
ÐÁÍÅÐÉÓÔÇÌÉÏ ÊÕÐÑÏÕ

ÔÌÇÌÁ ÌÁÈÇÌÁÔÉÊÙÍ ÊÁÉ ÓÔÁÔÉÓÔÉÊÇÓ

ÅÉÓÁÃÙÃÉÊÁ ÌÁÈÇÌÁÔÉÊÁ IÉ
(ÌÁÓ 005)

ÅíäéÜìåóç åîÝôáóç
ÓÜââáôï 16 Áðñéëßïõ, 2005

1. Íá ëõèåß ôï ãñáììéêü óýóôçìá

x1 + 2x2 + + x4 = −2
x1 + 3x2 + 2x3 + 2x4 = 1

2x1 + 5x2 + 3x3 + x4 = −4
x2 + 2x3 + 5x4 = 11

.

Íá õðïëïãéóôåß ç ôéìÞ ôçò ïñßæïõóáò

∆ =

∣∣∣∣∣∣∣∣∣

1 2 0 1
1 3 2 2
2 5 3 1
0 1 2 5

∣∣∣∣∣∣∣∣∣
.

×ñçóéìïðïéþíôáò ôç ëýóç ôïõ ðéï ðÜíù óõóôÞìáôïò êáé ôçí ôéìÞ ôçò ïñßæïõóáò ∆, íá õðïëïãéóôïýí ïé
ôéìÝò ôùí ïñéæïõóþí:

(i)

∣∣∣∣∣∣∣∣∣

−2 2 0 1
1 3 2 2

−4 5 3 1
11 1 2 5

∣∣∣∣∣∣∣∣∣
(ii)

∣∣∣∣∣∣∣∣∣

1 2 −2 1
1 3 1 2
2 5 −4 1
0 1 11 5

∣∣∣∣∣∣∣∣∣

2. Íá âñåèåß ç ôéìÞ ôçò óôáèåñÜò k ãéá ôçí ïðïßá ôï ïìïãåíÝò ãñáììéêü óýóôçìá

x1 + 2x2 + 3x3 − x4 = 0
x1 + 4x2 + 2x3 − 3x4 = 0
2x1 + 4x2 + 3x3 − x4 = 0

3x1 + 6x2 + kx3 − 3x4 = 0

Ý÷åé ìç-ìçäåíéêÞ ëýóç. Íá âñåèåß ç ëýóç ãéá áõôÞ ôçí ôéìÞ ôçò óôáèåñÜò k.
Íá åîåôáóôåß áí ôá ðéï êÜôù äéáíýóìáôá åßíáé ãñáììéêÜ áíåîÜñôçôá:

[
1 1
2 3

]
,

[
2 4
4 6

]
,

[
3 2
3 9

]
,

[
−1 −3
−1 −3

]
.
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Íá åîåôáóôåß áí ôá ðéï êÜôù äéáíýóìáôá åßíáé ãñáììéêÜ áíåîÜñôçôá:

x3 + x2 + 2x + 3, 2x3 + 4x2 + 4x + 6, 3x3 + 2x2 + 3x + 8, − x3 − 3x2 − x− 3.

3. (á) Íá äåé÷èåß üôé ï ðßíáêáò A =




1
2 −1

2
1√
2

1
2 −1

2 − 1√
2

1√
2

1√
2

0


 åßíáé ïñèïãþíéïò.

Íá âñåèåß ï áíôßóôñïöïò ôïõ ðßíáêá A.
Íá âñåèïýí ïé ôéìÝò ôùí óôáèåñþí λ1, λ2 êáé λ3 ôÝôïéåò þóôå

λ1

[
1
2

1
2

1√
2

0

]
+ λ2

[
−1

2 −1
2

1√
2

0

]
+ λ3

[
1√
2

− 1√
2

0 0

]
=

[
2 0

3
√

2 0

]
.

(â) Ìå ôçí ðñïûðüèåóç üôé ïé áíôßóôñïöïé ðßíáêåò ðïõ åìöáíßæïíôáé õðÜñ÷ïõí, íá áðïäåé÷èåß ç
ôáõôüôçôá

(A + BBT )−1B = A−1B(I + BTA−1B)−1.

4. (á) ×ùñßò íá áíáðôõ÷èåß ç ïñßæïõóá (äçëáäÞ, íá ÷ñçóéìïðïéçèïýí ìüíï éäéüôçôåò ôùí ïñéæïõóþí),
íá äåé÷èåß üôé ∣∣∣∣∣∣∣

2 a b
a 2 b
a b 2

∣∣∣∣∣∣∣
= (a + b + 2)(a− 2)(b− 2).

×ùñßò íá áíáðôõ÷èåß ç ïñßæïõóá ∣∣∣∣∣∣∣

6 5 12
3 10 12
3 15 8

∣∣∣∣∣∣∣
íá âñåèåß ç ôéìÞ ôçò.

(â) Íá õðïëïãéóôåß ç ôéìÞ ôçò ïñßæïõóáò ôïõ ðßíáêá

A =




1 2 1
1 4 4
3 8 9


 .

Óôç óõíÝ÷åéá íá õðïëïãéóôïýí ïé ôéìÝò ôùí ïñéæïõóþí:

(i) det(AT ) (ii) det(AAT ) (iii) det(A−1) (iv) det(3A)

5. (á) ¸óôù ïé ðßíáêåò

A =




1 3 5
2 5 6
1 2 2


 , B =




a −4 7
−2 3 −4

b −1 1


 , C =



−1 3 5

2 3 6
1 2 0


 , D =




1 0 2
2 1 1
0 1 1


 .
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Íá âñåèïýí ïé ôéìÝò ôùí óôáèåñþí a êáé b ôÝôïéåò þóôå ï ðßíáêáò B íá åßíáé ï áíôßóôñïöïò ôïõ ðßíáêá
A.
Íá ëõèåß ç åîßóùóç

CX + 2X = D

ùò ðñïò ôï ðßíáêá X.

(â) ¸óôù ïé ðßíáêåò

A =




0 −c b
c 0 −a

−b a 0


 êáé B =

[
a b c

]
üðïõ a2 + b2 + c2 = 1.

Íá âñåèåß ôï ãéíüìåíï BA.
Íá äåé÷èåß üôé
(i) A2 = BTB− I
(ii) A3 = −A

6. (á) Íá äåé÷èåß üôé ï ðßíáêáò

A =




cos θ sin θ 0
− sin θ cos θ 0

0 0 1




åßíáé áíôéóôñÝøéìïò ãéá üëåò ôéò ôéìÝò ôïõ θ. Óôç óõíÝ÷åéá íá âñåèåß ï áíôßóôñïöïò ôïõ A.

(â) Áí A, B êáé C åßíáé n× n áíôéóôñÝøéìïé ðßíáêåò, ôüôå íá äåé÷èåß üôé

(ABC)−1 = C−1B−1A−1.

7. (á) ¸óôù üôé V åßíáé ôï óýíïëï ôùí ïñéóìÝíùí ïëïêëçñùìÜôùí óôï äéÜóôçìá [a, b]. Íá äåé÷èåß üôé
ôï óýíïëï V åßíáé Ýíáò äéáíõóìáôéêüò ÷þñïò.
[Óçìåßùóç: Íá äåé÷èåß ìüíï üôé ôï óýíïëï V åßíáé êëåéóôü ùò ðñïò ôç ðñüóèåóç, êëåéóôü ùò ðñïò ôï
âáèìùôü ðïëëáðëáóéáóìü êáé íá äïèåß ôï ìçäåíéêü êáé áíôßèåôï äéÜíõóìá.]

(â) ¸óôù üôé P2 åßíáé ï äéáíõóìáôéêüò ÷þñïò ôùí ðïëõùíýìùí äåõôÝñïõ âáèìïý (P2 = ax2 + bx + c).
Íá äåé÷èåß üôé ôï õðïóýíïëï W1 ôïõ P2 ìå ôçí éäéüôçôá a + b + c = 0 åßíáé äéáíõóìáôéêüò õðü÷ùñïò
ôïõ P2 åíþ ôï õðïóýíïëï W2 ìå ôçí éäéüôçôá a + b + c = 1 äåí åßíáé õðü÷ùñïò ôïõ P2.

8. Íá äåé÷èåß üôé ôï ðéï êÜôù óýíïëï äéáíõóìÜôùí åßíáé ìéá âÜóç ôïõ M22 (óýíïëï ôùí 2×2 ðéíÜêùí)
[

3 6
3 −6

]
,

[
0 −1

−1 0

]
,

[
0 −8

−12 −4

]
,

[
1 0

−1 2

]
.

Íá âñåèåß ôï äéÜíõóìá ôùí óõíôåôáãìÝíùí ôïõ äéáíýóìáôïò
[

4 −3
−11 −8

]

ùò ðñïò ôçí ðéï ðÜíù âÜóç.

3


