
ÁÐÁÍÔÇÓÅÉÓ

1.1 (i) óöáßñá ìå êÝíôñï (1, 3, 4), áêôßíá 5
(ii) óöáßñá ìå êÝíôñï (1

2 , 3
4 ,−5

4), áêôßíá 3
4

√
6

(iii) ôï óçìåßï (-1,1,-1)

(iv) Äåí Ý÷åé ãñáöéêÞ ðáñÜóôáóç.

1.4 (i) c1 = 2, c2 = −1, c3 = 3
(ii) Äåí õðÜñ÷ïõí.

1.5 (i) óöáßñá ìå êÝíôñï (0, 0, 0) êáé áêôßíá 2.

(ii) óöáßñá ìå êÝíôñï (x0, y0, z0) êáé áêôßíá 3.

(iii) ¼ëá ôá óçìåßá ðÜíù Þ ìÝóá óôç óöáßñá ìå êÝíôñï (x0, y0, z0) êáé áêôßíá
1.

1.6 (i) 14i− 12k
(ii) 6i− 8j− 2k

1.8 (i) 4/
√

29
(ii)

√
564/29

1.9 c1 = 3
7 , c2 = −1

3 , c3 = 1
21

1.10 E =
√

26
2 , h =

√
26
3

1.13 (i) Ôï xy-åðßðåäï óôï (-2,10,0), ôï xz-åðßðåäï óôï (-2,0,-5) êáé äåí ôÝìíåé

ôï yz-åðßðåäï.

(ii) (5/4,9/4,1/2)

(iii) (0,4,-2) êáé (4,0,6)

1.15 (i) ôÝìíïíôáé óôï (1,-1,2)

(ii) ôÝìíïíôáé óôï (-17,-1,1)

(iii) äåí ôÝìíïíôáé, åßíáé ðáñÜëëçëåò

(iv) äåí ôÝìíïíôáé, äåí åßíáé ðáñÜëëçëåò

1.16 (i) 2
√

5

(ii) 4
√

10
11

1



(iii)
√

35
6

1.17 (i) (2,0,3)

(ii) θ ≈ 48o

(iii) x = 2 + 3t, y = 7t, z = 3 + t

1.18 (i) x + 5y + 3z = −16
(ii) x + y − 3z = 6
(iii) 7x− y − 3z = 5

1.19 x− 4y + 4z = −9

1.20 (i) D = 9
7

(ii) D = 11√
116

(iii) D =
√

6

1.21 (x− 2)2 + (y − 1)2 + (z + 3)2 = 121
14

1.22 (i) (8, π
6 ,−4)

(ii) 2
√

3, 2, 3)
(iii) (2

√
2, π

3 , 3π
4 )

(iv) (5
√

6
4 , 5

√
2

5 , 5
√

2
2 )

(v) (2
√

3, π
6 , π

6 )

(vi) (5
√

3
2 , π

4 ,−5
2)

2



2.1 (i) (5
2 , 0, 3

2)
(ii) (3

4 , 5
2 ,−9

4)

2.2 (i) 2i− 3j + 4k
(ii) −i + e−πj +

√
πk

(iii) π
2 i + k

(iv) 3i + 1
2 j + sin 2k

2.3 (i) cos θ = 6√
258

⇒ θ ≈ 68o

(ii) cos θ = 1√
14
⇒ θ ≈ 74o

2.4 (i) 4i + 8(4u + 1)j
(ii) −3π sinπui + 3π cos πu

2.7 (i) t3

3 i− t2j + ln |t|k + c

(ii) −e−ti + etj + t3k + c

(iii) 1
2(e2 − 1)i + (1− e−1)j + 1

2k

(iv) 72
√

6
5 i + 72

√
6

5 j + 6k

2.8 (i) r(t) = (1
2 t2 + 2)i + (et − 1)j

(ii) r(t) = 1
2(1− e−2t)i + (3 + sin t)j + (2− t)k

(iii) r(t) = 2(t− 1)i + 1
2 ln

(
t2+1

2

)
j + 1

2(t2 − 1)k

(iv) r(t) = (2 + 2t− sin 2t)i + t3j + (2t− 1 + e−t)k

2.9 (i) 2π
√

10
(ii) 3

2

(iii) e− e−1

(iv)
√

3

2.10 (i) x = 1
9

[
(27s + 13

√
13)

2
3 − 4

]
, y = 1

27

[
(27s + 13

√
13)

2
3 − 4

] 3
2
, 0 ≤

s ≤ 80
√

10−13
√

13
27

(ii) x = ( s√
2

+ 1) cos[ln( s√
2

+ 1)], y = ( s√
2

+ 1) sin[ln( s√
2

+ 1)], 0 ≤ s ≤
√

2(e
π
2 − 1)

(iii) x = sin(1 + s
2), y = cos(1 + s

2), z =
√

3(1 + s
2), s ≥ 0

3



(iv) x = (
√

2s + 1 − 1) cos(
√

2s + 1 − 1), y = (
√

2s + 1 − 1) sin(
√

2s + 1 −
1), z = 2

3

√
2(
√

2s + 1− 1)
3
2 , s ≥ 0

2.11 (i) 9
2

(ii) 9− 2
√

6

2.12 (i) T(π
2 ) = − 3√

10
+ 1

|
√

10
k, N(π

2 ) = −j

(ii) T(0) = 1√
3
(i + j + k, N(0) = − 1√

2
(i− j)

(iii) T(1) = 1√
5
j + 2√

5
k, N(1) = − 2√

5
j + 1√

5
k

(iv) T(ln 2) = 3
5
√

2
i + 1√

2
j + 4

5
√

2
k, N(ln 2) = 4

5 i−
4
5 j

2.13 (i) N = 1√
2
(i + j)

(ii) N = j

(iii) N = − 1√
2
j + 1√

2
k

2.15 (i) κ(x) = 2|x|
(1+x4)

3
2
, κ(0) = 0

(ii) κ(x) = e−x

(1+e−2x)
3
2
, κ(1) = e−1

(1+e−2)
3
2

(iii) κ = 36
89
√

89

2.16 (i) κ = 1
16

(ii) κ = 0
(iii) κ = a

2(a2+b2)
3
2

2.17 (i) κ(1) = 3
2
√

2

(ii) κ(π
2 ) = 3

2a
√

2

(iii) κ(1) = 1√
5e2

2.18 (i) ρmin = 1√
2
, ρmax = 2

(ii) ρmin = 2
√

2

2.19 (i) 2t + 1
t

(ii) 2t + 1
t

(iii) 8 + ln 3

4



2.20 (i) T(5) = 3
5 i + 4

5 j

2.21 (i) ‖v‖min = 1√
2
, r = 3

16 i−
1
16 j

(ii) ‖v‖min = 3, ‖v‖max = 6
(iii) ‖v‖min = 2

√
5, ‖v‖max = 2

√
13

2.22 r = −19
16 i + 3

2 j + 3
16k

2.23 (i) aN = 18

(1+4x2)
3
2

(ii) aN = 4ex

(1+e2x)
3
2

2.24 (i) x = 490
√

2t, y = 490
√

2t− 5t2

(ii) ymax = 24010m
(iii) xmax = 96040m
(iv) 980 m/sec

2.25 640m

2.26 (i) t = 1
2 sec

(ii)
√

281 ft/sec

(iii) Èá êôõðÞóïõí óôï Ýäáöïò êáé ïé äýï ôçí ßäéá ÷ñïíéêÞ óôéãìÞ, üôáí t = 1
2 .
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3.1 (i) ¼ëá ôá óçìåßá ðïõ âñßóêïíôáé ìåôáîý ôùí ðáñÜëëçëùí åõèåéþí y = 1−x
êáé y = −1− x.

(ii) ¼ëá ôá óçìåßá ðïõ âñßóêïíôáé ìåôáîý ôùí êáèÝôùí åõèåéþí x = ±2.
(iii) ¼ëá ôá óçìåßá ðïõ âñßóêïíôáé ðÜíù êáé ìÝóá óôç óöáßñá x2+y2+z2 = 25.
(iv) ¼ëá ôá óçìåßá ðïõ âñßóêïíôáé ìÝóá óôï êýëéíäñï x2 + y2 = 1.

3.2 (i) (á) x2 + y2 − z = 5, (â) x2 + y2 − z = −3, (ã) x2 + y2 − z = 0
(ii) (á) xyz = 0, (â) xyz = −8, (ã) xyz = 0

3.3 (i) üëá ôá óçìåßá óôïí IR3.

(ii) üëá ôá óçìåßá ìÝóá óôçí óöáßñá ìå êÝíôñï ôçí áñ÷Þ ôùí áîüíùí êáé áêôßíá

ßóç ìå 2.

(iii) üëá ôá óçìåßá óôïí IR3, åêôüò áõôÜ ðïõ âñßóêïíôáé ðÜíù óôïí êýëéíäñï

x2 + z2 = 1.
(iv) üëá ôá óçìåßá óôïí IR3.

3.4 (i) 0
(ii) +∞ (Äåí õðÜñ÷åé)

(iii) 1
(iv) Äåí õðÜñ÷åé

(v) +∞ (Äåí õðÜñ÷åé)

(vi) 0

3.5 (i) π
2

(ii) −π
2

3.7 (i) fx(x, y) = y−
1
2

y2+x2 , fy(x, y) = − xy−
3
2

y2+x2 − 3
2y−

5
2 tan−1(x

y )

(ii) fx(x, y) = 3x2e−y+1
2x−

1
2 y3 sec

√
x tan

√
x, fy(x, y) = −x3e−y+3y2 sec

√
x

(iii) fx(x, y) = −4
3y2 sec2 x(y2 tanx)−

7
3 , fy(x, y)− 8

3y tanx(y2 tanx)−
7
3

(iv) fx(x, y) = 2y2 cosh
√

x sinh(xy2) cosh(xy2) + 1
2x−

1
2 sinh

√
x sinh2(xy2),

fy(x, y) = 4xy cosh
√

x sinh(xy2) cosh(xy2)

3.8 (i) ∂z
∂x = −x

z ,
∂z
∂y = −y

z

(ii) ∂z
∂x = − 2x+yz2 cos(xyz)

xyz cos(xyz)+sin(xyz) ,
∂z
∂y = − xz2 cos(xyz)

xyz cos(xyz)+sin(xyz)

3.10 (i) 8 (ii) −2
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3.12 (i) 42t13

(ii)
2(3+t−

1
3 )

3(2t+t
2
3 )

(iii) 3t−2 sin(1
t )

(iv) 1−2t4−8t4 ln t
2t
√

1+ln t−2t4 ln t

3.13 (i) ∂z
∂u = 3 + 3 v

u − 4u, ∂z
∂v = 2 + 3 lnu + 2 ln v

(ii) ∂z
∂u = eu, ∂z

∂v = 0

(iii) ∂z
∂u = − sin(u− v) sin(u2 + v2) + 2u cos(u− v) cos(u2 + v2),

∂z
∂v = sin(u− v) sin(u2 + v2) + 2v cos(u− v) cos(u2 + v2)

(iv) ∂z
∂u = 2eu

1+e4u , ∂z
∂v = 0

3.15 (i) df = 0.03
(ii) df = −0.09

3.16 (i) Ïé äýï åðéöÜíåéåò Ý÷ïõí ùò êÜèåôï äéÜíõóìá ôï 3
5 i + 4

5 j− k.

(ii) n1 = − 1√
2
i− 1√

2
j− k, n2 = 1√

2
i + 1√

2
j− k

3.17 |dθ| ≤ 0.004

3.18 (−2, 1, 5), (0, 3, 9)
Óôï (-2,1,5), cos θ = 4

3
√

14
. Óôï (0,3,9), cos θ = 4√

222

3.19 (i) −8
√

2 (ii) 7√
58

(iii)
√

2
4 (iv) 7√

29

3.20 (i) u = 1√
10

(i + 3j), − ‖∇f(−1,−3) = −2
√

10‖ =

(ii) u = 1√
13

(3i + 2j), − ‖∇f(2, 3))‖ = −
√

13e6

(iii) u = 1√
10

(−3i + j), − ‖∇f(π
6 , π

4 )‖ = −
√

5

(iv) u = 1√
10

(i− 3j), − ‖∇f(3, 1))‖ = −
√

5
8

3.21 (i) u = ± 1√
13

(2i + 3j)

(ii) u = ± 1√
17

(−4i + j)

(iii) u = ± 1√
1189

(−33i + 10j)

3.22 (i) fx(1, 2) = 5, fy(1, 2) = 10

7



(ii) Duf = −5
√

5

3.23 (i) DT = 1
9
√

5

(ii) u = − 1√
2
(i + j)

3.25 (i) Óáãìáôéêü óçìåßï: (0,0), ó÷åôéêÜ åëÜ÷éóôá: (-1,-1), (1,1)

(ii) Óáãìáôéêü óçìåßï: (0,0)

(iii) ÓáãìáôéêÜ óçìåßá: (0,0), (0,-2), (4,0), ó÷åôéêü åëÜ÷éóôï: (4
3 ,−2

3)
(iv) ÓáãìáôéêÜ óçìåßá: (nπ, 0), n = 0,±1,±2, . . .

3.26 (i) Áðüëõôï ìÝãéóôï =0, áðüëõôï åëÜ÷éóôï =-12

(ii) Áðüëõôï ìÝãéóôï =3, áðüëõôï åëÜ÷éóôï =-1

(iii) Áðüëõôï ìÝãéóôï =33/4, áðüëõôï åëÜ÷éóôï =-1/4

3.27 (i) (1, 2, 2)
(ii) (±

√
5, 0, 0)

3.28 (i)
√

6

(ii) 3
√

6
2

3.29 (i) ÌÝãéóôï
√

2 óôá óçìåßá (−
√

2,−1) êáé (
√

2, 1), åëÜ÷éóôï −
√

2 óôá

óçìåßá (−
√

2, 1) êáé (
√

2,−1)

(ii) ÌÝãéóôï 101
4 óôá óçìåßá (±

√
11
2 ,−1

2), åëÜ÷éóôï −5 óôï óçìåßï (0, 5)
(iii) ÌÝãéóôï 35 óôï óçìåßï (3,3,4), åëÜ÷éóôï −35 óôï óçìåßï (−3,−3,−4)
(iv) ÌÝãéóôï 1

3
√

3
óôá óçìåßá

( 1√
3
, 1√

3
, 1√

3
), ( 1√

3
,− 1√

3
,− 1√

3
), (− 1√

3
, 1√

3
,− 1√

3
), (− 1√

3
,− 1√

3
, 1√

3
)

åëÜ÷éóôï − 1
3
√

3
óôá óçìåßá

( 1√
3
, 1√

3
,− 1√

3
), ( 1√

3
,− 1√

3
, 1√

3
), (− 1√

3
, 1√

3
, 1√

3
), (− 1√

3
,− 1√

3
,− 1√

3
)

3.30 (i) (2
5 , 19

5 )
(ii) (1

6 , 1
3 , 1

6)
(iii) (1,−1, 1)
(iv) (1, 1, 0), (−1,−1, 0)
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