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Íá ëõèïýí ðÝíôå (5) èÝìáôá.

1. (á) Íá âñåèåß ç áðüóôáóç ìåôáîý ôïõ óçìåßïõ (1, 4,−3) êáé ôçò åõèåßáò x = 2 + t, y =
−1− t, z = 3t.

(â) Íá âñåèåß ç åîßóùóç ôïõ åðéðÝäïõ ðïõ äéÝñ÷åôáé áðü ôá óçìåßá P (1, 0,−1) êáé Q(2, 1, 0)
êáé åßíáé ðáñÜëëçëï ìå ôçí åõèåßá ç ïðïßá åßíáé ç ôïìÞ ôùí åðéðÝäùí x + y + z = 5 êáé
3x− y = 4.

(ã) Áí ôá äéáíýóìáôá v1, v2 êáé v3 åßíáé ìç-ìçäåíéêÜ êáé êÜèåôá ìåôáîý ôïõò, ôüôå êÜèå
äéÜíõóìá v ∈ IR3 ìðïñåß íá ãñáöåß ùò ãñáììéêüò óõíäõáóìüò ôùí v1, v2 êáé v3. ÄçëáäÞ,

v = c1v1 + c2v2 + c3v3

üðïõ c1, c2, c3 åßíáé óôáèåñÝò. Íá áðïäåé÷èåß üôé

ci =
v · vi

‖vi‖2
, i = 1, 2, 3.

Íá äåé÷èåß üôé ôá äéáíýóìáôá v1 = 3i− j+2k, v2 = i+ j−k êáé v3 = i−5j−4k åßíáé êÜèåôá
ìåôáîý ôïõò. ×ñçóéìïðïéþíôáò ôï ðéï ðÜíù áðïôÝëåóìá íá ãñáöåß ôï äéÜíõóìá i − 2j + 3k
ùò ãñáììéêüò óõíäõáóìüò ôùí v1, v2 êáé v3.
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2. Íá äïèïýí ïé ïñéóìïß ôùí ìïíáäéáßùí äéáíõóìÜôùí T(t) êáé N(t).

Íá äåé÷èåß üôé ôá äéáíýóìáôá T êáé dT

ds
åßíáé êÜèåôá ìåôáîý ôïõò.

Ç êáìðõëüôçôá ïñßæåôáé áðü ôïí ôýðï κ =

∥∥∥∥∥
dT

ds

∥∥∥∥∥. Åðßóçò äßíåôáé üôé s =
∫ t

t0

∥∥∥∥∥
dr

du

∥∥∥∥∥ du. Íá

äåé÷èåß üôé
κ =

‖T′(t)‖
‖r′(t)‖ ,

dT

ds
= κN.

×ñçóéìïðïéþíôáò ôç ó÷Ýóç ãéá ôçí ôá÷ýôçôá, v = ‖v‖T =
ds

dt
T, íá áðïäåé÷èåß ç ó÷Ýóç ãéá

ôçí åðéôÜ÷õíóç,

a =
d2s

dt2
T + κ

(
ds

dt

)2

N.

¸íá óùìáôßäéï êéíåßôáé óå êáìðýëç ìå ðáñáìåôñéêÝò åîéóþóåéò

x(t) =
3

2
t2, y(t) =

4

3
t3.

Íá âñåèïýí ç åöáðôïìåíéêÞ êáé êÜèåôç óõíéóôþóá ôçò åðéôÜ÷õíóçò üôáí t = 1.

3. (á) (i) Íá äåé÷èåß üôé ôï üñéï
lim

(x,y)→(0,0)

xy

x2 + y2

äåí õðÜñ÷åé.
(ii) Íá äåé÷èåß üôé

lim
(x,y)→(0,0)

2x3 − y3

x2 + y2
= 0.

(â) Áí ïé óõíáñôÞóåéò f êáé g Ý÷ïõí ìåñéêÝò ðáñáãþãïõò äåýôåñçò ôÜîçò, íá äåé÷èåß üôé ç
u(x, t) = f(x + ct) + g(x− ct), üðïõ c åßíáé óôáèåñÜ, éêáíïðïéåß ôçí êõìáôéêÞ åîßóùóç

∂2u

∂t2
− c2∂2u

∂x2
= 0.

(ã) Äßíåôáé üôé Duf(1, 2) = −5 áí u = 3
5
i − 4

5
j êáé Dvf(1, 2) = 10 áí v = 4

5
i + 3

5
j. Íá

âñåèïýí:
(i) ∇f(1, 2)

(ii) ç êáôåõèõíôéêÞ ðáñÜãùãïò ôçò f óôï óçìåßï (1, 2) óôçí êáôåýèõíóç ôçò áñ÷Þò ôùí áîüíùí.

(ä) Íá âñåèåß ôï óçìåßï ôçò åðéöÜíåéáò z = x2− xy + y2− 2x + 4y óôï ïðïßï ôï åöáðôüìåíï
åðßðåäï åßíáé ïñéæüíôéï (äçëáäÞ, Ý÷åé åîßóùóç ôçò ìïñöÞò z =óôáèåñÜ).
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4. (á) Íá âñåèïýí ôá ó÷åôéêÜ áêñüôáôá êáé óáãìáôéêÜ óçìåßá (áí õðÜñ÷ïõí) ôçò óõíÜñôçóçò
f(x, y) = 3x2 + 6xy + 2y3 + 12x− 24y.

(â) Íá âñåèïýí ôá áðüëõôá áêñüôáôá ôçò óõíÜñôçóçò f(x, y) = x2 + y2− 2x óôï êëåéóôü êáé
öñáãìÝíï óýíïëï R, üðïõ R åßíáé ç ôñéãùíéêÞ ðåñéï÷Þ ìå êïñõöÝò (0,0), (0,2) êáé (2,0).

(ã) Íá âñåèïýí ôá óçìåßá ôçò åðéöÜíåéáò x2 − yz = 5 ôá ïðïßá åßíáé ôá ðëçóéÝóôåñá óôçí
áñ÷Þ ôùí áîüíùí.

5. (á) ¸óôù ï ðßíáêáò

A =




1 2 3
−1 1 2

1 5 −1


 .

Íá äåé÷èåß üôé A3 − A2 − 12A + 27I = 0, üðïõ I êáé 0 åßíáé ï ôáõôïôéêüò êáé ìçäåíéêüò
ðßíáêáò, áíôßóôïé÷á.
Áí ï A åßíáé áíôéóôñÝøéìïò, íá äåé÷èåß üôé 27A−1 = −A2 + A + 12I.
Óôç óõíÝ÷åéá íá õðïëïãéóôåß ï A−1.
Íá ëõèåß ôï ãñáììéêü óýóôçìá

x + 2y + 3z = 12
x− y − 2z = −4
x + 5y − z = 10

(â) ×ùñßò íá áíáðôõ÷èåß ç ïñßæïõóá (äçëáäÞ, íá ÷ñçóéìïðïéçèïýí ìüíï éäéüôçôåò ôùí ïñéæïõóþí),
íá äåé÷èåß üôé ∣∣∣∣∣∣∣

1 + x + x2 x x2

1 + y + y2 y y2

1 + z + z2 z z2

∣∣∣∣∣∣∣
= (x− y)(y − z)(z − x).

6. (á) (i) ¸óôù üôé V åßíáé Ýíáò äéáíõóìáôéêüò ÷þñïò. Íá äïèïýí ïé óõíèÞêåò Ýôóé þóôå ôï
óýíïëï W íá åßíáé õðü÷ùñïò ôïõ V .
(ii) ¸óôù v åßíáé Ýíá óõãêåêñéìÝíï äéÜíõóìá ôïõ IRn êáé S åßíáé ôï óýíïëï ôùí m×n ðéíÜêùí
A ôÝôïéïé þóôå Av = 0, üðïõ 0 åßíáé ìçäåíéêü äéÜíõóìá. Íá äïèåß ç äéÜóôáóç ôïõ ìçäåíéêïý
äéáíýóìáôïò êáé íá äåé÷èåß üôé ôï S åßíáé õðü÷ùñïò ôïõ Mmn (äéáíõóìáôéêüò ÷þñïò ôùí m×n
ðéíÜêùí).

(â) (i) Áí A êáé B åßíáé áíôéóôñÝøéìïé ðßíáêåò, íá äåé÷èåß üôé (AB)−1 = B−1A−1.
(ii) Áí A, B êáé C åßíáé áíôéóôñÝøéìïé ðßíáêåò ôÝôïéïé þóôå (BA−1)−1 = B+C, íá åêöñáóôåß
ï ðßíáêáò A óõíáñôÞóåé ôùí B êáé C.

(ã) Íá âñåèåß ç ôéìÞ ôçò óôáèåñÜò a, ãéá ôçí ïðïßá ôï óýóôçìá

x1 + x2 + 2x3 + x4 = 1
x1 + 3x2 + 2x3 − x4 = a

2x1 + x2 + 4x3 + 3x4 = 1

Ý÷åé ëýóåéò. Ãé' áõôÞ ôçí ôéìÞ ôïõ a íá ëõèåß ôï óýóôçìá.
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7. ×ñçóéìïðïéþíôáò ôïí êáôÜëëçëï áíôßóôñïöï ðßíáêá, íá ëõèåß ôï ãñáììéêü óýóôçìá

4x + 2y + z = 15
2x− y − 2z = −1
x− 2y − 3z = −7

.

Íá äåé÷èåß üôé ôá äéáíýóìáôá

(4, 2, 1), (2,−1,−2), (1,−2,−3)

áðïôåëïýí ìéá âÜóç ôïõ äéáíõóìáôéêïý ÷þñïõ IR3.
Íá âñåèïýí ïé óõíôåôáãìÝíåò ôï äéáíýóìáôïò (15,−1,−7) ùò ðñïò ôçí ðéï ðÜíù âÜóç.
×ñçóéìïðïéþíôáò ôçí äéáäéêáóßá ôùí Gram-Schmidt íá ìåôáó÷çìáôéóôåß ç ðéï ðÜíù âÜóç ôïõ
IR3 óå ïñèïêáíïíéêÞ.

8. (á) Íá ëõèåß ôï ãñáììéêü óýóôçìá (ìå ôç ìÝèïäï ôùí Gauss-Jordan)

x1 + 2x2 − 3x3 − x4 = 3
x1 + 3x2 + 2x3 − 2x4 = 15

2x1 + 5x2 + 3x3 − x4 = 28
3x1 + x2 + 2x3 + 5x4 = 24

.

Íá åîåôáóôåß áí ôá ðéï êÜôù óýíïëá åßíáé ãñáììéêÜ áíåîÜñôçôá:
[

1 1
2 3

]
,

[
2 3
5 1

]
,

[
−3 2

3 2

]
,

[
−1 −2
−1 5

]
,

x3 + x2 + 2x + 3, 3x3 + 15x2 + 28x + 24, − 3x3 + 2x2 + 3x + 2, x3 + 2x2 + x− 5.

(â) ¸óôù ïé ðßíáêåò

A =




1 3 5
2 5 6
1 2 2


 , B =




a −4 7
b 3 −4
1 −1 1


 , C =



−4 3 5

2 0 6
1 2 −3


 , D =




1 3 4
2 1 1
4 3 2


 .

Íá âñåèïýí ïé ôéìÝò ôùí óôáèåñþí a êáé b ôÝôïéåò þóôå ï ðßíáêáò B íá åßíáé ï áíôßóôñïöïò
ôïõ ðßíáêá A.
Íá ëõèåß ç åîßóùóç

CX + 5X = D

ùò ðñïò ôï ðßíáêá X.
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