n+1

(2n− 1)2
sin(2n− 1)x cos

√
(2n− 1)2 + 1t

Κεϕάλαιο 4

1. (α) y1(x) = c0

∞∑
n=1

1

n
xn, y2(x) = 0

(ϐ) y1(x) = c0

∞∑
n=1

x2n, y2(x) = c1

∞∑
n=0

x2n+1

(γ) y1(x) = c0

(
1 +

1

4
x2 − 7

4.4!
x4 +

23.7

8.6!
x6 − ...

)
y2(x) = c1

(
x− 1

6
x3 +

14

2.5!
x5 − 34.14

4.7!
x7 + ...

)
(δ) y1(x) = c0

(
1 + 1

2
x+ 1

6
x3 + 1

6
x4 + ...

)
, y2(x) = c1

(
x+ 1

2
x2 + 1

2
x3 + 1

4
x4 + ...

)
2. (α) y(x) = 8x− 2ex

(ϐ) y(x) = 3− 12x2 + 4x4

3 (α) y(x) = c1x
3
2

(
1− 2

5
x+

22

7.5.2
x2 − 23

9.7.5.3!
x3 + ...

)
+c2

(
1 + 2x− 2x2 +

23

3.3!
x3 − ...

)
(ϐ) y(x) = c1x

1
3

(
1 +

1

3
x+

1

32.2
x2 +

1

33.3!
x3 + ...

)
+ c2

(
1 +

1

2
x+

1

5.2
x2 +

1

8.5.2
x3 + ...

)
(γ) y(x) = c1x

(
1 +

1

5
x+

1

5.7
x2 +

1

5.7.9
x3 + ...

)
+c2x

− 1
2

(
1 +

1

2
x+

1

2.4
x2 +

1

2.4.6
x3 + ...

)
(δ) y(x) =

1

x
(c1 coshx+ c2 sinhx)

(ε) y(x) = c1e
x + c2e

x

(
ln x− x+

1

2.2!
x2 − 1

3.3!
x3 +

1

4.4!
x4 − ...

)
(στ) y(x) = c1x

2 + c2

(
1

2
x2 ln x− 1

2
+ x− 1

3!
x3 + ...

)
4. (α) y(x) = c1J 1

3
(x) + c2J− 1

3
(x)

(ϐ) y(x) = c1J 5
2
(x) + c2J− 5

2
(x)

(γ) y(x) = c1J0(x) + c2Y0(x)

(δ) y(x) = c1J2(3x) + c2Y2(3x)

5. y(x) =
c1√
x
J 1

2
(x) +

c2√
x
J− 1

2
(x)

8. (α) J 3
2
(x) =

√
2

πx

(
sinx− x cosx

x

)
(ϐ) J− 3

2
(x) = −

√
2

πx

(
x sinx+ cosx

x

)
(γ) J 5

2
(x) =

√
2

πx

[(
3

x2
− 1

)
sin x− 3

x
cosx

]
(δ) J− 5

2
(x) =

√
2

πx

[
3

x
sin x+

(
3

x2
− 1

)
cos x

]
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10. J (k)
n (x) =

1

2k

[
Jn−k(x)−

(
k

k − 1

)
Jn−k+2 +

(
k

k − 2

)
Jn−k+4 − ...

]
11. (α) x3J3(x) + c

(ϐ) J1(1)− 2J2(1)

(γ) −1

3

(
J2(x)

x
+ J1(x)−

∫
J0(x)dx

)
+ c

Κεϕάλαιο 5

1. ϕ(x) =
1

2
e−x − 1

2

∫ x

0

ϕ(s)ds, ϕ′(x) +
1

2
ϕ(x) = −1

2
e−x, ϕ(x) = −1

2
e−

x
2 + e−x

2. (α) ϕ(x) = x+
1

2

λ

1− λ
, λ1 = 1

(ϐ) ϕ(x) = 1 +
(n+m+ 1)λxn

n+m+ 1− λ)(m+ 1)
, λ1 = n+m+ 1

3. (α) λ1 = −3
4
, ϕ1(x) = Ax λ2,3 =

3
√
5

2
√
5± 6

, ϕ2,3(x) = A
(
1±

√
5x2
)

(ϐ) λ1 =
1

π
, ϕ1(x) = A λ2 =

2

π
, ϕ2(x) = A cos 2x

λ3 = − 2

π
, ϕ3(x) = A sin 2x

4. (α) ϕ(x) = ex (ϐ) ϕ(x) = ex
2 (γ) ϕ(x) =

n

n− 1
xn−1, n ̸= 1

(δ) ϕ(x) = coshx− xe−x

7. (α) y(x) = 1
6
(x3 − 3x)−

∫ 1

0

G(x, s)y(s)ds, G(x, s) =

{
−x, x ≤ s
−s, x ≥ s

(ϐ) y(x) = 1
6
(x3 − 3x+ 6)−

∫ 1

0

G(x, s)y(s)ds, G(x, s) =

{
−x, x ≤ s
−s, x ≥ s

8. y(x) = −λ

∫ 1

0

G(x, s)sy(s)ds

10. (α) ϕ(x) = sinx (ϐ) ϕ(x) = −1
8
e−x +

(
1
8
+ 3

4
x+ 1

4
x2
)
ex

(γ) ϕ(x) = e−x (δ) ϕ(x) = 3
8
e2x + 1

8
e−2x + 1

2
cos 2x+ 1

4
sin 2x

11.(α) ϕ(x) = x+ 1
6
x3 (ϐ) ϕ(x) = coshx− xe−x

13. ϕ(x) = f ′(x)− f(x)

14. ϕ(x) =
1

1− λ2
f(x) +

λ

1− λ2

√
2

π

∫ +∞

0

cos(xs)f(s)ds, |λ| ̸= 1
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