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ÊåöÜëáéï 8

ÃÑÁÌÌÉÊÅÓ ÁÐÅÉÊÏÍÉÓÅÉÓ

8.1 ÅéóáãùãÞ

Áí V êáé W åßíáé äéáíõóìáôéêïß ÷þñïé êáé F åßíáé ìéá áðåéêüíéóç
(óõíÜñôçóç) ðïõ ó÷åôßæåé ìïíáäéêÜ ôá äéáíýóìáôá ôïõ W ìå êÜèå
äéÜíõóìá ôïõ V , ôüôå ëÝìå üôé ç F áðåéêïíßæåé ôï V ðÜíù óôï W êáé
ãñÜöïõìå

F : V → W.

ÅðéðëÝïí áí w ∈ W êáé v ∈ V ãñÜöïõìå
w = F (v).

Ïäéáíõóìáôéêüò ÷þñïò V êáëåßôáé ðåäßï ïñéóìïý ôçòF êáé ï äéáíõóìáôéêüò
÷þñïò W êáëåßôáé ðåäßï áðåéêüíéóçò ôçò F .

Ãéá ðáñÜäåéãìá, ç óõíÜñôçóç ðïõ ïñßæåôáé áðü ôïí ôýðï
F (x, y) = (2x + y, x + y, x + 2y)

áðåéêïíßæåé ôïí IR2 ðÜíù óôïí IR3. ÄçëáäÞ, áí v ∈ IR2 êáé w ∈ IR3

Ý÷ïõìå w = F (v), üðïõ v = (x, y) êáé w = (2x + y, x + y, x + 2y).
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Åéäéêüôåñá, Ýóôù v = (2, 3), ôüôå x = 2 êáé y = 3. Âñßóêïõìå
w = F (v) = F (2, 3) = (7, 5, 8).

Ïñéóìüò: ¸óôù üôé V êáé W åßíáé äýï äéáíõóìáôéêïß ÷þñïé ðÜíù
óôïí IR êáé Ýóôù üôé

T : V → W

åßíáé ìéá áðåéêüíéóç. ËÝìå üôé ç T åßíáé ìéá ãñáììéêÞ áðåéêüíéóç

Þ Ýíáò ãñáììéêüò ìåôáó÷çìáôéóìüò, áí éêáíïðïéåß ôéò ðáñáêÜôù
éäéüôçôåò:
(i) T (v1 + v2) = T (v1) + T (v2), ∀v1, v2 ∈ V

(ii) T (λv1) = λT (v1), ∀v1 ∈ V êáé ∀λ ∈ IR

Ïé éäéüôçôåò óôïí ðéï ðÜíù ïñéóìü ìðïñïýí íá áíôéêáôáóôáèïýí ìå ôç
ó÷Ýóç

T (λv1 + kλ2) = λT (v1) + kT (v2), ∀v1, v2 ∈ V êáé ∀λ, k ∈ IR.

ÃåíéêÜ, áí v1, v2, . . . , vn ∈ V êáé λ1, λ2, . . . , λn ∈ IR, ôüôå
T (λ1v1 + λ2v2 + · · ·+ λnvn) = λ1T (v1) + λ2T (v2) + · · ·+ λnT (vn).

ÐáñÜäåéãìá: ¸óôù ç áðåéêüíéóç
T (x, y) = (x + y, x− y, 2x)

áðü IR2 → IR3. Íá äåé÷èåß üôé åßíáé ãñáììéêÞ.
Ëýóç:
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ÐáñÜäåéãìá: Íá äåé÷èåß üôé ç áðåéêüíéóç
T (a0 + a1x + a2x

2) = a0 + (a1 − a2)x + (2a0 + 3a1)x
2

áðü P2 → P2 åßíáé ãñáììéêÞ.
Ëýóç:

Ìåôáó÷çìáôéóìüò ðéíÜêùí: Ç ãñáììéêÞ áðåéêüíéóç
T (x, y) = (x + y, x− y, 2x)

ôçí ïðïßá åß÷áìå äåé óå ðñïçãïýìåíï ðáñÜäåéãìá, ãñÜöåôáé

T

([
x
y

])
=

 x + y
x− y
2x


ç ïðïßá ìðïñåß íá åêöñáóôåß êáé ùò

T

([
x
y

])
=

 1 1
1 −1
2 0

[
x
y

]
.

¢ñá ãéá êÜèå äéÜíõóìá X =

[
x
y

]
∈ IR2, Ý÷ïõìå

T (X) = AX,
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üðïõ

A =

 1 1
1 −1
2 0

 .

Ãåíéêüôåñá, áí A åßíáé Ýíáò m× n ðßíáêáò

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

. . .

. . .
am1 am2 . . . amn

 êáé X =


x1

x2

.

.

.
xn


åßíáé Ýíá äéÜíõóìá óôïí IRn, ôüôå ôï ãéíüìåíï AX åßíáé Ýíá äéÜíõóìá
óôïí IRm êáé ç áðåéêüíéóç

T IRn → IRm

ðïõ ïñßæåôáé áðü ôïí ôýðï

T (X) = AX =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

. . .

. . .
am1 am2 . . . amn




x1

x2

.

.

.
xn


åßíáé ãñáììéêÞ åðåéäÞ áí u,v ∈ IRn êáé k, λ ∈ IR ôüôå

T (ku + λv) = A(ku + λv) = kAu + λAv = kT (u) + λT (v),

÷ñçóéìïðïéþíôáò éäéüôçôåò ôïõ ðïëëáðëáóéáóìïý ôùí ðéíÜêùí.
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ÐáñÜäåéãìá: ¸óôù ç ãñáììéêÞ áðåéêüíéóç
T QIR2 → IR2 ìå T (x, y) = (2x + y, x− y).

Íá åêöñáóôåß óå ìåôáó÷çìáôéóìü ðéíÜêùí.
Ëýóç:

ÐáñÜäåéãìá: ¸óôù üôé A åßíáé Ýíáò 2× 3 ðßíáêáò êáé T : IR3 → IR2

ìå T (X) = AX åßíáé ãñáììéêÞ áðåéêüíéóç. Äßíåôáé üôé

T

 1
0
0

 =

[
1
1

]
, T

 0
1
0

 =

[
3
0

]
, T

 0
0
1

 =

[
4

−7

]
.

Íá õðïëïãéóôïýí: (i) T

 1
3
8

 (ii) T

 x
y
z

 (iii) ï ðßíáêáò A

Ëýóç:
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ÌçäåíéêÞ áðåéêüíéóç óõìâïëßæåôáé ìå 0 êáé ïñßæåôáé ùò
0(v) = 0

ÔáõôïôéêÞ áðåéêüíéóç óõìâïëßæåôáé ìå I êáé åßíáé áðåéêüíéóç I : V →
V êáé ïñßæåôáé ìå

I(v) = v ∀v ∈ V.


