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∑ 1#�����0���p-10�!���0� 5p= 2 ) 

ñ!.��.����10�!�� 3
k=1

k
k 1

∞

+∑ �1#�����0��.�)�2 ��!�2�!� �2�"�1*��!�1�"� 
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12.13  (iii) 
( )3

k=1

2+ k

k+1 -1

∞

∑  

( ) ( ) ( ) ( ) ( )3 3 3 3 3 5 2
3

2+ k k + k 2 k 4 k 4 k 4
= = =

k kk+1 -1 k+1 k+1 k+1
k+1 -

2 2

≤ ≤  

H�10�!�� 5 2 5 2
k=1 k=1

4 1
=4

k k

∞ ∞

∑ ∑ 1#�����0���p-10�!���0� 5p= 2 ) 

ñ!.�.�)�2 ��!�2�!� �2�"�1*��!�1�"��.����
( )3

k=1

2+ k

k+1 -1

∞

∑ �1#�����0�� 

(iv) -k
k=1

1
4+2

∞

∑   

-kk

1 1
p= lim = 0

44+2→∞
≠  

ñ!.�.�)�2 ��!�2�!� �2�"�.�)���1�"���10�!� -k
k=1

1
4+2

∞

∑ �.� ����0�� 

(v) 
-1

2
k=1

tan k
k

∞

∑  

-1

2 2

�tan k 2
k k

≤ ��� þ�10�!�� 2 2
k=1 k=1

� � �2 =
2k k

∞ ∞

∑ ∑ 1#�����0���p-10�!���0�p=2) 

ü� ���&"�.�)�2 ��!�2�!� �2�"�1*����1�"���10�!��
-1

2
k=1

tan k
k

∞

∑ 1#�����0� 

(vi)  
k

k=1

5 +k
k!+3

∞

∑  

k k k k5 +k 5 +5 5
=2

k!+3 k! k!
≤  

	+!.��.�0�02�1&�2���10�!��
k

k=1

5
k!

∞

∑ ��ù�)�2 ��!�2�!� �2 #��)� #��$ #�0�)2���  

( )
k+1

kk k

5 k! 5
lim = lim =0<1

k+1 ! k+15→∞ →∞
�ñ!.���10�!�

k

k=1

5
k!

∞

∑ �1#�����0� 

⇒ù�)�2 ��!�2�!� �2�"�1*��!�1�"��.����10�!��
k

k=1

5 +k
k!+3

∞

∑ �1#�����0�� 

(vii) 
k=1 k=2

lnk lnk
= /�)2� OQ� �

k k k k

∞ ∞

∑ ∑  

( )

k
k k

3 2 3 2 1 2 3 2 1 2 1 22 2 2k k k
2

k

1 2 1 2 1 2 1 2 1 2 1 2k k
2

lnx lnx 2lnx 1 2lnx 4
dx= lim dx= lim - +2 dx = lim - -

x x x x x x

2lnx 4 2lnk 4 2ln2 4
= lim - - = lim - - + + =...= 2 ln 2 2

x x k k 2 2

∞

→∞ →∞ →∞

→∞ →∞

   
      

    +      

∫ ∫ ∫
 

ü� ���&"�.�)�2 ��!�2�!� �2�"� � ���!&1�"���10�!��
k=1

lnk
k k

∞

∑ 1#�����0�� 
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12.13 (viii) 
( )

2
k=1

1cos k
k

∞

∑  

( )
2 2

1cos 1k
k k

≤ �þ�10�!�� 2
k=1

1
k

∞

∑ �1#�����0���p-10�!���0�p=2) 

ü� ���&"��.����10�!�� ( )
2

k=1

1cos k
k

∞

∑ �1#�����0��.�)�2 ��!�2�!� �2�"�1*��!�1�"� 
 

12.14 
k=1

1
k!

∞

∑  

k-1

k-1 � �����
	

1 1 1 1
= =

k! 1 2 3 4 5 k 1 2 2 2 2 2 2
 ≤   < < < < <<< < < < < <<<��	�


 

þ�10�!���
k-1

k=1

1
2

∞  
  

∑ 1#�����0��.3 *�0��.���0&�02!����10�!�� 

ñ!.�.�)�2 ��!�2�!� �2�"�1*��!�1�"���10�!��
k=1

1
k!

∞

∑ �1#�����0�� 
 

12.15 (i) 
( )k+1

k=1

-1
2k+1

∞

∑  

( )

k+1 k

kk k

k+1

k=1

1 1.   . ���
2k+3 2k+1

1
lim .  OLP  � ���

2k+1

-1
(1),(2) 1#�����0�

2k+1

→∞ →∞

∞

≤

⇒ ∑

 

(ii) ( )k+1
k

k=1

k
-1

3

∞

∑  

( )

k+1 kk+1 k

k k kk k k

k+1

k
k=1

k+1 k.   . ���
3 3

k 1
lim .  OLP  OLP  � ���

3 3 ln 3
k

(1),(2) -1 1#�����0�
3

→∞ →∞ →∞

∞

≤

⇒ ∑
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12.15 (iii) ( )k+1

k=1

k+1
-1

3k+1

∞

∑  

( )

kk k

k+1

k=1

k+1 1
lim .  OLP  �

3k+1 3
k+1

-1 .� ����0�
3k+1

→∞ →∞

∞

≠

⇒ ∑
 

(iv) ( )k

k=1

lnk
-1

k

∞

∑  

( )

( )

k+1 k

kk k k

k+1

k
k=1

ln k+1 lnk.   . ���
k+1 k

1lnk klim .  OLP  OLP  � ���
k 1

k
(1),(2) -1 1#�����0�

3

→∞ →∞ →∞

∞

<

⇒ ∑

 

 

12.16 (i) 
k

k=1

3
-
5

∞  
  

∑  

( )
( )

k+1

kk

3
35! OLP  � þ�10�!� 1#�����0� .�)�#2.�
53

5
→∞

< ⇒  

(ii) ( )
k

k+1

2
k=1

3
-1

k

∞

∑  

( )

2k+1 2

2 kk k

3 k k! OLP  OLP �  �!� þ�10�!� /0� 1#�����0� .�)�#2..
k+13k+1→∞ →∞

  ⇒  
 

(iii) ( )
3

k

k
k=1

k
-1

e

∞

∑  

( ) ( )3 3k

k+1 3 3k k

k+1 k+1e 1! OLP  OLP  � þ�10�!� 1#�����0� .�)�#2.�
ee k ek→∞ →∞

< ⇒  

(iv) ( )
k

k+1

k=1

k
-1

k!

∞

∑  

( )
( )

( )k+1 k k

k kk k k

k+1 k+1k! 1! OLP  OLP  OLP ��  H!� þ�10�!� /0� 1#�����0� .�)�#2.�
k+1 ! kk k→∞ →∞ →∞

  ⇒  
 

12.17 (i) ( )
k

k+1

k=1

k+2
-1

3k-1

∞  
  

∑ , ( )
k

k+1
k

k+2.  ��
3k-1

 
  

 

k
1 k

k kk k

k+2 k+2 1.  � ! OLP .  OLP  �
3k-1 3k-1 3→∞ →∞

  <  
 

⇒ù�)�2 ��!�2�!� �2�"�!��."���10�!��1#�����0��.�)�#2.� 
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12.17 (ii) ( ) ( )
k+1

k=1

k+2
-1

k k+3

∞

∑ , ( ) ( )
k+1

k
k+2.  ��

k k+3
 

( )k 2 2 2

k k
k=1 k=1 k=1 k=1

k+2 k k 1.   
k k+3 4kk +3k k +3k

1 1 1ü�0�/����  .� ����0� . .� ����0� . /0� 1#�����0� .�)�#2.
4k 4 k

∞ ∞ ∞ ∞

≥ ≥

⇒ ⇒∑ ∑ ∑ ∑
 

õ�&"��� ( ) ( )
k+1

k=1

k+2
-1

k k+3

∞

∑ �1#�����0���&"�0�.���11 #1.�10�!��� /�)2����  

( )( ) ( ) ( )k+1 k k

k+3 k+2 k+2.   . �.� OLP  �
k+1 k+4 k k+3 k k+3→∞

<  

ñ!.��� ( ) ( )
k+1

k=1

k+2
-1

k k+3

∞

∑ 1#�����0��1$02���� 

(iii) ( )k

k=2

1
-1

klnk

∞

∑ , k
1.  

klnk
 

ü�0�/���� ( ) ( ) ( )k k

22 2k k k

dx dx
= lim = lim ln lnx = lim ln lnk -ln ln2 =+

xlnx xlnx

+∞

→∞ →∞ →∞
∞      ∫ ∫  

ñ!.�.�)�2 ��!�2�!� �2�"� � ���!&1�"���10�!�� k
k=2

.
∞

∑ �.� ����0� 

ü� ���&"���10�!�� ( )k

k=2

1
-1

klnk

∞

∑ �/0��1#�����0��.�)�#2.� 

õ�&"��� ( )k

k=2

1
-1

klnk

∞

∑ 1#�����0���&"�0�.���11 #1.�10�!��� /�)2���  

( ) ( )k+1 k k

1 1 1.   . �.�� OLP  �
k+1 ln k+1 klnk klnk→∞

<  

ñ!.���10�!�� ( )k

k=2

1
-1

klnk

∞

∑ 1#�����0��1$02���� 

(iv) 
( )

( )

kk

k k
k=2

-11
- , .  

lnk lnk

∞  
  

∑  

( )
1 k

k kk k k

k
k=2

k

k=2

1 1.  � ! OLP .  OLP  ���
lnklnk

ù�)�2 ��!�2�!� �2�"�!��."���10�!�� . 1#�����0�

1þ�10�!�� � 1#�����0� .�)�#2.�
lnk

→∞ →∞

∞

∞

⇒

 ⇒   

∑

∑
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12.17 (v) 
( ) ( )k+1 k+1

k
k=1

-1 -1
, .  

k+1+ k k+1+ k

∞

∑  

( )

( )

k

k=1 k=2

k
k=1

k+1

k=1

1 1 1.   
k+1+ k k+1+ k+1 2 k+1
1 1 1 1H = .� ����0� S�10�!� �0�S �222 k+1 k

ù�) 2 �!�2�!� 2�"�1*��!�1�"��� . .� ����0�

-1þ /0� 1#�����0� .�)�#2.
k+1+ k

∞ ∞

∞

∞

≥

<

⇒

⇒

∑ ∑

∑

∑

 

õ�&"��� ( )k+1

k=1

-1

k+1+ k

∞

∑ �1#�����0���&"�0�.���11 #1.�10�!��� /�)2���  

k+1 k k

1 1 1.   . �.� OLP  �
k+2+ k+1 k+1+ k k+1+ k→∞

<  

ñ!.��� ( )k+1

k=1

-1

k+1+ k

∞

∑ �1#�����0��1$02��� 

(vi) ( ) ( )
2 2

k k
k3 3

k=1

k 1 k +1
-1 , .  ��

k 2 k +2

∞ +
+∑  

2 2 2 2

k 3 3 3 3 3

k
k 1 k 1 k 1

k
k 1

k +1 k k k 1.    
2kk +2 k +2 k +k 2k

1 1 1 .� ����0� þ� . .� ����0�
2k 2 k

þ� . /0��1#�����0��.�)�#2.

∞ ∞ ∞

= = =
∞

=

≥ ≥

Η = ⇒

⇒

∑ ∑ ∑

∑

 

,.�/0��&�)�&"�)2���� ( )
2

k

3
k=1

k 1
-1

k 2

∞ +
+∑ 1#�����0� 

ò12&� ( )
( )

32

3 23

x 4-3x-xx +1
f(x)= f (x)= 0, x 2

x +2 x +2
′⇒ ≤ ∀ ≥  

2 2

k k3 3k k

k +1 k +1.  3��� #1. �.� 0�0�/� OLP .  OLP
k +2 k +2→∞ →∞

⇒  

( )
2

k
k 3

k 1 k=1

k 1. 1#�����0� �� 1#�����0� 1$02���
k 2

∞ ∞

=

+⇒ Η ⇒ Η
+∑ ∑  
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12.18 û�/02.��)2��: 
2 4

2 2 2 4 4 4

� � � � � � � �
=1+ + + +..., =1+ + + +...

6 902 3 4 2 3 4
 

(i) 
2

2 2 2 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1 1 � � � �
1+ + + +...= 1+ + + - + + +... = - 1+ + +...

6 43 5 7 2 3 4 2 4 6 2 3
     
          

 

                                  
2 2 2� � � �

= - =
6 4 6 8

 

(ii)
4

4 4 4 4 4 4 4 4 4 4 4

1 1 1 1 1 1 1 1 � � � �
1+ + + +...= 1+ + + - + +... = - 1+ + +...

903 5 7 2 3 4 2 4 2 2 3
     
          

 

                                   
4 4 4� � � �

= - =
90 16 90 96

 

 
 
 
 
 
 
 
 
 
 
 
 
 


