
3.1 Íá õðïëïãéóôïýí ïé ðáñáêÜôù ïñßæïõóåò

(i)

∣∣∣∣ 2 3
−1 4

∣∣∣∣ (ii)

∣∣∣∣∣∣
1 0 6
3 4 14
5 6 21

∣∣∣∣∣∣
(iii)

∣∣∣∣∣∣
1 0 2
3 4 5
5 6 7

∣∣∣∣∣∣ (iv)

∣∣∣∣∣∣
1 0 0
2 3 5
4 1 3

∣∣∣∣∣∣
3.2 Íá ëõèåß ç åîßóùóç∣∣∣∣ x −1

3 1− x

∣∣∣∣ =

∣∣∣∣∣∣
1 0 −3
2 x −6
1 3 x− 5

∣∣∣∣∣∣
3.3 Íá äåé÷èåß üôé ç ôéìÞ ôçò ðéï êÜôù ïñßæïõóáò åßíáé áíåîÜñôçôç ôïõ θ.∣∣∣∣∣∣

sin θ cos θ 0
− cos θ sin θ 0

sin θ − cos θ sin θ + cos θ 1

∣∣∣∣∣∣
3.4 Íá âñåèïýí ïé ôéìÝò ôùí ïñéæïõóþí ðïõ áíôéóôïé÷ïýí óôïõò ðéï êÜôù

ðßíáêáò, áöïý ðñþôá ìåôáôñáðïýí óå êëéìáêùôïýò ðßíáêåò.

(i)

 1 −3 0
−2 4 1

5 −2 2

 (ii)

 3 −6 9
−2 7 −2

0 1 5



(iii)


1 −2 3 1
−5 −9 6 3
−1 2 −6 −2

2 8 6 1

 (iv)


2 1 3 1
1 0 1 1
0 2 1 0
0 1 2 3



(v)


0 1 1 1
1
2

1
2

1 1
2

2
3

1
3

1
3

0
−1

3
2
3

0 0

 (vi)


1 3 1 5 3
−2 −7 0 −4 2

0 0 1 0 1
0 0 2 1 1
0 0 0 1 1
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3.5 Íá äåé÷èåß üôé

(i)

∣∣∣∣∣∣
1 x yz
1 y xz
1 z xy

∣∣∣∣∣∣ = (x− y)(y − z)(z − x)

(ii)

∣∣∣∣∣∣
1 a b + c
1 b c + a
1 c a + b

∣∣∣∣∣∣ = 0

3.6 Äßíåôáé üôé∣∣∣∣∣∣
a b c
d e f
g h i

∣∣∣∣∣∣ = −6

Íá õðïëïãéóôïýí ôá åîÞò:

(i)

∣∣∣∣∣∣
d e f
g h i
a b c

∣∣∣∣∣∣ (ii)

∣∣∣∣∣∣
3a 3b 3c
−d −e −f
4g 4h 4i

∣∣∣∣∣∣
(iii)

∣∣∣∣∣∣
a + g b + h c + i

d e f
g h i

∣∣∣∣∣∣ (iv)

∣∣∣∣∣∣
−3a −3b −3c

d e f
g − 4d h− 4e i− 4f

∣∣∣∣∣∣
3.7 ¸óôù üôé det(A) = −7, üðïõ A åßíáé Ýíáò 3× 3 ðßíáêáò. Íá âñåèïýí:

(i) det(3A) (ii) det(2A− I) (iii) det((2A)−1) (iv) det(A2)

3.8 ×ùñßò íá áíáðôõ÷èïýí ïé ïñßæïõóåò, íá äåé÷èåß üôé

(i)

∣∣∣∣∣∣
1 a a3

1 b b3

1 c c3

∣∣∣∣∣∣ = (a + b + c)(b− c)(c− a)(a− b)

(ii)

∣∣∣∣∣∣
1 a a2 − bc
1 b b2 − ca
1 c c2 − ab

∣∣∣∣∣∣ = 0

(iii)

∣∣∣∣∣∣
1 a b
a 1 b
a b 1

∣∣∣∣∣∣ = (a + b + 1)(a− 1)(b− 1)
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(iv)

∣∣∣∣∣∣
b + c c + a a + b
q + r r + p p + q
y + z z + x x + y

∣∣∣∣∣∣ = 2

∣∣∣∣∣∣
a b c
p q r
x y z

∣∣∣∣∣∣
3.9 ¸óôù ï ðßíáêáò A =

 1 −2 3
6 7 −1
−3 1 4

.
Ãéá êÜèå óôïé÷åßï ôïõ ðßíáêá A íá âñåèïýí

(i) ç åëÜóóùí ïñßæïõóá

(ii) ôï áëãåâñéêü óõìðëÞñùìá

Óôç óõíÝ÷åéá íá õðïëïãéóôåß ç ôéìÞ ôçò det(A) áíáðôýóóïíôáò êáôÜ ôá óôïé÷åßá
ôçò

(i) ðñþôçò ãñáììÞò

(ii) ðñþôçò óôÞëçò

(iii) äåýôåñçò ãñáììÞò

(iv) äåýôåñçò óôÞëçò

(v) ôñßôçò ãñáììÞò

(vi) ôñßôçò óôÞëçò

3.10Íá õðïëïãéóôïýí ïé ïñßæïõóåò ìå áíÜðôõîç êáôÜ ôá óôïé÷åßá ìéáò ãñáììÞò

Þ óôÞëçò.

(i)

∣∣∣∣∣∣
1 0 2
3 0 4
2 −5 1

∣∣∣∣∣∣ (ii)

∣∣∣∣∣∣
3 4 5
1 2 3
−2 5 −4

∣∣∣∣∣∣ (iii)

∣∣∣∣∣∣
1 4 8
−2 1 5
−3 2 4

∣∣∣∣∣∣
(iv)

∣∣∣∣∣∣∣∣
3 1 4 2
9 3 4 4
1 2 1 1
1 1 1 2

∣∣∣∣∣∣∣∣ (v)

∣∣∣∣∣∣∣∣
1 2 3 5
4 2 5 6
1 0 7 8
2 5 6 4

∣∣∣∣∣∣∣∣
3.11×ñçóéíïðïéþíôáò ôïí ôýðïA−1 =

1

det(A)
adj(A), íá âñåèïýí (áí õðÜñ÷ïõí)

ïé áíôßóôñïöïé ôùí ðáñáêÜôù ðéíÜêùí

(i)

[
2 4
4 1

]
(ii)

[
cos θ sin θ
sin θ − cos θ

]
(iii)

 cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ
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(iv)

 2 2 0
0 3 1
1 0 1

 (v)

 2 1 −1
−1 2 0

0 1 3

 (vi)

 1 −4 2
5 −6 11
3 2 7



3.11 Áí A =

 −3 0 2
0 1 1
−2 2 2

 íá åðéâåâáéùèïýí ïé ðáñáêÜôù éäéüôçôåò

(i) Aadj(A) = adj(A)A = det(A)I

(ii) det(adj(A)) = [det(A)]2

3.12 Íá õðïëïãéóôïýí ïé ïñßæïõóåò

(i)

∣∣∣∣∣∣∣∣
4 −1 −1 −1
−1 1 1 1
−5 3 2 2

2 −1 1 −1

∣∣∣∣∣∣∣∣ (ii)

∣∣∣∣∣∣∣∣
1 4 −1 −1
2 −1 1 1
1 −5 2 2
1 2 1 −1

∣∣∣∣∣∣∣∣
(iii)

∣∣∣∣∣∣∣∣
1 −1 4 −1
2 1 −1 1
1 3 −5 2
1 −1 2 −1

∣∣∣∣∣∣∣∣ (iv)

∣∣∣∣∣∣∣∣
1 −1 −1 4
2 1 1 −1
1 3 2 −5
1 −1 1 2

∣∣∣∣∣∣∣∣
3.13 Ìå ôç ÷ñÞóç ôïõ êáíüíá ôïõ Cramer, íá ëõèïýí ôá óõóôÞìáôá

(i)
2x + 3y − z = 1

3x + 5y + 2z = 8
x− 2y − 3z = −1

(ii)
2x− 5y + 2z = 7
x + 2y − 4z = 3

3x− 4y − 6z = 5
(iii)

2z + 10 = y + 3x
x− 3z = 2y + 8
4y + z = 3− 2x

(iv)

x1 + 3x2 + x3 − 2x4 = 3
2x1 − 2x3 − 4x4 = −4

x1 + x2 + x4 = 3
2x1 + 5x2 + 3x3 + 6x4 = 16

(v)

x1 − x2 − x3 − x4 = 4
2x1 + x2 + x3 + x + 4 = −1
x1 + 3x2 + 2x3 + 2x4 = −5

x1 − x2 + x3 − x4 = 2

3.14 Íá ëõèåß ôï ãñáììéêü óýóôçìá

x1 + 3x2 + x3 − 2x4 = 0
2x2 − 2x3 − 4x4 = 0

x1 + x2 + x4 = 0
2x1 + 5x2 + 3x3 + 6x4 = 0
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3.15 Íá ëõèåß ç Üóêçóç 1.8 ÷ñçóéìïðïéþíôáò ôïí êáíüíá ôïõ Cramer.

3.16 Íá äåé÷èåß üôé ôá óçìåßá (x1, y1), (x2, y2) êáé (x3, y3) åßíáé óõíåõèåéáêÜ
áí êáé ìüíï áí∣∣∣∣∣∣

x1 y1 1
x2 y2 1
x3 y3 1

∣∣∣∣∣∣ = 0.
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