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ÊåöÜëáéï 2

ÐÉÍÁÊÅÓ

2.1 ÅéóáãùãÞ

Ïé Á, Â, Ã, Ä, Å åßíáé öïéôçôÝò ôïõ Ðáíåðéóôçìßïõ Êýðñïõ. Ôï ðñþôï
åîÜìçíï åß÷áí ôá åîÞò áðïôåëÝóìáôá:

ÏéêïíïìéêÜ ÐëçñïöïñéêÞ ÖõóéêÞ ÌáèçìáôéêÜ
Á 9 9 10 5
B 9 8 10 4
Ã 8 7 9 4
Ä 8 9 9 5
Å 7 8 9 3

ÁõôÝò ïé ðëçñïöïñßåò ìðïñïýí íá ãñáöïýí óå ïñèïãþíéá äéÜôáîç
(ôïðïèÝôçóç) ìå 5 ãñáììÝò êáé 4 óôÞëåò.

9 9 10 5
9 8 10 4
8 7 9 4
8 9 9 5
7 8 9 3

 .
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ÁõôÞ ç ôïðïèÝôçóç êáëåßôáé ðßíáêáò 5 × 4, üðïõ 5 åßíáé áñéèìüò ôùí
ãñáììþí êáé 4 åßíáé ï áñéèìüò ôùí óôçëþí. ÃåíéêÜ, Ý÷ïõìå

Ïñéóìüò: Ìéá äéÜôáîç óôïé÷åßùí óå ìïñöÞ ïñèïãùíßïõ ó÷Þìáôïò

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

. . .

. . .
am1 am2 . . . amn


üðïõ aij ∈ IR, êáëåßôáé ðßíáêáò ðÜíù óôïí IR (Þ áðëÜ ðßíáêáò).

Ïé m ïñéæüíôéåò n-Üäåò
[a11, a12, . . . , a1n], [a21, a22, . . . , a2n], . . . , [am1, am2, . . . , amn]

åßíáé ïé ãñáììÝò ôïõ ðßíáêá êáé ïé n êáôáêüñõöåò m-Üäåò
a11

a21

.

.

.
am1

 ,


a12

a22

.

.

.
am2

 , . . . ,


a1n

a2n

.

.

.
amn


åßíáé ïé óôÞëåò ôïõ ðßíáêá.

¸íáò ðßíáêáò ìå m ãñáììÝò êáé n óôÞëåò êáëåßôáé m× n ðßíáêáò,
üðïõ m×n êáëåßôáé ç äéÜóôáóç ôïõ ðßíáêá. Ôï óôïé÷åßï ðïõ âñßóêåôáé
óôç ôïìÞ ôçò ãñáììÞò i êáé ôçò óôÞëçò j, ãñÜöåôáé aij . Ãéá ðáñÜäåéãìá,
ôï óôïé÷åßï a23 âñßóêåôáé óôç äåýôåñç ãñáììÞ êáé óôç ôñßôç óôÞëç. Ï
ðßíáêáò ìðïñåß íá ãñáöåß êáé óýíôïìá A = [aij].
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2.2 Åßäç ðéíÜêùí

1. Ï ðßíáêáò ðïõ Ý÷åé ìéá ãñáììÞ êáëåßôáé ðßíáêáò ãñáììÞ. Ãéá
ðáñÜäåéãìá,

A = [2, 3, 4, 5].

2. Ï ðßíáêáò ðïõ Ý÷åé ìéá óôÞëç êáëåßôáé ðßíáêáò óôÞëç. Ãéá ðáñÜäåéãìá,

A =

 1
2
3


3. ¸íáò ðßíáêáò ðïõ Ý÷åé üëá ôïõ ôá óôïé÷åßá ßóá ìå ìçäÝí, êáëåßôáé
ìçäåíéêüò ðßíáêáò.
4. ¸íáò ðßíáêáò ðïõ Ý÷åé n ãñáììÝò êáé n óôÞëåò êáëåßôáé ôåôñáãùíéêüò
n×n (Þ ôåôñáãùíéêüò n-óôÞò ôÜîçò). Ç ãåíéêÞ ìïñöÞ åíüò ôåôñáãùíéêïý
ðßíáêá åßíáé

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

. . .

. . .
an1 an2 . . . ann


Ôá óôïé÷åßá a11, a22, . . . , ann áðïôåëïýí ôá óôïé÷åßá ôçò êýñéáò äéáãùíßïõ
5. ¸íáò ôåôñáãùíéêüò ðßíáêáò ðïõ Ý÷åé üëá ôïõ ôá óôïé÷åßá ßóá ìå
ìçäÝí, åêôüò áðü ôá óôïé÷åßá ôçò êýñéáò äéáãùíßïõ, äçëáäÞ üôáí Ý÷åé
ôçí ìïñöÞ

λ1 0 . . . 0
0 λ2 . . . 0
. . .
. . .
. . .
0 0 . . . λn
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êáëåßôáé äéáãþíéïò ðßíáêáò. Óôçí ðåñßðôùóç üðïõ λ1 = λ2 = · · · =
λn = 1, ï ðßíáêáò êáëåßôáé ìïíáäéáßïò Þ ôáõôïôéêüò ðßíáêáò êáé
óõìâïëßæåôáé ìå In (Þ áðëÜ I).

2.3 ¢ëãåâñá ðéíÜêùí

Éóüôçôá ðéíÜêùí: Áí A = [aij] åßíáé Ýíáò m×n ðßíáêáò êáé B = [bij]
åßíáé Ýíáò p × q ðßíáêáò, ôüôå A = B áí êáé ìüíï áí p = m, q = n
êáé aij = bij ãéÜ üëåò ôéò ôéìÝò ôùí i êáé j.
Ðñüóèåóç ðéíÜêùí: ÁíA = [aij] åßíáé Ýíáòm×n ðßíáêáò êáéB = [bij]
åßíáé Ýíáò p× q ðßíáêáò, ôüôå ç ðñüóèåóç A+B ïñßæåôáé áí êáé ìüíï
áí p = m êáé q = n. Ôï Üèñïéóìá åßíáé ßóï ìå

C = A + B = [aij + bij] = [cij],

üðïõ C = [cij] åßíáé Ýíáò m× n ðßíáêáò.
ÐáñÜäåéãìá: ¸óôù

A =

[
1 2
3 4

]
, B =

[
1 3 5
2 4 6

]
, C =

[
3 1 2
4 1 2

]
Ôá áèñïßóìáôá A + B êáé A + C äåí ïñßæïíôáé, åíþ

B + C =

[
1 + 3 3 + 1 5 + 2
2 + 4 4 + 1 6 + 2

]
=

[
4 4 7
6 5 8

]
.

Âáèìùôüò ðïëëáðëáóéáóìüò: Áí A = [aij] åßíáé Ýíáò m × n ðßíáêáò
êáé k åßíáé Ýíáò ðñáãìáôéêüò áñéèìüò, ôüôå ï ðßíáêáò

kA = [kaij]

åßíáé Ýíáò m × n ðßíáêáò ðïõ ðñïêýðôåé ðïëëáðëáóéÜæïíôáò êÜèå
óôïé÷åßï ôïõ A ìå ôï k.
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ÐáñÜäåéãìá: ¸óôù

A =

[
4 4 1
3 1 2

]
, B =

[
1 1 0
2 3 2

]
ôüôå

7A + 2B = 7

[
4 4 1
3 1 2

]
+ 2

[
1 1 0
2 3 2

]
=

[
28 28 7
21 7 14

]
+

[
2 2 0
4 6 6

]
=

[
30 30 7
25 13 18

]

ÐáñÜäåéãìá: ¸óôù

A =

[
1 2
0 1

]
, B =

[
2 0
1 0

]
, C =

[
3 1
2 1

]
, D =

[
0 3
1 2

]
, E =

[
9 10
7 7

]
Íá âñåèïýí óôáèåñÝò λ1, λ2, λ3, λ4 ôÝôïéåò þóôå

λ1A + λ2B + λ3C + λ4D = E.

Ëýóç:
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Ðïëëáðëáóéáóìüò ðéíÜêùí: ¸óôù ï m × p ðßíáêáò A êáé ï q × n
ðßíáêáò B. ËÝìå üôé ïé ðßíáêåò A êáé B åßíáé óõìâéâáóôïß (ùò ðñïò
ôïí ðïëëáðëáóéáóìü) áí ï áñéèìüò ôùí óôçëþí ôïõ A åßíáé ßóïò ìå ôïí
áñéèìü ôùí ãñáììþí ôïõ B. ÄçëáäÞ, p = q. Ïñßæïõìå ùò ôï ãéíüìåíï
ôùí óõìâéâáóôþí ðéíÜêùí A êáé B, Ýíá ðßíáêá C = [cij] ï ïðïßïò Ý÷åé
äéÜóôáóç m × n. ÊÜèå óôïé÷åßï cij åßíáé ôï Üèñïéóìá ôùí ãéíïìÝíùí
ôùí p óôïé÷åßùí ôçò i-ãñáììÞò ôïõ ðßíáêá A ìå ôá áíôßóôïé÷á óôïé÷åßá
ôçò j-óôÞëçò ôïõ ðßíáêá B. ÄçëáäÞ,

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ aipbpj

=

p∑
k=1

aikbkj

Ï ðßíáêáò C Ý÷åé ôïí ßäéï áñéèìü ãñáììþí ìå ôïí A êáé Ý÷åé ôïí ßäéï
áñéèìþí óôçëþí ìå ôïí B.

Óôïí ðïëëáðëáóéáóìü ðéíÜêùí åßíáé äõíáôüí íá Ý÷ïõìå AB = O,
ìå A 6= O êáé B 6= O, üðïõ O åßíáé ìçäåíéêüò ðßíáêáò.
ÐáñÜäåéãìá: ¸óôù

A =

 1 0 0
2 1 1
3 3 2

 êáé Â� =

 1 2 3
2 0 4
1 0 4


Íá âñåèåß ôá ãéíüìåíá AB êáé BA.
Ëýóç:
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ÐáñÜäåéãìá: ¸óôù

A = [1, 2, 3], B =

[
2 1 0
3 2 1

]
, C =

 1
−1

2

 , D =

 1 2
3 1
0 2

 ,

E =

[
−1 4

2 1

]
, F =

[
6 −5

−2 1

]
.

Íá õðïëïãéóôïýí: AC, CA, AD, AE, BD, DB, AF, EF, FE.
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Éäéüôçôåò ôïõ ðïëëáðëáóéáóìïý ðéíÜêùí:
(i) (AB)C = A(BC)

(ii) A(B + C) = AB + AC

(iii) (B + C)A = BA + CA

(iv) k(AB) = (kA)B = A(kB), k ∈ IR

(v) AI = IA = A

Óôï ãéíüìåíï ðéíÜêùí äåí éó÷ýåé ãåíéêÜ ç áíôéìåôáèåôéêÞ éäéüôçôá,
AB 6= BA.

2.4 Åßäç ðéíÜêùí (óõíÝ÷åéá)

ÁíÜóôñïöïò åíüò ðßíáêá A êáëåßôáé ï ðßíáêáò ðïõ Ý÷åé ãñáììÝò ôéò
óôÞëåò ôïõ A êáé óôÞëåò ôéò ãñáììÝò ôïõ A êáé óõìâïëßæåôáé ìå AT .
Ãéá ðáñÜäåéãìá, ïé áíÜóôñïöïé ôùí ðéíÜêùí

A =

 1 4 7
2 5 8
3 6 9

 , B =
[

1 2 3
]
, C =

 4
5
6

 , D =

[
2 6 10
4 8 12

]
åßíáé

AT =

 1 2 3
4 5 6
7 8 9

 , BT =

 1
2
3

 , CT =
[

4 5 6
]
, DT =

 2 4
6 8

10 12


Óõììåôñéêüò ðßíáêáò åßíáé ï ôåñáãùíéêüò ðßíáêáò A ìå A = AT êáé
áíôéóõììåôñéêüò ðßíáêáò åßíáé ï ôåñáãùíéêüò ðßíáêáòA ìåA = −AT .
Ïñèïãþíéïò ðßíáêáò åßíáé ï ôåñáãùíéêüò ðßíáêáòA ï ïðïßïò éêáíïðïéåß
ôçí éäéüôçôá

ATA = AAT = I.
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¢íù ôñéãùíéêüò åßíáé ï ôåñáãùíéêüò ðßíáêáò ï ïðïßïò Ý÷åé üëá ôá
óôïé÷åßá ôïõ êÜôù áðü ôçí êýñéá äéáãþíéï ßóá ìå ìçäÝí.
ÊÜôù ôñéãùíéêüò åßíáé ï ôåñáãùíéêüò ðßíáêáò ï ïðïßïò Ý÷åé üëá ôá
óôïé÷åßá ôïõ ðÜíù áðü ôçí êýñéá äéáãþíéï ßóá ìå ìçäÝí.

Ïñéóìüò: Ïñßæïõìå ùò ß÷íïò åíüò ôåñáãùíéêïý ðßíáêá A ôï
Üèñïéóìá ôùí óôïé÷åßùí ôçò êýñéáò äéáãùíßïõ êáé óõìâïëßæåôáé ìå
tr(A).

Ãéá ðáñÜäåéãìá, ôï ß÷íïò ôïõ ðßíáêá

A =

 1 2 3
4 5 6
7 8 9


åßíáé

tr(A) = 1 + 5 + 9 = 15.

Éäéüôçôåò ôïõ áíÜóôñïöïõ ðßíáêá

(i) (AT )T = A

(ii) (A + B)T = AT + BT

(iii) (kA)T = kAT

(iv) (AB)T = BTAT

2.5 Áíôßóôñïöïò ðßíáêáò

Áí A åßíáé Ýíáò n × n ðßíáêáò, ôüôå Ýíáò n × n ðßíáêáò B êáëåßôáé
áíôßóôñïöïò ôïõ A áí éó÷ýåé

AB = BA = I.
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ï áíôßóôñïöïò åíüò ðßíáêáA åßíáé ìïíáäéêüò êáé óõìâïëßæåôáé ìåA−1.
ÄçëáäÞ,

AA−1 = A−1A = I.

¸íáò ðßíáêáò ðïõ Ý÷åé áíôßóôñïöï êáëåßôáé áíôéóôñÝøéìïò ðßíáêáò,
êáé áí äåí Ý÷åé áíôßóôñïöï êáëåßôáé ìç-áíôéóôñÝøéìïò ðßíáêáò.
¸óôù

A =

[
7 6
9 8

]
,

ôüôå
A−1 =

[
4 −3

−9
2

7
2

]
åðåéäÞ

AA−1 =

[
7 6
9 8

] [
4 −3

−9
2

7
2

]
=

[
28− 27 −21 + 21
36− 36 −27 + 28

]
=

[
1 0
1 0

]
.

ÃåíéêÜ, åýêïëá áðïäõêíåßåôáé üôé ãéá êÜèå 2× 2 ðßíáêá

A =

[
a c
b d

]
Ý÷ïõìå

A−1 =
1

ad− bc

[
d −c
−b a

]
ìå ôçí ðñïûðüèåóç üôé ad− bc 6= 0.
Èåþñçìá: ÁíA êáéB åßíáé n×n áíôéóôñÝøéìïé ðßíáêåò, ôüôå ï ðßíáêáò
AB åßíáé áíôéóôñÝøéìïò êáé

(AB)−1 = B−1A−1.
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ÃåíéêÜ,
(A1A2 . . .An)−1 = A−1

n A−1
n−1 . . .A−1

2 A−1
1

ÄõíÜìåéò ðßíáêá: Áí A åßíáé Ýíáò n× n ðßíáêáò, ôüôå ïñßæïõìå
A0 = I, Am = AA . . .A, A−m = (A−1)m = A−1A−1 . . .A−1, m > 0.

Èåþñçìá: Áí A åßíáé Ýíáò n×n ðßíáêáò êáé r, s åßíáé áêÝñáéïé, ôüôå
ArAs = Ar+s êáé (Ar)s = Ars.

2.6 Éóïäõíáìßá ðéíÜêùí - Õðïëïãéóìüò ôïõ A−1

Ïñéóìüò: ¸íáò ðßíáêáò B êáëåßôáé éóïäýíáìïò (Þ R-éóïäýíáìïò) ìå
ôïí ðßíáêá A áí êáé ìüíï áí ï B ðñïêýðôåé áðü ôïí A ìå åêôÝëåóç
óå áõôüí ìéá ðåðåñáóìÝíç áêïëïõèßá óôïé÷åéùäþí ìåôáó÷çìáôéóìþí
ãñáììþí. Ãéá ðáñÜäåéãìá, ï ðßíáêáò

B =


1 2 −1 1 0
0 −1 3 0 7
0 −1 4 −2 14
0 3 1 2 5


åßíáé R-éóïäýíáìïò ìå ôïí

A =


1 2 −1 1 0
2 3 1 2 7
1 1 3 −1 14

−1 1 2 3 5


åðåéäÞ ïB ðñïêýðôåé áðü ôïíA áí åöáñìüóïõìå ôïõò ìåôáó÷çìáôéóìïýò:

R2 → R2 − 2R1, R3 → R3 −R1, R4 → R4 + R1.
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Èá óõìâïëßæïõìå ôçí éóïäõíáìßá ðéíÜêùí ìå ∼.
Õðïëïãéóìüò ôïõA−1: Ãéá íá âñïýìå ôïí áíôßóôñïöï åíüò (áíôéóôñÝøéìïõ)
ðßíáêá A, ðñÝðåé íá âñïýìå ìéá áêïëïõèßá ìåôáó÷çìáôéóìþí ãñáììþí
ðïõ áíÜãåé ôïí ðßíáêáA óå ôáõôïôéêü (I) êáé óôç óõíÝ÷åéá íá åöáñìüóïõìå
ôçí ßäéá áêïëïõèßá ìåôáó÷çìáôéóìþí ðÜíù óôïí I, Ãéá íá ìáò äþóåé
ôïí A−1. Áí ïé ìåôáó÷çìáôéóìïß ãßíïõí ôáõôü÷ñïíá ðÜíù óôïí A êáé
óôïí I, ôüôå èá Ý÷ïõìå

[A|I] ∼ [I|A−1].

ÐáñÜäåéãìá: Íá âñåèåß ï A−1 ôïõ ðßíáêá

A =

 1 −1 2
3 2 4
0 1 −2

 .
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ÐáñÜäåéãìá: Íá âñåèåß ï A−1 ôïõ ðßíáêá

A =

 1 0 1
2 −1 1
1 2 1

 .
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Óçìåßùóç: Áí êáôÜ ôç äéáäéêáóßá ôùí ìåôáó÷çìáôéóìþí åìöáíéóôåß
ìçäåíéêÞ ãñáììÞ (Þ óôÞëç) óôïí éóïäýíáìï ôïõ A, ôüôå ï A åßíáé ìç-
áíôéóôñÝøéìïò.

2.7 ÃñáììéêÜ óõóôÞìáôá

Ôï ãñáììéêü óýóôçìá ìå n åîéóþóåéò êáé n áãíþóôïõò
a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

. . . .

. . . .

. . . .
an1x1 + an2x2 + . . . + annxn = bn

ãñÜöåôáé óå ìïñöÞ ðéíÜêùí,
AX = B

üðïõ

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

. . .

. . .
an1 an2 . . . ann

 , B =


b1

b2

.

.

.
bn

 , X =


x1

x2

.

.

.
xn


´Ñóôù üôé ïA åßíáé áíôéóôñÝøéìïò. ÄçëáäÞ, ïA−1 õðÜñ÷åé. ÐïëëáðëáóéÜæïõìå
êáé ôá äýï ìÝëç ôçò ðéï ðÜíù åîßóùóçò ìå A−1, ãéá íá âñïýìå

A−1AX = A−1B ⇒ IX = A−1B ⇒

X = A−1B.
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ÐáñÜäåéãìá: Íá ëõèåß ôï óýóôçìá
x1 − x2 + 2x3 = 3
3x1 + 2x2 + 4x3 = 17
x2 − 2x3 = 0

Ëýóç:
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ÐáñÜäåéãìá: Íá âñåèåß ï ðßíáêáò X ôÝôïéïò þóôå
AX = B,

üðïõ

A =

 1 0 1
2 −1 1
1 2 1

 êáé B =

 1 0 2
2 1 6
4 0 0

 .

Ëýóç:


