
ÁÓÊÇÓÅÉÓ

1.1 Íá ðåñéãñáöåß ç åðéöÜíåéá ôçò ïðïßáò ç åîßóùóç äßíåôáé ðéï êÜôù.

(i) x2 + y2 + z2 − 2x− 6y − 8z + 1 = 0
(ii) 2x2 + 2y2 + 2z2 − 2x− 3y + 5z − 2 = 0
(iii) x2 + y2 + z2 + 2x− 2y + 2z + 3 = 0
(iv) x2 + y2 + z2 − 3x + 4y − 8z + 25 = 0

1.2 Íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôùí ðéï êÜôù åðéöáíåéþí:

(i) x2 + y2 = 25 (ii) y2 + z2 (iii) x2 + z2 = 25
(iv) y = sinx (v) z = cos x

1.3Íá äåé÷èåß üôé ãéá üëåò ôéò ôéìÝò ôïõ θ êáé φ ôï óçìåßï (a sinφ cos θ, a sinφ sin θ, a cos φ)
âñßóêåôáé ðÜíù óôç óöáßñá x2 + y2 + z2 = a2.

1.4 (i) ¸óôù u = (1, 0, 1), v = (3, 2, 0), w = (0, 1, 1). Íá âñåèïýí (áí

õðÜñ÷ïõí) óôáèåñÝò c1, c2, c3 ôÝôïéåò þóôå

c1u + c2v + c3w = (−1, 1, 5).

(ii) ¸óôù u − i − j, v = 3i + k,w = 4i − j + k. Íá âñåèïýí (áí õðÜñ÷ïõí)

óôáèåñÝò c1, c2, c3 ôÝôïéåò þóôå

c1u + c2v + c3w = 2i + j− k.

1.5 ¸óôù r0 = (x0, y0, z0) êáé r = (x, y, z). Íá ðåñéãñáöåß ôï óýíïëï ôùí

óçìåßùí (x, y, z) ãéá ôá ïðïßá

(i) ‖r‖ = 2 (ii) ‖r− r0‖ = 3 (iii) ‖r− r0‖ ≤ 1

1.6 (i) Íá âñåèåß ôï äéÜíõóìá ðïõ Ý÷åé ôçí ßäéá êáôåýèõíóç ìå ôï u = (7, 0,−6),
áëëÜ ìå äéðëÜóéï ìÞêïò áðü ôï u.

(ii) Íá âñåèåß ôï äéÜíõóìá ðïõ Ý÷åé áíôßèåôç êáôåýèõíóç ìå ôï u = −3i+4j+k,
áëëÜ ìå äéðëÜóéï ìÞêïò áðü ôï u.

1.7 Íá äåé÷èåß üôé ôá äéåõèýíïíôá óõíçìßôïíá åíüò äéáíýóìáôïò éêáíïðïéïýí

ôçí åîßóùóç

cos2 α + cos2 β + cos2 γ = 1.
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1.8 Äßíïíôáé ôá óçìåßá Á(1,1,0), Â(-2,3,-4) êáé P(-3,1,2).

(i) Íá âñåèåß ‖proj−→
AB

−→
AP‖

(ii) Íá âñåèåß ç áðüóôáóç ôïõ P áðü ôçí åõèåßá ðïõ äéÝñ÷åôáé áðü ôá óçìåßá

Á êáé Â.

1.9 Áí ôá äéáíýóìáôá v1, v2 êáé v3 åßíáé ìç-ìçäåíéêÜ êáé êÜèåôá ìåôáîý ôïõò,

ôüôå íá áðïäåé÷èåß üôé êÜèå äéÜíõóìá v ∈ IR3 ìðïñåß íá ãñáöåß ùò

v = c1v1 + c2v2 + c3v3

üðïõ

ci =
v · v1

‖vi‖2
, i = 1, 2, 3.

Íá äåé÷èåß üôé ôá äéáíýóìáôá v1 = 3i − j + 2k, v2 = i + j − k êáé v3 =
i−5j−4k åßíáé êÜèåôá ìåôáîý ôïõò. ×ñçóéìïðïéþíôáò ôï ðéï ðÜíù áðïôÝëåóìá

íá ãñáöåß ôï äéÜíõóìá i− j + k ùò ãñáììéêüò óõíäõáóìüò ôùí v1, v2 êáé v3.

1.10 Íá âñåèåß ôï åìâáäü ôïõ ôñéãþíïõ ðïõ Ý÷åé êïñõöÝò A(1, 0, 1), B(0, 2, 3)
êáé C(2, 1, 0). Óôç óõíÝ÷åéá íá âñåèåß ôï ìÞêïò ôïõ ýøïõò áðü ôç êïñõöÞ C
óôç ðëåõñÜ AB.

1.11 Íá áðïäåé÷èïýí ôá ðéï êÜôù

(i) (u + kv)× v = u× v

(ii) u · v ×w = u× v ·w

1.12 Íá áðïäåé÷èåß üôé

u× (v ×w) = (u ·w)v − (u · v)w.

1.13 (i) Íá âñåèïýí ôá óçìåßá óôá ïðïßá ç åõèåßá x = −2, y = 4 + 2t, z =
−3 + t ôÝìíåé ôï xy-åðßðåäï, ôï xz-åðßðåäï êáé ôï yz-åðßðåäï.

(ii) Íá âñåèåß ôï óçìåßï óôï ïðïßï ç åõèåßá x = 2 − t, y = 3t, z = −1 + 2t
ôÝìíåé ôï åðßðåäï 2y + 3z = 6.
(iii) Íá âñåèåß ðïõ ç åõèåßá x = 1 + t, y = 3 − t, z = 2t ôÝìíåé ôï êýëéíäñï

x2 + y2 = 16.
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1.14 Áí a, b êáé c åßíáé ìç-ìçäåíéêÝò óôáèåñÝò, íá äåé÷èåß üôé êÜèå óçìåßï ôçò

åõèåßáò x = x0 + at, y = y0 + bt, z = z0 + ct éêáíïðïéåß ôéò åîéóþóåéò

x− x0

a
=

y − y0

b
=

z − z0

c

êáé áíôßèåôá, êÜèå óçìåßï (x, y, z) ðïõ éêáíïðïéåß áõôÝò ôéò åîéóþóåéò âñßóêåôáé
ðÜíù óôçí åõèåßá. (Ïé ðéï ðÜíù åîéóþóåéò êáëïýíôáé óõììåôñéêÝò åîéóþóåéò

ôçò ãñáììÞò.)

1.15 Íá åîåôáóôåß áí ôá ðéï êÜôù æåýãç åõèåéþí ôÝìíïíôáé. Óôç ðåñßðôùóç ðïõ

ôÝìíïíôáé, íá âñåèåß ôï óçìåßï ôïìÞò ôïõò:

(i) x = 2 + t, y = 2 + 3t, z = 3 + t êáé x = 2 + t, y = 3 + 4t, z = 4 + 2t

(ii) x = −1 + 4t, y = 3 + t, z = 1 êáé x = −13 + 12t, y = 1 + 6t, z = 2 + 3t

(iii) x = 1 + 7t, y = 3 + t, z = 5− 3t êáé x = 4− t, y = 6, z = 7 + 2t

(iv) x = 2 + 8t, y = 6− 8t, z = 10t êáé x = 3 + 8t, y = 5− 3t, z = 6 + t

1.16 (i) Íá âñåèåß ç áðüóôáóç ìåôáîý ôïõ óçìåßïõ (−2, 1, 1) êáé ôçò åõèåßáò

x = 3− t, y = t, z = 1 + 2t.

(ii) Íá âñåèåß ç áðüóôáóç ìåôáîý ôïõ óçìåßïõ (1, 4,−3) êáé ôçò åõèåßáò x =
2 + t, y = −1− t, z = 3t.

(iii) Íá åðáëçèåõèåß üôé ïé åõèåßåò x = 2 − t, y = 2t, z = 1 + t êáé x =
1 + 2t, y = 3 − 4t, z = 5 − 2t åßíáé ðáñÜëëçëåò êáé íá âñåèåß ç áðüóôáóç

ìåôáîý ôïõò.

1.17 ¸óôù ïé åõèåßåò L1 êáé L2 ìå åîéóþóåéò

x = 4t, y = 1− 2t, z = 2 + 2t êáé x = 1 + t, y = 1− t, z = −1 + 4t,

áíôßóôïé÷á.

(i) Íá âñåèåß ôï óçìåßï ôïìÞò ôùí åõèåéþí L1 êáé L2.

(ii) Íá âñåèåß ç ïîåßá ãùíßá ðïõ ó÷çìáôßæïõí ïé åõèåßåò L1 êáé L2.

(iii) Íá âñåèïýí ïé ðáñáìåôñéêÝò åîéóþóåéò ôçò åõèåßáò ðïõ åßíáé êÜèåôç óôéò

åõèåßåò L1 êáé L2 êáé äéÝñ÷åôáé áðü ôï óçìåßï ôïìÞò ôïõò.

1.18 (i) Íá âñåèåß ç åîßóùóç ôïõ åðéðÝäïõ ðïõ äéÝñ÷åôáé áðü ôï óçìåßï (−1, 2,−5)
êáé åßíáé êÜèåôï óôá åðßðåäá 2x− y + z = 1 êáé x + y − 2z = 3.
(ii) Íá âñåèåß ç åîßóùóç ôïõ åðéðÝäïõ ðïõ äéÝñ÷åôáé áðü ôï óçìåßï (1, 2,−1)
êáé åßíáé êÜèåôï óôçí åõèåßá óôçí ïðïßá ôÝìíïíôáé ôá åðßðåäá 2x + y + z = 2
êáé x + 2y + z = 3.
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(iii) Íá âñåèåß ç åîßóùóç ôïõ åðéðÝäïõ ðïõ ðåñéÝ÷åé ôï óçìåßï (2, 0, 3) êáé ôçí
åõèåßá x = −1 + t, y = t, z = −4 + 2t.

1.19 Íá äåé÷èåß üôé ïé åõèåßåò

x = −1 + 4t, y = 3 + t, z = 1

êáé

x = −13 + 12t, y = 1 + 6t, z = 2 + 3t

ôÝìíïíôáé êáé íá âñåèåß ç åîßóùóç ôïõ åðéðÝäïõ ôï ïðïßïí ïñßæïõí.

1.20 (i) Íá âñåèåß ç áðüóôáóç ìåôáîý ôïõ óçìåßïõ (0, 1, 5) êáé ôïõ åðéðÝäïõ

3x + 6y − 2z = 5.
(ii) Íá âñåèåß ç áðüóôáóç ìåôáîý ôùí ðáñÜëëçëùí åðéðÝäùí 2x−3y +4z = 7
êáé 4x− 6y + 8z = 3.
(iii) Íá âñåèåß ç áðüóôáóç ìåôáîý ôùí åõèåéþí x = 3−t, y = 4+4t, z = 1+2t
êáé x = t, y = 3, z = 2t.

1.21 Íá âñåèåß ç åîßóùóç ôçò óöáßñáò ðïõ Ý÷åé êÝíôñï (2, 1 − 3) êáé åßíáé

åöáðôüìåíç óôï åðßðåäï x− 3y + 2z = 4.

1.22 (i) Íá ìåôáó÷çìáôéóèïýí ïé êáñôåóéáíÝò óõíôåôáãìÝíåò (4
√

3, 4,−4) óå

êõëéíäñéêÝò.

(ii) Íá ìåôáó÷çìáôéóèïýí ïé êõëéíäñéêÝò óõíôåôáãìÝíåò (4, π
6 , 3) óå êáñôåóéáíÝò.

(iii) Íá ìåôáó÷çìáôéóèïýí ïé êáñôåóéáíÝò óõíôåôáãìÝíåò (1,
√

3,−2) óå óöáéñéêÝò.
(iv) Íá ìåôáó÷çìáôéóèïýí ïé óöáéñéêÝò óõíôåôáãìÝíåò (5, π

6 , π
4 ) óå êáñôåóéáíÝò.

(v) Íá ìåôáó÷çìáôéóèïýí ïé êõëéíäñéêÝò óõíôåôáãìÝíåò (
√

3, π
6 , 3) óå óöáéñéêÝò.

(vi) Íá ìåôáó÷çìáôéóèïýí ïé óöáéñéêÝò óõíôåôáãìÝíåò (5, π
4 , 2π

3 ) óå êõëéíäñéêÝò.
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