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Ðñüëïãïò

ÁõôÞ ç åñãáóßá ãßíåôáé óôá ðëáßóéá ôïõ ìáèÞìáôïò ÌÁÓ 499: ÁíåîÜñôçôç Åñãáóßá.

Óêïðüò ôçò åñãáóßáò åßíáé ç ðáñïõóßáóç ôùí áíáëëïßùôùí óõíáñôÞóåùí ôùí õðåñâïëéêþí

äéáöïñéêþí åîéóþóåùí ìå óýã÷ñïíïõò ôñüðïõò üðùò ìåëåôÞèçêáí áðü ôïí Í. Ç. Ibragi-

mov [1]. Ç ìåèïëïãßá ðïõ ÷ñçóéìïðïéåßôáé âáóßæåôáé óôç ó÷Ýóç ôùí óõììåôñéêþí ïìÜäùí

Lie ìå ôéò ÌÄÅ (ÌåñéêÝò ÄéáöïñéêÝò Åîéóþóåéò) [2], ìå ôçí ÷ñÞóç ôùí éóïäýíáìùí

ìåôáó÷çìáôéóìþí üðùò åéóÞ÷èçêáí áðü ôïí Ovsiannikov [3]. Ãéá ôïõò áëãåâñéêïýò

õðïëïãéóìïýò ÷ñçóéìïðïéÞèçêå ôï áëãåâñéêü ðáêÝôï Maple.

ÔÝëïò èá Þèåëá íá åõ÷áñéóôÞóù ôïí åðéâëÝðùí êáèçãçôÞ ìïõ ×ñéóôüäïõëï

ÓïöïêëÝïõò ãéá ôçí óõíåéóöïñÜ êáé ðïëýôéìç âïÞèåéá ôïõ óôç äéåêðåñáßùóç áõôÞò ôçò

åñãáóßáò êáé ôçí äéäáêôïñéêÞ öïéôÞôñéá ×ñéóôßíá Ôóáïýóç ãéá ôç óõìâïëÞ ôçò óôïõò

áëãåâñéêïýò õðïëïãéóìïýò ìå ôï ðáêÝôï MAPLE.

Ã. ×áôæçìé÷áÞë

Ëåõêùóßá, ÌÜéïò 2007
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1 ÅéóáãùãÞ

Ïé áíáëëïßùôåò óõíáñôÞóåéò ôïõ Laplace (Laplace invariants Þ semi-invariants)

áíáöÝñïíôáé óôéò ãñáììéêÝò õðåñâïëéêÝò åîéóþóåéò äõï ìåôáâëçôþí êáé áíáêáëÞöèçêáí

áðü ôïí Laplace ôï 1773 óôçí oëïêëçñùôéêÞ èåùñßá ôïõ ãéá ôéò õðåñâïëéêÝò åîéóþóåéò [4].

Åöáñìüæïíôáò ôçí êëáóéêÞ ìÝèïäï ôïõ Lie (âëÝðå [2] êáé [5]) ãéá ôéò äéáöïñéêÝò

åîéóþóåéò ðáßñíïõìå ôéò ïìÜäåò ìåôáó÷çìáôéóìïý Lie Þ óõììåôñéêÝò ïìÜäåò (groups of

transformations Þ classical symmetries) ïé ïðïßåò åðéäñïýí óôï ÷þñï ôùí áíåîÜñôçôùí

êáé åîáñôçìÝíùí ìåôáâëçôþí ìéáò ÌÄÅ áöÞíïíôáò ôéò áíáëõôéêÝò ëýóåéò áíáëëïßùôåò. Ç

ãíþóç ôçò óõììåôñéêÞò ïìÜäáò ôçò ÌÄÅ ïäçãåß óôçí åýñåóç ôùí óõíáñôÞóåùí ïé ïðïßåò

ðáñáìÝíïõí áíáëëïßùôåò êÜôù áðü óõãêåêñéìÝíåò õðïïìÜäåò ôçò ïìÜäáò ìåôáó÷çìáôéóìïý

Lie. ÁõôÝò ïé áíáëëïßùôåò óõíáñôÞóåéò åßíáé áñêåôÜ ÷ñÞóéìåò êÜèùò åðéôñÝðïõí ôçí

êáôçãïñéïðïßçóç ôùí ÌÄÅ óýìöùíá ìå ôéò ôéìÝò ðïõ ëáìâÜíïõí êáé óõìâÜëïõí óôçí

åðßëõóç ðñïâëçìÜôùí áñ÷éêþí ôéìþí ìå ôçí ìÝèïäï Riemann.

Ó' áõôÞ ôçí åñãáóßá èá ðåñéïñéóôïýìå óôçí ìåëÝôç ôùí áíáëëïßùôùí óõíáñôÞóåùí ôïõ

Laplace ãéá ôéò õðåñâïëéêÝò äéáöïñéêÝò åîéóþóåéò [6] êáèþò êáé óôçí åðÝêôáóç ôïõò [7]

âñßóêïíôáò üëåò ôéò áíáëëïßùôåò óõíáñôÞóåéò ãéá ôéò õðåñâïëéêÝò åîéóþóåéò, óõíôÜóóïíôáò

ôç âÜóç ðïõ ôéò ðáñÜãåé.

Óôï êåöÜëáéï 2 äßíåôáé ìéá ðåñéëçðôéêÞ áíáóêüðçóç ôçò èåùñßáò Lie. ÁíáöÝñïõìå ôïí

ïñéóìü ôçò ïìÜäáò ìåôáó÷çìáôéóìïý Lie êáé ìå ôç ÷ñÞóç áðåéñïóôþí ìåôáó÷çìáôéóìþí

âñßóêïõìå ôïõò áðåéñïóôïýò ãåííÞôïñåò ïé ïðïßïé áöÞíïõí ôç ÌÄÅ áíáëëïßùôç.

Óôï êåöÜëáéï 3 ÷ñçóéìïðïéþíôáò éóïäýíáìïõò ìåôáó÷çìáôéóìïýò üðùò ðñïêýðôïõí

áðü ôç ìÝèïäï Lie ðñïóäéïñßæïõìå ôéò áíáëëïßùôåò óõíáñôÞóåéò ôïõ Laplace ãéá ôéò

õðåñâïëéêÝò äéáöïñéêÝò åîéóþóåéò êáé äßíïõìå åöáñìïãÝò ôïõò.
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Áêïëïýèùò óôï êåöÜëáéï 4 ðáñïõóéÜæåôáé ç åðÝêôáóç ôùí áíáëëïßùôùí óõíáñôÞóåùí

Laplace êáé ìå ðáñüìïéá äéáäéêáóßá âñßóêïõìå ôéò áíáëëïßùôåò óõíáñôÞóåéò 2çò ôÜîçò

êáôáóêåõÜæïíôáò Ýôóé âÜóç ãéá üëåò ôéò áíáëëïßùôåò óõíáñôÞóåéò ôùí õðåñâïëéêþí ÌÄÅ.

ÔÝëïò óôï ôåëåõôáßï êåöÜëáéï ðáñïõóéÜæïíôáé ïé õðïëïãéóìïß ôùí áðåéñïóôþí

ãåííÞôïñùí ôùí ìåôáó÷çìáôéóìþí ìå ôç âïÞèåéá ôïõ áëãåâñéêïý ðáêÝôïõ MAPLE.
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2 ÏìÜäåò Ìåôáó÷çìáôéóìþí Lie

Óå áõôü ôï êåöÜëáéï äßíïíôáé ïé åéóáãùãéêÝò åííïéåò ôùí óõììåôñéêþí ÏìÜäùí Lie

ïé ïðïßåò èá ÷ñçóéìïðïéçèïýí óôá åðüìåíá êåöÜëáéá ãéá ôçí åýñåóç ôùí áíáëëïßùôùí

óõíáñôÞóåùí ôùí ãñáììéêþí õðåñâïëéêþí äéáöïñéêþí åîéóþóåùí.

2.1 ÏìÜäåò Ìåôáó÷çìáôéóìþí Lie ìßáò ðáñáìÝôñïõ

Ìéá (ôïðéêÞ) ïìÜäá ìåôáó÷çìáôéóìþí Lie (Lie group of transformation) Þ

óõììåôñéêÞ ïìÜäá Lie (classical symmetry) áðïôåëåß ôï ìåôáó÷çìáôéóìü ï ïðïßïò

åðéäñþíôáò óôï óýíïëï ôùí áíåîÜñôçôùí êáé åîáñôçìÝíùí ìåôáâëçôþí ìéáò åîßóùóçò

áöÞíåé ôï óýíïëï ôùí áíáëõôéêþí ëýóåùí ôçò åîßóùóçò áíáëëïßùôï.

Ç ïìÜäá ìåôáó÷çìáôéóìþí Lie ìåéþíåé ôçí ôÜîç ôçò ÌÄÅ åðéôñÝðïíôáò íá êáèïñßóïõìå

ôéò áíáëëïßùôåò ëýóåéò (group-invariant solutions Þ similarity solutions) ôçò ÌÄÅ ïé

ïðïßåò ðáñáìÝíïõí áíáëëïßùôåò ìÝóù õðïïìÜäùí ôçò ïìÜäáò óõììåôñßáò. Ó' áõôÞ ôçí

åñãáóßá ðåñéïñéæüìáóôå ìüíï óå ïìÜäåò ìåôáó÷çìáôéóìþí ïé ïðïßåò ìðïñïýí íá âñåèïýí

÷ñçóéìïðïéþíôáò áðåéñïóôïýò ìåôáó÷çìáôéóìïýò (in�nitesimal transformations).

Èåùñïýìå ìéá óõíÜñôçóç Ô : R3 → R3 ïñéóìÝíç áðü ôéò ó÷Ýóåéò

x̄ = f(x; y; u)

ȳ = g(x; y; u)

ū = h(x; y; u)

(2.1.1)

üðïõ f(x; y; u); g(x; y; u); h(x; y; u) ãíùóôÝò êáëþò ïñéóìÝíåò óõíáñôÞóåéò. Ç óõíÜñôçóç

Ô áðïôåëåß ìåôáó÷çìáôéóìü ôïõ ÷þñïõ R3 ç ïðïßá áðåéêïíßæåé ôï óçìåßï (x; y; u) óôï

(x̄; ȳ; ū), óôï ßäéï óýóôçìá óõíôåôáãìÝíùí.
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ÅÜí J(f; g; h)
J(x; y; u) 6= 0 ôüôå ï áíôßóôñïöïò ìåôáó÷çìáôéóìüò Ô−1 ïñßæåôáé áðü ôéò ó÷Ýóåéò:

x = F (x̄; ȳ; ū)

y = G(x̄; ȳ; ū)

u = H(x̄; ȳ; ū)

(2.1.2)

Ï ôáõôïôéêüò ìåôáó÷çìáôéóìüò É ïñßæåôáé áðü ôéò ó÷Ýóåéò

x̄ = x

ȳ = y

ū = u

êáé áðïôåëåß óýíèåóç ôùí (2.1.1) êáé (2.1.2), äçë. É = Ô ◦ Ô−1.

¸óôù ôþñá üôé ï ìåôáó÷çìáôéóìüò (2.1.1) åîáñôÜôáé áðü ìéá ðñáãìáôéêÞ ðáñÜìåôñï

� ç ïðïßá åßíáé óõíå÷Þò óå áíïéêôü äéÜóôçìá ôÝôïéï þóôå |�| < �o. Ôüôå ôï óýíïëï

ôùí ìåôáó÷çìáôéóìþí áðïôåëåß ôçí ïéêïãÝíåéá ôùí ìåôáó÷çìáôéóìþí Ô� ôÝôïéá þóôå

Ô�(x; y; u) = (x̄; ȳ; ū) üðïõ

x̄ = f(x; y; u; �)

ȳ = g(x; y; u; �)

ū = h(x; y; u; �)

(2.1.3)

üðïõ f(x; y; u; �); g(x; y; u; �); h(x; y; u; �) ãíùóôÝò, áíáëõôéêÝò, êáëþò ïñéóìÝíåò

óõíáñôÞóåéò.

Ïñéóìüò 2.1. Ïñßæïõìå ùò ïìÜäá ìåôáó÷çìáôéóìþí Lie ìéÜò ðáñáìÝôñïõ ( one-parameter

Lie group of transformations) ôï ìåôáó÷çìáôéóìü Ô� ôçò ìïñöÞò (2.1.3) ãéá ôï ïðïßï

éó÷ýïõí ïé éäéüôçôåò:

(á) êëåéóôüôçôá: Ô� ◦ Ô� = Ô�(�;�)

(â) ðñïóåôáéñéóôéêÞ éäéüôçôá: Ô� ◦ (Ô� ◦ Ô�) = (Ô� ◦ Ô�) ◦ Ô�

(ã) ýðáñîç ìïíáäéáßïõ óôïé÷åßïõ: Ô�o = É

(ä) ýðáñîç áíôéèÝôïõ óôïé÷åßïõ: Ô�−1 = Ô−1
�
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üðïõ Ô�; Ô� åðßóçò ïìÜäåò ìåôáó÷çìáôéóìþí Lie ìéÜò ðáñáìÝôñïõ êáé �(�; �) óõíå÷Þò

óõíÜñôçóç.

ÐáñÜäåéãìá 1. Ïé ìåôáó÷çìáôéóìïß ðåñéóôñïöÞò ïñßæïíôáé áðü ôéò åîéóþóåéò:

x̄ = x cos�− y sin�

ȳ = x sin�+ y cos�

ū = u

êáé ôï óçìåßï (x̄; ȳ) ìðïñåß íá ðñïóäéïñéóôåß ìå ðåñéóôñïöÞ ôïõ óçìåßïõ (x; y) êáôÜ ãùíßá

�. ÐñÜãìáôé ïé ìåôáó÷çìáôéóìïß ðåñéóôñïöÞò áðïôåëïýí ïìÜäá ìåôáó÷çìáôéóìþí Lie.

Eýêïëá êÜðïéïò ìðïñåß íá äåé üôé ãéá �o = 0, �−1 = −� êáé �(�; �) = � + � ï ïñéóìüò

(2.1) éêáíïðïéåßôáé.

2.2 Áðåéñïóôïß Ìåôáó÷çìáôéóìïß

Ìéá áðü ôéò ìåãáëýôåñåò áíáêáëýøåéò ôïõ Sophus Lie [8] Þôáí üôé ïé éäéüôçôåò

ôùí ïìÜäùí ìåôáó÷çìáôéóìþí ðñïóäéïñßæïíôáé åîïëïêëÞñïõ êáé ìïíáäéêÜ ìÝóù

áðåéñïóôþí ìåôáó÷çìáôéóìþí (in�nitesimal transformations) ãýñù áðü ôïí ìïíáäéáßï

ìåôáó÷çìáôéóìü. ÅðïìÝíùò áíôß ïìÜäùí ìåôáó÷çìáôéóìþí ÷ñçóéìïðïéïýìå áðåéñïóôïýò

ìåôáó÷çìáôéóìïýò êáé ôïõò áíôßóôïé÷ïõò ãåííÞôïñåò ðïõ ðáñÜãïõí áõôïýò ôïõò

ìåôáó÷çìáôéóìoýò. ÔÝôïéïé ãåííÞôïñåò êáëïýíôáé ãåííÞôïñåò ïìÜäùí (group generators).

Èåùñïýìå üôé ãéá ôçí ôéìÞ �o ôçò ðáñáìÝôñïõ � ðñïêýðôåé ï ôáõôïôéêüò

ìåôáó÷çìáôéóìüò É. Áíáðôýóïíôáò óå óåéñÜ Taylor ôéò ó÷Ýóåéò ðïõ ïñßæïõí ôïí

ìåôáó÷çìáôéóìü Ô� ãýñù áðü ôï �o Ý÷ïõìå

x̄ = x+ �1(x; y; u)(�− �o) +O(�2)

ȳ = y + �2(x; y; u)(�− �o) +O(�2)

ū = u+ �(x; y; u)(�− �o) +O(�2)

(2.2.1)
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üðïõ �1 =
@f
@�

∣∣∣
�=�o

; �2 =
@g
@�

∣∣∣
�=�o

; � = @h
@�

∣∣∣
�=�o

.

Ï ìåôáó÷çìáôéóìüò (2.2.1) åßíáé ãíùóôüò ùò áðåéñïóôüò ìåôáó÷çìáôéóìüò.

Ìðïñïýìå ôþñá ãíùñßæïíôáò ôïõò ãåííÞôïñåò �1(x; y; u); �2(x; y; u); êáé �(x; y; u)

íá åíôïðßóïõìå ôç ìïñöÞ ôçò áíôßóôïé÷çò ïìÜäáò ìåôáó÷çìáôéóìþí (2.1.3), ëýíïíôáò ôï

áêüëïõèï óýóôçìá:

dx̄
d�

= �1(x̄; ȳ; ū)

dȳ
d�

= �2(x̄; ȳ; ū)

dū
d�

= �(x̄; ȳ; ū)

(2.2.2)

ìå áñ÷éêÝò óõíèÞêåò x̄ = x; ȳ = y; ū = u ãéá � = �o.

Ï ãñáììéêüò äéáöïñéêüò ôåëåóôÞò

Γ = �1
@
@x

+ �2
@
@y

+ �
@
@u

(2.2.3)

êáëåßôáé áðåéñïóôüò ãåííÞôïñáò ôïõ ìåôáó÷çìáôéóìïý (2.2.1).

ÐáñÜäåéãìá 2. ¸óôù �o = 0; �1(x; y; u) = −y; �2(x; y; u) = x; �(x; y; u) = 0. Ôüôå ï

áðåéñïóôüò ãåííÞôïñáò Γ =−y @
@x+x @

@y üôáí äñÜóåé ðÜíù óôçí ïìÜäá ìåôáó÷çìáôéóìþí

T�(x; y; u) äßíåé ôçí åîßóùóç
dx
−y =

dy
x

= d�

Ïëïêëçñþíïíôáò ôéò äýï ðñþôåò ó÷Ýóåéò ðñïêýðôåé üôé x2 + y2 = �2 üðïõ � óôáèåñÜ.

Áíôéêáèéóôþíôáò óôï äåýôåñï æåõãÜñé ôçò åîßóùóçò ðáßñíïõìå

(�2 − y2)−1=2dy = d�

êáé ïëïêëçñþíïíôáò Ý÷ïõìå

arcsin
( y
�

)
= �+ �
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üðïõ � óôáèåñÜ. ÅðïìÝíùò Ý÷ïõìå ôéò ó÷Ýóåéò

x = � cos(�+ �)

y = � cos(�+ �)

Ðáñáôçñïýìå üôé ïé ðéï ðÜíù ó÷Ýóåéò ïñßæïõí ìéá ïìÜäá ìåôáó÷çìáôéóìþí éóïäýíáìç

ìå áõôÞ ôïõ Ðáñáäåßãìáôïò 1. Åýêïëá ìðïñïýìå íá äïýìå üôé

x = � cos� cos � − � sin� sin �

y = � sin� cos � − � cos� sin �

ÅðïìÝíùò áí ðÜñïõìå x = � cos � êáé y = � sin � êáôáëÞãïõìå óôïí ìåôáó÷çìáôéóìü

ðåñéóôñïöÞò ôïõ Ðáñáäåßãìáôïò 1.

2.3 Áíáëëïßùôåò ÌÄÅ

Ïñéóìüò 2.2. Ïñßæïõìå ìéá óõíÜñôçóç F (x; y; u) áíáëëïßùôç ìÝóù ôïõ ìåôáó÷çìáôéóìïý

(2.2.1) áí êáé ìüíï áí

F(x; y; u) = F(x̄; ȳ; ū)

Áðïäåéêíýåôáé üôé ìéá óõíÜñôçóç F(x; y; u) åßíáé áíáëëïßùôç áí êáé ìüíï áí åßíáé ëýóç ôçò

ΓF(x; y; u) = 0

üðïõ Γ åßíáé ï áðåéñïóôüò ôåëåóôÞò (2.2.3).

Ãéá íá åîåôÜóïõìå ðüôå ìéá ÌÄÅ ðáñáìÝíåé áíáëïßùôç ìÝóù ôùí ìåôáó÷çìáôéóìþí

(2.2.1) èá ðñÝðåé íá åîåôÜóïõìå ðùò ìåôáâÜëïíôáé ïé ðáñÜãùãïé áíùôÝñáò ôÜîçò. Ãéá ôéò

ðáñáãþãïõò äåõôÝñáò ôÜîçò ïñßæïõìå ôïõò ìåôáó÷çìáôéóìïýò åðÝêôáóçò (prolongation

transformation)
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ūx̄ = ux + �1(x; y; u; ux; uy) +O(�2)

ūȳ = uy + �2(x; y; u; ux; uy) +O(�2)

ūx̄x̄ = uxx + �11(x; y; u; ux; uy; uxx; uxy; uyy) +O(�2)

ūx̄ȳ = uxy + �12(x; y; u; ux; uy; uxx; uxy; uyy) +O(�2)

ūȳȳ = uyy + �22(x; y; u; ux; uy; uxx; uxy; uyy) +O(�2)

(2.3.1)

üðïõ ïé ãåííÞôïñåò åðÝêôáóçò äßíïíôáé áðü ôïõò ôýðïõò (prolongation formulae)

�1 = Dx(�)− uxDx(�1)− uyDx(�2)

�2 = Dy(�)− uxDy(�1)− uyDy(�2)

�11 = D̄x(�1)− uxxD̄x(�1)− uxyD̄x(�2)

�12 = D̄y(�1)− uxxD̄y(�1)− uxyD̄y(�2)

�21 = D̄x(�2)− uxyD̄x(�1)− uyyD̄x(�2)

�22 = D̄y(�2)− uxyD̄y(�1)− uyyD̄y(�2)

ìå �12 = �21 êáé

Dx =
@
@x

+ ux
@
@u

+ uyx
@
@uy

+ uxx
@
@ux

Dy =
@
@y

+ uy
@
@u

+ uyy
@
@uy

+ uyx
@
@ux

D̄x = Dx + uxxx
@

@uxx
+ uxyx

@
@uxy

+ uyyx
@

@uyy

D̄y = Dy + uxxy
@

@uxx
+ uxyy

@
@uxy

+ uyyy
@

@uyy

ÅðïìÝíùò ìðïñïýìå íá ïñßóïõìå ôïõò áðåéñïóôïýò ôåëåóôÝò ãåííÞôïñùí åðÝêôáóçò

Γ(1) = Γ + �1
@
@ux

+ �2
@
@uy

Γ(2) = Γ(1) + �11
@

@uxx
+ �12

@
@uxy

+ �22
@

@uyy

(2.3.2)

üðïõ Γ = �1 @
@x + �2 @

@y + � @
@u .
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¸íáò ìåôáó÷çìáôéóìüò êáëåßôáé óõììåôñßá Lie ìéáò ÌÄÅ äåõôÝñáò ôÜîçò

Å(x; y; u; ux; uy; uxx; uxy; uyy) = 0

Ýáí ç ÌÄÅ Ý÷åé ôçí ßäéá ìïñöÞ ìå ôéò íÝåò ìåôáâëçôÝò x̄; ȳ; ū, äçëáäÞ

Å(x̄; ȳ; ū; ūx; ūy; ūxx; ūxy; ūyy) = 0

ÔÝëïò ç ÌÄÅ Å = 0 Ý÷åé ìéá óõììåôñßá Lie ôïõ áðåéñïóôïý ìåôáó÷çìáôéóìïý áí

êáé ìüíï áí

Γ(2)Å
∣∣∣
Å=0

= 0

H ðéï ðÜíù åîßóùóç ïäçãåß óå Ýíá óýóôçìá äéáöïñéêþí åîéóþóåùí ãéá ôéò óõíáñôÞóåéò

�1(x; y; u); �2(x; y; u); �(x; y; u) ôïõ ïðïßïõ ç ëýóç ðñïóäéïñßæåé ôéò óõììåôñßåò Lie ôçò

ÌÄÅ.
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3 Aíáëëïßùôåò óõíáñôÞóåéò Laplace

Óå áõôü ôï êåöÜëáéï õðïëïãßæïíôáé ïé áíáëëïßùôåò óõíáñôÞóåéò Laplace üðùò

ìåëåôÞèçêáí áðü ôïí Í.Ç. Ibragimov [6] ÷ñçóéìïðïéþíôáò éóïäýíáìïõò ìåôáó÷çìáôéóìïýò

êáé ôïõò áðåéñïóôïýò ãåííÞôïñåò ðïõ ôïõò ðáñÜãïõí. Åðßóçò êáôçãïñéïðïéïýíôáé

ïñéóìÝíåò êëÜóåéò õðåñâïëéêþí äéáöïñéêþí åîéóþóåùí áíÜëïãá ìå ôéò ôéìÝò ðïõ ëáìâÜíïõí

ïé áíáëëïßùôåò óõíáñôÞóåéò êáé ôÝëïò äßíïíôáé ïñéóìÝíá ðáñáäåßãìáôá.

3.1 Õðïëïãéóìüò áíáëëïßùôùí óõíáñôÞóåùí Laplace

Ïñéóìüò 3.1. Êáëïýìå éóïäýíáìï ìåôáó÷çìáôéóìü ôçí ïìÜäá ìåôáó÷çìáôéóìþí Lie ç

ïðïßá áöÞíåé ìéá ÌÄÅ áíáëëïßùôç, äçëáäÞ üôáí åðéäñÜóåé óå áõôÞ, ç ìïñöÞ ôçò åîßóùóçò

ìå ôéò íÝåò óõíôåôáãìÝíåò êáèþò êáé ôï óýíïëï ôùí ëýóåùí ôçò ÌÄÅ ðáñáìÝíïõí

áíáëëïßùôá.

Ïñéóìüò 3.2. Äýï ÌÄÅ êáëïýíôáé éóïäýíáìåò áí óõíäÝïíôáé ìåôáîý ôïõò ìÝóù

éóïäýíáìïõ ìåôáó÷çìáôéóìïý.

Ç åýñåóç ôùí éóïäýíáìùí ìåôáó÷çìáôéóìþí ãßíåôáé ìÝóù ôçò êëáóéêÞò ìåèüäïõ Lie.

¼ðùò åßäáìå óôï ðñïçãïýìåíï êåöÜëáéï áñêåß íá ãíùñßæïõìå ôïõò óõíôåëåóôÝò ôïõ

áðåéñïóôïý ãåííÞôïñá ïðüôå âñßóêïõìå ìÝóù ôïõ êáôÜëëçëïõ óõóôÞìáôïò ôïí áíôßóôïé÷ï

ìåôáó÷çìáôéóìü. Áîßæåé íá áíáöÝñïõìå üôé ç üëç äéáäéêáóßá åßíáé áíåîÜñôçôç áðü ôéò

óõíïñéáêÝò óõíèÞêåò ðïõ åíäÝ÷åôáé íá Ý÷åé ç ÌÄÅ.

Èåùñïýìå ôþñá ôçí õðåñâïëéêÞ äéáöïñéêÞ åîßóùóç

uxy + a(x; y)ux + b(x; y)uy + c(x; y)u = 0 (3.1.1)
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Óýìöùíá ìå ôá ðñïçãïýìåíá õðÜñ÷åé éóïäýíáìïò ìåôáó÷çìáôéóìüò

x̄ = f(x; y; u)

ȳ = g(x; y; u)

ū = h(x; y; u)

ôÝôïéïò þóôå ç (3.1.1) íá ðáñáìÝíåé ãñáììéêÞ êáé ïìïãåíÞò, áëëÜ åí ãÝíåé ìå íÝïõò

óõíôåëåóôÝò ā; b̄; c̄. Ç ïìÜäá áõôþí ôùí éóïäýíáìùí ìåôáó÷çìáôéóìþí åßíáé ìéá Üðåéñç

ïìÜäá ãñáììéêþí ìåôáó÷çìáôéóìþí ôçò ìïñöÞò

ū = �(x; y)u; �(x; y) 6= 0

x̄ = f(x)

ȳ = g(y)

(3.1.2)

üðïõ �(x; y); f(x); g(y) áõèáßñåôåò óõíáñôÞóåéò êáé ū êáéíïýñéá åîáñôçìÝíç ìåôáâëçôÞ.

Ïé áíáëëïßùôåò óõíáñôÞóåéò ôïõ Laplace ìå ôï ðéï ðÜíù ìåôáó÷çìáôéóìü áðïôåëïýí

óõíäõáóìïýò ôùí óõíôåëåóôþí a; b; c ôçò (3.1.1) êáé ôùí ðáñáãþãùí ôïõò ïé ïðïßåò

ðáñáìÝíïõí áíáëëïßùôåò õðü ôï ìåôáó÷çìáôéóìü

u = �(x; y)ū; �(x; y) 6= 0

x̄ = x

ȳ = y

(3.1.3)

¸óôù ï áðåéñïóôüò ìåôáó÷çìáôéóìüò �(x; y) ≈ 1 + "n(x; y) üðïõ n(x; y) áõèáßñåôç

óõíÜñôçóç êáé " ìéêñÞ ðáñÜìåôñïò. Ôüôå Ý÷ïõìå üôé

u ≈ [1 + "n(x; y)]ū (3.1.4)

Ðáñáãùãßæïõìå ãéá íá ëÜâïõìå

ux ≈ (1 + "n)ūx + "nxū

uy ≈ (1 + "n)ūy + "nyū

uxy ≈ (1 + "n)ūxy + "nyūx + "nxūy + "nxyū
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Áíôéêáèéóôþíôáò óôçí (3.1.1) ëáìâÜíïõìå

uxy + aux + buy + cu ≈
(1 + "n)ūxy + "nyūx + "nxūy + "nxyū+ (1 + "n)aūx + "nxaū+ (1 + "n)būy + "nybū+ (1 + "n)cū

Áöïý (1+ "n)−1 = 1− "n+O("2) ôüôå äéáéñþíôáò ìå 1+ "n ðáßñíïõìå ôçí ðñïóåããéóôéêÞ

äéáöïñéêÞ åîßóùóç ôçò (3.1.1)

ūxy + (a+ "ny)ūx + (b+ "nx)ūy +
(
c+ "(nxy + anx + bny)

)
ū = 0 (3.1.5)

¸÷ïõìå Ýôóé ôïí åîÞò ìåôáó÷çìáôéóìü ôçò äéáöïñéêÞò åîßóùóçò (3.1.5)

ū = u− � n+O("2)

x̄ = x

ȳ = y

ā = a+ � ny +O("2)

b̄ = b+ � nx +O("2)

c̄ = c+ �(nxy + anx + bny) +O("2)

(3.1.6)

áðü ôïí ïðïßï ëáìâÜíïõìå ôéò åîéóþóåéò

dū
d"

= n
dx̄
d"

= 0
dȳ
d"

= 0
dā
d"

= ny
db̄
d"

= ny
dc̄
d"

= nxy + anx + bny

Ôï óýóôçìá ôùí ðéï ðÜíù äéáöïñéêþí åîéóþóåùí ìå áñ÷éêÝò óõíèÞêåò ãéá " = 0;

ū = u; x̄ = x; ȳ = y; ā = a; b̄ = b; c̄ = c ìáò äßíåé ôç ëýóç ôçò ïìÜäáò ìåôáó÷çìáôéóìþí

(3.1.6).

Áðü ôï áíùôÝñù óýóôçìá ðáñÜãåôáé ï áðåéñïóôéêüò ãåííÞôïñáò ôïõ (3.1.6)

� = −n @
@u

+ ny
@
@a

+ nx
@
@b

+ (nxy + anx + bny)
@
@c

(3.1.7)

Äñþíôáò ðÜíù óôçí J = J(a; b; c) Ý÷ïõìå

ny
@J
@a

+ nx
@J
@b

+ (nxy + anx + bny)
@J
@c

= 0
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êáé Ýðåôáé üôé

ny(
@J
@a

+ b
@J
@c

) + nx(
@J
@b

+ a
@J
@c

) + nxy
@J
@c

= 0

Áöïý ç n(x; y) åßíáé áõèáßñåôç óõíÜñôçóç ôüôå Ý÷ïõìå üôé

@J
@a

=
@J
@b

=
@J
@c

= 0

êáé åðïìÝíùò ç J = J(a; b; c) åßíáé óôáèåñÞ.

¢ñá ãéá íá âñïýìå ôçò ëýóåéò ôçò J ìÝóù ôïõ ìåôáó÷çìáôéóìïý (3.1.6) èåùñïýìå ôï

ìåôáó÷çìáôéóìü åðÝêôáóçò 1çò ôÜîçò ôïõ (3.1.6)

ū = u− � n+O("2)

x̄ = x

ȳ = y

āx = ax + ��x1 +O("2)

b̄x = bx + ��x2 +O("2)

c̄x = cx + ��x3 +O("2)

āy = ay + ��y1 +O("2)

b̄y = by + ��y2 +O("2)

c̄y = cy + ��y3 +O("2)

(3.1.8)

üðïõ ïé ãåííÞôïñåò åðÝêôáóçò äßíïíôáé áðü ôïõò ôýðïõò

�|1 = D̃|(�1)− axD̃|(�1)− ayD̃|(�2)

�|2 = D̃|(�2)− bxD̃|(�1)− byD̃|(�2)

�|3 = D̃|(�3)− cxD̃|(�1)− cyD̃|(�2)

ãéá | = x; y êáé

D̃x =
@
@x

+ ax
@
@a

+ bx
@
@b

+ cx
@
@x

+ axx
@
@ax

+ ayx
@
@ay

+ bxx
@
@bx

+ byx
@
@by

+ cxx
@
@cx

+ cyx
@
@cy

D̃y =
@
@y

+ ay
@
@a

+ by
@
@b

+ cy
@
@x

+ axy
@
@ax

+ ayy
@
@ay

+ bxy
@
@bx

+ byy
@
@by

+ cxy
@
@cx

+ cyy
@
@cy
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ìå �1; �2 ôïõò áðåéñïóôïýò ãåííÞôïñåò ôùí x; y áíôßóôïé÷á êáé �{ ; { = 1; 2; 3 ôïõò

áðåéñïóôïýò ãåííÞôïñåò ôùí a; b; c , äçëáäÞ

�1 = ny

�2 = nx

�3 = nxy + anx + bny

ÅðåéäÞ x̄ = x êáé ȳ = y Ý÷ïõìå �1; �2 = 0 êáé åðïìÝíùò

�x1 =
dāx̄
d"

= nyx ; �y1 =
dāȳ
d"

= nyy

�x2 =
db̄x̄
d"

= nxx ; �y2 =
db̄ȳ
d"

= nxy

�x3 =
dc̄x̄
d"

= nxxy + axnx + anxx + bxny + bnxy

�y3 =
dāx̄
d"

= nxyy + aynx + anxy + byny + bnyy

ÅðïìÝíùò ï áðåéñïóôüò ãåííÞôïñáò åðÝêôáóçò 1çò ôÜîçò ãéá ôï ìåôáó÷çìáôéóìü

(3.1.8) åßíáé

�(1) = � + nyx
@
@ax

+ nyy
@
@ay

+ nxx
@
@bx

+ nxy
@
@by

+

(nxxy + axnx + anxx + bxny + bnxy)
@
@cx

+

(nxyy + aynx + anxy + byny + bnyy)
@
@cy

(3.1.9)

¸óôù ôþñá üôé J = J(a; b; c; ax; ay; bx; by; cx; xy) ôüôå èá Ý÷ïõìå Γ(1)J = 0 êáé åðïìÝíùò

nx(
@J
@b

+ a
@J
@c

+ ax
@J
@cx

+ ay
@J
@cy

) + ny(
@J
@a

+ b
@J
@c

+ bx
@J
@cx

+ by
@J
@cy

)+

nxy(
@J
@c

+
@J
@ax

+
@J
@by

+ b
@J
@cx

+ a
@J
@cy

) + nxx(
@J
@bx

+ a
@J
@cx

) + nyy(
@J
@ay

+ b
@J
@cy

)+

nxxy
@J
@cx

+ nxyy
@J
@cy

= 0

ÅðåéäÞ ç n(x; y) åßíáé áõèáßñåôç óõíÜñôçóç Ý÷ïõìå

@J
@cx

=
@J
@cy

= 0 êáé Üñá
@J
@bx

=
@J
@ay

= 0
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ÅðïìÝíùò ç J äåí åîáñôÜôáé áðü ôéò ax; bx; cx; cy, äçëáäÞ J = J(a; b; c; ax; by).

Áðü ôïõò óõíôåëåóôÝò nxy; nx; ny Ý÷ïõìå üôé

@J
@c

+
@J
@by

+
@J
@ax

= 0 (3.1.10a)

@J
@a

+ b
@J
@c

= 0 (3.1.10b)

@J
@b

+ a
@J
@c

= 0 (3.1.10c)

Áðü ôéò (3.1.10b) êáé (3.1.10c) Ý÷ïõìå áíôßóôïé÷á üôé

da
1

=
dc
b

=
dJ
0

êáé
db
1

=
dc
a

=
dJ
0

êáé Üñá c = ab− �, üðïõ � óôáèåñÜ. ÅðïìÝíùò J = J(�; ax; by) êáé ç (3.1.10a) ãßíåôáé

−@J
@�

+
@J
@by

+
@J
@ax

= 0

áðü üðïõ Ýðåôáé üôé
d�
−1

=
dby
1

=
dax
1

=
dJ
0

¢ñá � = −by+�1; � = −ax+�2 êáé ax = by+�3 üðïõ �1; �2; �3 ïé óôáèåñÝò ïëïêëÞñùóçò.

Ç ëýóç ôïõ
@J
@c

+
@J
@by

+
@J
@ax

= 0

üðïõ J = J(ab − c; ax; by) äßíåôáé áðü ôçí F(�; �) üðïõ � = ax − by êáé � = ax + � =

ax + ab− c.

Óõìâïëßæïíôáò ìå h = � êáé k = � − � ðáßñíïõìå ôéò áíáëëïßùôåò óõíáñôÞóåéò ôïõ

Laplace

h = ax + ab− c êáé k = by + ab− c (3.1.11)
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3.2 ÅöáñìïãÝò ôùí áíáëëïßùôùí óõíáñôÞóåùí Laplace

¸óôù ç êáíïíéêÞ ìïñöÞ ìéáò õðåñâïëéêÞò äéáöïñéêÞò åîßóùóçò

uxy + a(x; y)ux + b(x; y)uy + c(x; y)u = 0 (3.2.1)

êáé ï éóïäýíáìïò ìåôáó÷çìáôéóìüò

v = �(x; y)u; �(x; y) 6= 0

x̄ = x

ȳ = y

(3.2.2)

Ôüôå Ý÷ïõìå ôéò åîÞò åöáñìïãÝò ôùí áíáëëïßùôùí óõíáñôÞóåùí Laplace:

I. Ìéá õðåñâïëéêÞ äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò (3.2.1) ìðïñåß íá áíá÷èåß ìå

êáôÜëëçëï éóïäýíáìï ìåôáó÷çìáôéóìü ôçò ìïñöÞò (3.2.2) óôç åîßóùóç êýìáôïò

vxy = 0 áí êáé ìüíï áí h = k = 0.

II. Ìéá õðåñâïëéêÞ äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò (3.2.1) ìðïñåß íá áíá÷èåß ìå

êáôÜëëçëï éóïäýíáìï ìåôáó÷çìáôéóìü ôçò ìïñöÞò (3.2.2) óôç ìïñöÞ vxy+f(x; y)v =

0 áí êáé ìüíï áí h = k.

III. Ìéá õðåñâïëéêÞ äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò (3.2.1) ìðïñåß íá áíá÷èåß ìå

êáôÜëëçëï éóïäýíáìï ìåôáó÷çìáôéóìü ôçò ìïñöÞò (3.2.2) óôç ôçëåãñáöéêÞ åîßóùóç

vxy + �v = 0, üðïõ � óôáèåñÜ, áí êáé ìüíï áí h = k = �.

IV. ÔÝëïò ç õðåñâïëéêÞ äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò (3.2.1) ìðïñåß íá ãñáöôåß ùò

ãéíüìåíï, äçëáäÞ ï ôåëåóôÞò ôçò äéáöïñéêÞò åîßóùóçò L = DxDy + a(x; y)Dx +

b(x; y)Dy + c(x; y) ìðïñåß íá åêöñáóôåß ùò ãéíüìåíï äõï ôåëåóôþí ðñþôçò ôÜîçò áí

êáé ìüíï áí ìéá áðü ôéò áíáëëïßùôåò óõíáñôÞóåéò åßíáé ìçäÝí.

Ìå Üëëá ëüãéá Ý÷ïõìå üôé:

L = [Dx + �(x; y)][Dy + �(x; y)] áí êáé ìüíï áí h = 0

êáé

L = [Dy + �(x; y)][Dx + �(x; y)] áí êáé ìüíï áí k = 0
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Èá áðïäåßîïõìå ôéò ðéï ðÜíù ðåñéðôþóåéò äßíïíôáò ïñéóìÝíá ðáñáäåßãìáôá ãéá êÜèå

ðåñßðôùóç.

Ðåñßðôùóç I:

¸óôù üôé ç (3.2.1) ìðïñåß íá ìåéùèåß óôçí åîßóùóç êýìáôïò vxy = 0 ìÝóù ôïõ

éóïäýíáìïõ ìåôáó÷çìáôéóìïý

v = e�(x;y)u; �(x; y) = �(x̄; ȳ)

x̄ = x

ȳ = y

(3.2.3)

Ôüôå Ý÷ïõìå üôé

ux = (vx − v�x)e−�(x;y); uy = (vy − v�y)e−�(x;y)

uxy = (vxy − vx�y − vy�x − v�xy + v�x�y)e−�(x;y)

êáé áíôéêáèéóôþíôáò óôçí (3.2.1) ëáìâÜíïõìå üôé

[ vxy + (a− �y)vx + (b− �x)vy + (−�xy + �x�y − a�x − b�y + c)v ] e−�(x;y) = 0

ÅðïìÝíùò ç (3.2.1) ìåéþíåôáé óôçí vxy = 0 áí êáé ìïíü áí

a− �y = 0

b− �x = 0
(3.2.4)

êáé

�xy − �x�y + a�x + b�y − c = 0 (3.2.5)

Ôï óýóôçìá (3.2.4) åßíáé óýóôçìá äýï åîéóþóåùí ìå ìéá Üãíùóôç óõíÜñôçóç �(x; y) êáé

áöïý �(x; y) óõíå÷Þò Ý÷ïõìå üôé �xy = �yx. ¢ñá ðáßñíïõìå üôé

ax = by (3.2.6)

ËáìâÜíïíôáò õðüøç ôçí (3.2.6), ç (3.2.5) ãñÜöåôáé ùò

ax + ab− c = 0
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Þ

by + ab− c = 0

ÅðïìÝíùò áöïý ïé óõíáñôÞóåéò h; k ôïõ Laplace åßíáé h = ax+ab−c êáé k = by+ab−c
Ýðåôáé üôé

h = k = 0

Áíôßóôñïöá åÜí h = k = 0 èåùñïýìå ôïí éóïäýíáìï ìåôáó÷çìáôéóìü ôçò äéáöïñéêÞò

åîßóùóçò (3.2.1)

u = �(x; y) v(x̄; ȳ); �(x; y) 6= 0

x̄ = x

ȳ = y

Ôüôå ðáñáãùãßæïíôáò ôçí u(x; y) ðáßñíïõìå

ux = �xv + �vx

uy = �yv + �vy

uxy = �xyv + �yvx + �xvy + �vxy

¢ñá ç (3.2.1) ãßíåôáé

�vxy + (a� + �y)vx + (b� + �x)vy + (�xy + a�x + b�y + c�)v = 0

Ãéá ôçí ðåñßðôùóç üðïõ vxy = 0 Ý÷ïõìå

a� + �y = 0 (3.2.7a)

b� + �x = 0 (3.2.7b)

�xy + a�x + b�y + c� = 0 (3.2.7c)

Áðü ôçí (3.2.7a) Ý÷ïõìå � = f(x)e−
∫
ady êáé áðü ôçí (3.2.7b) Ý÷ïõìå � = g(y)e−

∫
bdx Üñá

� = e−�(x;y) üðïõ �y = a êáé �x = b.
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Ç � = e−�(x;y) éêáíïðïéåß ôçí (3.2.7c) áöïý �x = −b� Üñá �xy = −�xy�+ ab� êáé Ýôóé

áíôéêáèéóôþíôáò óôçí (3.2.7c) Ý÷ïõìå −�xy�+ab�−ab�−ab�+ c� = −�xy�−ab�+ c�.

Áöïý h = ax + ab− c = 0 êáé k = by + ab− c = 0 Ýðåôáé üôé −�xy − ab+ c = 0.

¢ñá � = e−�(x;y) êáé áí h = k = 0 ìå ôïí ìåôáó÷çìáôéóìü

u = v(x̄; ȳ) e−�(x;y)

x̄ = x

ȳ = y

ç (3.2.1) ìåôáó÷çìáôßæåôáé óôçí åîßóùóç êýìáôïò vxy = 0.

Óçìåßùóç 1. Ç óõíÜñôçóç �(x; y) ìðïñåß íá âñåèåß åðéëýïíôáò ôï óýóôçìá

�y = a(x; y)

�x = b(x; y)

Áöïý ç åîßóùóç (3.2.1) ìåôáó÷çìáôßæåôáé ìÝóù ôïõ (3.2.3) óôç vxy = 0 üðïõ v(x; y) =

f(x) + g(y) Ý÷ïõìå u(x; y) = [f(x) + g(y)] e−�(x;y).

ÐáñÜäåéãìá 1. ¸óôù üôé a; b; c ïé óõíôåëåóôÝò ôçò (3.2.1) ôÝôïéïé þóôå

a = �; b = � êáé c = ��

üðïõ �; � óôáèåñÝò. Ôüôå ax = by = 0 êáé h = k = 0, ïðüôå

�y = � êáé Üñá � = �y + f(x)

�x = � êáé Üñá � = �x+ g(y)



 �(x; y) = �y + �x+ �o

üðïõ �o óôáèåñÜ êáé ìå ôï ìåôáó÷çìáôéóìü (3.2.3)

u(x; y) = v(x; y) e−(�y+�x+�o) ìå vxy = 0:
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ÐáñÜäåéãìá 2. ¸óôù üôé a; b; c ïé óõíôåëåóôÝò ôçò (3.2.1) ôÝôïéïé þóôå

a =
2y

y2 − x2
; b =

−2x
y2 − x2

êáé c = 0

Ôüôå

ax = by =
4xy

(y2 − x2)2

êáé h = k = 0, ïðüôå
�y = 2y

y2−x2

�x = −2x
y2−x2



 �(x; y) = ln y2 − x2

êáé ìå ôï ìåôáó÷çìáôéóìü (3.2.3)

u(x; y) =
v(x; y)
y2 − x2

ìå vxy = 0:

ÐáñÜäåéãìá 3. ¸óôù üôé a; b; c ïé óõíôåëåóôÝò ôçò (3.2.1) ôÝôïéïé þóôå

a =
y

x2 + y2
; b =

x
x2 + y2

êáé c =
xy

(x2 + y2)2

Ôüôå

ax = by =
−2xy

(x2 + y2)2

êáé h = k = 0, ïðüôå
�y = y

x2+y2

�x = x
x2+y2



 �(x; y) =

1

2
lnx2 + y2

êáé ìå ôï ìåôáó÷çìáôéóìü (3.2.3)

u(x; y) =
v(x; y)√
x2 + y2

ìå vxy = 0:
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Ðåñßðôùóç II:

¸óôù üôé ç (3.2.1) ìðïñåß íá ìåéùèåß óôçí åîßóùóç vxy + f(x; y)v = 0 ìÝóù ôïõ

éóïäýíáìïõ ìåôáó÷çìáôéóìïý

v = e�(x;y)u; �(x; y) = �(x̄; ȳ)

x̄ = x

ȳ = y

(3.2.8)

Ôüôå Ý÷ïõìå üôé

ux = (vx − v�x)e−�(x;y); uy = (vy − v�y)e−�(x;y)

uxy = (vxy − vx�y − vy�x − v�xy + v�x�y)e−�(x;y)

êáé áíôéêáèéóôþíôáò óôçí (3.2.1) ëáìâÜíïõìå üôé

[ vxy + (a− �y)vx + (b− �x)vy + (−�xy + �x�y − a�x − b�y + c)v ] e−�(x;y) = 0

ÅðïìÝíùò ç (3.2.1) ìåéþíåôáé óôçí vxy + f(x; y)v = 0 áí êáé ìïíü áí

a− �y = 0

b− �x = 0
(3.2.9)

êáé

�xy − �x�y + a�x + b�y − c = −f(x; y) (3.2.10)

Ôï óýóôçìá (3.2.9) åßíáé óýóôçìá äýï åîéóþóåùí ìå ìéá Üãíùóôç óõíÜñôçóç �(x; y) êáé

áöïý �(x; y) óõíå÷Þò Ý÷ïõìå üôé �xy = �yx. ¢ñá ðáßñíïõìå üôé

ax = by (3.2.11)

ËáìâÜíïíôáò õðüøç ôçí (3.2.11), ç (3.2.10) ãñÜöåôáé ùò

ax + ab− c = −f(x; y)

Þ

by + ab− c = −f(x; y)
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ÅðïìÝíùò áöïý ïé óõíáñôÞóåéò h; k ôïõ Laplace åßíáé h = ax+ab−c êáé k = by+ab−c
Ýðåôáé üôé

h = k

Áíôßóôñïöá åÜí h = k èåùñïýìå ôïí éóïäýíáìï ìåôáó÷çìáôéóìü ôçò äéáöïñéêÞò

åîßóùóçò (3.2.1)

u = �(x; y) v(x̄; ȳ); �(x; y) 6= 0

x̄ = x

ȳ = y

Ôüôå ðáñáãùãßæïíôáò ôçí u(x; y) ðáßñíïõìå

ux = �xv + �vx

uy = �yv + �vy

uxy = �xyv + �yvx + �xvy + �vxy

¢ñá ç (3.2.1) ãßíåôáé

�vxy + (a� + �y)vx + (b� + �x)vy + (�xy + a�x + b�y + c�)v = 0

Ãéá ôçí ðåñßðôùóç üðïõ vxy + f(x; y)v = 0 Ý÷ïõìå

a� + �y = 0 (3.2.12a)

b� + �x = 0 (3.2.12b)

�xy + a�x + b�y + c� = �f(x; y) (3.2.12c)

Áðü ôçí (3.2.12a) Ý÷ïõìå � = f(x)e−
∫
ady êáé áðü ôçí (3.2.12b) Ý÷ïõìå � = g(y)e−

∫
bdx

Üñá � = e−�(x;y) üðïõ �y = a êáé �x = b.

Ç � = e−�(x;y) éêáíïðïéåß ôçí (3.2.12c) áöïý �x = −b� Üñá �xy = −�xy� + ab� êáé Ýôóé

áíôéêáèéóôþíôáò óôçí (3.2.12c) Ý÷ïõìå −�xy�+ab�−ab�−ab�+c� = −�xy�−ab�+c�.
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¸÷ïõìå üôé h = k êáé Ýóôù h = k = −f(x; y). Ôüôå Ýðåôáé üôé −�xy−ab+c = f(x; y)

¢ñá � = e−�(x;y) êáé áí h = k ìå ôïí ìåôáó÷çìáôéóìü

u = v(x̄; ȳ) e−�(x;y)

x̄ = x

ȳ = y

ç (3.2.1) ìåôáó÷çìáôßæåôáé óôçí åîßóùóç vxy + f(x; y)v = 0.

ÐáñÜäåéãìá 4. ¸óôù üôé a; b; c ïé óõíôåëåóôÝò ôçò (3.2.1) ôÝôïéïé þóôå

a = x2 + 2xy cos y2; b = 2xy + sin y2 êáé

c = cos y2(2y + 4x2y2) + x2 sin y2 + 2xy(x2 + cos y2 sin y2)

Ôüôå ax = by = 2x+ 2y cos y2 êáé h = k = 2x, ïðüôå

�y = x2 + 2xy cos y2 êáé Üñá � = x2y + x sin y2 + g(x)

�x = 2xy + sin y2 êáé Üñá � = x2y + x sin y2 + h(x)



 �(x; y) = x2y+x sin y2+�o

üðïõ �o óôáèåñÜ êáé ìå ôï ìåôáó÷çìáôéóìü (3.2.8)

u(x; y) = v(x; y) e−(x2y+x sin y2+�o) ìå vxy − 2xv = 0:
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Ðåñßðôùóç III:

¸óôù üôé ç (3.2.1) ìðïñåß íá ìåéùèåß óôçí åîßóùóç vxy+�v = 0 üðïõ � óôáèåñÜ, ìÝóù

ôïõ éóïäýíáìïõ ìåôáó÷çìáôéóìïý

v = e�(x;y)u; �(x; y) = �(x̄; ȳ)

x̄ = x

ȳ = y

(3.2.13)

Ôüôå Ý÷ïõìå üôé

ux = (vx − v�x)e−�(x;y); uy = (vy − v�y)e−�(x;y)

uxy = (vxy − vx�y − vy�x − v�xy + v�x�y)e−�(x;y)

êáé áíôéêáèéóôþíôáò óôçí (3.2.1) ëáìâÜíïõìå üôé

[ vxy + (a− �y)vx + (b− �x)vy + (−�xy + �x�y − a�x − b�y + c)v ] e−�(x;y) = 0

ÅðïìÝíùò ç (3.2.1) ìåéþíåôáé óôçí vxy + �v = 0 áí êáé ìïíü áí

a− �y = 0

b− �x = 0
(3.2.14)

êáé

�xy − �x�y + a�x + b�y − c = −� (3.2.15)

Ôï óýóôçìá (3.2.14) åßíáé óýóôçìá äõï åîéóþóåùí ìå ìéá Üãíùóôç óõíÜñôçóç �(x; y) êáé

áöïý �(x; y) óõíå÷Þò Ý÷ïõìå üôé �xy = �yx. ¢ñá ðáßñíïõìå üôé

ax = by (3.2.16)

ËáìâÜíïíôáò õðüøç ôçí (3.2.16), ç (3.2.15) ãñÜöåôáé ùò

ax + ab− c = −�

Þ

by + ab− c = −�
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ÅðïìÝíùò áöïý ïé óõíáñôÞóåéò h; k ôïõ Laplace åßíáé h = ax+ab−c êáé k = by+ab−c
Ýðåôáé üôé

h = k = −�

Áíôßóôñïöá åÜí h = k = −� èåùñïýìå ôïí éóïäýíáìï ìåôáó÷çìáôéóìü ôçò äéáöïñéêÞò

åîßóùóçò (3.2.1)

u = �(x; y) v(x̄; ȳ); �(x; y) 6= 0

x̄ = x

ȳ = y

Ôüôå ðáñáãùãßæïíôáò ôçí u(x; y) ðáßñíïõìå

ux = �xv + �vx

uy = �yv + �vy

uxy = �xyv + �yvx + �xvy + �vxy

¢ñá ç (3.2.1) ãßíåôáé

�vxy + (a� + �y)vx + (b� + �x)vy + (�xy + a�x + b�y + c�)v = 0

Ãéá ôçí ðåñßðôùóç üðïõ vxy + �v = 0 Ý÷ïõìå

a� + �y = 0 (3.2.17a)

b� + �x = 0 (3.2.17b)

�xy + a�x + b�y + c� = �� (3.2.17c)

Áðü ôçí (3.2.17a) Ý÷ïõìå � = f(x)e−
∫
ady êáé áðü ôçí (3.2.17b) Ý÷ïõìå � = g(y)e−

∫
bdx

Üñá � = e−�(x;y) üðïõ �y = a êáé �x = b.

Ç � = e−�(x;y) éêáíïðïéåß ôçí (3.2.17c) áöïý �x = −b� Üñá �xy = −�xy� + ab� êáé Ýôóé

áíôéêáèéóôþíôáò óôçí (3.2.17c) Ý÷ïõìå −�xy�+ab�−ab�−ab�+c� = −�xy�−ab�+c�.
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¸÷ïõìå üôé h = k êáé Ýóôù h = k = −�. Ôüôå Ýðåôáé üôé −�xy − ab+ c = �

¢ñá � = e−�(x;y) êáé áí h = k = −� ìå ôïí ìåôáó÷çìáôéóìü

u = v(x̄; ȳ) e−�(x;y)

x̄ = x

ȳ = y

ç (3.2.1) ìåôáó÷çìáôßæåôáé óôçí åîßóùóç vxy + �v = 0.

ÐáñÜäåéãìá 5. ¸óôù üôé a; b; c ïé óõíôåëåóôÝò ôçò (3.2.1) ôÝôïéïé þóôå

a = − sin y; b = cos x êáé c = − sin y cosx+ �

üðïõ � óôáèåñÜ. Ôüôå ax = by = 0 êáé h = k = �, ïðüôå

�y = − sin y êáé Üñá � = cos y + g(x)

�x = cos x êáé Üñá � = sin x+ h(x)



 �(x; y) = sin x+ cos y + �o

üðïõ �o óôáèåñÜ êáé ìå ôï ìåôáó÷çìáôéóìü (3.2.13)

u(x; y) = v(x; y) e−(sinx+cos y+�o) ìå vxy − �v = 0:
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Ðåñßðôùóç IV:

Èá áðïäåßîïõìå üôé

L = [ Dx + �(x; y) ][ Dy + �(x; y) ] áí êáé ìüíï áí h = 0 (3.2.18)

( ìå ðáñüìïéï ôñüðï áðïäåéêíýåôáé êáé ôï

L = [ Dy + �(x; y) ][ Dx + �(x; y) ] áí êáé ìüíï áí k = 0 )

¸óôù üôé L = [ Dx+�(x; y) ][ Dy+�(x; y) ] ôüôå Lu = 0 Üñá [ Dx+�(x; y) ][uy+�u ] = 0

ïðüôå uxy + �xu+ �uy + ��u = 0 êáé Ý÷ïõìå ãéá ôïõò óõíôåëåóôÝò a; b; c ôçò (3.2.1) üôé

a = �; b = �; c = �x+��. ÅðïìÝíùò áöïý h = ax+ab−c Ý÷ïõìå h = �x+��−�x−�� =

0 êáé k = by + ab− c = �y − �x 6= 0 åí ãÝíåé.

Áíôßóôñïöá åÜí h = ax + ab− c = 0 ôüôå c = ax + ab êáé ï ôåëåóôÞò

L = DxDy + aDx + bDy + c ãßíåôáé L = DxDy + aDx + bDy + ax + ab ïðüôå

L = b(Dy + a) + Dx(Dy + a). ¢ñá ðáñïãïíôïðïéåßôáé ùò

L = [ Dx + b(x; y) ][ Dy + a(x; y) ]

Óçìåßùóç 2. Áí h = 0 ôüôå áðü Lu = [ Dx + b(x; y) ][ Dy + a(x; y) ]u ðñïêýðôåé üôé

Lu = [ Dx+b(x; y) ][ uy+au ]. ÈÝôïíôáò v = uy+au ðñïêýðôïõí äõï äéáöïñéêÝò åîéóþóåéò

ðñþôçò ôÜîçò

uy + au = 0 (3.2.19)

êáé

vx + bv = 0 (3.2.20)

Ç ëýóç ôïõ (3.2.20) åßíáé

v = f(y)e−
∫
bdx

êáé åðïìÝíùò Ý÷ïõìå üôé

uy + au = f(y)e−
∫
bdx
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ôïõ ïðïßïõ ç ëýóç äßíåôáé áðü ôçí

u = [ g(x) +

∫
f(y)e

∫
ady−bdxdy ] e−

∫
ady (3.2.21)

Ðáñïìïßùò áðü áí k = 0 ëáìâÜíïõìå

u = [ f(y) +

∫
g(x)e

∫
bdx−adydx ] e−

∫
bdx (3.2.22)

ÐáñÜäåéãìá 6. ¸óôù üôé a; b; c ïé óõíôåëåóôÝò ôçò (3.2.1) ôÝôïéïé þóôå

a = x2y; b =
2

x
êáé c = 4xy

Ôüôå h = ax + ab− c = 0 êáé k = by + ab− c = −2xy 6= 0 ãéá y 6= 0. EðïìÝíùò

L = [ Dx +
2

x
][ Dy + x2y ] ìå Lu = 0

êáé Üñá áðü ôçí (3.2.21) Ý÷ïõìå üôé

u = [ g(x) +

∫
f(y)

1

x2
e
x2y2

2 dy ] e−
x2y2

2

üðïõ g(x); f(y) áõèáßñåôåò óõíáñôÞóåéò.

ÐáñÜäåéãìá 7. ¸óôù ç åîßóùóç ôïõ Darboux

uxy +
�uy
x− y

= 0 üðïõ � = óôáèåñÜ

Ôüôå Ý÷ïõìå

a = 0; b =
�

x− y
êáé c = 0:

ÅðïìÝíùò h = ax + ab − c = 0 êáé k = by + ab − c = �
(x−y)2 6= 0, Üñá áðü ôçí (3.2.21)

Ý÷ïõìå üôé

u = g(x) +

∫
f(y)(x− y)−�dy

üðïõ g(x); f(y) áõèáßñåôåò óõíáñôÞóåéò.
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4 ÅðÝêôáóç áíáëëïßùôùí óõíáñôÞóåùí Laplace

¼ðùò Ý÷ïõìå äåé óôï ðñïçãïýìåíï êåöÜëáéï ïé óõíáñôÞóåéò (3.1.11) ðáñáìÝíïõí

áíáëëïßùôåò êÜôù áðü ôï ãñáììéêü ìåôáó÷çìáôéóìü (3.1.2). Ùóôüóï ðáñáìÝíåé ôï

åñþôçìá êáôÜ ðüóï åßíáé ïé ìüíåò áíáëëïßùôåò óõíáñôÞóåéò ðïõ áíôéóôïé÷ïýí óôï

ìåôáó÷çìáôéóìü (3.1.2). Ó' áõôü ôï êåöÜëáéï èá áíáöåñèïýìå ðåñéëçðôéêÜ óôçí

áíåýñåóç üëùí ôùí óõíáñôÞóåùí ðïõ ðáñáìÝíïõí áíáëëïßùôåò êÜôù áðü ïðïéïäÞðïôå

ìåôáó÷çìáôéóìü êáé èá ïäçãçèïýìå óôçí áíåýñåóç âÜóçò ç ïðïßá ðáñÜãåé üëåò ôéò

áíáëëïßùôåò óõíáñôÞóåéò.

4.1 Áíáëëïßùôåò óõíáñôÞóåéò äåõôÝñáò ôÜîçò

Ìåëåôþíôáò ôï ðñüâëçìá ôçò ïìáäïðïßçóçò ôùí õðåñâïëéêþí äéáöïñéêþí åîéóþóåùí

ï Ovsyannikov [3] áíáêÜëõøå äõï áíáëëïßùôåò óõíáñôÞóåéò ïé ïðïßåò ðáñáìÝíïõí

áíáëëïßùôåò êÜôù áðü ïðïéïäÞðïôå éóïäýíáìï ìåôáó÷çìáôéóìü

p =
k
h

q =
1

h
@2 ln |h|
@x@y

Ôüôå ç ìåëÝôç ôùí áíáëëïßùôùí óõíáñôÞóåùí ìå ôç âïÞèåéá ôùí áðåéñïóôþí

ìåôáó÷çìáôéóìþí êáé ôùí ãåííÞôïñùí ðïõ ôéò ðáñÜãïõí äåí Þôáí áêüìç ãíùóôÞ, åðïìÝíùò

ôï ðñüâëçìá ôçò åýñåóçò üëùí ôùí áíáëëïßùôùí óõíáñôÞóåùí äåí åß÷å áêüìá åðéëõèåß.

Ðñüóöáôá ï N.H Ibragimov [7] êáôÜöåñå íá åðéëýóåé áõôü ôï ðñüâëçìá âñßóêïíôáò

âÜóç ç ïðïßá ðáñÜãåé üëåò ôéò áíáëëïßùôåò óõíáñôÞóåéò ôùí õðåñâïëéêþí äéáöïñéêþí

åîéóþóåùí. Åöáñìüæïíôáò ðáñüìïéá äéáäéêáóßá üðùò áõôÞ ôïõ êåöáëáßïõ 3 èåùñïýìå

ôïõò éóïäýíáìïõò ìåôáó÷çìáôéóìïýò

x̄ = x

ȳ = y

ū = u− � un+O("2)

(4.1.1)
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x̄ = x+ � �(x) +O("2)

ȳ = y

ū = u

(4.1.2)

êáé

x̄ = x

ȳ = y + � �(y) +O("2)

ū = u

(4.1.3)

¸óôù ç óõíÜñôçóç J = J(x; y; a; b; c; ax; ay; : : : ) ðáñáìÝíåé áíáëëïßùôç êÜôù áðü

ôïõò ìåôáó÷çìáôéóìïýò (4.1.1), (4.1.2) êáé (4.1.3). Ðáñáôçñïýìå üôé áðü ôéò óõíáñôÞóåéò

Laplace h = ax+ab− c êáé k = by +ab− c, ïé óõíáñôÞóåéò a; b; c êáèþò êáé ïé ðáñÜãùãïé

ôïõò ùò ðñïò x êáé y áðïôåëïýí óõíáñôÞóåéò ôùí h êáé k êáé ôùí ðáñáãþãùí ôïõò ùò ðñïò

x êáé y. Èåùñïýìå ëïéðüí ôçí ðéï ãåíéêÞ óõíÜñôçóç

J = J(x; y; h; k; hx; hy; kx; ky; hxx; hxy; hyy; kxx; kxy; kyy; : : : ) üôé ðáñáìÝíåé áíáëëïßùôç

êÜôù áðü ôïõò ìåôáó÷çìáôéóìïýò (4.1.1), (4.1.2) êáé (4.1.3). Áðü ôï ìåôáó÷çìáôéóìü

(4.1.2) óå óõíäéáóìü ìå ôïõò ìåôáó÷çìáôéóìïýò ôùí óõíôåëåóôþí a; b; c ðïõ ðñïêýðôïõí

ïäçãïýìáóôå óôï ãåííÞôïñá

X = −�(x) @
@x

+ � ′(x)b
@
@b

+ � ′(x)c
@
@c

(4.1.4)

Åðåêôåßíïõìå ôï ãåííÞôïñá (4.1.4) ùò ðñïò ax êáé by êáé ëáìâÜíïõìå

X = −�(x) @
@x

+ � ′(x)
[
b
@
@b

+ c
@
@c

+ ax
@
@ax

+ by
@
@by

]
(4.1.5)

¸÷ïíôáò õðüøç üôé h = ax + ab − c êáé k = by + ab − c, ï ãåííÞôïñáò (4.1.5) ìðïñåß íá

ãñáöôåß ùò

X = −�(x) @
@x

+ � ′(x)
[
h
@
@h

+ k
@
@k

]
(4.1.6)

Ðáñïìïßùò áðü ôï ìåôáó÷çìáôéóìü (4.1.3) ðñïêýðôåé ï ãåííÞôïñáò

Y = −�(y) @
@y

+ �′(y)
[
h
@
@h

+ k
@
@k

]
(4.1.7)
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Áêïëïýèùò åðåêôåßíïõìå ôïõò ãåííÞôïñåò (4.1.6) êáé (4.1.7) ùò ðñïò ôéò 2áò ôÜîçò

ðáñáãþãïõò ôùí h êáé k. Ïé ãåííÞôïñåò ðïõ ðñïêýðôïõí åðéäñþíôáò óôç óõíÜñôçóç

J = J(x; y; h; k; hx; hy; kx; ky; hxx; hxy; hyy; kxx; kxy; kyy; : : : ), áöïý ïé óõíáñôÞóåéò �(x) êáé

�(y) êáèþò êáé ïé ðáñÜãùãïé ôïõò åßíáé áõèáßñåôåò óõíáñôÞóåéò, ìáò äßíïõí äõï óõóôÞìáôá

äéáöïñéêþí åîéóþóåùí. Ç ëýóç áõôþí ôùí óõóôçìÜôùí ïäçãåß óôçí åýñåóç ôçò 2áò ôÜîçò

áíáëëïßùôùí óõíáñôÞóåùí ôçò õðåñâïëéêÞò äéáöïñéêÞò åîßóùóçò (3.1.1)

p =
k
h
; q =

1

h
@2 ln |h|
@x@y

; q̃ =
1

k
@2 ln | k|
@x@y

N =
1

px
@
@x

ln |px
h
| ; H =

1

py
@
@y

ln |py
h
| ; I =

pxpy
h

(4.1.8)

4.2 ÂÜóç áíáëëïßùôùí óõíáñôÞóåùí õðåñâïëéêþí äéáöïñéêþí åîéóþóåùí

Áðü ôç èåùñßá ôùí óõììåôñéêþí ïìÜäùí Lie Ý÷ïõìå üôé ãéá êÜèå ïìÜäá

ìåôáó÷çìáôéóìþí ïñéóìÝíç êÜôù áðü ôïõò áðåéñïóôïýò ãåííÞôïñåò

X� = �i�(~x; u)
@
@xi

+ ��� (~x; u)
@
@u�

ìå n áíåîÜñôçôåò ìåôáâëçôÝò ~x = (x1; x2; x3; : : : ; xn) õðÜñ÷ïõí n áíáëëïßùôïé äéáöïñéêïß

ôåëåóôÝò

D = f iDi (4.2.1)

üðïõ ïé óõíôåëåóôÝò f i = f i(~x; u; u(1); u(2); : : : ) õðïëïãßæïíôáé áðü ôéò äéáöïñéêÝò åîéóþóåéò

X�(f i) = f jDj(�i�); i = 1; 2; : : : ; n

Óôç ðåñßðôùóÞ ìáò ïé ãåííÞôïñåò X� åßíáé ïé ãåííÞôïñåò (4.1.6) êáé (4.1.7). ÅðïìÝíùò

ï ôåëåóôÞò (4.2.1) ãñÜöåôáé ùò

D = fDx + gDy
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êáé Üñá

X(f) = fDx(�(x)) + gDy(�(x)) = −� ′(x)f; X(g) = 0

Y (g) = fDx(�(y)) + gDy(�(y)) = −�′(y)g; Y (f) = 0

Èåùñïýìå üôé f = f(x; y; h; k; hx; hy; kx; ky); g = g(x; y; h; k; hx; hy; kx; ky) êáé

åðåêôåßíïíôáò ôïõò ãåííÞôïñåò X êáé Y ëáìâÜíïõìå üôé

f =
1

px
F (p; I) êáé g =

1

py
G(p; I)

üðïõ F (p; I) êáé G(p; I) áõèáßñåôåò óõíáñôÞóåéò ìå p = h
k êáé I =

pxpy
h .

ÅðïìÝíùò

D =
1

px
F (p; I)Dx +

1

py
G(p; I)Dy

ÈÝôïíôáò F = 1; G = 0 êáé F = 0; G = 1 ëáìâÜíïõìå ôïõò äéáöïñéêïýò ôåëåóôÝò

Dx =
1

px
Dx; Dy =

1

py
Dy

ïé ïðïßïé ðáñÜãïõí ôéò áíáëëïßùôåò óõíáñôÞóåéò áíùôÝñáò ôÜîçò. ¸÷ïõìå äçëáäÞ ôï

áêüëïõèï èåþñçìá

Èåþñçìá 4.1. Ç âÜóç ôùí áíáëëïßùôùí óõíáñôÞóåùí ïðïéáóäÞðïôå ôÜîçò ôçò

õðåñâïëéêÞò äéáöïñéêÞò åîßóùóçò

uxy + a(x; y)ux + b(x; y)uy + c(x; y)u = 0

áðïôåëåßôáé áðü ôéò áíáëëïßùôåò óõíáñôÞóåéò

p =
k
h
; I =

pxpy
h

; q =
1

h
@2 ln |h|
@x@y

; q̃ =
1

k
@2 ln | k|
@x@y

Þ åíáëëáêôéêÜ áðü ôéò áíáëëïßùôåò óõíáñôÞóåéò

p =
k
h
; I =

pxpy
h

; N =
1

px
@
@x

ln |px
h
| ; q =

1

h
@2 ln |h|
@x@y
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5 Õðïëïãéóìïß ðáñáóôÜóåùí ìå ÷ñÞóç ôïõ áëãåâñéêïý

ðáêÝôïõ MAPLE

Óå áõôü êåöÜëáéï ðáñïõóéÜæåôáé ï êþäéêáò ãñáììÝíïò óôç MAPLE ï

ïðïßïò ÷ñçóéìïðïéÞèçêå ãéá ôïí õðïëïãéóìü ôïõ áðåéñïóôïý ãåííÞôïñá 3.1.9 ôïõ

ìåôáó÷çìáôéóìïý 3.1.8.

5.1 Õðïëïãéóìüò áðåéñïóôïý ãåííÞôïñá åðÝêôáóçò 1çò ôÜîçò

Ðñþôá ïñßæïõìå ôéò åîáñôçìÝíåò êáé áíåîÜñôçôåò ìåôáâëçôÝò ìå ôçí åíôïëÞ

di�erential ring :

> with (diffalg):
> R := differential_ring (derivations=[x,y], ranking=[f,n,a,b,c],
> notation=diff);

R := PDE ring

Áêïëïýèùò ïñßæïõìå ôïõò äéáöïñéêïýò ôåëåóôÝò D̃x (D1) êáé D̃y (D2) ôùí ãåííÞôïñùí

åðÝêôáóçò ôïõ ìåôáó÷çìáôéóìïý (3.1.8):

> D1 := (f -> diff(f,x) + differentiate(a,x,R)*diff(f,a)+
> differentiate(b,x,R)*diff(f,b) + differentiate(c,x,R)*diff(f,c) +
> differentiate(a,x,x,R)*diff(f,a[x]) +
> differentiate(a,y,x,R)*diff(f,a[y]) +
> differentiate(b,x,x,R)*diff(f,b[x]) +
> differentiate(b,y,x,R)*diff(f,b[y]) +
> differentiate(c,x,x,R)*diff(f,c[x]) +
> differentiate(c,y,x,R)*diff(f,c[y]));
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> D2 := (f -> diff(f,y) + differentiate(a,y,R)*diff(f,a)+
> differentiate(b,y,R)*diff(f,b) + differentiate(c,y,R)*diff(f,c) +
> differentiate(a,x,y,R)*diff(f,a[x]) +
> differentiate(a,y,y,R)*diff(f,a[y]) +
> differentiate(b,x,y,R)*diff(f,b[x]) +
> differentiate(b,y,y,R)*diff(f,b[y]) +
> differentiate(c,x,y,R)*diff(f,c[x]) +
> differentiate(c,y,y,R)*diff(f,c[y]));

D1 := f → ( d
dx f) + di�erentiate(a; x; R) ( d

da f) + di�erentiate(b; x; R) ( ddb f)

+ di�erentiate(c; x; R) ( ddc f) + di�erentiate(a; x; x; R) ( d
dax f)

+ di�erentiate(a; y; x; R) ( d
day f) + di�erentiate(b; x; x; R) ( d

dbx f)

+ di�erentiate(b; y; x; R) ( d
dby f) + di�erentiate(c; x; x; R) ( d

dcx f)

+ di�erentiate(c; y; x; R) ( d
dcy f)

D2 := f → ( d
dy f) + di�erentiate(a; y; R) ( d

da f) + di�erentiate(b; y; R) ( ddb f)

+ di�erentiate(c; y; R) ( ddc f) + di�erentiate(a; x; y; R) ( d
dax f)

+ di�erentiate(a; y; y; R) ( d
day f) + di�erentiate(b; x; y; R) ( d

dbx f)

+ di�erentiate(b; y; y; R) ( d
dby f) + di�erentiate(c; x; y; R) ( d

dcx f)

+ di�erentiate(c; y; y; R) ( d
dcy f)

ÁíáèÝôïõìå óôá �1; �2; �3; �1; �2 ôéò áíôßóôïé÷åò ðáñáóôÜóåéò ôïõ ìåôáó÷çìáôéóìïý

(3.1.6):

> ì[1] := differentiate(n,y,R);

> ì[2] := differentiate(n,x,R);
> ì[3] := differentiate(n,x,y,R) + a*differentiate(n,x,R) +
> b*differentiate(n,y,R);

> æ[1] := 0;

> æ[2] := 0;
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�1 := @
@y n(x; y)

�2 := @
@x n(x; y)

�3 := ( @2

@y @x n(x; y)) + a ( @
@x n(x; y)) + b ( @

@y n(x; y))

�1 := 0

�2 := 0

Õðïëïãßæïõìå ôç äñÜóç ôùí ôåëåóôþí D̃x êáé D̃y óôá �1; �2; �3; �1; �2:

> D1(ì[1]);

> D1(ì[2]);

> D1(ì[3]);

> D1(æ[1]);

> D1(æ[2]);

@2

@y @x n(x; y)
@2

@x2 n(x; y)

( @3

@y @x2 n(x; y)) + a ( @2

@x2 n(x; y)) + b ( @2

@y @x n(x; y)) + ( @
@x a(x; y)) ( @

@x n(x; y))

+ ( @
@x b(x; y)) ( @

@y n(x; y))

0

0

> D2(ì[1]);

> D2(ì[2]);

> D2(ì[3]);

> D2(æ[1]);

> D2(æ[2]);
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@2

@y2 n(x; y)
@2

@y @x n(x; y)

( @3

@y2 @x n(x; y)) + a ( @2

@y @x n(x; y)) + b ( @2

@y2 n(x; y)) + ( @
@y a(x; y)) ( @

@x n(x; y))

+ ( @
@y b(x; y)) ( @

@y n(x; y))

0

0

êáé õðïëïãßæïõìå ôïõò ãåííÞôïñåò åðÝêôáóçò ôùí óõíôåëåóôþí a; b; c ôïõ ìåôáó÷çìáôéóìïý

(3.1.8):

> ì[1,x] := D1(ì[1]) - differentiate(a,x,R)*D1(æ[1]) -
> differentiate(a,y,R)*D1(æ[2]);
> ì[1,y] := D2(ì[1]) - differentiate(a,x,R)*D2(æ[1]) -
> differentiate(a,y,R)*D2(æ[2]);
> ì[2,x] := D1(ì[2]) - differentiate(b,x,R)*D1(æ[1]) -
> differentiate(b,y,R)*D1(æ[2]);
> ì[2,y] := D2(ì[2]) - differentiate(b,x,R)*D2(æ[1]) -
> differentiate(b,y,R)*D2(æ[2]);
> ì[3,x] := D1(ì[3]) - differentiate(c,x,R)*D1(æ[1]) -
> differentiate(c,y,R)*D1(æ[2]);
> ì[3,y] := D2(ì[3]) - differentiate(c,x,R)*D2(æ[1]) -
> differentiate(c,y,R)*D2(æ[2]);

�x1 := @2

@y @x n(x; y)

�y1 := @2

@y2 n(x; y)

�x2 := @2

@x2 n(x; y)

�y2 := @2

@y @x n(x; y)

�x3 := ( @3

@y @x2 n(x; y)) + a ( @2

@x2 n(x; y)) + b ( @2

@y @x n(x; y)) + ( @
@x a(x; y)) ( @

@x n(x; y))

+ ( @
@x b(x; y)) ( @

@y n(x; y))

�y3 := ( @3

@y2 @x n(x; y)) + a ( @2

@y @x n(x; y)) + b ( @2

@y2 n(x; y)) + ( @
@y a(x; y)) ( @

@x n(x; y))

+ ( @
@y b(x; y)) ( @

@y n(x; y))
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> denote(ì[1,x],jet,R);

> denote(ì[1,y],jet,R);

> denote(ì[2,x],jet,R);

> denote(ì[2,y],jet,R);

> denote(ì[3,x],jet,R);

> denote(ì[3,y],jet,R);

nxy

nyy

nxx

nxy

nxxy + a nxx + b nxy + ax nx + bx ny

nxyy + a nxy + b nyy + ay nx + by ny

Ïñßæïõìå ôþñá ôéò áíåîÜñôçôåò ìåôáâëçôÝò ôçò ìåôáâëÞôÞò J = J(a; b; c; ax; ay; bx; by; cx; cy):

> with (diffalg):
> Q := differential_ring
> (derivations=[a,b,c,a[x],a[y],b[x],b[y],c[x],c[y]], ranking=[J],
> notation=diff);

Q := PDE ring

êáé ïñßæïõìå ôïýò áðåéñïóôïýò ãåííÞôïñåò � (Æ) êáé �(1) (Æ1) ôùí ìåôáó÷çìáôéóìþí

(3.1.6) êáé (3.1.8) áíôßóôïé÷á:

> Z := (f -> -n*diff(f,u)+ì[1]*differentiate(f,a,Q) +
> ì[2]*differentiate(f,b,Q) + ì[3]*differentiate(f,c,Q));

Z := f → −n ( d
du f) + �1 di�erentiate(f; a; Q) + �2 di�erentiate(f; b; Q)

+ �3 di�erentiate(f; c; Q)
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> Z1 := (f -> Z(f) + ì[1]*differentiate(f,a,Q) + ì[2]*differentiate(f,b,Q)
> + ì[3]*differentiate(f,c,Q) + ì[1,x]*differentiate(f,a[x],Q)
> + ì[1,y]*differentiate(f,a[y],Q) + ì[2,x]*differentiate(f,b[x],Q)
> + ì[2,y]*differentiate(f,b[y],Q) + ì[3,x]*differentiate(f,c[x],Q)
> + ì[3,y]*differentiate(f,c[y],Q));

Z1 := f → Z(f)

+ �1 di�erentiate(f; a; Q) + �2 di�erentiate(f; b; Q) + �3 di�erentiate(f; c; Q)

+ �x1 di�erentiate(f; ax; Q) + �y1 di�erentiate(f; ay; Q)

+ �x2 di�erentiate(f; bx; Q) + �y2 di�erentiate(f; by; Q)

+ �x3 di�erentiate(f; cx; Q) + �y3 di�erentiate(f; cy; Q)

Äñþíôáò ï ãåííÞôïñáò �(1) ðÜíù óôç J = J(a; b; c; ax; ay; bx; by; cx; cy) äßíåé:

> Z1(J);

( @
@y n(x; y)) ( @

@a J) + ( @
@x n(x; y)) ( @@b J)

+ (( @2

@y @x n(x; y)) + a ( @
@x n(x; y)) + b ( @

@y n(x; y))) ( @@c J)

+ ( @2

@y @x n(x; y)) ( @
@ax J) + ( @2

@y2 n(x; y)) ( @
@ay J) + ( @2

@x2 n(x; y)) ( @
@bx J)

+ ( @2

@y @x n(x; y)) ( @
@by J) + (( @3

@y @x2 n(x; y)) + a ( @2

@x2 n(x; y)) + b ( @2

@y @x n(x; y))

+ ( @
@x a(x; y)) ( @

@x n(x; y)) + ( @
@x b(x; y)) ( @

@y n(x; y)))( @
@cx J) + (( @3

@y2 @x n(x; y))

+ a ( @2

@y @x n(x; y)) + b ( @2

@y2 n(x; y)) + ( @
@y a(x; y)) ( @

@x n(x; y))

+ ( @
@y b(x; y)) ( @

@y n(x; y)))( @
@cy J)

Ïñßæïõìå a1; :::; a7 ôéò ìåñéêÝò ðáñáãþãïõò ìÝ÷ñé 2áò ôÜîçò ôçò ìåôáâëçôÞò n(x; y):

> a1 := differentiate(n,x,R);

> a2 := differentiate(n,y,R);

> a3 := differentiate(n,x,y,R);

> a4 := differentiate(n,x,x,R);

> a5 := differentiate(n,y,y,R);

> a6 := differentiate(n,x,x,y,R);

> a7 := differentiate(n,x,y,y,R);
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a1 := @
@x n(x; y)

a2 := @
@y n(x; y)

a3 := @2

@y @x n(x; y)

a4 := @2

@x2 n(x; y)

a5 := @2

@y2 n(x; y)

a6 := @3

@y @x2 n(x; y)

a7 := @3

@y2 @x n(x; y)

êáé åêöñÜæïõìå ôï ãåííÞôïñá �(1) óõíáôñÞóåé ôùí ìåñéêþí ðáñáãþãùí ôçò n(x; y):

> Z1(J) := collect(collect(collect(collect(collect(collect(collect(Z1(J),
> a1), a2), a3), a4), a5), a6), a7);

Z1(J) := (( @
@ay J) + b ( @

@cy J)) ( @2

@y2 n(x; y)) + (( @
@bx J) + a ( @

@cx J)) ( @2

@x2 n(x; y))

+ (( @
@by J) + b ( @

@cx J) + ( @
@ax J) + ( @@c J) + a ( @

@cy J)) ( @2

@y @x n(x; y))

+ (( @
@a J) + b ( @@c J) + ( @

@x b(x; y)) ( @
@cx J) + ( @

@y b(x; y)) ( @
@cy J)) ( @

@y n(x; y))

+ (( @@b J) + a ( @@c J) + ( @
@x a(x; y)) ( @

@cx J) + ( @
@y a(x; y)) ( @

@cy J)) ( @
@x n(x; y))

+ ( @3

@y @x2 n(x; y)) ( @
@cx J) + ( @3

@y2 @x n(x; y)) ( @
@cy J)

ÔÝëïò åîéóþíïõìå ôïõò óõíôåëåóôÝò ôùí ðáñáãþãùí ôçò n(x; y) ìå ìçäÝí êáé

ðáßñíïõìå ôéò ìåñéêÝò äéáöïñéêÝò åîéóþóåéò ôùí ïðïßùí ïé ëýóåéò ïäçãïýí óôçí åýñåóç

ôùí áíáëëïßùôùí óõíáñôÞóåùí ôïõ Laplace:

> frontend(coeff, [Z1(J), a1])=0;

> frontend(coeff, [Z1(J), a2])=0;

> frontend(coeff, [Z1(J), a3])=0;

> frontend(coeff, [Z1(J), a4])=0;

> frontend(coeff, [Z1(J), a5])=0;

> frontend(coeff, [Z1(J), a6])=0;

> frontend(coeff, [Z1(J), a7])=0;
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( @@b J) + a ( @@c J) + ( @
@x a(x; y)) ( @

@cx J) + ( @
@y a(x; y)) ( @

@cy J) = 0

( @
@a J) + b ( @@c J) + ( @

@x b(x; y)) ( @
@cx J) + ( @

@y b(x; y)) ( @
@cy J) = 0

( @
@by J) + b ( @

@cx J) + ( @
@ax J) + ( @@c J) + a ( @

@cy J) = 0

( @
@bx J) + a ( @

@cx J) = 0

( @
@ay J) + b ( @

@cy J) = 0

@
@cx J = 0

@
@cy J = 0
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