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4.1 (i) 1
f(x)=

x+1
 

h 0 h 0 h 0

1 1
-

f(x+h)-f(x) x+1-x-h-1(x+h)-1 x+1f  (x)= lim = lim = lim
h h h(x+1)(x+h+1)→ → →

′  

        2h 0

-1 -1
= lim =

(x+1)(x+h+1) (x+1)→
 

 
(ii) f(x)= x+1  

( )h 0 h 0 h 0

x+h+1- x+1 x+h+1-x-1 1 1
f  (x)= lim = lim = lim =

h x+h+1+ x+1 2 x+1h x+h+1+ x+1→ → →
′  

 

(iii) 
1

3f(x)=x  
2 1 1 2

3 3 3 31 1
3 3

2 1 1 2 2 1 1 2h 0 h 03 3 3 3 3 3 3 3

(x+h) +(x+h) x +x(x+h) -x x+h-x
f (x)= lim = lim

h (x+h) +(x+h) x +x h (x+h) +(x+h) x +x→ →

 
  ′
   
      

 

22 1 1 2h 0 33 3 3 3

1 1
= lim =

3x(x+h) +(x+h) x +x→  
  

 

 
(iv) f(x)=cosx  

h 0 h 0

h 0 h 0

cos(x+h)-cosx cosxcos h-sinx sin h-cosx
f (x)= lim = lim

h h

cosx cosh-cosx sin h
= lim -sinx lim

h h

→ →

→ →

′

( ) ( ) ( )

 1

h 0

2

h 0 h 0 h 0

cos h-1
=cosx lim -sinx

h

h h-2sin sin2 2 h=cosx lim -sinx=-2cosx lim limsin 2h h

→

→ → →

 
 
 
 

0

-sinx=-sinx

 

 
(v) f(x)=tanx  

h 0 h 0

2h 0 h 0

sin(x+h-x)
tan(x+h)-tanx cosxcos(x+h)f  (x)= lim = lim

h h
sin h 1 1

= lim lim =
h cosx cos(x+h) cos x

→ →

→ →

′
 

 
 
 
 



(vi) f(x)=secx  

( )
h 0 h 0

h 0 h 0 h 0

sec(x+h)-secx cosx-cos(x+h)
f (x)= lim = lim

h hcos(x+h)cosx

x+x+h x+h-x 2x+h
2sin sin 2sin hsin2 2 2 2= lim = lim lim

hcos(x+h)cosx cos(x+h)cosx h

→ →

→ → →

′

     
          

1
2

2

sinx 1
=2 =tanx secx

cos x 2

 

 
4.2 2y=.[ �E[  
To (1,5)�0��.��1��0� �2�"��.��*��" 5= � ���⇒  (1) 

��� �	��
 �	��
8=�  \  �.[�E  �.�E �.�E � ���′ ⇒  
�*� �2."�2 �1*12��.�2&���������  �!�1� #�0�. �� E �  
 
4.4                 0 , x<-2                                                 x+2, x<-2  

1f (x)=                                                2f (x)=  

               x+2, -2 x<0≤                                      x+2- x+2, -2 x<0≤  
ü���$ #�0�.���� 1f (x) 0��.���.!.�&��1����12 � x=-2 �.�)�/0�����  

1 1
1

h 0 h 0 h 0 h 0

f (-2+h)-f (-2) -2+h - -2+2 h 1
f (-2)= lim = lim = lim lim

h h h h+ + + +→ → → →
′ = = +∞  

ñ!.��� 1f (x) /0��0��.���.!.�&��1����12 � x=-2  
 
ü���$ #�0�.���� 2f (x) 0��.���.!.�&��1����12 � x= -2 �.�)�.!�120!���  

2 2
2

h 0 h 0

h 0 h 0

-2+h+2- -2+h+2- -2+2- -2+2f (-2+h)-f (-2)
f (-2)= lim = lim

h h
h- h 1

         = lim = lim 1- =
h h

− −

− −

→ →

→ →

  ′

  − ∞  

 

ñ!.��� 2f (x) /0��0��.���.!.�&��1����12 � x= -2  
 
( )1 2f +f (x)=x+2� #��! 3.�+"�0��.���.!.�&��1���� x R∀ ∈  

( ) ( )1 2 1 2f +f (x)=1, x R f +f (-2)=1′ ′∀ ∈ ⇒  
 
 
 
 
 
 
 
 
 
 
 



4.5 �.�� sin x
y= yx=sin x (1)

x
⇔  

              y x+y=cos x y x+y +y = -sin x (2)′ ′′ ′ ′⇔ ⇔  

ù�)����� �.�����  
2

y x+2y = -yx y + y=0
x

′′ ′ ′′⇒ ⇒ +  

 

���� 2 2 2x x
x +y =2y 2x+2yy =2y y = = (1)

2-2y 1-y
′ ′ ′⇔ ⇔                         

      ( )22x+2yy =2y 2+2y y +2yy =2y 1+ y +yy =y (2)′ ′ ′ ′ ′′ ′′ ′ ′′ ′′⇔ ⇔  

ù�)����� �.������� ( ) ( ) ( )
2

2 32x
1+ +y y-1 =0 1-y +x +y y-1 =0

1-y
  ′′ ′′⇒ 
 

 

                           ( ) ( )3 32 2

=0

1+ y -2y+x +y 1-y =0 y 1-y = -1′′ ′′⇒ ⇒
��	�


 

 
(�) 

2y= sec 2x y =sec 2x 2⇒ ⇔ yy = 2′ sec2x tan2x
sec2x tan2x y = y =ytan2x (1)

sec 2x
′ ′⇔ ⇔  

2tan 2x+2y sec 2x (2)y y′′ ′⇔ =  

ù�)����� �.����� ( )2 2 4 5 5y =y tan 2x+2y sec 2x y =y -1+y +2y y =3y -y′′ ′′ ′′⇒ ⇒ ⇒  

 

�/�� 2 2 2y= 5x +3 y =5x +3 2yy =10x yy =5x y y +yy =5′ ′ ′ ′ ′′⇒ ⇒ ⇒ ⇒  
 

4.6  
[ ] [ ]2 2

h 0 h 0

f(x+3h) - f(x+h)
lim = lim f(x+3 h

h→ →

0
)+f(x+ h

[ ]0 f(x+3h)-f(x+h)
)

h
 
  

 

( )
h 0 h 0

k 0

f (x+h)+2h -f(x+h) f(x+2h)-f(x)
=2f(x) lim =2f(x) 2 lim

h 2h
f(x+k)-f(x)

=4f(x) lim =4f(x)f (x)
k

→ →

→

  

′
 

 
4.7                2x -1, x 1≤  

  f(x)=   
                      k(x-1), x>1            

�.��þ�f�0��.��1#�0$�"�12 � ( ) ( ),1 1,−∞ ∪ +∞ ��ü�02�� #�0�.��0��.��1#�0$�"�12 �x=1 

( )2

x 1 x 1 x 1 x 1
lim f(x)= lim x -1 =0, lim f(x)= lim k(x-1)=0 �.� I(1)=0

− − + +→ → → →
 

ñ!.���f�0��.��1#�0$�"��.��12 �x �� ��.�)�0"�2�"�2���"�2 #�k 
 
 
 
 
 
 
3 



4.7  ����þ�f�0��.���.!.�&��1����12 � ( ) ( ),1 1,−∞ ∪ +∞ ��ü�02�� #�0�.����f�0��.�� 
�.!.�&��1����12 �x=1 : 

( ) ( )

( )

2 2 2

h 0 h 0 h 0

2

h 0 h 0

1+h -1- 1 -1f(1+h)-f(1) h +2h
f (1)= lim = lim = lim =2

h h h

k(1+h-1)- 1 -1f(1+h)-f(1)
f (1)= lim = lim =k

h h

− → → →

+ → →

′

′

 

ñ!.���f�0��.���.!.�&��1�����.� 12 �x �� .��k=2. 
 
4.8 �.��þ�f(x�� 0��.���!2�.�/��./�� f(-x)=f(x) �ñ!.��.�� f(-x+h)=f(x-h)  

h 0 h 0

f(-x+h)-f(-x) f(x-h)-f(x)
f  (-x)= lim = lim

h h→ →
′ �,�2 #�0� x=x+h  

         
h 0 h 0

f(x)-f(x+h) f(x+h)-f(x)
= lim = - lim = -f  (x)

h h→ →
′  

ñ!.��� f ′ �0��.���0!�22��1#��!2�1�� 
 
����þ�f(x�� 0��.���0!�22���/��./�� f(-x)= -f(x) �ñ!.��.�� f(-x+h)= -f(x-h)  

h 0 h 0

f(-x+h)-f(-x) -f(x-h)+f(x)
f  (-x)= lim = lim

h h→ →
′ ��,�2 #�0� x=x+h  

         
h 0

f(x+h)-f(x)
= lim =f  (x)

h→
′  

ñ!.��� f ′ �0��.���!2�.�1#��!2�1�� 
 
4.9 ò12&� [ ]x 0,2∈ �0� x 1≠ ���.2��2 ��0+!��.�2�"���1�"�2���"�� ( )c 1, x∃ ∈ 2�2 � �

+120��� f(x)-f(1)=(x-1)f  (c) f(x)-3 = x-1 f (c)′ ′⇒  

ü�0�/�� ( )c 1, x∈ ��$ #�0� x-1 1≤  

ü��1�"��1$*0�� f (c) 2′ ≤ �12 ������  

ñ!.� ( ) 3 1×2=2 1 f(x) 5f x − ≤ ⇒ ≤ ≤  
 
4.10 ,0&! *�0�2���1#��!2�1�� h(x)= f(x).g(x)  
þ�h(x�� 0��.���.!.�&��1����12 �>���@� ��.2�� ��f��.��g�0��.���.!.�&��1��0"�12 �>���@  
ü����� ���$ #�0�)2���� h(0)=f(0).g(0)=0 ��.�� h(1)=f(1).g(1)=0 ��.2��f(0)=g(1)=0 
ñ!.��.2��2 ��0+!��.�2 #�Rolle�#��!$0��2 #��$�12 ����.� c (0,1)∈ �2�2 � �+120�
h (c)=0′ ��	+!.� h (x)=0 f  (x)g(x)+f(x)g (x)=0′ ′ ′⇒  
ü�0�/�� f(x)g(x) 0 12 ����� �/��02.��≠ �/�.�! *�0��0� f(x)g(x) ��.���!�1� #�0��  
f (x) g (x)

+ =0
f(x) g(x)
′ ′ ��þ�0��1&1��.#2���$0��2 #��$�12 ����.�!��.�12 ������� �.��.#2��0��.��

2 �c�� #��!��.�0��� ����& 
 
 
 
 
 
 



4.11 
x 0

f(x+y)=f(x)f(y) f(x)=1+xg(x) )� # OLPJ�[� �και
→

 

h 0 h 0 h 0 h 0

h 0

f(x+h)-f(x) f(x)f(h)-f(x) f(h)-1 hg(h)
f  (x)= lim = lim =f(x) lim =f(x) lim

h h h h
=f(x) limg(h)=f(x)

→ → → →

→

′
 

 
4.12 3 2 2x(t)=2t -15t +24t+7, y(t)= t +t+1 

dy
dy dt

dxdx
dt

=  

�.��+�.��.��$0�����.��*��� !��)�2�.�03.�2 ������!��0�����.!��&� "�2�"��.�0��.���1��
�0���/����ü� ���&"���.��.��$ #�0� dy

=0
dx

��!��0�� dy 1=0 2t+1=0 t= - 2dt
⇒ ⇒  

����+�.��.��$0�����.��*����.2.�)!#3��03.�2 �����1��.��0��)2�����.!��&� "�2�"�
.�0�!��02.���ü� ���&"��!��0�� 2 2dx

=0 6t -30t+24=0 t -5t+4=0 (t-4)(t-1)=0
dt

⇒ ⇒ ⇒  

t=1 �.� W �⇒  
 
4.13  2 3 2x(t)=t -3t+5, y(t)=t +t -10t+9  
+�.��.�2���0�����.��*���2 ��0.#2)�2�"�12 �1��0� ������� 1��.��0��)2���.�!� #�0�2�"�
2���"�x=3,y �� ��.�/* �2���"�2 #�t . E� ���&"��$ #�0 : 

2 23=t -3t+5 t -3t+2=0⇒  �.� 3 21=t +t -10t+9  
2t -3t+2=0 (t-1)(t-2)=0 t=1�.� W �⇒ ⇒  

ü�.���0#1��: 
3 2

3 2

t=1:1 +1 -10(1)+9=1

t=2 : 2 +2 -10(2)+9=1
 

ü� ���&"�2 �1*12��.���.� � �0�2.����.�t �� �.��t=2 
⇒	 �1��0� ������� .���0��12����.��*����0�.#2�"�2�"��.!.�02!���"�0��1+10�" �.��
����12.�2���0��2 ��0.#2)�2�"�12 �1��0� �.#2)� 
 

t=1 : 
2


��

 t=1  t=1

dy 3t +2t-10�    �
dx 2t-3

 

ü� ���&"�0��1&1��03.�2 ����"��� y-1=5(x-3) y=5x-14⇒  
 

t=2 : 
2

���

 t=2  t=2

dy 3t +2t-10�    �
dx 2t-3

 

ü� ���&"�0��1&1��03.�2 ����"��� y-1=6(x-3) y=6x-17⇒  
 
 
 
 
 
 
 
 



4.14  
-1

2 -1 2

2 2 2

sin x -2x 1
y= y 1-x =sin x y+y 1-x =

1-x 2 1-x 1-x
′⇒ ⇒ 2-xy+(1-x )y =1′⇒  

�.!.�&��� �2."��.���: 2 2-y-xy +(-2x)y +(1-x )y =0 (1-x )y -3xy -y=0′ ′ ′′ ′′ ′⇒ ⇒  
 
 

4.15 (i) -1 1-x
f(x)=tan

1+x
 
  

 

2 2

1-x 1 -1-x-1+x
f  (x)= =

1+x 1-x (1+x)1
1+x

′ ′     +   

2(1+x)
2 2

2 2 2

(1+x) +(1-x)

1 -1
= -2 =

x +2x+1+x -2x+1 x +1

 

 
(ii) ( )-1 2xf(x)=tan xe  

( )
( )

2x 2x
2x

2 2 4x2x

1 e +2xe
f  (x)= xe =

1+x e1+ xe

′′  

 
(iii) ( )-1 2f(x)=sin x  lnx  

( )
( )

2 2

2 4 2 4 22

1 1 1 2xln x+x
f  (x)= x lnx 2x ln x+x =

x 1 x ln x 1-x ln x1 x lnx

 ′′ =    −−
 

 

(iv) 
-1tan x

f(x)=
lnx

 

( )
( )

-1 2 -1
2

2 2 2

1 1
ln x- tan x x lnx- 1+x tan xx1+xf  (x)= =

ln x x 1+x ln x
′  

 
                 
 
 
 
 
 
 


