
2.1 (i) Íá âñåèïýí ïé óõíôåôáãìÝíåò ôïõ óçìåßïõ óôï ïðïßï ç åõèåßá r =
(2 + t)i + (1− 2t)j + 3tk ôÝìíåé ôï åðßðåäï xz.

(ii) Íá âñåèïýí ïé óõíôåôáãìÝíåò ôïõ óçìåßïõ óôï ïðïßï ç åõèåßá r = ti+(1+
2t)j− 3tk ôÝìíåé ôï åðßðåäï 3x− y − z = 2.

2.2 Íá õðïëïãéóôïýí ôá üñéá

(i) lim
t→2

(ti− 3j + t2k)

(ii) lim
t→π

(cos 3ti + e−tj +
√

tk)

(iii) lim
t→+∞

(
tan−1 ti +

t

t2 + 3
j + cos

2
t
k
)

(iv) lim
t→1

(
3
t2

i +
ln t

t2 − 1
j + sin 2tk

)
2.3 (i) Íá äåé÷èåß üôé ïé ãñáöéêÝò ðáñáóôÜóåéò ôùí r1(t) = t2i + tj + 3t3k êáé

r2(t) = (t− 1)i + 1
4 t2j + (5− t)k ôÝìíïíôáé óôï óçìåßï P (1, 1, 3). Íá âñåèåß

ç ãùíßá ðïõ ó÷çìáôßæïõí ïé åöáðôïìÝíåò ôùí r1 êáé r2 óôï óçìåßï P .

(ii) Íá äåé÷èåß üôé ïé ãñáöéêÝò ðáñáóôÜóåéò ôùí r1(t) = 2e−ti+(cos t)j+(t2 +
3)k êáé r2(t) = (1− t)i + t2j + (t3 + 4)k ôÝìíïíôáé óôï óçìåßï P (2, 1, 3). Íá
âñåèåß ç ãùíßá ðïõ ó÷çìáôßæïõí ïé åöáðôïìÝíåò ôùí r1 êáé r2 óôï óçìåßï P .

2.4 ×ñçóéìïðïéþíôáò ôïí êáíüíá áëõóßäáò íá âñåèåß ç dr
du :

(i) r = ti + t2j, t = 4u + 1
(ii) r = 3 cos ti + 3 sin tj, t = πu

2.5 ¸óôù r(t) = (a cos t)i + (a sin t)j, a > 0. Íá äåé÷èåß üôé r(t) · r′(t) = 0.
Íá äïèåß ç ãåùìåôñéêÞ åñìçíåßá áõôïý ôïõ áðïôåëÝóìáôïò.

2.6 Íá áðïäåé÷èåß üôé

d
dt

[
r
‖r‖

]
=

1
‖r‖

r′ − r · r′

‖r‖3
r.

2.7 Íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá:

(i)

∫ (
t2i− 2tj +

1
t
k
)

dt

(ii)

∫ (
e−ti + etj + 3t2k

)
dt
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(iii)

∫ 1

0

(
e2ti + e−tj + tk

)
dt

(iv)

∫ 3

−3

(
(3− t)3/2i + (3 + t)3/2j + k

)
dt

2.8 (i) Äßíåôáé üôé r′′(t) = i + etj, r(0) = 2i, r′(0) = j. Íá âñåèåß ôï r(t).
(ii) Äßíåôáé üôé r′(t) = e−2ti+(cos t)j−k, r(0) = 3j+2k. Íá âñåèåß ôï r(t).
(iii) Äßíåôáé üôé r′(t) = 2i + t

t2+1
j + tk, r(1) = 0. Íá âñåèåß ôï r(t).

(iv) Äßíåôáé üôé r′′(t) = (4 sin 2t)i + 6tj + e−tk, r(0) = 2i, r′(0) = k. Íá

âñåèåß ôï r(t).

2.9Íá âñåèåß ôï ìÞêïò ôüîïõ ôùí ðéï êÜôù êáìðõëþí óôï äéÜóôçìá ðïõ äßíåôáé:

(i) r(t) = 3 cos ti + 3 sin tj + tk, 0 ≤ t ≤ 2π

(ii) r(t) = cos3 ti + sin3 tj + 2k, 0 ≤ t ≤ π
2

(iii) r(t) = eti + e−tj +
√

2tk, 0 ≤ t ≤ 1

(iv) r(t) = 1
2 ti + 1

3(1− t)
3
2 j + 1

3(1 + t)
3
2 k, − 1 ≤ t ≤ 1

2.10Íá âñåèïýí ïé ðáñáìåôñéêÝò åîéóþóåéò ôùí ðéï êÜôù êáìðõëþí óõíáñôÞóåé

ôçò ðáñáìÝôñïõ s (ìÞêïò ôüîïõ). Íá ÷ñçóéìïðïéçèåß ùò óçìåßï áíáöïñÜò ôï

óçìåßï ôçò êáìðýëçò üðïõ t = 0.
(i) r(t) = (1 + t)2i + (1 + t)3j, 0 ≤ t ≤ 1
(ii) r(t) = (et cos t)i + (et sin t)j, 0 ≤ t ≤ π

2

(iii) r(t) = sin(et)i + cos(et)j +
√

3etk, t ≥ 0

(iv) r(t) = (t cos t)i + (t sin t)j + 2
3

√
2t

3
2 k, t ≥ 0

2.11 Íá äåé÷èåß üôé óå êõëéíäñéêåò óõíôåôáãìÝíåò ìéá êáìðýëç ç ïðïßá ïñßæåôáé

ðáñáìåôñéêÜ, r = r(t), θ = θ(t), z = z(t), a ≤ t ≤ b, Ý÷åé ìÞêïò ôüîïõ

L =
∫ b

a

√(
dr

dt

)2

+ r2

(
dθ

dt

)2

+
(

dz

dt

)2

dt.

×ñçóéìïðïéþíôáò ôïí ðéï ðÜíù ôýðï íá âñåèåß ôï ìÞêïò ôüîïõ ôùí ðéï êÜôù

êáìðõëþí óôï äéÜóôçìá ðïõ äßíåôáé:

(i) r = e2t, θ = t, z = e2t, 0 ≤ t ≤ ln 2
(ii) r = t2, θ = ln t, z = 1

3 t3, 1 ≤ t ≤ 2

2.12 Íá âñåèåß ôï ìïíáäéáßï åöáðôüìåíï äéÜíõóìá T êáé ìïíáäéáßï êÜèåôï

äéÜíõóìá N ãéá ôéò ðéï êÜôù êáìðýëåò óôï óçìåßï ðïõ äßíåôáé:
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(i) r(t) = 3 cos ti + 4 sin tj + tk, t = π
2

(ii) x = et cos t, y = et sin t, z = et, t = 0
(iii) r(t) = i + tj + t2k, t = 1
(iv) x = cosh t, y = sinh t, z = t, t = ln 2

2.13 ¸÷ïõìå äåé üôé ôï äéÜíõóìá N Ý÷åé ôçí êáôåýèõíóç ôïõ äéáíýóìáôïò T′ =
d
dt

[
r′

‖r′‖

]
. ×ñçóéìïðïéþíôáò ôçí Üóêçóç 2.6, íá äåé÷èåß üôé äéÜíõóìá N Ý÷åé

åðßóçò ôçí êáôåýèõíóç ôïõ äéáíýóìáôïò u = ‖r′‖2r′′− (r′ · r′′)r′ êáé åðïìÝíùò
ôï ìïíáäéáßï äéÜíõóìá N ìðïñåß íá õðïëïãéóôåß áðü ôïí ôýðï N = u

‖u‖ .

×ñçóéìïðïéþíôáò ôïí ðéï ðÜíù ôýðï íá âñåèåß ìïíáäéáßï êÜèåôï äéÜíõóìá N
ãéá ôéò ðéï êÜôù êáìðýëåò óôï óçìåßï ðïõ äßíåôáé:

(i) x = et, y = e−t, z = t, t = 0
(ii) r(t) = ti + 1

2 t2j + 1
3 t3k, t = 0

(iii) x = sin t, y = cos t, z = 1
2 t2, t = 0

2.14 (i) Íá äåé÷èåß üôé ãéá ôçí êáìðýëç y = f(x), ç êáìðõëüôçôá κ(x) äßíåôáé
áðü ôïí ôýðï

κ(x) =

∣∣∣d2y
dx2

∣∣∣[
1 +

(
dy
dx

)2
] 3

2

.

(ii) Íá äåé÷èåß üôé ãéá ôçí êáìðýëç r = x(t)i + y(t)j, ç êáìðõëüôçôá äßíåôáé

áðü ôïí ôýðï

κ =
|x′y′′ − x′′y′|
(x′2 + y′2)

3
2

(iii) Íá äåé÷èåß üôé ìéá êáìðýëç óå ðïëéêÝò óõíôåôáãìÝíåò ç ïðïßá ðåñéãñÜöåôáé

áðü ôçí åîßóùóç r = f(θ) Ý÷åé êáìðõëüôçôá ßóç ìå

κ =

[
r2 + 2

(
dr
dθ

)2 − r d2r
dθ2

]
[
r2 +

(
dr
dθ

)2
] 3

2

2.15 ×ñçóéìïðïéþíôáò ôïí êáôÜëëçëï ôýðï, íá âñåèåß ç êáìðõëüôçôá ôùí ðéï

êÜôù êáìðýëùí óôï äïóìÝíï óçìåßï:
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(i) y = 1
3x3, x = 0

(ii) y = e−x, x = 1
(iii) y2 − 4x2 = 9, (2, 5)

2.16 ×ñçóéìïðïéþíôáò ôïí êáôÜëëçëï ôýðï, íá âñåèåß ç êáìðõëüôçôá ôùí ðéï

êÜôù êáìðýëùí óôï äïóìÝíï óçìåßï:

(i) r(t) = (4 cos t)i + (sin t)j, t = π
2

(ii) x = 1− t3, y = 1− t2, t = 1
(iii) x = 2abt, y = b2t2, t = 1, (a > 0, b > 0)

2.17 ×ñçóéìïðïéþíôáò ôïí êáôÜëëçëï ôýðï, íá âñåèåß ç êáìðõëüôçôá ôùí ðéï

êÜôù êáìðýëùí óôï äïóìÝíï óçìåßï:

(i) r = θ, θ = 1
(ii) r = a(1 + cos θ), θ = π

2

(iii) r = e2θ, θ = 1

2.18 (i) Íá âñåèåß ç åëÜ÷éóôç êáé ìÝãéóôç ôéìÞ ôçò áêôßíáò êáìðõëüôçôáò ôçò

êáìðýëçò x = cos t, y = sin t, z = cos t.

(ii) Íá âñåèåß ç ìÝãéóôç ôéìÞ ôçò áêôßíáò êáìðõëüôçôáò ôçò êáìðýëçò x =
et, y = e−t, z =

√
2t.

2.19 ¸óôù r(t) = (ln t)i + 2tj + t2k. Íá âñåèïýí:

(i) ‖r′(t)‖ (ii)
ds

dt
(iii)

∫ 3

1
‖r′(t)‖dt

2.20¸óôù ç êáìðýëçC ç ïðïßá ïñßæåôáé ðáñáìåôñéêÜ óõíáñôÞóåé ôçò ðáñáìÝôñïõ

ìÞêïõò ôüîïõ,

x =
3
5
s + 1, y =

4
5
s− 2, 0 ≤ s ≤ 10

(i) Íá âñåèåß ôï T(s).
(ii) Íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôçò êáìðýëçò êáé ôïõ äéáíýóìáôïò T(5).

2.21 (i) Ç êßíçóç åíüò óùìáôéäßïõ ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç

r = (t− t2)i− t2j. Íá âñåèåß ç åëÜ÷éóôç ôá÷ýôçôá ôïõ óùìáôéäßïõ êáé ç èÝóç

ôïõ üôáí Ý÷åé áõôÞ ôç ôá÷ýôçôá.

(ii) Íá âñåèåß ç ìÝãéóôç êáé ç åëÜ÷éóôç ôá÷ýôçôá ôïõ óùìáôéäßïõ ôïõ ïðïßïõ ç

êßíçóç ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç r = sin 3ti− 2 cos 3tj.
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(iii) Íá âñåèåß ç ìÝãéóôç êáé ç åëÜ÷éóôç ôá÷ýôçôá ôïõ óùìáôéäßïõ ôïõ ïðïßïõ ç

êßíçóç ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç r = 3 cos 2ti + sin 2tj +
4tk.

2.22 Íá âñåèåß ôï óçìåßï ðÜíù óôç ôñï÷éÜ

r = (t2 − 5t)i + (2t + 1)j + 3t2k

óôï ïðïßï ç ôá÷ýôçôá ôÝìíåé êÜèåôá ôçí åðéôÜ÷õíóç.

2.23 (i) ¸íá óùìáôßäéï êéíåßôáé êáôÜ ìÞêïò ôçò ðáñáâïëÞò y = x2 ìå óôáèåñÞ

ôá÷ýôçôá 3 ìïíÜäåò/sec. Íá âñåèåß ç êÜèåôç óõíéóôþóá ôçò åðéôÜ÷õíóçò ùò

óõíÜñôçóç ôïõ x.

(ii) ¸íá óùìáôßäéï êéíåßôáé êáôÜ ìÞêïò ôçò êáìðýëçò y = ex ìå óôáèåñÞ

ôá÷ýôçôá 2 ìïíÜäåò/sec. Íá âñåèåß ç êÜèåôç óõíéóôþóá ôçò åðéôÜ÷õíóçò ùò

óõíÜñôçóç ôïõ x.

2.24 ¸íá óùìáôßäéï åêôïîåýåôáé áðü ôï Ýäáöïò ìå ôá÷ýôçôá 980 m/sec ðïõ

ó÷çìáôßæåé ãùíßá 45o ìå ôçí ïñéæüíôéá. Íá âñåèïýí:

(i) ïé ðáñáìåôñéêÝò åîéóþóåéò ôçò ôñï÷éÜò ôïõ óùìáôéäßïõ,

(ii) ôï ìÝãéóôï ýøïò ðïõ èá öèÜóåé ôï óùìáôßäéï,

(iii) ç ïñéæüíôéá áðüóôáóç ðïõ èá êáëýøåé ôï óùìáôßäéï,

(iv) ç ôá÷ýôçôá ôïõ óùìáôéäßïõ üôáí èá åðéóôñÝøåé óôï Ýäáöïò.

2.25 ¸íá óùìáôßäéï åêôïîåýåôáé áðü êôßñéï ðïõ Ý÷åé ýøïò 168m ìå ôá÷ýôçôá

80 m/sec ðïõ ó÷çìáôßæåé ãùíßá 60o ìå ôçí ïñéæüíôéá. Íá âñåèåß ç áðüóôáóç

ôïõ óçìåßïõ óôï Ýäáöïò üðïõ èá êôõðÞóåé ôï óùìáôßäéï, áðü ôï êôßñéï.

2.26 ¸íá óùìáôßäéï ðÝöôåé áðü ôñáðÝæé ýøïõò 4 ft åíþ âñéóêüôáí óå êßíçóç

ìå óôáèåñÞ ôá÷ýôçôá 5 ft/sec.

(i) Íá âñåèåß ï ÷ñüíïò ðïõ ÷ñåéÜóôçêå ôï óùìáôßäéï áðü ôç óôéãìÞ ðïõ Ýðåóå

áðü ôï ôñáðÝæé ìÝ÷ñé íá öèÜóåé óôï Ýäáöïò.

(ii) Íá âñåèåß ç ôá÷ýôçôá ôïõ óùìáôéäßïõ üôáí èá êôõðÞóåé óôï Ýäáöïò.

(iii) Áí ôç ßäéá ÷ñïíéêÞ óôéãìÞ üðïõ ôï óùìáôßäéï Ýðåöôå áðü ôï ôñáðÝæé, Ýíá

äåýôåñï óùìáôßäéï áöÞíåôáé íá ðÝóåé (äçëáäÞ, ç áñ÷éêÞ ôá÷ýôçôá åßíáé ìçäÝí)

áðü ôï ýøïò ôïõ ôñáðåæéïý. Íá âñåèåß ðïéï óùìáôßäéï èá êôõðÞóåé ðñþôï ôï

Ýäáöïò.
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