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Pr�blhma ��
Diatup�ste touc orismo�c twn pio k�tw�
�a� Up�qwroc dianusmatiko� q�rou	 �m�
�b� Grammik� anex�rthta stoiqe
a	 �m�
�g� �Ajroisma upoq�rwn	 �m�
�d� Euj� �jroisma	 �m�
��������������������������������������������

�a� �Estw V dianusmatik�c q�roc p�nw se k�poio s�ma K kai W na mh ken� upos�nol� tou	 To
W kale
tai up�qwroc tou V � an e
nai kai aut� dianusmatik�c q�roc p�nw sto K me tic pr�xeic tic
pr�sjeshc kai tou bajmwto� pollaplasiasmo� tou V 	

�b� �Estw V grammik�c q�roc p�nw s�na s�ma K kai fu�� u�� � � � � ung� n � N na peperasmno
upos�nolo tou V 	 Ta dian�smata u�� u�� � � � � un lme �ti e
nai grammik� anex�rthta an isq�ei h
sunepagwg�

��u� � ��u� � � � � � �nun � � �� �� � �� � � � � � �n � � �

�g� �Estw W�� W� up�qwroi en�c dianusmatiko� q�rou V 	 Kalo�me �jroisma twn W� kai W� kai
to sumbol
zoume me W��W� to s�nolo

W� �W� � fv � V j v � w� �w�� w� �W�� w� � W�g �

�d� �Estw V e
nai nac dianusmatik�c q�roc p�nw se k�poio s�ma K kai W� kai W� up�qwroi tou
V 	 Lme �ti o V e
nai to euj� �jroisma twn W� kai W� an k�je v � V gr�fetai monos	manta san
�jroisma en�c stoiqe
ou w� � W� kai en�c stoiqe
ou w� � W�	



Pr�blhma 
�
Diatup�ste touc orismo�c twn pio k�tw�
�a� Grammik	 j	kh	 �m�
�b� B�sh dianusmatiko� q�rou	 �m�
�g� Di�stash dianusmatiko� q�rou	 �m�
�d� Eneliktik�c p�nakac	 �m�
��������������������������������������������

�a� �Estw V grammik�c q�roc p�nw s�na s�ma K kai S�fu�� u�� � � � � umg na peperasmno
upos�nolo tou V 	 To s�nolo L�S� twn grammik�n sunduasm�n twn u�� u�� � � � � um sumbol
zetai
ep
shc me

�S� � �u�� u�� � � � � um� � ak�ma span�u�� u�� � � � � um�

kai kale
tai grammik	 j	kh 	 per�blhma �linear span� twn u�� u�� � � � � um	

�b� �Estw V grammik�c q�roc p�nw s�na s�ma K	 To peperasmno upos�nolo
A�fe�� e�� � � � � eng� n � N� tou V kale
tai �peperasm�nh� b�sh tou V an ta e�� e�� � � � � en
�i� e
nai grammik� anex�rthta� kai
�ii� par�goun to q�ro V 	

�g� An o grammik�c q�roc V �� f�g qei mia b�sh me n �N stoiqe
a� o arijm�c n kale
tai di�stash
�dimension� tou V kai sumbol
zetai me

dimV � n �

An V�f�g� ja lme �ti h di�stash tou V e
nai mhdn	
�d� �Enac p
nakac A �Mn�n kale
tai eneliktik�c an A� � I	



Pr�blhma �
�a� �Estw V dianusmatik�c q�roc p�nw se k�poio s�ma K	 De
xte �ti to to mhdenik� stoiqe
o tou
V e
nai monadik�	 m�
�b� An ta x� y� z e
nai grammik� anex�rthta stoiqe
a en�c dianusmatiko� q�rou V � na deiqje
 �ti ta
dian�smata

x� y � y � z � z � x

e
nai ep
shc grammik� anex�rthta	 
m�
�g� An A �Mm�n kai B �Mn�m� de
xte �ti

tr�AB� � tr�BA� �

�m�
��������������������������������������������

�a� O V qei ex orismo� na mhdenik� stoiqe
o � ttoio �ste

u � � � u �u � V �i�

�Estw �ti up�rqei ak�ma na mhdenik� stoiqe
o ��	 Ja isq�ei t�te

�
� � u � u �u � V �ii�

Jtontac u��� sthn �i� kai u�� sthn �ii� pa
rnoume

�
� � � � �

�

�
� � � � �

�
�� �

� � � �

�Ara to mhdenik� stoiqe
o tou V e
nai monadik�	

�b� An
�� �x� y� � �� �y � z� � �� �z � x� � �

t�te
��� � ��� x � ��� � ��� y � ��� � ��� z � � �

Epeid� ta x� y� z e
nai grammik� anex�rthta�

�� � �� � �
�� � �� � �
�� � �� � �

��
� ��

�� � �� � �
�� � �� � �
�� � �� � �

��
� �� �� � �� � �� � � �

�Ara ta x� y� y � z� z � x e
nai grammik� anex�rthta	

�g� Gia ta d�o gin�mena qoume

AB �

�
nX

k��

aikbkj

�
m�m

�� tr�AB� �
mX
i��

�
nX

k��

aikbki

�
�

mX
i��

nX
k��

aikbki

kai

BA �

�
mX
k��

bikakj

�
n�n

�� tr�BA� �
nX
i��

�
mX
k��

bikaki

�
�

nX
i��

mX
k��

bikaki � tr�AB�



Pr�blhma ��
�Estw

S � fu�� u�� � � � � ung

na peperasmno upos�nolo en�c dianusmatiko� q�rou V 	 Na deiqjo�n oi pio k�tw prot�seic�
�a� H grammik� j�kh L�S� tou S e
nai up�qwroc tou V 	 �m�
�b� An ta stoiqe
a tou S e
nai grammik� anex�rthta� t�te k�je mh ken� upos�nolo tou S apotele
tai
ap� grammik� anex�rthta stoiqe
a	 �m�
��������������������������������������������

�a� H grammik� j�kh L�S� tou S e
nai to s�nolo twn grammik�n sunduasm�n twn u�� u�� � � � � un�

L�S� �

�
u � V j u �

nX
i��

�iui � �i � K

�

Ja de
xoume �ti ikanopoio�ntai oi treic sunj�kec tou J	 �	�	�	
�i� Epeid�

� � �u� � �u� � � � �� �un �� � � L�S�

�ii� An u� v � L�S�� t�te aut� gr�fontai san grammiko
 sunduasmo
 twn stoiqe
wn tou S�

u � ��u� � ��u� � � � � � �nun
v � ��u� � ��u� � � � � � �nun

�
��

u� v � ��� � ���u� � ��� � ���u� � � � � � ��n � �n�un � L�S�

�H L�S� e
nai kleist� wc proc thn pr�sjesh	�
�iii� �Estw to u � L�S� kai a � K	 To u gr�fetai san grammik�c sunduasm�c twn stoiqe
wn tou S�

u � ��u� � ��u� � � � � � �nun �� au � �a���u� � �a���u� � cdots � �a�n�un

�H L�S� e
nai kleist� wc proc ton bajmwt� pollaplasiasm�	�
Oi treic sunj�kec tou J	 �	�	� ikanopoio�ntai	 �Ara h L�S� e
nai up�qwroc tou V 	

�b� Qrhsimopoio�me th mjodo thc apagwg�c se �topo	 Qwr
c bl�bh thc genik�thtac jewro�me ta
pr�ta m stoiqe
a tou S� �pou m � n	 An ta u�� � � � � um e
na grammik� exarthmna t�te� s�mfwna me
ton Orism� �	�	� up�rqoun ��� � � � � �m � K pou den e
nai �la mhdn tsi �ste

��u� � � � � � �mum � � ��

��u� � � � � � �mum � �um�� � � � � � �un � � �

Epeid� oi suntelestc twn u�� � � � � un den e
nai �loi mhdn suppera
noume �ti ta u�� � � � � un e
nai gram�
mik� exarthmna pou e
nai �topo	 �Ara ta u�� � � � � um einai grammik� anex�rthta	



Pr�blhma ��
�a� De
xte �ti to s�nolo

B �

	
E� �



� �
� �

�
� E� �



� �
� �

�
� E� �



� �
� �

�
� E� �



� �
� �

��

e
nai mia b�sh touM���	 
m�
�b� Na brejo�n oi suntetagmnec tou

A �



� 	

 �

�

wc proc th b�sh B	 �m�
��������������������������������������������

�a� To B apotele
tai ap� � stoiqe
a	 Epeid� dimMn�n��� s�mfwna me to J	 �	�	� �ii� arke
 na
de
xoume �ti to B e
nai grammik� anex�rthto�
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����
��� �� �� � �� � �� � �� � ��

�Ara to B e
nai grammik� anex�rthto kai tsi apotele
 b�sh touM���	

�b� An ���� ��� ��� ��� e
nai oi suntetagmnec tou A wc proc th b�sh B� t�te

A � �� E� � �� E� � �� E� � �� E� ��
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Oi suntetagmnec tou A wc proc th b�sh B e
nai oi

��
� �� �	� � �



Pr�blhma ��

�Estw ta dian�smata u�� u�� � � � � uk tou Rn kai to s�nolo

W �

u � Rn j u � ui � � � i � �� 	� � � �� k

�
�

De
xte �ti o W e
nai up�qwroc tou Rn	 �m�
��������������������������������������������

Ja de
xoume �ti ikanopoio�ntai oi treic sunj�kec thc Pr	 �	�	�	
�i� Epeid� � � ui�� gia k�je ui� � � W 	

�ii� �Estw d�o dian�smata u� v � W op�te

u � ui � � � i � �� 	� � � � � k
v � ui � � � i � �� 	� � � � � k

�
�� u � ui � v � ui � � � � � i � �� 	� � � � � k ��

�u� v� � ui � � � i � �� 	� � � �� k �� u� v � W �

�Ara o W e
nai kleist�c wc proc thn pr�sjesh	

�iii� An a � R kai u �W � t�te

u � ui � � � i � �� 	� � � �� k �� a �u � ui� � a � � i � �� 	� � � � � k ��

�au� � ui � � � i � �� 	� � � �� k �� au �W �

�Ara o W e
nai kleist�c wc proc to bajmwt� pollaplasiasm�	
Oi treic sunj�kec thc Pr	 �	�	� ikanopoio�ntai	 �Ara o W e
nai up�qwroc tou V 	



Pr�blhma ��
�Estw to s�nolo

W � fA � M��� j trA � �g

�a� De
xte �ti to W e
nai up�qwroc tou M���	 �m�
�b� Na breje
 mia b�sh kai h di�stash tou W 	 m�
�b� Na epektaje� h b�sh pou br�kate se mia b�sh tou M���	 m�
��������������������������������������������

�a� Ja de
xoume �ti ikanopoio�ntai oi treic sunj�kec tou J	 �	�	�	
�i� Epeid�

trO � � �� O �W

�ii� An A�B �W t�te trA�trB�� kai tsi

tr�A� B� � trA� trB � � �� �A �B� �W

�To W e
nai kleist� wc proc thn pr�sjesh	�
�iii� An A �W kai � � K� t�te twn stoiqe
wn tou S�

tr��A� � ��trA� � � �� �A �W �

�O W e
nai kleist�c wc proc ton bajmwt� pollaplasiasm�	� Oi treic sunj�kec tou J	 �	�	� ikano�
poio�ntai	 �Ara o W e
nai up�qwroc tou M���	

�b� To genik� stoiqe
o tou W e
nai thc morf�c�

a b

c �a
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� a E� � b E� � c E� �

To s�nolo B�fE�� E�� E�g par�gei ton W 	 Ja de
xoume �ti e
nai grammik�c anex�rthto	 Pr�gmati�
an

�� E� � �� E� � �� E� � O ��
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To B e
nai grammik�c anex�rthto kai afo� par�gei ton W � e
nai mia b�sh tou	 �Eqoume tloc

dimW � 
 �

�b� Ef�son dimM������ gia thn epktash tou B se mia b�sh touM��� prpei na bro�me na stoiqe
o
tou M��� pou den an�kei sth grammik� j�kh thc b�shc B	 �Estw o p
nakac

E� �



� �
� �

�
�

S�mfwna me to J	 �	�	�� gia na e
nai to s�nolo B��fE�� E�� E�� E�g b�sh touM���� prpei na e
nai
grammik�c anex�rthto	 An

�� E� � �� E� � �� E� � �� E� � O ��
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�� � �� � �� � �� � � �

To B� e
nai pr�gmati grammik�c anex�rthto kai sunep�c apotele
 mia b�sh touM���	



Pr�blhma ��
�Estw o migadik�c p
nakac�

A �

�
� i ��� i �
 � 	i

�� i �i �

 � 	i �� �	i

�
�

�a� Bre
te ton suzug	 �A	 �m�
�b� Bre
te ton anastrofosuzug	 A�	 �m�
�g� E
nai o A antiermitian�c� �m�
��������������������������������������������

�a�

�A �

�
� �i �� � i �
� 	i

� � i ��i �

� 	i �� 	i

�
�

�b�

A� � � �A�T �

�
� �i � � i 
� 	i

�� � i ��i ��
�
 � 	i � 	i

�
�

�g� Parathro�me �ti A���A	 �Ara o A e
nai antiermitian�c	



Pr�blhma ��
�a� An oi A�B �Mn�n e
nai ad�namoi kai antimetajsimoi� de
xte �ti o AB e
nai ad�namoc	 m�
�b� �Estw n h di�stash tou dianusmatiko� q�rou V � �pou n �� �� �	 An oi V� kai V� e
nai up�qwroi
tou V me V� �� V� kai

dimV� � dimV� � n� � �

de
xte �ti
V � V� � V� �

m�
��������������������������������������������

�a� Qrhsimopoi�ntac thn prosetairistik� idi�thta kai ta dedomna

A� � A � B� � B � AB � BA

qoume�

�AB�� � �AB��AB� � A�BA�B � A�AB�B � �AA��BB� � A�B� � AB

�Ara o AB e
nai ad�namoc	

�b� Epeid� o V� � V� e
nai up�qwroc tou V � isq�ei

dim�V� � V�� � dimV �� dim�V� � V�� � n � �i�

Epeid� V� �� V� qoume
dimV� � V� � n� 	 � �ii�

Ap� to J	 �	�	� gnwr
zoume �ti

dim�V� � V�� � dimV� � dimV� � dimV� � V� ��

dim�V� � V�� 	 �n� �� � �n� �� � �n� 	� ��

dim�V� � V�� 	 n �iii�

Ap� tic �i� kai �iii� prok�ptei �ti

dim�V� � V�� � n � dimV �

Ef�son t�ra o V� � V� e
nai up�qwroc tou V � sumpera
noume �ti �Pr	 �	�	��

V� � V� � V �



Pr�blhma ���

�Estw oi pio k�tw up�qwroi tou R��

W �

�x� y� z� � R� j �x� y� z� � a��� �� �� � a � R

�
U �


�x� y� z� � R� j �x� y� z� � b��� �� �� � c��� �� �� � b� c � R

�
De
xte �ti

W 
 U � R
� �

�m�
��������������������������������������������

S�mfwname ton Orism� �	�	�� arke
 na de
xoume �ti k�je di�nusma u � �x� y� z� � R� gr�fetai mono�
s�manta san �jroisma en�c stoiqe
ou tou W kai en�c stoiqe
ou tou U � dhl	 isq�ei

�x� y� z� � a��� �� �� � b��� �� �� � c��� �� �� �

�pou ta a� b� c � R e
nai monadik�	 Isod�nama �bl	 Pr	 �	�	��� arke
 na de
xoume �ti ta dian�smata

��� �� ��� ��� �� ��� ��� �� ��

apotelo�n b�sh tou R�	 Epeid� dimR��� �
sh me to pl�joc twn pio p�nw dianusm�twn� arke
 na
de
xoume �ti ta dian�smata e
nai grammik� anex�rthta �bl	 J	 �	�	��	 An loip�n isq�ei

����� �� �� � ����� �� �� � ����� �� �� � ��� �� ��

qoume
��� � ��� �� � ��� ��� � ��� �� �� �� �� � �� � �� � �

Ta dian�smata e
nai grammik� anex�rthta kai tsi

W 
 U � R
� �



Pr�blhma ���
�Estw A �Mn�n migadik�c p
nakac	
�a� Na breje
 to tr�AA�� �m�
�b� An AA��O� de
xte �ti A�O	 �m�
��������������������������������������������

�a� An e
nai A��aij� kai A���a�ij�� t�te ap� ton orism� tou anastrofosuzug� qoume

a�ij � �aji

An t�ra AA���cij�� ja qoume

cij �
nX

k��

aika
�

kj �
nX

k��

aik�ajk

kai tsi

tr�AA�� �
nX
i��

cii �
nX
i��

nX
k��

aik�aik �
nX
i��

nX
k��

jaikj
� �

�b� An AA��O� t�te

tr�AA�� � � ��
nX
i��

nX
k��

jaikj
� � � �� aik � � i� k � �� 	� � � � � n �� A � O



Pr�blhma �
�

An oi p
nakec A�B� �A� B�� �B�� �A��� � Mn�n e
nai antistryimoi� na deiqjo�n ta ex�c�
�a� �A �B��� � A�� � A�� �B�� �A����� A�� �m�
�b� �I �A��� � I � �A�� � I��� 
m�
�g� tr�I � A��� � tr�A�� � I��� � n m�
��������������������������������������������

�a�
�oc tr�poc

�A�B��� � A���A���B���A�����A�� �� �A�B��� � A���
�
A �B�� �A���A

���
��

�A�B��� � A���
�
�AB�� �AA���A

���
�� �A�B��� � A���

�
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�Ara h arqik� taut�thta isq�ei	
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�Ara h arqik� taut�thta isq�ei	

oc tr�poc
Ja de
xoume �ti

�A �B�
�
A�� � A�� �B�� �A����� A��

�
� I �

Sumbol
zoume me Y to arister� mloc kai qoume
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�Ara loip�n
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�
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�Ara h arqik� taut�thta isq�ei	


oc tr�poc
Jtontac sthn �i� A�I kai B��A pa
rnoume�

�I �A��� � I�� � I�� ��A�� � I����� I�� �� �I �A��� � I � �A�� � I��� � �ii�

�g� Ap� thn �ii� qoume
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�
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�
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Pr�blhma ��
�Estw o summetrik�c p
nakac

A �

�
���
a a a a

a b b b

a b c c

a b c d

�
���

kai B � R� tuq�n di�nusma	 Poiec sunj�kec prpei na ikanopoio�ntai gia na qei to s�sthma AX�B
monadik� l�sh� �m�
��������������������������������������������

Br
skoume ton klimakwt� tou A
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�
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� b� a b� a b� a

� � c� b c� b

� � � d� c

�
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Gia na qei to s�sthma monadik� l�sh prpei gia ton anhgmno klimakwt� R tou A na isq�ei R�I	
�Ara o R de prpei na qei mhdenikc grammc	 Aut� sumba
nei m�no �tan

� �� a �� b �� c �� d �



Pr�blhma ���
Na breje
 h genik	 l�sh tou sust�matoc�
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Br
skoume ton anhgmno G�klimakwt� tou epauxhmnou p
naka
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To s�sthma qei �peiro pl�joc l�sewn me treic ele�jerec metablhtc� tic x�� x� kai x�	 Jtontac
x���� x��� kai x���� pa
rnoume th genik� l�sh
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� � 
�
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x� �  � 	�

x� � � � �

x� � �



Pr�blhma ���

�Estw oi p
nakec A�B�C�D �Mn�n	 An oi p
nakec AB
T kai CDT e
nai summetriko� kai

ADT � BCT � I �

de
xte �ti
ATD � CTB � I �

��m�
��������������������������������������������

Epeid� oi ABT kai CDT e
nai summetriko
 qoume

�ABT �T � ABT �� BAT � ABT �� ABT � BAT � O �i�

kai
�CDT �T � CDT �� DCT � CDT �� �CDT � DCT � O �ii�

Ap� th dosmnh sqsh
ADT � BCT � I � �iii�

qoume
�ADT � BCT �T � IT �� DAT � CBT � I �iv�

Gr�foume t�ra maz
 tic �i���iv� wc ex�c�
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Shme�wsh�
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Parathro�me loip�n �ti oi BTD kai ATC e
nai summetriko
	


