
6.1 ¸óôù üôé u, v êáé w åßíáé äéáíýóìáôá ôÝôïéá þóôå

〈u,v〉 = 2, 〈v,w〉 = −3, 〈u,w〉 = 5, ‖u‖ = 1, ‖v‖ = 2, ‖w‖ = 3.

Íá õðïëïãéóôïýí:

(i) 〈u + v,v + w〉 (ii) 〈2v −w, 3u + 2w〉
(iii) 〈u− v − 2w, 4u + v〉 (iv) ‖u + v‖
(v) ‖2w − v‖ (vi) ‖u− 2v + 4w‖

6.2 ¸óôù üôé ï äéáíõóìáôéêüò ÷þñïò P2 Ý÷åé åóùôåñéêü ãéíüìåíï

〈p,q〉 =

∫ 1

−1

p(x)q(x)dx.

(i) Íá âñåèåß ôï ‖p‖ ãéá p = 1, p = x êáé p = x2.

(ii) Íá âñåèåß ç áðüóôáóç d(p,q) ãéá p = 1, q = x.

6.3 ¸óôù

U =

[
u1 u2

u3 u4

]
êáé V =

[
v1 v2

v3 v4

]
Íá åîåôáóôåß áí ôá ðéï êÜôù åßíáé åóùôåñéêÜ ãéíüìåíá ôïõ M22:

(i) 〈U,V〉 = u1v1 + u2v2 + u3v3 + u4v4

(ii) 〈U,V〉 = u1v1 + u2v3 + u3v2 + u4v4

6.4 ×ñçóéìïðïéþíôáò ôï åóùôåñéêü ãéíüìåíï

〈p,q〉 =

∫ 1

−1

p(x)q(x)dx

íá âñåèåß ôï 〈p,q〉 ãéá ôá äéáíýóìáôá p = p(x) êáé q = q(x) ôïõ äéáíõóìáôéêïý
÷þñïõ P3.

(i) p = 1− x + x2 + 5x3, q = x− 3x2

(ii) p = x− 5x3, q = 2 + 8x2
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6.5 ¸óôù

U =

[
u1 u2

u3 u4

]
êáé V =

[
v1 v2

v3 v4

]
äéáíýóìáôá ôïõ M22. Ï ôýðïò

〈U,V〉 = u1v1 + u2v2 + u3v3 + u4v4

ïñßæåé Ýíá åóùôåñéêü ãéíüìåíï ôïõ M22.

(i) Íá âñåèåß ôï óõíçìßôïíï ôçò ãùíßáò ìåôáîý A êáé B

(á) A =

[
2 6
1 −3

]
, B =

[
3 2
1 0

]
(â) A =

[
2 4

−1 3

]
, B =

[
−3 1

4 2

]
(ii) ¸óôù

A =

[
2 1

−1 3

]
Íá åîåôáóôåß ðïéá áðü ôá ðéï êÜôù äéáíýóìáôá åßíáé ïñèïãþíéá ìå ôï A.

(á)

[
−3 0

0 2

]
(â)

[
1 1
0 −1

]
(ã)

[
0 0
0 0

]
(ä)

[
2 1
5 2

]
(iii) Íá åðáëçèåõôåß üôé éó÷ýåé ç áíéóüôçôá ôùí Cauchy-Schwarz ãéá ôá äéáíýóìáôá

A =

[
−1 2

6 1

]
, B =

[
1 0
3 3

]

6.6 ¸óôù üôé V åßíáé Ýíáò ÷þñïò ìå åóùôåñéêü ãéíüìåíï. Áí u,v ∈ V ôÝôïéá

þóôå ‖u‖ = ‖v‖ = 1, ôüôå íá äåé÷èåß üôé

‖u− v‖ =
√

2.

6.7 Íá åîåôáóôåß áí ôá ðéï êÜôù óýíïëá åßíáé ïñèïêáíïíéêÜ ùò ðñïò ôï

åóùôåñéêü ãéíüìåíï ðïõ Ý÷åé ïñéóôåß óôç Üóêçóç 6.5.

(i)

[
1 0
0 0

]
,

[
0 2

3
1
3

−2
3

]
,

[
0 2

3

−2
3

1
3

]
,

[
0 1

3
2
3

2
3

]
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(ii)

[
1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 1

]
,

[
0 0
1 −1

]
6.8 Íá åðáëçèåõèåß üôé ôá äéáíýóìáôá

v1 =

(
−3

5
,
4

5
, 0

)
, v2 =

(
4

5
,
3

5
, 0

)
, v3 = (0, 0, 1)

ó÷çìáôßæïõí ìéá ïñèïêáíïíéêÞ âÜóç ùò ðñïò ôï Åõêëåßäåéï åóùôåñéêü ãéíüìåíï.

Óôç óõíÝ÷åéá íá åêöñáóôïýí ôá ðéï êÜôù äéáíýóìáôá ùò ãñáììéêïýò óõíäõáóìïýò

ôùí v1, v2 êáé v3.

(i) (1,−1, 2) (ii) (3,−7, 4) (iii)
(

1
7
,−3

7
, 5

7

)
6.9 ¸óôù üôé S åßíáé ìéá ïñèïêáíïíéêÞ âÜóç åíüò 4-äéÜóôáôïõ ÷þñïõ ìå

åóùôåñéêü ãéíüìåíï. ×ñçóéìïðïéþíôáò ôá ðéï êÜôù íá âñåèïýí: ‖u‖, ‖v −
w‖, ‖v + w‖ êáé 〈v,w〉.
(i) (u)S = (−1, 2, 1, 3), (v)S = (0,−3, 1, 5), (w)S = (−2,−4, 3, 1)

(ii) (u)S = (0, 0,−1,−1), (v)S = (5, 5,−2,−2), (w)S = (3, 0,−3, 0)

6.10 ×ñçóéìïðïéþíôáò ôçí äéáäéêáóßá ôùí Gram-Schidt íá ìåôáó÷çìáôéóôïýí

ïé ðéï êÜôù âÜóåéò óå ïñèïêáíïíéêÝò.

(i) u1 = (1, 0, 0), u2 = (3, 7,−2), u3 = (0, 4, 1)

(ii) u1 = (0, 2, 1, 0), u2 = (1,−1, 0, 0), u3 = (1, 2, 0,−1), u4 = (1, 0, 0, 1)
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