
3.1 Íá âñåèåß ôï ðåäßï ïñéóìïý ôçò óõíÜñôçóçò f :

(i) f(x, y) = sin−1(x + y) (ii) f(x, y) =
√

4− x2

y2 + 3

(iii) f(x, y, z) =
√

25− x2 − y2 − z2 (iv) f(x, y, z) = z+ln(1−x2−y2)

3.2 (i) ¸óôù f(x, y, z) = x2 + y2 − z. Íá âñåèåß ç åîßóùóç ôçò éóïóôáèìéêÞò

åðéöÜíåéáò ç ïðïßá äéÝñ÷åôáé áðü ôï óçìåßï

(á) (1,-2,0) (â) (1,0,3) (ã) (0,0,0)

(ii) ¸óôù f(x, y, z) = xyz + 3. Íá âñåèåß ç åîßóùóç ôçò éóïóôáèìéêÞò

åðéöÜíåéáò ç ïðïßá äéÝñ÷åôáé áðü ôï óçìåßï

(á) (1,0,2) (â) (-2,4,1) (ã) (0,0,0)

3.3 Íá âñåèåß ç ðåñéï÷Þ üðïõ ç f åßíáé óõíå÷Þò.

(i) f(x, y, z) = 3x2eyz cos(xyz) (ii) f(x, y, z) = ln(4− x2 − y2 − z2)
(iii) f(x, y, z) = y+1

x2+y2−1
(iv) f(x, y, z) = sin

√
x2 + y2 + 3z2

3.4 Íá âñåèïýí ôá üñéá (áí õðÜñ÷ïõí):

(i) lim
(x,y)→(0,0)

ln(1 + x2y3) (ii) lim
(x,y)→(0,0)

3
x2 + 2y2

(iii) lim
(x,y)→(0,0)

sin(x2 + y2)
x2 + y2

(iv) lim
(x,y)→(0,0)

xy

3x2 + 2y2

(v) lim
(x,y)→(0,0)

1− x2 − y2

x2 + y2
(vi) lim

(x,y)→(0,0)
y ln(x2 + y2)

3.5 Íá âñåèïýí ôá üñéá (áí õðÜñ÷ïõí):

(i) lim
(x,y)→(0,1)

tan−1

[
x2 + 1

x2 + (y − 1)2

]
(ii) lim

(x,y)→(0,1)
tan−1

[
x2 − 1

x2 + (y − 1)2

]
3.6 ¸óôù ç óõíÜñôçóç

f(x, y) =

{
sin(x2+y2)

x2+y2 , (x, y) 6= (0, 0)
1, (x, y) = (0, 0)

Íá äåé÷èåß üôé ç f åßíáé óõíå÷Þò óôï óçìåßï (0, 0).
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3.7 Íá âñåèïýí ïé fx(x, y) êáé fy(x, y) ãéá ôéò ðéï êÜôù óõíáñôÞóåéò

(i) f(x, y) = y−
3
2 tan−1

(
x
y

)
(ii) f(x, y) = x3e−y + y3 sec

√
x

(iii) f(x, y) = (y2 tanx)−
4
3 (iv) f(x, y) = cosh(

√
x) sinh2(xy2)

3.8 ×ñçóéìïðïéþíôáò ðëåãìÝíç ðáñáãþãéóç, íá âñåèïýí ïé ∂z
∂x êáé ∂z

∂y .

(i) (x2 + y2 + z2)
3
2 = 1 (ii) x2 + z sin(xyz) = 0

3.9 Íá äåé÷èåß üôé ïé ðéï êÜôù óõíáñôÞóåéò éêáíïðïéïýí ôçí åîßóùóç ôïõ

Laplace,

∂2f

∂x2
+

∂2f

∂y2
= 0.

(i) f(x, y) = ex sin y + ey sinx

(ii) f(x, y) = ln(x2 + y2)
(iii) f(x, y) = tan−1 2xy

x2−y2

3.10 Íá âñåèåß ç êëßóç ôçò åöáðôüìåíçò åõèåßáò óôï óçìåßï (−1, 1, 5) ôçò

êáìðýëçò ç ïðïßá åßíáé ç ôïìÞ ôçò åðéöÜíåéáò z = x2 + 4y2 êáé

(i) ôïõ åðéðÝäïõ x = −1 (ii) ôïõ åðéðÝäïõ y = 1

3.11 ¸óôù ç óõíÜñôçóç

f(x, y) =
{ xy

x2+y2 , (x, y) 6= (0, 0)
0, (x, y) = (0, 0)

Íá áðïäåé÷èåß üôé ïé ìåñéêÝò ðáñÜãùãïé fx(0, 0) êáé fy(0, 0) õðÜñ÷ïõí, áëëÜ
ç f äåí åßíáé óõíå÷Þò óôï óçìåßï (0, 0).

3.12 ×ñçóéìïðïéþíôáò ôïí êáíüíá áëõóßäáò, íá âñåèåß ç dz
dt

(i) z = 3x2y3, x = t4, y = t2

(ii) z = ln(2x2 + y), x =
√

t, y = t
2
3

(iii) z = 3 cos x− sinxy, x = 1
t , y = 3t

(iv) z =
√

1 + x− 2xy4, x = ln t, y = t
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3.13 ×ñçóéìïðïéþíôáò ôïí êáíüíá áëõóßäáò, íá âñåèïýí ïé ∂z
∂u êáé ∂z

∂v

(i) z = 3x− 2y, x = u + v lnu, y = u2 − v ln v

(ii) z = ex2y, x =
√

uv, y = 1
v

(iii) z = cos x sin y, x = u− v, y = u2 + v2

(iv) z = tan−1(x2 + y2), x = eu sin v, y = eu cos v

3.14 (i) ¸óôù z = exf(x− y). Íá äåé÷èåß üôé

∂z

∂x
+

∂z

∂y
= z.

(ii) ¸óôù z = f(y + cx) + g(y − cx), üðïõ c 6= 0. Íá äåé÷èåß üôé

∂2z

∂x2
= c2 ∂2z

∂y2
.

3.15 ×ñçóéìïðïéþíôáò ïëéêü äéáöïñéêü, íá âñåèåß êáôÜ ðñïóÝããéóç ç áëëáãÞ

ôçò f(x, y) üôáí (x, y) áëëÜæåé áðü ôï P óôï Q.

(i) f(x, y) = x+y
xy , P (−1,−1), Q(−1.02,−2.04)

(ii) f(x, y) = ln
√

1 + xy, P (0, 2), Q(−0.09, 1.98)

3.16 (i) Íá äåé÷èåß üôé ïé åðéöÜíåéåò z =
√

x2 + y2 êáé z = 1
10(x2 + y2) + 5

2
ôÝìíïíôáé óôï (3, 4, 5) êáé üôé Ý÷ïõí êïéíü åöáðôüìåíï åðßðåäï óå áõôü ôï

óçìåßï.

(ii) Íá äåé÷èåß üôé ïé åðéöÜíåéåò z =
√

16− x2 − y2 êáé z =
√

x2 + y2

ôÝìíïíôáé óôï (2, 2, 2
√

2) êáé üôé Ý÷ïõí åöáðôüìåíá åðßðåäá ôá ïðïßá ôÝìíïíôáé

êÜèåôá óå áõôü ôï óçìåßï.

3.17 Ç ãùíßá θ åíüò ïñèïãùíßïõ ôñéãþíïõ õðïëïãßæåôáé áðü ôïí ôýðï

θ = sin−1 a

c

üðïõ a åßíáé ôï ìÞêïò ôçò ðëåõñÜò ðïõ åßíáé áðÝíáíôé ôïõ θ êáé c åßíáé ôï ìÞêïò
ôçò õðïôßíïõóáò. ÕðïèÝôïõìå üôé ïé ìåôñÞóåéò a = 3cm êáé c = 5cm Ý÷ïõí ç

êÜèå ìéá ìÝãéóôï äõíáôü óöÜëìá ßóï ìå 0.01cm. ×ñçóéìïðïéþíôáò äéáöïñéêÜ,

íá âñåèåß êáôÜ ðñïóÝããéóç ôï ìÝãéóôï äõíáôü óöÜëìá óôïí õðïëïãéóìü ôçò θ.
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3.18 Íá âñåèïýí üëá ôá óçìåßá ôïìÞò ôçò åõèåßáò x = −1 + t, y = 2 + t, z =
2t + 7 êáé ôçò åðéöÜíåéáò z = x2 + y2. Ãéá êÜèå óçìåßï ôïìÞò, íá âñåèåß

ôï óõíçìßôïíï ôçò ïîåßáò ãùíßáò ðïõ ó÷çìáôßæåé ç êÜèåôïò óôï óçìåßï ìå ôç

äïóìÝíç åõèåßá.

3.19Íá âñåèåß ç êáôåõèõíôéêÞ ðáñÜãùãïò ôçò f óôï óçìåßï P óôçí êáôåýèõíóç

ôïõ a.

(i) f(x, y) = y2 lnx, P (1, 4), a = −3i + 3j
(ii) f(x, y) = ex cos y, P (0, π

4 ), a = 5i− 2j
(iii) f(x, y) = tan−1

( y
x

)
, P (−2, 2), a = −i− j

(iv) f(x, y) = xey − yex, P (0, 0), a = 5i− 2j

3.20 Íá âñåèåß ôï ìïíáäéáßï äéÜíõóìá óôçí êáôåýèõíóç óôçí ïðïßá ç f Ý÷åé

ôç ìÝãéóôç áýîçóç óôï óçìåßï P . Íá âñåèåß ï ñõèìüò ìåôáâïëÞò ôçò f óôï

óçìåßï P óå áõôÞ ôçí êáôåýèõíóç.

(i) f(x, y) = 20− x2 − y2, P (−1,−3)
(ii) f(x, y) = exy, P (2, 3)
(iii) f(x, y) = cos(3x− y), P (π

6 , π
4 )

(iv) f(x, y) =
√

x−y
x+y , P (3, 1)

3.21 (i) ¸óôù f(x, y) = y
x+y . Íá âñåèåß ôï ìïíáäéáßï äéÜíõóìá u ãéá ôï ïðïßï

Duf(2, 3) = 0.
(ii) Íá âñåèåß ôï ìïíáäéáßï äéÜíõóìá u ôï ïðïßï åßíáé êÜèåôï óôï P (1,−2)
óôçí éóïóôáèìéêÞ êáìðýëç ôçò f(x, y) = 4x2y ðïõ äßåñ÷åôáé áðü ôï óçìåßï P .

(iii) Íá âñåèåß ôï ìïíáäéáßï äéÜíõóìá u ôï ïðïßï åßíáé êÜèåôï óôï P (2,−3)
óôçí éóïóôáèìéêÞ êáìðýëç ôçò f(x, y) = 3x2y−xy ðïõ äéÝñ÷åôáé áðü ôï óçìåßï

P .

3.22 Äßíåôáé üôé Duf(1, 2) = −5 áí u = 3
5 i −

4
5 j êáé Dvf(1, 2) = −5 áí

v = 4
5 i + 3

5 j. Íá âñåèïýí:

(i) fx(1, 2), fy(1, 2)
(ii) ç êáôåõèõíôéêÞ ðáñÜãùãïò ôçò f óôï óçìåßï (1, 2) óôçí êáôåýèõíóç ôçò

áñ÷Þò ôùí áîüíùí.
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3.23 Ç èåñìïêñáóßá óôï óçìåßï (x, y) ìéáò ìåôáëëéêÞò ðëÜêáò óôï åðßðåäï xy
ïñßæåôáé áðü ôïí ôýðï T (x, y) = xy

1+x2+y2 .

(i) Íá âñåèåß ï ñõèìüò ìåôáâïëÞò ôçò èåñìïêñáóßáò óôï (1, 1) óôçí êáôåýèõíóç
ôïõ a = 2i− j.

(ii) ¸íá ìõñìÞãêé âñßóêåôáé óôï (1, 1) êáé èÝëåé íá ðåñðáôÞóåé óôçí êáôåýèõíóç

üðïõ ç èåñìïêñáóßá Ý÷åé ôçí ìÝãéóôç ìåßùóç. Íá âñåèåß áõôÞ ç êáôåýèõíóç.

3.24 Áí f êáé g åßíáé ðáñáãùãßóéìåò, ôüôå íá áðïäåé÷èåß üôé

(i) ∇(f + g) = ∇f +∇g

(ii) ∇(cf) = c∇f , üðïõ c åßíáé óôáèåñÜ.

3.25 Íá âñåèïýí ôá ó÷åôéêÜ ìÝãéóôá, ó÷åôéêÜ åëÜ÷éóôá êáé óáãìáôéêÜ óçìåßá.

(i) f(x, y) = 2x2 − 4xy + y4 + 2
(ii) f(x, y) = x2 + y − ey

(iii) f(x, y) = 2y2x− yx2 + 4xy

(iv) f(x, y) = y sinx

3.26 Íá âñåèïýí ôá áðüëõôá áêñüôáôá ôùí ðéï êÜôù óõíáñôÞóåùí óôï äïóìÝíï

êëåéóôü êáé öñáãìÝíï óýíïëï R.

(i) f(x, y) = xy − x − 3y êáé R åßíáé ç ôñéãùíéêÞ ðåñéï÷Þ ìå êïñõöÝò (0,0),

(0,4) êáé (5,0).

(ii) f(x, y) = x2−3y2−2x+6y êáé R åßíáé ç ôåôñáãùíéêÞ ðåñéï÷Þ ìå êïñõöÝò

(0,0), (0,2), (2,2) êáé (2,0).

(iii) f(x, y) = x2 + 2y2 − x êáé R åßíáé ç êõêëéêÞ ðåñéï÷Þ x2 + y2 ≤ 4.

3.27 (i) Íá âñåèïýí üëá ôá óçìåßá ðÜíù óôï åðßðåäï x + y + z = 5 óôï ðñþôï

ïêôçìüñéï ãéá ôá ïðïßá ç óõíÜñôçóç f(x, y, z) = xy2z2 Ý÷åé ìÝãéóôç ôéìÞ.

(ii) Íá âñåèïýí ôá óçìåßá ôçò åðéöÜíåéáò x2−yz = 5 ôá ïðïßá åßíáé ðëçóéÝóôåñá

óôçí áñ÷Þ ôùí áîüíùí.

3.28 (i) ×ñçóéìðïéþíôáò ôéò ìåèüäïõò ôçò åíüôçôáò 3.7, íá âñåèåß ç áðüóôáóç

ìåôáîý ôùí åõèåéþí x = 3t, y = 2t, z = t êáé x = 2t, y = 2t + 3, z = 2t.

(ii) ×ñçóéìðïéþíôáò ôéò ìåèüäïõò ôçò åíüôçôáò 3.7, íá âñåèåß ç áðüóôáóç ôïõ

óçìåßïõ (−1, 3, 2) áðü ôï åðßðåäï x− 2y + z = 4.
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3.29×ñçóéìïðïéþíôáò ðïëëáðëáóéáóôÝò ôïõ Lagrange, íá âñåèïýí ôá áêñüôáôá

ôçò f õðïêåßìåíç óôéò äïóìÝíåò óõíèÞêåò. Åðßóçò íá âñåèïýí ôá óçìåßá óôá

ïðïßá óõìâáßíïõí ïé ôá áêñüôáôá.

(i) f(x, y) = xy, 4x2 + 8y2 = 16
(ii) f(x, y) = x2 − y, x2 + y2 = 25
(iii) f(x, y, z) = 3x + 6y + 2z, 2x2 + 4y2 + z2 = 70
(iv) f(x, y, z) = xyz, x2 + y2 + z2 = 1

3.30 ×ñçóéìïðïéþíôáò ðïëëáðëáóéáóôÝò ôïõ Lagrange, íá ëõèïýí ôá ðéï êÜôù

ðñïâëÞìáôá.

(i) Íá âñåèåß ôï óçìåßï ôçò åõèåßáò y = 2x+3 ôï ïðïßï åßíáé ðëçóéÝóôåñï óôï

(4,2).

(ii) Íá âñåèåß ôï óçìåßï ôïõ åðéðÝäïõ x+2y+z = 1 ôï ïðïßï åßíáé ðëçóéÝóôåñï

óôçí áñ÷Þ ôùí áîüíùí.

(iii) Íá âñåèåß ôï óçìåßï ôïõ åðéðÝäïõ 4x + 3y + z = 2 ôï ïðïßï åßíáé

ðëçóéÝóôåñï óôï (1,-1,1).

(iv) Íá âñåèïýí ôá óçìåßá ôçò åðéöÜíåéáò xy−z2 = 1 ôá ïðïßá åßíáé ðëçóéÝóôåñá

óôçí áñ÷Þ ôùí áîüíùí.
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