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ÓÕÓÔÇÌÁÔÁ ÃÑÁÌÌÉÊÙÍ

ÅÎÉÓÙÓÅÙÍ

1.1 ÅéóáãùãÞ

ÃñáììéêÞ åîßóùóç: Ïñßæïõìå ìéá ãñáììéêÞ åîßóùóçùò ðñïò n ìåôáâëçôÝò,

x1, x2, . . . , xn, êÜèå åîßóùóç ôçò ìïñöÞò

a1x1 + a2x2 + · · ·+ anxn = b,

üðïõ a1, a2, . . . , an, b åßíáé ðñáãìáôéêÝò óôáèåñÝò. Ïé ìåôáâëçôÝò

êáëïýíôáé x1, x2, . . . , xn Üãíùóôïé.

ÃñáììéêÜ óõóôÞìáôá: Êáëïýìå óýóôçìá ãñáììéêþí åîéóþóåùí Þ áðëÜ

ãñáììéêü óýóôçìá Ýíá ðåðåñáóìÝíï óýíïëï ãñáììéêþí åîéóþóåùí.

Êáëïýìå ëýóç ôïõ óõóôÞìáôïò ìéá áêïëïõèßá áñéèìþí λ1, λ2, . . . , λn

áí x1 = λ1, x2 = λ2, . . . , xn = λn éêáíïðïéïýí êÜèå åîßóùóç ôïõ

óõóôÞìáôïò. Ãéá ðáñÜäåéãìá, ôï óýóôçìá

2x− 3y + z = 1

x + 2y − 2z = 5
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Ý÷åé ëýóç x = 3, y = 2, z = 1 åðåéäÞ áõôÝò ïé ôéìÝò éêáíïðïéïýí êáé

ôéò äýï åîéóþóåéò ôïõ óõóôÞìáôïò.

Áí Ýíá ãñáììéêü óýóôçìá Ý÷åé ôïõëÜ÷éóôïí ìéá ëýóç, ôüôå êáëåßôáé

óõìâéâáóôü, åíþ óôçí ðåñßðôùóç ðïõ äåí Ý÷åé ëýóç êáëåßôáé ìç óõìâéâáóôü.

¸óôù üôé Ý÷ïõìå ôï óýóôçìá

a1x + b1y = c1

a2x + b2y = c2

Áðü ôçí ÁíáëõôéêÞ Ãåùìåôñßá ãíùñßæïõìå üôé ïé äýï åîéóþóåéò ðáñéóôÜíïõí

äýï åõèåßåò óôï åðßðåäï. Ôþñá, ãéá ôéò äýï åõèåßåò ìðïñåß íá óõìâáßíåé

Ýíá áðü ôá ðéï êÜôù

(i) ïé äýï åõèåßåò åßíáé ðáñÜëëçëåò,

(ii) ïé äýï åõèåßåò ôÝìåíïíôáé,

(iii) ïé äýï åõèåßåò ôáõôßæïíôáé.

Åðïìåíùò ãéá ôçí êÜèå ðåñßðôùóç Ý÷ïõìå ôá ðéï êÜôù áðïôåëÝóìáôá:

(i) ôï óýóôçìá äåí Ý÷åé ëýóç,

(ii) ôï óýóôçìá Ý÷åé ìéá ëýóç,

(iii) ôï óýóôçìá Ý÷åé Üðåéñåò ëýóåéò.

ÃåíéêÜ, ãéá êÜèå ãñáììéêü óýóôçìá éó÷ýåé Ýíá áðü ôá áêüëïõèá:

äåí Ý÷åé ëýóç Þ Ý÷åé ìéá ëýóç Þ Ý÷åé Üðåéñåò ëýóåéò.
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ÅðáõîçìÝíïò ðßíáêáò: ÊÜèå ãñáììéêü óýóôçìá ìåm ãñáììéêÝò åîéóþóåéò

êáé n áãíþóôïõò,

a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

. . . .

. . . .

. . . .
am1x1 + am2x2 + . . . + amnxn = bm

ìðïñåß íá ãñáöåß ùò ìéá ïñèïãþíéá äéÜôáîç ìå m ãñáììÝò êáé n + 1
óôÞëåò

a11 a12 . . . a1n | b1

a21 a22 . . . a2n | b2

. . . | .

. . . | .

. . . | .
am1 am2 . . . amn | bm


ç ïðïßá êáëåßôáé åðáõîçìÝíïò ðßíáêáò. Ãéá ðáñÜäåéãìá ï åðáõîçìÝíïò

ðßíáêáò ôïõ óõóôÞìáôïò

x1 + 2x2 + 3x3 = 6
4x1 + 5x2 + 6x3 = 15
7x1 + 8x2 + 9x3 = 24

åßíáé  1 2 3 | 6
4 5 6 | 15
7 8 9 | 24


Ãíùñßæïõìå üôé Ýíá óýóôçìá ãñáììéêþí åîéóþóåùí äåí áëëÜæåé áí

åêôåëÝóïõìå ôéò ðéï êÜôù ðñÜîåéò:
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(i) ÅíáëëáãÞ äýï åîéóþóåùí

(ii) Ðïëëáðëáóéáóìüò ìéáò åîßóùóçò ìå ìéá óôáèåñÜ äéáöïñåôéêÞ ôïõ

ìçäåíüò.

(iii) Ðñüóèåóç óå ìéá åîßóùóç ìéá Üëëç åîßóùóç ðïëëáðëáóéáóìÝíç ìå

ìéá ìç ìçäåíéêÞ óôáèåñÜ.

ÅðåéäÞ êÜèå åîßóùóç ôïõ óõóôÞìáôïò áíôéóôïé÷åß óå ìéá ãñáììÞ ôïõ

åðáõîçìÝíïõ ðßíáêá, ïé ðéï ðÜíù ðñÜîåéò ìðïñïýí íá åöáñìïóôïýí

ðÜíù óôïí åðáõîçìÝíï ðßíáêá.

(i) ÅíáëëáãÞ äýï ãñáììþí: Ri ↔ Rj

(ii) Ðïëëáðëáóéáóìüò üëùí ôùí óôïé÷åßùí ìéáò ãñáììÞò åðß ôïí ßäéï

ìç ìçäåíéêü áñéèìü, λ: Ri → λRi

(iii)Ðñüóèåóç óôá óôïé÷åßá ìéáò ãñáììÞò ôá áíôßóôïé÷á óôïé÷åßá ìéáò

Üëëçò ãñáììÞò ðïëëáðëáóéáóìÝíá åðß Ýíá ìç ìçäåíéêü áñéèìü, λ:
Ri → Ri + λRj

ÁõôÝò ïé ðñÜîåéò êáëïýíôáé óôïé÷åéþäåéò ìåôáó÷çìáôéóìïß (ðñÜîåéò)

ãñáììþí.

ÐáñÜäåéãìá: Íá ëõèåß ôï óýóôçìá

x + y + z = 6
x− 2y + 3z = 6
2x + y − 2z = −2

Ëýóç:

x + y + z = 6
x− 2y + 3z = 6
2x + y − 2z = −2

 1 1 1 | 6
1 −2 3 | 6
2 1 −2 | −2


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ÐñïóèÝôïõìå óôç äåýôåñç åîßóùóç R2 → R2 −R1

ôç ðñþôç ðïëëáðëáóéáóìÝíç ìå (-1)

x + y + z = 6
−3y + 2z = 0
2x + y − 2z = −2

 1 1 1 | 6
0 −3 2 | 0
2 1 −2 | −2


ÐñïóèÝôïõìå óôç ôñßôç åîßóùóç R3 → R3 − 2R1

ôç ðñþôç ðïëëáðëáóéáóìÝíç ìå (-2)

x + y + z = 6
−3y + 2z = 0
−y − 4z = −14

 1 1 1 | 6
0 −3 2 | 0
0 −1 −4 | −14


ÐïëëáðëáóéÜæïõìå ôç äåýôåñç R2 → −1

3
R2

åîßóùóç åðß −1
3

x + y + z = 6
y − 2

3
z = 0

−y − 4z = −14

 1 1 1 | 6
0 1 −2

3
| 0

0 −1 −4 | −14


ÐñïóèÝôïõìå óôç ðñþôç åîßóùóç R1 → R1 −R2

ôç äåýôåñç ðïëëáðëáóéáóìÝíç ìå (-1)

x + 5
3
z = 6

y − 2
3
z = 0

−y − 4z = −14

 1 0 5
3
| 6

0 1 −2
3
| 0

0 −1 −4 | −14


ÐñïóèÝôïõìå óôç ôñßôç åîßóùóç R3 → R3 + R2

ôç äåýôåñç

x + 5
3
z = 6

y − 2
3
z = 0

−14
3
z = −14

 1 0 5
3
| 6

0 1 −2
3
| 0

0 0 −14
3

| −14


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ÐïëëáðëáóéÜæïõìå ôç ôñßôç R3 → − 3
14

R3

åîßóùóç åðß − 3
14

x + 5
3
z = 6

y − 2
3
z = 0

z = 3

 1 0 5
3
| 6

0 1 −2
3
| 0

0 0 1 | 3


ÐñïóèÝôïõìå óôç ðñþôç åîßóùóç R1 → R1 − 5

3
R3

ôç ôñßôç ðïëëáðëáóéáóìÝíç ìå (−5
3
)

x = 1
y − 2

3
z = 0

z = 3

 1 0 0 | 1
0 1 −2

3
| 0

0 0 1 | 3


ÐñïóèÝôïõìå óôç äåýôåñç åîßóùóç R2 → R2 + 2

3
R3

ôç ôñßôç ðïëëáðëáóéáóìÝíç ìå (2
3
)

x = 1
y = 2
z = 3

 1 0 0 | 1
0 1 0 | 2
0 0 1 | 3


¢ñá ç ëýóç ôïõ óõóôÞìáôïò åßíáé x = 1, y = 2, z = 3.

1.2 ÁðáëïéöÞ ôïõ Gauss (Gaussian elimination)

Êëéìáêùôüò ðßíáêáò: Êáëïýìå áíçãìÝíï êëéìáêùôü ðßíáêá êÜèå ðßíáêá

ï ïðïßïò éêáíïðïéåß ôéò éäéüôçôåò:

1. ¸÷åé üëåò ôéò ìçäåíéêÝò ãñáììÝò ïìáäéêÜ óôï êÜôù ìÝñïò ôïõ

ðßíáêá.

2. ÊÜèå ìç ìçäåíéêÞ ãñáììÞ Ý÷åé ôï ðñþôï óôïé÷åßï ßóï ìå ôï 1

(êáëåßôáé çãåôéêü óôïé÷åßï 1).

3. Ãéá êÜèå äéáäï÷éêÝò ìç ìçäåíéêÝò ãñáììÝò i êáé (i+ 1), ôï çãåôéêü 1
ôçò ãñáììÞò (i + 1) âñßóêåôáé óôá äåîéÜ ôïõ çãåôéêïý 1 ôçò ãñáììÞò i.
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4. ÊÜèå óôÞëç ðïõ Ý÷åé çãåôéêü óôïé÷åßï 1, ôá õðüëïéðá óôïé÷åßá åßíáé

ßóá ìå ìçäÝí.

ÊÜèå ðßíáêáò ï ïðïßïò éêáíïðïéåß ôéò éäéüôçôåò 1, 2 êáé 3 êáëåßôáé

êëéìáêùôüò ðßíáêáò.

ÐáñÜäåéãìá: Ïé ðéï êÜôù ðßíáêåò åßíáé áíçãìÝíïé êëéìáêùôïß ðßíáêåò:

 1 0 0
0 1 0
0 0 1

 ,


1 0 0 0 2
0 1 0 0 3
0 0 1 0 4
0 0 0 1 5
0 0 0 0 0

 ,


0 1 0 0 2
0 0 1 0 3
0 0 0 1 4
0 0 0 0 0

 ,


1 0 0 1 1
0 1 0 3 2
0 0 1 5 4
0 0 0 0 0
0 0 0 0 0


Ïé ðéï êÜôù ðßíáêåò åßíáé êëéìáêùôïß ðßíáêåò: 1 2 1 4

0 1 3 5
0 0 1 6

 ,


1 2 2 5
0 1 2 3
0 0 1 2
0 0 0 0

 ,


1 1 2 3 4
0 1 4 5 7
0 0 1 3 5
0 0 0 1 1


ÁðáëïéöÞ ôïõ Gauss: Ç ìÝèïäïò âáóßæåôáé óå óôïé÷åéþäåéò ìåôáó÷çìáôéóìïýò

ãñáììþí. Ìåôáó÷çìáôßæïõìå ôïí åðáõîçìÝíï ðßíáêá óå áíçãìÝíï

êëéìáêùôü Þ óå êëéìáêùôü. ÁðáëïéöÞ ôïõ Gauss åßíáé ç ìÝèïäïò ðïõ

ìåôáó÷çìáôßæåé ôïí åðáõîçìÝíï ðßíáêá óå êëéìáêùôü, åíþ ç áðáëïéöÞ

ôùí Gauss-Jordan åßíáé ç ìÝèïäïò ðïõ ìåôáó÷çìáôßæåé ôïí åðáõîçìÝíï

ðßíáêá óå áíçãìÝíï êëéìáêùôü.

ÐáñÜäåéãìá: Íá ëõèåß ôï óýóôçìá

x1 + 2x2 − x3 + x4 = 0
2x1 + 3x2 + x3 + 2x4 = 7
x1 + x2 + 3x3 − x4 = 14
−x1 + x2 + 2x3 + x4 = 5
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÷ñçóéìïðïéþíôáò (á) ôçí áðáëïéöÞ ôïõ Gauss êáé (â) áðáëïéöÞ ôùí

Gauss-Jordan.

Ëýóç:
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Óçìåßùóç: Áí êáôÜ ôç äéáäéêáóßá ôùí ìåôáó÷çìáôéóìþí åìöáíéóôïýí

ìçäåíéêÝò ãñáììÝò, ôüôå ðáñáëåßðïíôáé ÷ùñßò íá åðçñåÜæåôáé ç ëýóç

ôïõ óõóôÞìáôïò. Áí üìùò åìöáíéóôïýí ãñáììÝò ìå üëá ôá óôïé÷åßá ßóá

ìå ìçäÝí åêôüò áðü ôï ôåëåõôáßï, ôüôå ôï óýóôçìá åßíáé ìç óõìâéâáóôü.

ÐáñÜäåéãìá: Íá ëõèåß ôï óýóôçìá

x1 − x2 + 2x3 − x4 = −1
2x1 + x2 − 2x3 − 2x4 = −2
−x1 + 2x2 − 4x3 + x4 = 1
3x1 − 3x4 = −3

Ëýóç:
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ÐáñÜäåéãìá: Íá ëõèåß ôï óýóôçìá

2x1 − x2 + 3x3 + 4x4 = 9
x1 − 2x3 + 7x4 = 11
3x1 − 3x2 + x3 + 5x4 = 8
2x1 + x2 + 4x3 + 4x4 = 10

Ëýóç:
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Óçìåßùóç: Áí ï (áíçãìÝíïò) êëéìáêùôüò ðïõ ðñïÝêõøå áðü ôïí åðáõîçìÝíï

ðßíáêá åíüò óõóôÞìáôïò, Ý÷åé m ìç ìçäåíéêÝò ãñáììÝò êáé (n+1) óôÞëåò,

ôüôå:

(i) áí n=m ôï óýóôçìá Ý÷åé ìéá ëýóç,

(ii) áí n>m ôï óýóôçìá Ý÷åé Üðåéñåò ëýóåéò.

1.3 ÏìïãåíÝò ãñáììéêü óýóôçìá

ÊÜèå ãñáììéêü óýóôçìá ôçò ìïñöÞò

a11x1 + a12x2 + . . . + a1nxn = 0
a21x1 + a22x2 + . . . + a2nxn = 0

. . . .

. . . .

. . . .
am1x1 + am2x2 + . . . + amnxn = 0

êáëåßôáé oìïãåíÝò ãñáììéêü óýóôçìá. ÔÝôïéá óõóôÞìáôá åßíáé óõìâéâáóôÜ

åðåéäÞ Ý÷ïõí ôïõëÜ÷éóôïí ôç ìçäåíéêÞ ëýóç (x1 = x2 = · · · = xn = 0).
Ãéá êÜèå oìïãåíÝò ãñáììéêü óýóôçìá éó÷ýåé Ýíá áðü ôá ðéï êÜôù:

(i) ôï óýóôçìá Ý÷åé ìüíï ôç ìçäåíéêÞ ëýóç,

(ii) ôï óýóôçìá Ý÷åé Üðåéñåò ëýóåéò.

Èåþñçìá: ÊÜèå ïìïãåíÝò ãñáììéêü óýóôçìá ìå ðåñéóóüôåñïõò

áãíþóôïõò Ý÷åé Üðåéñåò ëýóåéò.

ÐáñÜäåéãìá: Íá ëõèåß ôï óýóôçìá

x3 + x4 + x5 = 0
−x1 − x2 + 2x3 − 3x4 + x5 = 0
x1 + x2 − 2x3 − x5 = 0
2x1 + 2x2 − x3 + x5 = 0

Ëýóç:


