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Abstract. We propose a new geometric modeling method based on the so-called potential field (PF) modeling
technique. The harmonic problem associated with this technique is solved numerically using the method of fundamental
solutions (MFS). We investigate the applicability of the proposed approach to parametrically defined curves of varying
complexity. Based on the MFS, we also provide definitions of the Boolean operations associated with the geometric
modeling. Finally, we give practical applications of the method to computer-aided and manufacturing problems.
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1. Introduction. Computer aided geometric modeling is a rapidly expanding field of research with
important applications in computer aided design, computer aided manufacturing and computer graphics.
Geometric modeling is the process of designing geometric models, which are geometric entities such as
curves, surfaces and solids. There are two types of methods currently used in geometric modeling,
parametric modeling and implicit modeling, the most common approach being the former. As defined
in [12], the parametric form of a surface embedded in R3 is described by
¡
¢
x(t, s) = x(t, s), y(t, s), z(t, s) ,

(t, s) ∈ [a1 , a2 ] × [b1 , b2 ],

where the Cartesian coordinates x, y, z of a surface point are differentiable functions of the parameters
t and s. The two–dimensional analogue, a curve in R2 , is described by dropping the z−coordinate and
the parameter s. In implicit modeling, the surfaces are defined as level sets, i.e., by equations of the
form F (x, y, z) = 0. A full discussion of the merits and the drawbacks of parametric and geometric
modeling may be found in [3].
With parametric modeling, it is easy to generate points on curves and surfaces, which makes it a very
useful approach in computer aided design. In other applications, such as collision control in robotics,
ray tracing in computer graphics and tool path design in computer aided manufacturing, the ability of
a method to identify the position of a point relative to a curve or surface is very important. When using
parametric modeling, this task can be non–trivial since it requires the solution of non–linear parametric
equations for each of the quantities used in the geometric model. On the other hand, an implicit model
represented by the equation F (P ) = 0, that defines the locus of all points P on a specific curve/surface,
enables one to easily identify the position of a point relative to a given curve/surface by merely checking
the sign of F (P ). Thus, one may use this function to determine if a point belongs to a geometric
object. An immediate consequence of this property is the ability to determine whether a moving body
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(for example, a cutting tool in a manufacturing process, a robotic part in a changing environment, or
moving bodies the collision of which must be prevented) intersects a given curve/surface.
Implicit functions can also be used to generate other geometric models [21]. For example, with κ a
constant, one may consider the equation
F (P ) = κ,

κ 6= 0,

(1.1)

instead of F (P ) = 0. Each value of the constant κ represents a different level of the implicit model and
generates a new geometric curve/surface. This approach, called the level set method [18], assumes that
the modeling process starts with designing a zero level model, F (P ) = 0, and continues by choosing
different values of κ to construct certain elementary models. A compound model of practically any complexity can be designed in the ensuing design stages by applying techniques such as Boolean operations,
and blending, imprinting and embossing of curves and surfaces to the elementary models.
Currently, there is a limited set of implicit modeling techniques used in practical applications [7,
18]. Primarily, this set includes methods based on simple linear and quadratic functions, convolution
methods, the blob and metaball models, as well as some other approaches [5, 7]. However, none of
these methods is well–suited for easily handling the complexity of many practical geometric models.
Attempts to generalize these approaches have met with new problems, including the existence of bulges
in convolution methods, the limitation of the applicability of this approach to so called organic shapes,
and the occurrence of non–differentiable metrics in Boolean operations. Recent research [6, 17, 21] has
shed some light on ways of overcoming certain problems associated with implicit modeling. In spite of
these efforts, many obstacles still remain.
In an attempt to overcome these difficulties, a new approach, called the Potential Field (PF) method,
was proposed in [20]. In it, the implicit function is taken to be the solution of a certain harmonic problem
subject to Dirichlet boundary conditions. The value of κ in (1.1) specifies an equipotential curve and thus
each value of κ produces a different geometric model. More precisely, in this case, F (P ) = u(P ) − f (P ),
where u(P ) is the solution of the boundary value problem under consideration and f (P ) is the function
specifying the Dirichlet boundary condition on the generating boundary curve/surface. The implicit
function F (P ) = 0 may be viewed as defining the generating boundary, while by taking F (P ) = κ 6= 0,
we can produce new geometric models. This approach enables one to have better control over the models
to be created. One can show that no uncontrollable bulges appear in adjacent sections of the model
where the curvature changes abruptly. It also becomes an easy task to blend the modeled surfaces
together, or imprint and emboss any surfaces into the modeled surface. The limitation of implicit
methods to the modeling of satisfactorily smooth organic models only is overcome with this approach
which enables one to create models with sharp edges. It also allows for a new natural definition of
Boolean operators over the set of geometric models. Further, we can easily navigate in the proximity
of the geometric model. What facilitates this task is the fact that we obtain differentiable metrics.
This important property makes the designed implicit model readily available for solving navigational
problems arising in collision control problems, manufacturing tasks, and computer graphics. Finally,
the implicit model designed by the PF method can be easily expressed in parametric form. This may be
desirable in tasks such as moving on a given surface or the graphical rendering of a surface with existing
computer graphics packages, most of which employ parametric techniques.
In [20], the harmonic boundary value problem associated with the PF method was solved numerically
using a finite difference method. In this method, as is the case with other domain discretization methods,
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most of the information generated is discarded since the information that we need in order to produce
the geometric model is often local. Also, with this approach, one is restricted to values on a specific
grid. In order to avoid these complications and to simplify the task of solving the harmonic boundary
value problem in question, we use the method of fundamental solutions (MFS), a meshless boundary–
type numerical technique which has become popular in recent years due to its simplicity and ease of
implementation. It is applicable when a fundamental solution of the governing equation of the problem
under consideration is known. The advantages of the MFS over domain discretization methods and other
boundary–type methods are well–documented, and comprehensive reviews of the recent developments
and applications of the method may be found in the survey papers [8, 10, 11, 14] and the books [9, 13, 16].
From the geometric modeling point of view, the MFS has several advantages over other methods. Apart
from being easy to implement, it is meshless which means that any curve/surface can be represented
by a finite set of points. Also, the potential can be easily evaluated at any point inside the domain.
As this study shows, with relatively few degrees of freedom, we can construct smooth geometric models
from complicated geometries. Also, because the MFS is both a meshless and a boundary method, the
Boolean operations which are used in geometric modeling can be carried out very easily.
The paper is organized as follows. In Section 2, we present the general form of the harmonic problems
that we need to solve and describe the MFS formulation and address various implementational issues.
In Section 3, we present some examples which result in the production of new geometric models. In
Section 4, we define the Boolean operations that we use in the context of the MFS. In Section 5, we
describe a sequence of steps leading to the construction of complicated shapes from Boolean operations
on simpler shapes. In Section 6, we describe how the motion under potential field forces can be used
for the solution of practical geometric problems. In Section 7, we give an example of a manufacturing
problem where the method developed in this study can be used. Finally, in Section 8, we give some
conclusions and suggest possible future applications.
2. Harmonic problem and MFS formulation. In most of the practical applications examined
in this study, we consider the Dirichlet boundary value problem in R2 ,


 ∆u = 0
u = γE


u = γI

in Ω,
on ∂ΩE ,
on ∂ΩI ,

(2.1)

where γE and γI are given functions, and ∆ denotes the Laplace operator. The domain Ω is an annular
region bounded to the exterior by ∂ΩE and is exterior to ΩI with boundary ∂ΩI . The boundary of Ω
is thus ∂Ω = ∂ΩE ∪ ∂ΩI . The boundary ∂ΩI is referred to as the generating model.
In this work, we are particularly interested in the implicit definition of a model resulting from the
PF method associated with problem (2.1). In order to define a geometric model implicitly, we now
consider (2.1) with γE = 0 and γI = 1. In this case, a geometric model ΩI is a set of points
ΩI =

©

ª
P ∈ R2 : u(P ) = 1 .

Thus all points P such that u(P ) < 1 are exterior to the geometric model and form the void of this
model, the set
ΩV =

©

ª
P ∈ R2 : 0 ≤ u(P ) < 1 .
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This geometric model can generate new models defined from (2.1) by taking as our new boundary ∂ΩI
an equipotential curve Γ(c), where
Γ(c) =

©

ª
P ∈ R2 : u(P ) = c, 0 < c < 1 ,

(2.2)

and taking the boundary condition on it to be u = 1.
We now examine how the implicitly defined PF model can give rise to the parametric definition
of a model. Suppose Γ(c) is defined by (2.2) where P is described by the vector p = (x, y). The
vector p depends on the value of the equipotential c and the parameter t, where 0 ≤ t < 1. Thus
¡
¢
we can write p(t, c) = x(t, c), y(t, c) . The most common choice for the parameter t is the arc length
parametrization. If p0 = p(0, c) is a starting point on the curve and p = p(t, c) is any point on the
curve, then t = d(p0 , p)/L, where L is the total length of the curve and d(p0 , p) is the length of the
arc joining the points p0 and p.
It should be note that the implicit definition of the equipotential curves can be used to generate
certain 3D surfaces, as is shown in subsequent sections.
To solve (2.1), we use the MFS, which we now briefly describe. We introduce k(P, Q), a fundamental
solution of Laplace’s equation given by
k(P, Q) = −

1
log |P − Q|,
2π

(2.3)

with |P − Q| denoting the distance between the points P and Q. We then approximate the solution u
of (2.1) by
uN (c, Q ; P ) =

N
X

cn k(P, Qn ),

P ∈ Ω,

(2.4)

n=1

where c = (c1 , c2 , . . . , cN )T is the vector of unknown coefficients, Q is a 2N −vector containing the
specified coordinates of singularities Qn , n = 1, . . . , N , which lie outside Ω. The singularities Qn are
fixed on the boundary ∂ Ω̃ of a region Ω̃ similar to Ω. In particular, NE (< N ) singularities are placed
uniformly on ∂ Ω̃E , which is similar to ∂ΩE and surrounds it. Also, N − NE singularities are placed on
∂ Ω̃I which is similar to ∂ΩI and is contained in ΩI . We define the pseudo–boundary ∂ Ω̃ to be
∂ Ω̃ = ∂ Ω̃E ∪ ∂ Ω̃I .
Of the collocation points {Pm }M
m=1 , ME are placed uniformly on ∂ΩE and M − ME on ∂ΩI . The
unknown coefficients c are determined so that the boundary condition is satisfied at these collocation
points; that is,
uN (c, Q ; Pm ) = γE (Pm ),

m = 1, . . . , ME ,

and
uN (c, Q; Pm ) = γI (Pm ),

m = ME + 1, . . . , M,

which yields a linear system of M equations in N unknowns for the components of the coefficient vector
c. When M = N , the system can be solved using a standard Gauss elimination package. If M > N , we
have an over–determined linear system which can be solved using linear least squares routines. After
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(a) The letter I in Times Roman font

(b) Typical distribution of
boundary points and singularities
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(c) Isolines for the letter I

Fig. 2.1. The letter I

extensive experimentation, the choice M = 2N was found to yield satifactory results, specifically, it
provided good accuracy and enabled us to use sufficiently many boundary points to describe complicated
models. Once the vector c is known, the approximation uN can be calculated at any point in Ω from
(2.4).
Since eN = u − uN is harmonic in Ω, from the maximum principle, |eN | attains its maximum value
on the boundary of Ω. A practical way of examining the convergence of the MFS approximation is
to compute |eN | at a number of points on the boundary and take the maximum of these values as an
approximation to keN k∞ .
In addition to prescribing the singularities and the collocation points, we also need to provide the
parameters dE and dI , which determine the distances of the pseudo–boundary segments ∂ Ω̃E and
∂ Ω̃I from the corresponding boundary segments ∂ΩE and ∂ΩI , respectively. It is well–known that the
accuracy of the MFS depends not only on N and M but also on the position of the pseudo–boundary
∂ Ω̃. For given N and M , we choose ∂ Ω̃ so as to minimize keN k∞ .
The MFS is easily extended to more general problems of the form


 ∆u = 0 in Ω,
u = γE on ∂ΩE ,


u = γIi on ∂Ωi , i = 1, . . . , `,

(2.5)

where the domain Ω is bounded to the exterior by ∂ΩE and is exterior to the the holes Ωi , i = 1, . . . , `,
with boundaries ∂Ωi , i = 1, . . . , `, and γE and γIi , 1, . . . , ` are given.
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(a) The letter H in Times Roman font

(b) Isolines for the letter H

Fig. 2.2. The letter H

(a) Two–dimensional version

(b) Three–dimensional version

Fig. 2.3. Color versions of the letter H

3. Examples. We now consider the production of geometric models when the generating boundary
is a single letter in Times Roman font. We first present three examples with different particular features:
the letter I which is long and thin, the letter H which has two almost closed parts above and below its
horizontal bar, and the letter A, which has a hole in it. In each example, we solve (2.1), starting with a
parametrically defined curve (letter) represented by a piecewise smooth curve consisting of cubic Bézier
curves [12] and straight lines which are degenerate Bézier curves. We then use the MFS to produce the
corresponding implicit model, as well as new (implicit) models. The step of going from the parametric
definition to the implicit definition of curves enables us to generate new models.
A fourth example, the production of the string of letters, MFS, involves the solution of problems of
the form (2.5) with ` = 3.
3.1. The letter I. The boundary ∂ΩI consists of 12 Bézier curves, as shown in Figure 2.1(a). The
coordinates of the points defining these curves are given in Table 3.1, starting from the bottom left hand
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(a) The letter A in Times Roman font
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(b) Isolines for the letter A

Fig. 3.1. The letter A

corner of the I and moving clockwise. In this and subsequent tables, a basic Bézier curve is defined by
four points while straight lines will be defined by two points in the obvious way. These coordinates (and
similarly for the tables describing the other letters) are given by the standard PostScript definitions. In
Figure 2.1(a) and in subsequent corresponding figures, the points which are not on the curve are the
control points of the Bézier curves which define the segments of the letter. The boundary ∂ΩE is taken
to be the boundary of a disk of radius R centered at the barycentre of the domain ΩI . In the following,
R is taken to be 104 . We take the boundary condition on the boundary ∂ΩE to be u = 0 and the
boundary condition on the boundary ∂ΩI to be u = 1. A typical distribution of boundary points
and singularities in the MFS formulation is shown in Figure 2.1(b). To examine the convergence of the
method as we increase the number of degrees of freedom, for each choice of M and N , we calculate
the maximum error on a fixed number of boundary points as we vary the distance dI from 0.01 to 2 in
steps of 0.01. The minima of these values are tabulated in Table 3.2 from which it is clear that, as the
number of degrees of freedom increases, the maximum error decreases. The behaviour of the error is
similar for all the problems considered in this study. The equipotential curves close to the generating
curve ∂ΩI in the case M = 1032, N = 516 are shown in Figure 2.1(c).
3.2. The letter H. In this case, the boundary ∂ΩI consists of 28 Bézier curves, as shown in
Figure 2.2(a). The coordinates of the points defining these curves are given in Table 3.3, starting from
the bottom left hand corner and moving clockwise. The boundary ∂ΩE is taken to be the boundary
of a disk of radius R centered at the barycentre of the domain ΩI . As in the previous example, we
take the boundary condition on the boundary ∂ΩE to be u = 0 and the boundary condition on the
boundary ∂ΩI to be u = 1. The equipotential curves close to 1 for M = 1544, N = 772 are shown in
Figure 2.2(b). The color versions of this letter in two and three dimensions are given in Figure 2.3(a)
and Figure 2.3(b), respectively. (The generation of color fields is described in Appendix II.) Each color
represents a specific equipotential curve. These curves can be used to construct new geometric models
as can be seen from Figure 2.3(a). Taking each equipotential line at a different depth (z), one can
construct the 3D figure. This model is defined parametrically as a surface S(t, s). In particular,
S(t, s) =

©¡

¢
¡
¢
ª
x(t, s), y(t, s), z(t, s) ∈ R3 : x(t, s), y(t, s) ∈ Γ(s) ⊂ R2 , z(t, s) = sn ,

(3.1)

8

R. Tankelevich, G. Fairweather, A. Karageorghis & Y.–S. Smyrlis

Type

Point 1

Point 2

Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line

(18, 0)
(18, 19)
(115, 109)
(115, 553)
(18, 643)
(18, 662)
(315, 662)
(315, 643)
(217, 553)
(217, 109)
(315, 19)
(315, 0)

(18, 19)
(103, 21)
(115, 553)
(115, 627)
(18, 662)
(315, 662)
(315, 643)
(242, 640)
(217, 109)
(217, 31)
(315, 0)
(18, 0)

Point 3

Point 4

(115, 38)

(115, 109)

(101, 639)

(18, 643)

(217, 633)

(217, 553)

(241, 21)

(315, 19)

Table 3.1
Points determining the twelve curves defining the letter I

M

N

Maximum Error

156
296
544
792
1032

78
148
272
396
516

0.921-2
0.504-2
0.871-3
0.413-3
0.255-3

Table 3.2
Variation of maximum error with M and N .

¡
¢
where Γ(s) is an equipotential curve see (2.2) with t ∈ [0, 1] and s ∈ [0.8, 1]. In the generation of this
model, we used the following settings (which were found experimentally): n = 500 if 0.995 < s ≤ 1,
n = 100 if 0.99 < s ≤ 0.995 and n = 50 if 0.989 < s ≤ 0.99. Otherwise, n = 5. In both color figures,
the settings (see Appendix II) were taken to be: R = sn , G = B = 1 − R if s < 0.9999, otherwise
R = G = 1, B = 0.
3.3. The letter A. In this case, we need to solve two problems of the form (2.1). In the first
problem, the boundary ∂ΩI consists of 19 Bézier curves, as shown in Figure 3.1(a). The coordinates of
the points defining these curves are given in Table 3.4, starting from the bottom left hand corner and
moving clockwise. The boundary ∂ΩE is taken to be the boundary of a disk of radius R centered at
the barycentre of the domain ΩI . We take the boundary condition on the boundary ∂ΩE to be u = 0
and the boundary condition on the boundary ∂ΩI to be u = 1. In the second problem, the boundary
∂ΩI is the boundary of a disk of centered at the barycentre of the internal triangle of the letter which
is defined by the coordinates given in Table 3.4. The boundary ∂ΩE is taken to be the triangle defining
the internal triangle of the letter as shown in Figure 3.1(a). Here, we take the boundary condition
on the boundary ∂ΩE to be u = 1 while the boundary condition on the boundary ∂ΩI is taken to
be u = 0. The equipotential curves close to 1 are shown in Figure 3.1(b). These were obtained with
M = 1112, N = 556 for the first problem, and M = 400, N = 200 for the second problem.
3.4. The MFS string. In this case, we solve problem (2.5) with ` = 3. The curves defining
the letters M, F, S are represented by piecewise smooth curves ∂Ω1 , ∂Ω2 and ∂Ω3 , respectively. The
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(a) The MFS in Times Roman font

(b) Typical distribution of boundary points and singularities for the MFS

(c) Isolines for the MFS

(d) colored version of the MFS
Fig. 3.2. The MFS string

boundary ∂Ω1 consists of 25 Bézier curves, ∂Ω2 consists of 23 Bézier curves, and ∂Ω3 consists of 19
Bézier curves. The coordinates of the points defining these curves are given in Tables 3.5, 3.6 and
3.7, respectively, where, as in the previous examples, we start from the bottom left hand corner and
move clockwise. The distance between the letters can be regulated by shifting the x−coordinates of
the letters F and S by distances D1 and D2 , respectively. The Bézier curves defining these letters are
shown on Figure 3.2(a). The boundary ∂ΩE is taken to be the boundary of a disk of radius R centered
at the barycentre of the union of the domains Ω1 , Ω2 and Ω3 . We take the boundary condition on the
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Fig. 3.3. Three–dimensional color version of the MFS

boundary ∂ΩE to be u = 0 and the boundary condition on the boundaries ∂Ωi , i = 1, 2, 3, to be
u = 1. A typical distribution of boundary points and singularities for this problem is shown in Figure
3.2(b). The equipotential curves obtained with M = 2420, N = 1210 and D1 = 1300, D2 = 2200 are
shown in Figure 3.2(c). The color versions of this string in two and three dimensions are presented in
Figure 3.2(d) and Figure 3.3, respectively. The parametric definition of these models is described by
(3.1), with the same color specifications as those used for the letter H.

Fig. 3.4. The model MFS problem

4. Boolean operations with potential fields. We now consider the construction of geometric
models by combining simple geometric shapes. This is done by using a sequence of Boolean operations
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Type

Point 1

Point 2

Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line

(19, 0)
(19, 19)
(107, 120)
(107, 553)
(19, 643)
(19, 662)
(297, 662)
(297, 643)
(209, 553)
(209, 359)
(512, 359)
(512, 553)
(424, 643)
(424, 662)
(702, 662)
(702, 643)
(614, 553)
(614, 109)
(702, 19)
(702, 0)
(424, 0)
(424, 19)
(512, 120)
(512, 315)
(209, 315)
(209, 109)
(297, 19)
(297, 0)

(19, 19)
(103, 29)
(107, 553)
(107, 627)
(19, 662)
(297, 662)
(297, 643)
(221, 637)
(209, 359)
(512, 359)
(512, 553)
(512, 627)
(424, 662)
(702, 662)
(702, 643)
(626, 637)
(614, 109)
(614, 43)
(702, 0)
(424, 0)
(424, 19)
(508, 23)
(512, 315)
(209, 315)
(209, 109)
(209, 43)
(297, 0)
(19, 0)

Point 3

Point 4

(107, 45)

(107, 120)

(93, 637)

(19, 643)

(209, 624)

(209, 553)

(498, 637)

(424, 643)

(614, 624)

(614, 553)

(624, 24)

(702, 19)

(512, 45)

(512, 120)

(219, 24)

(297, 19)
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Table 3.3
Points determining the twenty–eight curves defining the letter H

[1]. We therefore need to define these Boolean operations in the context of the MFS. In order to do
this, we consider the MFS problem which describes the numerical solution of (2.1) with γE = 1, γI = 0.
Here, ∂ΩI is the boundary of the geometric model ΩI . This MFS problem is fully described by the
following sets of data: (i) the finite sets PI and PE , containing the boundary collocation points on ∂ΩI
and ∂ΩE , respectively, and (ii) the finite sets QI and QE , containing the singularities corresponding to
the boundaries ∂ΩI and ∂ΩE , respectively. Clearly, the singularities described by QI are inside ∂ΩI ,
whereas the singularities described by QE are outside ∂ΩE . Having solved this problem, the domain ΩI
©
ª
can now be defined implicitly as ΩI = P ∈ R2 : u(P ) = 1 . We refer to this problem as the direct
¢
¡
problem see Figure 3.4 .
We also need the inverse of problem (2.1), in which ∂ΩI remains the same but the outer boundary
∂ΩE is mapped onto a boundary ∂ΩO inside ∂ΩI . This is depicted in Figure 3.4. The boundary
conditions are u = 1 on ∂ΩI and u = 0 on ∂ΩO . In the MFS context, this problem is described by:
(i) the sets PI and PO , where PI is the same as in the direct problem while PO contains the boundary
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Type

Point 1

Point 2

Straight line
Bézier curve
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Bézier curve
Straight line
Straight line
Straight line
Straight line
Straight line

(15, 0)
(15, 19)
(66, 41)
(139, 183)
(347, 674)
(367, 674)
(616, 106)
(706, 19)
(706, 0)
(451, 0)
(451, 19)
(521, 57)
(502, 120)
(461, 216)
(199, 216)
(153, 99)
(145, 61)
(213, 19)
(213, 0)
(216, 257)
(331, 532)
(447, 257)

(15, 19)
(31, 20)
(88, 66)
(347, 674)
(367, 674)
(616, 106)
(648, 33)
(706, 0)
(451, 0)
(451, 19)
(488, 19)
(521, 73)
(461, 216)
(199, 216)
(153, 99)
(148, 86)
(145, 19)
(213, 0)
(15, 0)
(331, 532)
(447, 257)
(216, 257)

Point 3

Point 4

(48, 22)
(120, 139)

(66, 41)
(139, 183)

(662, 22)

(706, 19)

(521, 20)
(508, 106)

(521, 57)
(502, 120)

(145, 72)
(192, 19)

(145, 61)
(213, 19)

Table 3.4
Points determining the 19 curves and 3 straight lines defining the letter A

collocation points on ∂ΩO , and (ii) the sets RI and RO , containing the singularities corresponding to
the boundaries ∂ΩI and ∂ΩO , respectively. Now, the singularities described by RI will be outside ∂ΩI
whereas the singularities described by RO will be inside ∂ΩO .
Equipped with these tools, we now describe the basic Boolean operations between two models ΩI1
and ΩI2 , namely union, inversion, intersection and subtraction. In the following, we associate with the
curve ∂ΩIi the sets PIi , PEi and POi , QIi and QEi , and RIi and ROi for i = 1, 2. We assume that
ΩE1 = ΩE2 ⊃ {ΩI1 ∪ ΩI2 } and PE1 = PE2 , QE1 = QE2 .
Union: The union of the domains ΩI1 and ΩI2 is found by solving the direct MFS problem described
¢
¡
by PI = PI1 ∪ PI2 , QI = QI1 ∪ QI2 , PE = PE1 = PE2 and QE = QE1 = QE2 see Figure 3.4 .
Note that this is equivalent to solving (2.5) with ` = 2, γE = 0, γI1 = γI2 = 1.
Inversion: Inversion is the Boolean operation that constructs the void of the model ΩI , i.e. R2 r ΩI .
This is achieved implicitly by the solution of the inverse problem for ΩI . It should be noted
that, when inversion is applied twice to ΩI , it yields ΩI .
Intersection: We consider the intersection of the domains ΩI1 and ΩI2 . First, we solve a direct MFS
problem for ΩI1 , that is, the problem described by PI = PI1 , QI = QI1 , PE = PE1 and
QE = QE1 . Having thus found the implicit description of ΩI1 as the set of points where u = 1,
we can easily determine the subsets of the points in the sets PI2 and QI2 which are in the interior
of ΩI1 . We denote the sets containing these points by P̂I2 and Q̂I2 , respectively. Similarly, we
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Fig. 3.5. Inverse problem

Fig. 3.6. Union

solve a direct MFS problem for ΩI2 and using the implicit definition of ΩI2 from the solution of
this problem, we determine the subsets of the points in the sets PI1 and QI1 which are in the
interior of ΩI2 , and denote them by P̂I1 and Q̂I1 , respectively. The intersection of ΩI1 and ΩI2
is found by solving a direct problem with PI = P̂I1 ∪ P̂I2 , QI = Q̂I1 ∪ Q̂I2 , PE = PE1 = PE2
¢
¡
and QE = QE1 = QE2 see Figure 3.4 .
Subtraction: We now consider the subtraction of the domain ΩI2 from the domain ΩI1 . As in the case
of intersection, we first solve a direct problem for ΩI1 . Having found the implicit definition of
ΩI1 , we determine which of the points in the sets PI2 and RI2 are in the interior of ΩI1 , and
denote these sets by P̂I2 and R̂I2 , respectively. We then solve the inverse problem for ΩI2 , that
is, the problem described by PI = PI2 , RI = RI1 , PO = PO1 and RO = RO1 . From the implicit
definition of the void of ΩI2 , we check which of the points from the sets PI1 and QI1 are in the
interior of the void of ΩI2 and denote the sets containing these by P̂I1 and Q̂I1 , respectively.
The subtraction ΩI1 r ΩI2 can be found by solving a direct problem with PI = P̂I1 ∪ P̂I2 ,
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Fig. 3.7. Intersection

Fig. 3.8. Subtraction

¡
¢
QI = Q̂I1 ∪ R̂I2 , PE = PE1 , PO = P2O and QE = QE1 , RO = R2O see Figure 3.4 .
It should be noted that in certain graphical applications, to determine whether a point lies inside
or outside a given region, the technique described in Appendix I is used.
5. Modeling technique based on the PF method. In this section, we describe the possible
sequence of various modeling stages and illustrate them with an example.
Step 1. Select elementary models as zero level models (model set 0)
and construct new models using equipotential curves (model set 1).
Step 2. Use Boolean union, subtraction and intersection to construct a model set 2.
Step 3. Modify models from the model set 2 by using such techniques as blending, imprinting and
embossing (model set 3).
Step 4. Use equipotential curves to construct a three–dimensional model (model set 4).
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Type

Point 1

Point 2

Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Straight line
Straight line
Straight line
Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line

(12, 0)
(12, 19)
(109, 147)
(109, 553)
(14, 643)
(14, 662)
(212, 662)
(443, 157)
(662, 664)
(863, 664)
(863, 643)
(776, 553)
(776, 109)
(863, 19)
(863, 0)
(583, 0)
(583, 19)
(674, 120)
(674, 569)
(418, 0)
(404, 0)
(153, 546)
(153, 147)
(247, 19)
(247, 0)

(12, 19)
(88, 24)
(109, 553)
(109, 631)
(14, 662)
(212, 662)
(443, 157)
(664, 662)
(863, 662)
(863, 643)
(800, 638)
(776, 109)
(776, 32)
(863, 0)
(583, 0)
(583, 19)
(661, 23)
(674, 569)
(418, 0)
(404, 0)
(153, 546)
(153, 147)
(153, 44)
(247, 0)
(12, 0)

Point 3

Point 4

(109, 39)

(109, 147)

(88, 639)

(14, 643)

(776, 638)

(776, 553)

(799, 32)

(863, 19)

(674, 38)

(674, 120)

(174, 22)

(247, 19)
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Table 3.5
Points determining the twenty–five curves defining the letter M

Step 5. Create equidistant offset curves to the boundary surface of model set 4 (these can be used in
various manufacturing processes such as milling tool path curves).
As an illustration, we consider the construction of the letter Q, which can be achieved in the following
way. We take the rectangle, m1 , shown in Figure 7.1(a) and defined by the points (0,0), (100,0), (100,
300) and (0, 300), as an elementary model. We then produce the two concentric ovals depicted in Figures
7.1(b) and 7.1(c) and put them in the set 2. The exterior oval, m2 , is defined by the equipotential curve
corresponding to u = 0.85 and the interior oval, m3 , is defined by the equipotential curve corresponding
to u = 0.95. We take a second generator, the polygon m4 , defined by the points (20, 70), (50, 120),
(100, 120), (280, 20), (300, 50), (270, 20), (100, 90) and (50, 90). We then construct m5 , the tail of the
letter Q by producing the equipotential curve corresponding to u = 0.97, shown in Figure 7.1(d). The
letter Q is thus constructed by taking the Boolean union of m2 and m5 and subsequently subtracting
(using Boolean subtraction) m3 . The operations of union and subtraction are commutative. The union
m6 , of m2 and m5 is shown in Figure 7.1(e). The final model m7 which is the results of subtracting
m3 from m6 is shown in Figure 7.1(f). Note that the construction of the letter A of Section 3 is also
expressible in terms of Boolean operations.
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Type

Point 1

Point 2

Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Straight line
Straight line
Bézier curve
Straight line
Bézier curve
Straight line
Straight line
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Straight line
Straight line
Bézier curve
Straight line
Straight line

(12, 0)
(12, 19)
(99, 120)
(99, 553)
(12, 643)
(12, 662)
(543, 662)
(546, 519)
(521, 519)
(369, 624)
(233, 624)
(201, 590)
(201, 368)
(346, 368)
(456, 463)
(479, 463)
(479, 231)
(456, 231)
(346, 326)
(201, 328)
(201, 109)
(292, 19)
(292, 0)

(12, 19)
(87, 23)
(99, 553)
(99, 633)
(12, 662)
(543, 662)
(546, 519)
(521, 519)
(506, 608)
(233, 624)
(208, 624)
(201, 368)
(346, 368)
(428, 368)
(479, 463)
(479, 231)
(456, 231)
(445, 315)
(201, 328)
(201, 109)
(201, 34)
(292, 0)
(12, 0)

Point 3

Point 4

(99, 38)

(99, 120)

(75, 638)

(12, 643)

(480, 624)

(369, 624)

(201, 620)

(201, 590)

(446, 388)

(456, 463)

(421, 325)

(346, 326)

(221, 22)

(292, 19)

Table 3.6
Points determining the twenty–three curves defining the letter F

6. Motion in the potential field. In the examples of Section 3, we started out with the parametric definition of certain curves given as Postcript fonts consisting of Bézier curves, and, by solving
a boundary value problem, we obtained the implicit definition of these curves. In this section, we show
that the implicit model obtained from the PF method can be used to construct a parametrically defined
object. In practical modeling, this can be a very useful property. In some applications, such as curve
reconstruction, collision control or a point’s identification with respect to a model, it is preferable to deal
with implicit models. A parametric description is more suitable in other cases such as: (i) the graphical
rendering of models and (ii) the setting of a point on the boundary of a model and the movement
along it. The ability to have both the implicit and the parametric models available is a very important
advantage of the PF based approach to geometric modeling.
One way of reverting from the implicit to the parametric model is the movement along the boundary
using its implicit definition. This constitutes a parametrization process. We thus examine how we can
navigate in the vicinity of a given object using the PF approach, and in particular the MFS. In order to do
this we observe that the trajectory of a point moving in the potential field can be described parametrically
by a function of the form P (t) where the parameter t can be viewed as time. The function P (t) can
be defined as the solution of a differential equation. More specifically, if P (t) represents the point
¡
¢
¡
¢
x(t), y(t), z(t) , its velocity vector, v(t) = x0 (t), y 0 (t), z 0 (t) , satisfies the time-dependent equation
v(t) = λ ∇u,

(6.1)

Potential Field Based Geometric modeling Using the MFS

Type

Point 1

Point 2

Straight line
Straight line
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Straight line
Straight line
Straight line
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Bézier curve
Straight line

(72, -13)
(42, 199)
(65, 199)
(270, 22)
(390, 133)
(227, 310)
(71, 506)
(252, 676)
(391, 642)
(426, 676)
(447, 676)
(469, 463)
(444, 463)
(258, 635)
(157, 542)
(491, 167)
(280, -14)
(125, 20)
(94, -13)

(42, 199)
(65, 199)
(84, 152)
(350, 22)
(390, 190)
(135, 363)
(71, 620)
(312, 676)
(419, 642)
(447, 676)
(469, 463)
(444, 463)
(427, 545)
(208, 635)
(157, 392)
(491, 82)
(204, -14)
(104, 20)
(72, -13)

Point 3

Point 4

(135, 22)
(390, 79)
(374, 224)
(71, 407)
(162, 676)
(366, 642)
(424, 665)

(270, 22)
(390, 133)
(227, 310)
(71, 506)
(252, 676)
(391, 642)
(426, 676)

(363, 635)
(157, 604)
(491, 372)
(423, -14)
(155, 20)
(94, 3)

(258, 635)
(157, 542)
(491, 167)
(280, -14)
(125, 20)
(94, -13)
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Table 3.7
Points determining the 19 curves defining the letter S

where u is the solution of (2.1) and λ is a scaling factor describing the motion. In particular, the larger
λ, the faster the motion. The motion can be constructed along the force lines of the potential field.
This is done by calculating the gradients at each point of the trajectory. In practical applications, the
point represented by P (t) is the centre of mass of a tool body of finite size. The motion along the force
lines is used to construct a trajectory for the center of a body rolling along the boundary of a model
without intersecting it. The algorithm that describes such a motion consists of two major phases:
Phase (a) motion starting somewhere in the void region towards the model
and
Phase (b) motion along the model’s boundary.
Phase (a) includes two alternating actions of motion and control. In the motion, we first calculate
the gradient ∇u at a point and then, from (6.1), we calculate the new position of the moving point using
a basic ordinary differential equation solver with time step ∆t. The control action checks that the body
does not cross the boundary of the model. This can be done by calculating the Boolean intersection
between the body and the model. The accuracy of the method depends on the coefficient λ in (6.1) and
the time step ∆t. Such a motion along the force lines can become prohibitively slow when attempting to
achieve high accuracy. In this study, we used a dichotomy method in the final approach to the boundary
described as follows. An arbitrary point in the interior of the model (where u = 1) is selected. The
interval between this point and the current position of the moving body is repeatedly divided. The
process stops when an interval which contains the boundary point and is as small as desired is found.
Phase (b) organizes the motion of the probe point along the given equipotential curve. In the
beginning of this phase, the point “touches” the equipotential curve. The normal to the curve at the
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point of contact is known from phase (a). The tangent vector is calculated and used to perform the
motion along the equipotential curve. After reaching the new point, a dichotomy search is performed
to determine the new tangent direction. This process is repeated until the complete motion around the
equipotential curve is finished. It must be noted that this motion can be performed on any equipotential
curve as well as the boundary.
This process provides a solution of the offset problem which is very important in tool path construction, a crucial part of the Computer Numerical Control (CNC). The Electronic Industries Association
defines the CNC [15] as “a system in which actions are controlled by the direct insertion of numerical
data” into the process of machining (such as the milling of a part). The geometric and kinematic information concerning mostly the linear and circular motion is entered into a computerized control system
that issues control signals to the moving cutting tools. The method of the generating offset curve described above can be readily used to produce the CNC commands (the so called G–code). For cutting
two–dimensional models out of a sheet, the z−coordinate representing the depth of the cutting tool
does not change during the process of cutting. In machining of three–dimensional models, the milling
is usually performed as follows. First the CNC machine cuts the upper level, then going one step down
along the z−axis, and continuing this process until the whole part is milled. Most of the existing methods of offsetting the curves and surfaces suffer from “gouging” of the part to be cut off. In the existing
approaches, in order to avoid this problem, “look–ahead procedures” are used at each step. These are,
however, very slow and computationally expensive. When using a PF based method, this problem is
avoided because the configuration of the boundary is reflected in the field and can be accounted for at
any step of the probe body’s movement. The use of the MFS is particularly advantageous as one can
easily calculate the field locally.
7. Example of a manufacturing problem. In this section, we consider the process of thermoplastic forming, as a practical example of a manufacturing process where our modeling method can
be successfully used. The heated material (plastic, metal, fibre reinforced thermoplastics, etc.,) is cast
into a mould, under pressure, or by using a vacuum. Most plastic outdoor signs are manufactured
by the method of thermoplastic vacuum forming. As an example, we consider the letter Q. Having
designed its two–dimensional geometric model in Section 5, our aim is to construct a corresponding
three–dimensional shape. A simple three–dimensional model can be produced as a cylindrical surface
S1 , defined by
©¡
¢
¡
¢
ª
S1 =
x(t, s), y(t, s), z(t, s) ∈ R3 : x(t, s), y(t, s) ∈ Γ(1) ⊂ R2 , z(t, s) = s .
¡
This 3D model has height s and has the equipotential curve Γ(1) as its generating contour see Figure
¢
7.2 . However, this simple model does not meet the requirements of thermoplastic forming because the
strains developed in the sharp edges will cause damage and tear in the formed plastic. The principles of
thermoplastic forming, the analysis of longitudinal and transverse viscosities, as well as the rheological
properties of thermoplastic processing [4] require a smooth surface subject to the “fluid flow” laws.
Further, the shape should be tapered, otherwise the formed model cannot be extracted from the mould.
In order to overcome these difficulties, one may use the following model S2 , instead:
©¡
¢
¡
¢
ª
S2 =
x(t, s), y(t, s), z(t, s) ∈ R3 : x(t, s), y(t, s) ∈ Γ(s) ⊂ R2 , z(t, s) = ϕ(s) .
Here ϕ(s) is a smooth function (constructed, for example, as a spline) such that the three–dimensional
model has a smooth transition between its flat top, tapered side and flat bottom surfaces. In practice,

Potential Field Based Geometric modeling Using the MFS

19

we need to use this description also as an implicit model which enables us to easily decide whether a
point is inside or outside this three–dimensional model. We therefore need to choose ϕ(s) in such a way
that, for a given z, we can easily calculate the corresponding s which fully describes the corresponding
two–dimensional equipotential curve. The intersection of the surface and the x − y plane yields, for
¡
¢
each z, an equipotential curve Γ s(z) . This, in conjunction with the smoothness of ϕ(s), results in a
uniform distribution of the surface stresses. In particular, the surface is smoother in the “tight” concave
areas, and when coming closer to the shape of the letter in convex areas where smaller stresses can be
developed.
A model similar to S2 can be used to produce a mould for thermoplastic forming. In Figure 7.3, we
present an example of the sign Q designed for thermoplastic forming. The sign’s walls are tapered and
the edges are smoothed. The curvature of the walls follows the streamlines of the potential field used
for the design to decrease the stresses in the sign’s walls. We solve different MFS problems as described
in Section 4 for the outside wall, the cap and the inside wall. In this example, the outside wall model
uses a sigmoid function f (z) to control the curvature between two equipotential curves for s1 = 0.99
and s2 = 0.75 positioned at two different levels in z ∈ (s2 , s1 ), namely z2 and z1 . In particular, we used
a variation of S2 , the model S3 defined by
S3 =

©¡

¢
¡
¢
ª
f (z)x(t, s), f (z)y(t, s), z(t, s) ∈ R3 : x(t, s), y(t, s) ∈ Γ(s) ⊂ R2 , z(t, s) = s .

In the cap model, we take z = z1 . The inside wall model is designed similarly to the outside wall.
We also present the mould for the letter Q designed for thermoplastic forming in Figure 7.4. A
steel slab is used to mill out the inverse 3D model of the Q sign. The milling is performed in steps for
different levels of depth (in the z direction). The corresponding MFS problem is solved at each level to
find the offset lines representing the cutting tool paths. An example of the tool path for a level is shown
in blue. This information is used to control the CNC milling machine.
8. Concluding remarks. The ultimate goal in this study is the design of geometric shapes suitable
for further geometric manipulation. We use the PF method in which the associated harmonic boundary
value problem is solved numerically using the MFS. We first apply the method to several examples of
letters in Times Roman font. This is done in order to test the method on a wide variety of parametrically
defined curves. From these curves, we produce the corresponding implicitly defined curves as well as
new models. Subsequently, we associate Boolean operations with the MFS discretization of specific
boundary value problems, and then show how to construct complicated models from simple geometric
shapes using a sequence of Boolean operations. Practical applications to computer-aided design and
manufacturing problems are also presented.
As our aim is to show the viability of the procedure, keeping the implementation simple is very important. This is the main reason for choosing the MFS as well as the fact that it naturally lends itself for
the definition of the Boolean operations. For instance, the distribution of boundary points/singularities
was kept as uniform as possible, even in cases where a more sophisticated arrangement could have been
used. Also, in some cases the intensity of the equipotential curves could have been enhanced with the use
of additional sets of sources. Such improvements are currently under investigation as is the application
of the method to the corresponding three–dimensional boundary value problems. Since the boundary
value problem to be solved is constructed in order to produce the geometric models, in some cases it
might be advantageous to solve different differential equations such as the Helmholtz equation or the
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(a) Rectangle m1

(b) Oval m2

(c) Oval m3

(d) Tail m5

(e) Union of m2 and m5

(f) Subtraction of m3 from m6

Fig. 7.1. Construction of the letter Q

biharmonic equation. Also, depending on the geometry of the problem it might be advantageous to
impose different boundary conditions (Neumann, Robin) on different segments of the boundary.
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Appendix I. In the generation of the equipotential curves by standard packages such as MATLAB1 , the user is required to generate the solution on a given grid. In the MFS, one needs to avoid
the calculation at (or near) the singularities which are located at the exterior of the domain of the
problem. The exterior of this domain is the interior of the domain, the shape of which we are trying to
reproduce/imitate. For graphical purposes, we therefore need to develop an algorithm which decides if
a point is inside a given polygon (or several given polygons). This can be done using Cauchy’s integral
formula [2], the polygon being defined by the boundary points in the MFS.
More precisely, if U is an open domain and f : U → C is an analytic function then
f (z) =

1
2πi

Z
C

f (ζ)
dζ,
ζ −z

(8.1)

where C is the boundary of a disk contained in U with center z. In particular, if we set f (z) ≡ 1, then
1 MATLAB

7.0.4, The MathWorks, http//:www.mathworks.com.
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the right hand side of (8.1) is the index of z with respect to C, i.e.,
Z
1
1
Index(z, C) =
dζ,
2πi C ζ − z

(8.2)

and it is defined for every z ∈ CrC. The values of Index(z, C) are integral. If C is a simple closed curve,
then the index is zero if z is outside the domain, and one or minus one if z lies inside the domain. (The
sign depends on the orientation.) The proposed algorithm calculates the index of a point z with respect
to the boundary of the domain under consideration, thus determining whether this point is inside or
outside the domain. The boundary is approximated by a polygonal curve Cm = B1 B2 · · · Bm B1 (not
necessarily convex) and therefore we calculate the following integral
ÃZ
!
Z
Z
Z
Z
1
1
1
1
dζ =
dζ.
+
+··· +
+
2πi Cm ζ − z
2πi
ζ
−
z
B1 B 2
B2 B 3
Bm−1 B m
Bm B 1
Let P = (x, y), where z = x + iy and wk = xk + iyk , where Bk = (xk , yk ). Then we have
Z
1
dζ = log(wk+1 − z) − log(wk − z).
Bk B k+1 ζ − z
The right hand side of the above has a well–defined (single) value. In particular,
Z
1
Im
dζ = arg(wk+1 − z) − arg(wk − z) = Bk PbBk+1 ,
ζ
−
z
Bk B k+1
where Bk PbBk+1 is the angle between the lines P Bk and P Bk+1 and since it is a convex angle it satisfies
ωk = Bk PbBk+1 ∈ (−π, π). It is readily proved that

eiωk

wk+1 − z
w −z ¯
= ¯¯ k
¯,
w
¯ k+1 − z ¯
¯ wk − z ¯
Z

1
dζ vanishes
ζ
−
z
Cm
as a consequence of the general form of Cauchy’s integral formula [2]. Once we have calculated the angles
ωk , k = 1, . . . , M , the index of z with respect to B1 B2 · · · Bm B1 is obtained by simple summation
Z
´
1
1
1 ³ b
Index(z, Cm ) =
dζ =
B1 P B2 + · · · + Bm−1 PbBm + Bm PbB1 .
2πi Cm ζ − z
2π
which allows us to efficiently compute ωk . The real part of the contour integral

Appendix II. In this study, color shading is used to visualize the potential fields in geometric
modeling [20]. Color maps allow for distinguishing the field’s equipotential lines by assigning unique
colors to potential values. This can be achieved with the function:
col(u) : u = (0, 1]

→

(R, G, B, A),

where R,G,B are the intensities of red, green, and blue and A is the transparency level, all standard
parameters used in graphical packages.
The spatial domain is covered by a grid which can be uniform or non–uniform. For each quadrilateral
of the grid with vertices P0 , P1 , P2 , P3 , the potentials u0 = u(P0 ), u1 = u(P1 ), u2 = u(P2 ), u3 =
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u(P3 ) are calculated. The color image of the field consists of the pixels, Ppix , that can be described
parametrically within each cell by
£
¤
£
¤
Ppix (t, s) = (1 − s) (1 − t)P0 + tP1 + s (1 − t)P3 + tP2 ,
where the parameters t and s are taken on the interval [0,1] to define the position of a specific pixel.
The pixel Ppix is assigned the color C ∈ (R, G, B, A):
£
¡
¢
¢¤
£
¡
¢
¡
¢¤
C(Ppix ) = (1 − s) (1 − t) col u(P0 ) + t col(u(P1 ) + s (1 − t) col u(P3 ) + t col u(P2 ) .
Thus, the potential field’s color image is constructed as a colored map of a bilinear interpolation of the
¡
¢
potential field see the modeling results presented in, for example, Figure 2.3(a) . In the numerical
experiments performed in this study, it was found that the best visualization is achieved when using
the exponential form of the function col : col(u) = (un , un , un , un ), where n is an experimentally found
exponent value (usually, 1 ≤ n ≤ 50). This technique has been implemented by using smooth shading
functions in the RGBA mode as they exist in the graphical packages such as OpenGL [22].

