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1. Íá ëõèåß ôï ãñáììéêü óýóôçìá (ìå ôç ìÝèïäï ôùí Gauss-Jordan)

x1 + 2x2 + + x4 = 9
x1 + 3x2 + 2x3 + 2x4 = 21

2x1 + 5x2 + 3x3 + x4 = 25
3x1 + x2 + 2x3 + 5x4 = 31

.

Íá õðïëïãéóôåß ç ôéìÞ ôçò ïñßæïõóáò

∆ =

∣∣∣∣∣∣∣∣∣

1 2 0 1
1 3 2 2
2 5 3 1
3 1 2 5

∣∣∣∣∣∣∣∣∣
.

×ñçóéìïðïéþíôáò ôç ëýóç ôïõ ðéï ðÜíù óõóôÞìáôïò êáé ôçí ôéìÞ ôçò ïñßæïõóáò ∆, íá õðïëïãéóôïýí ïé
ôéìÝò ôùí ïñéæïõóþí:

(i)

∣∣∣∣∣∣∣∣∣

1 9 0 1
1 21 2 2
2 25 3 1
3 31 2 5

∣∣∣∣∣∣∣∣∣
(ii)

∣∣∣∣∣∣∣∣∣

1 2 0 9
1 3 2 21
2 5 3 25
3 1 2 31

∣∣∣∣∣∣∣∣∣

2. Íá âñåèïýí ïé ôéìÝò ôçò óôáèåñÜò k ãéá ôéò ïðïßåò ôá ðéï êÜôù äéáíýóìáôá åßíáé ãñáììéêÜ
áíåîÜñôçôá: [

1 1
2 3

]
,

[
2 4
4 6

]
,

[
3 2
3 k

]
,

[
−1 −3
−1 −3

]
.

Íá âñåèåß ç ôéìÞ ôçò óôáèåñÜò k ãéá ôçí ïðïßá ôï ïìïãåíÝò ãñáììéêü óýóôçìá

x1 + 2x2 + 3x3 − x4 = 0
x1 + 4x2 + 2x3 − 3x4 = 0
2x1 + 4x2 + 3x3 − x4 = 0

3x1 + 6x2 + kx3 − 3x4 = 0

Ý÷åé ìç-ìçäåíéêÞ ëýóç. Íá âñåèåß ç ëýóç ãéá áõôÞ ôçí ôéìÞ ôçò óôáèåñÜò k.

1



3. (á) Íá äåé÷èåß üôé ï ðßíáêáò A =




1
2 −1

2
1√
2

1
2 −1

2 − 1√
2

1√
2

1√
2

0


 åßíáé ïñèïãþíéïò.

Íá âñåèåß ï áíôßóôñïöïò ôïõ ðßíáêá A.

Íá ãñáöôåß ï ðßíáêáò
[

3 −2
5√
2

0

]
ùò ãñáììéêüò óõíäõáóìüò ôùí

[
1
2

1
2

1√
2

0

]
,

[
−1

2 −1
2

1√
2

0

]
,

[
1√
2

− 1√
2

0 0

]
.

(â) Ìå ôçí ðñïûðüèåóç üôé ïé áíôßóôñïöïé ðßíáêåò ðïõ åìöáíßæïíôáé õðÜñ÷ïõí, íá áðïäåé÷èåß ç
ôáõôüôçôá

(A−1 + B−1)−1 = A(A + B)−1B.

4. (á) ×ùñßò íá áíáðôõ÷èåß ç ïñßæïõóá (äçëáäÞ, íá ÷ñçóéìïðïéçèïýí ìüíï éäéüôçôåò ôùí ïñéæïõóþí),
íá äåé÷èåß üôé ∣∣∣∣∣∣∣

1 a a2

1 b b2

1 c c2

∣∣∣∣∣∣∣
= (b− c)(c− a)(a− b).

×ùñßò íá áíáðôõ÷èåß ç ïñßæïõóá ∣∣∣∣∣∣∣

3 2 4
3 5 25
3 7 49

∣∣∣∣∣∣∣
íá âñåèåß ç ôéìÞ ôçò.

(â) Íá õðïëïãéóôåß ç ôéìÞ ôçò ïñßæïõóáò ôïõ ðßíáêá



x −1 0 0
0 x −1 0
0 0 x −1
a0 a1 a2 a3 + x


 .

Óôç óõíÝ÷åéá íá äåé÷èåß üôé áí x = 1, ï ðßíáêáò åßíáé áíôéóôñÝøéìïò áí êáé ìüíï áí

a0 + a1 + a2 + a3 6= −1.

5. (á) ¸óôù ïé ðßíáêåò

A =




1 3 5
2 5 6
1 2 2


 , B =




2 −4 7
−2 3 −4

1 a b


 , C =



−4 3 5

2 0 6
1 2 −3


 , D =




1 3 4
2 1 1
4 3 2


 .

Íá âñåèïýí ïé ôéìÝò ôùí óôáèåñþí a êáé b ôÝôïéåò þóôå ï ðßíáêáò B íá åßíáé ï áíôßóôñïöïò ôïõ ðßíáêá
A.
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Íá ëõèåß ç åîßóùóç
CX + 5X = D

ùò ðñïò ôï ðßíáêá X.

(â) Íá âñåèïýí ïé ôéìÝò ôçò óôáèåñÜò a ãéá ôéò ïðïßåò ôï ãñáììéêü óýóôçìá

x + 2y − 3z = 4
3x− y + 5z = 2

4x + y + (a2 − 14)z = a + 2

(i) äåí Ý÷åé ëýóç,

(ii) Ý÷åé ìüíï ìéá ëýóç,
(iii) Ý÷åé Üðåéñåò ëýóåéò.

6. ¸íáò ôåôñáãùíéêüò ðßíáêáò A ìå ôçí éäéüôçôá A2 = A êáëåßôáé áäýíáìïò ðßíáêáò.
(i) Íá âñåèåß Ýíáò 2× 2 áäýíáìïò ðßíáêáò (åêôüò áðü ôïí ôáõôïôéêü êáé ôïí ìçäåíéêü).

(ii) Íá äåé÷èåß üôé ï ðßíáêáò



−1 1 1
−1 1 1
−1 1 1


 åßíáé áäýíáìïò.

(iii) Áí A åßíáé Ýíáò áäýíáìïò ðßíáêáò, íá äåé÷èåß üôé ï ðßíáêáò I−A åßíáé åðßóçò áäýíáìïò.
(iv) Íá âñåèåß Ýíáò 3× 3 áäýíáìïò ðßíáêáò.
(v) ¸óôù üôé A êáé B åßíáé äýï ôåôñáãùíéêïß ðßíáêåò. Íá äåé÷èåß üôé ï A åßíáé áäýíáìïò ðßíáêáò ìå
ôçí ðñïûðüèåóç üôé éó÷ýåé AB = A êáé BA = B.
(vi) Íá âñåèåß ç ðéèáíÞ ôéìÞ ôçò ïñßæïõóáò åíüò áäýíáìïõ ðßíáêá.

7. (á) ¸óôù üôé V åßíáé ôï óýíïëï ôùí ïñéóìÝíùí ïëïêëçñùìÜôùí óôï äéÜóôçìá [a, b]. Íá äåé÷èåß üôé
ôï óýíïëï V åßíáé Ýíáò äéáíõóìáôéêüò ÷þñïò.
[Óçìåßùóç: Íá äåé÷èåß ìüíï üôé ôï óýíïëï V åßíáé êëåéóôü ùò ðñïò ôç ðñüóèåóç, êëåéóôü ùò ðñïò ôï
âáèìùôü ðïëëáðëáóéáóìü êáé íá äïèåß ôï ìçäåíéêü êáé áíôßèåôï äéÜíõóìá.]

(â) ¸óôù üôé M22 åßíáé ï äéáíõóìáôéêüò ÷þñïò ôùí 2 × 2 ðéíÜêùí. Íá åîåôáóôïýí áí ôá ðéï êÜôù
õðïóýíïëá ôïõ M22 åßíáé äéáíõóìáôéêïß õðü÷ùñïé:
(i) W1: 2× 2 óõììåôñéêïß ðßíáêåò
(ii) W2: 2× 2 áíôé-óõììåôñéêïß ðßíáêåò
(iii) W3: 2× 2 ðßíáêåò ìå ß÷íïò ßóï ìå 0.
(iv) W4: 2× 2 ðßíáêåò ìå ß÷íïò ßóï ìå 1.

8. Íá äåé÷èåß üôé ôï ðéï êÜôù óýíïëï äéáíõóìÜôùí åßíáé ìéá âÜóç ôïõ IR4:

(3, 6, 3,−6), (0,−1,−1, 0), (0,−8,−12,−4), (1, 0,−1, 2).

Íá âñåèåß ôï äéÜíõóìá ôùí óõíôåôáãìÝíùí ôïõ äéáíýóìáôïò (5,−11,−24,−10) ùò ðñïò ôçí ðéï ðÜíù
âÜóç.
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