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ÊåöÜëáéï 0

ÐÑÙÔÇ ÅÐÁÖÇ ÌÅ ÔÏ MAPLE

Ôï ðñüãñáììá Maple åßíáé ôï åñãáëåßï ôï ïðïßï ÷ñçóéìïðïéåßôáé ãéá íá åêôåëåß
ìáèçìáôéêïýò õðïëïãéóìïýò ïé ïðïßïé äåí ìðïñïýí íá ãßíïõí ìå ôï ÷Ýñé Þ ç äéáäéêáóßá
åðßëõóçò åíüò ìáèçìáôéêïý ðñïâëÞìáôïò èá ìáò ðÜñåé ðïëý ÷ñüíï. ¼ðùò, ç åýñåóç
÷áñáêôçñéóôéêïý ðïëõùíýìïõ åíüò ðßíáêá 5 × 5 êáé ï õðïëïãéóìüò ôùí éäéïôéìþí
ôïõ. ¸ôóé ôï Maple, åßíáé Ýíá ÷ñÞóéìï åñãáëåßï óôï ïðïßï åéóÜãïõìå åíôïëÝò ãéá
åðåîåñãáóßá.
Ìüëéò áíïßîïõìå ôï Maple, ç ïèüíç ôïõ õðïëïãéóôÞ ðáñïõóéÜæåé ôçí áêüëïõèç
åéêüíá.

Óôçí êïñõöÞ ôçò åéêüíáò äéáêñßíïõìå ôÝóóåñéò ïñéæüíôéåò ëùñßäåò ( bars):
1. Óôçí ðñþôç ëùñßäá õðÜñ÷åé ôï ÷áñáêôçñéóôéêü åéêïíßäéï ôïõ óõóôÞìáôïò Maple
êáé ç öñÜóç Maple 8 ðïõ ðñïóäéïñßæåé ðïéá Ýêäïóç áõôïý ôïõ óõóôÞìáôïò Ý÷åé
åãêáôáóôáèåß óôïí õðïëïãéóôÞ óáò. (Óôéò ìÝñåò ìáò êõêëïöïñåß ç êáéíïýñãéá Ýêäïóç
ôïõ ðñïãñÜììáôïò ôï Maple 10.)
2. Ç äåýôåñç ëùñßäá ðåñéÝ÷åé ôïõò ôßôëïõò ôùí âáóéêþí ìåíïý åíôïëþí, ìå ðñþôï ôï
ìåíïý File.
3. Ç ôñßôç ëùñßäá áðïôåëåßôáé áðü åéêïíßäéá, ôï êáèÝíá áðü ôá ïðïßá áíôéóôïé÷åß óå
ìéáí åíôïëÞ äéá÷åßñéóçò öáêÝëùí - Üíïéãìá íÝïõ, áðïèÞêåõóç óôç ìíÞìç, åêôýðùóç
ê.ë.ð.
4. Ç ôåëåõôáßá ëùñßäá ðåñéÝ÷åé åéêïíßäéá Þ öñÜóåéò ðïõ áíôéóôïé÷ïýí óå åéäéêÝò
åíôïëÝò åðåîåñãáóßáò êåéìÝíïõ Þ ìáèçìáôéêþí ðñÜîåùí êáé áëëÜæåé ìïñöÞ áíÜëïãá
ìå ôï åßäïò ôçò åñãáóßáò ðïõ åêôåëïýìå êÜèå öïñÜ.

ÊÜôù áðü ôéò ïñéæüíôéåò ëùñßäåò ðïõ ìüëéò ðåñéãñÜøáìå âëÝðïõìå Ýíá ëåõêü ïñèïãþíéï
ðïõ êáëýðôåé Ýíá óçìáíôéêü ìÝñïò ôçò õðüëïéðçò ïèüíçò. Ó´áõôü ôï ìÝñïò ìðïñïýìå
íá ðëçêôñïëïãÞóïõìå êåßìåíï Þ åíôïëÝò ôïõ óõóôÞìáôïò ãéá åðåîåñãáóßá. Óôï ðÜíù
ìÝñïò áõôïý ôïõ ðëáéóßïõ õðÜñ÷åé ìéá ëùñßäá ðïõ áñ÷ßæåé ì´Ýíá åéêïíßäéï êáé ôç ëÝîç
Untitled (÷ùñßò ôßôëï). Ôï õðüëïéðï ôïõ ðëáéóßïõ åßíáé ëåõêü, åêôüò áðü ôï ðÜíù
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áñéóôåñü ìÝñïò ôïõ üðïõ åìöáíßæåôáé ìéá áãêýëç ([), äßðëá ôçò ìéá óöÞíá (>) êé
áêïëïõèåß ï äåßêôçò - êáôáêüñõöç ãñáììÞ ðïõ áíáâïóâÞíåé (cursor). Ôï ïñèïãþíéï
ðëáßóéï óôï ïðïßï áíáöåñüìáóôå áðïôåëåß ôçí áñ÷éêÞ ìïñöÞ åíüò öýëëïõ åñãáóßáò
(worksheet). Åßíáé ï ÷þñïò óôïí ïðïßï ìðïñïýìå íá åéóÜãïõìå êåßìåíï Þ êáé åíôïëÝò
ôïõ óõóôÞìáôïò Maple êáé íá äïýìå ôï áðïôÝëåóìá ôçò åêôÝëåóçò ôïõò.

ÅéóáãùãÞ êáé åêôÝëåóç åíôïëþí
Óôï ÓÁÕ Maple ç åéóáãùãÞ êáé ç åêôÝëåóç åíôïëþí ãßíåôáé ìå ôïí áêüëïõèï ôñüðï:
Áöïý áíïßîïõìå ôï Maple êáé öÝñïõìå ôïí áíáâïóâÞíïíôá äåßêôç (cursor) äåîéÜ
ôçò óöÞíáò (prompt), ðëçêôñïëïãïýìå ôéò åêöñÜóåéò ðïõ èÝëïõìå. Ïé åêöñÜóåéò
ðáñïõóéÜæïíôáé ìå êüêêéíá ãñÜììáôá. Áõôü äçëþíåé üôé âñéóêüìáóôå óôçí ðåñéï÷Þ
üðïõ åéóÜãïíôáé åíôïëÝò ãéá åðåîåñãáóßá(input).
Óôï ôÝëïò ôùí åêöñÜóåùí èá ðñÝðåé íá âÜæïõìå åßôå åñùôçìáôéêü (;) åßôå "Üíù-
êÜôù ôåëåßá" (:). Ôï åñùôçìáôéêü óôï ôÝëïò, äçëþíåé óôï Maple íá åìöáíßóåé ôï
áðïôÝëåóìá ôùí åíôïëþí ðïõ Ý÷ïõìå âÜëåé, åíþ ç "Üíù-êÜôù ôåëåßá" äçëþíåé üðùò ôï
áðïôÝëåóìá ôùí åíôïëþí íá ìçí áíáêïéíùèåß. Áöïý ðëçêôñïëïãÞóïõìå ôéò åêöñÜóåéò-
åíôïëÝò ðïõ èÝëïõìå êáé âÜëïõìå ôï åñùôçìáôéêü óôï ôÝëïò, ðáôÜìå ôï ðëÞêôñï
Enter þóôå íá åìöáíéóôåß ôï áðïôÝëåóìá (output) ôùí ðñÜîåùí. Ôï áðïôÝëåóìá
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åìöáíßæåôáé ìå ãáëÜæéá óôïé÷åßá. Áðü êÜôù, èá åìöáíéóôåß ç óöÞíá (>) êáé äßðëá
ôçò ï äåß÷ôçò ðïõ áíáâïóâÞíåé. Áõôü äçëþíåé üôé ôï ðñüãñáììá åßíáé Ýôïéìï íá
äå÷ôåß íÝåò åíôïëÝò ãéá åðåîåñãáóßá.

Ðáñáäåßãìáôá:

> 13+24;

37

> 3*12;

36

> 2*x-5+x;

3x− 5

> 3*14:

Óôï ôåëåõôáßï ðáñÜäåéãìá, üðùò åß÷áìå áíáöÝñåé ðñïçãïõìÝíùò, ôï áðïôÝëåóìá äåí
åìöáíßóôçêå ãéáôß óôï ôÝëïò ôçò åíôïëÞò Ý÷ïõìå âÜëåé "Üíù-êÜôù ôåëåßá", ç ïðïßá,
óôá ðëáßóéá ôïõ Maple, äçëþíåé üðùò ôï áðïôÝëåóìá ôçò ðñÜîçò íá áðïóéùðçèåß
êáé íá ìçí áíáêïéíùèåß óôçí ìðëå æþíç.
ÁõôÞ ç åíôïëÞ åßíáé ðïëý ÷ñÞóéìç üôáí Ý÷ïõìå íá êÜíïõìå ðïëëÝò ðñÜîåéò ãéá íá
êáôáëÞîïõìå óå êÜðïéï áðïôÝëåóìá êáé äå ìáò åíäéáöÝñåé íá ðáñïõóéÜóïõìå üëá
ôá åíäéÜìåóá âÞìáôá.

ÐáñÜäåéãìá:
Áò õðïèÝóïõìå üôé ìáò åíäéáöÝñåé íá êáôáóêåõÜóïõìå ôï ãñÜöçìá ôçò ðáñáãþãïõ
ôçò óõíÜñôçóçò f(x) = (x+1)sin(x) óôï äéÜóôçìá −2 ≤ x ≤ 2 êáé íá åìöáíßóïõìå
óáí áðïôÝëåóìá ôï ãñÜöçìá ìüíï, ÷ùñßò íá åìöáíéóôïýí ôá åíäéÜìåóá âÞìáôá (äçë.
ôçò åìöÜíéóçò ôçò f êáé ôçò ðáñáãþãïõ ôçò). Ïé åíôïëÝò ðïõ èá ðëçêôñïëïãÞóïõìå
åßíáé ïé áêüëïõèåò.

> f(x):=x*exp(x):

> g(x):=diff(f(x),x):

> plot(g(x),x=-1..1);
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> g(x):=diff(f(x),x);
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> plot(g(x),x=-1..1);
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ÅéóáãùãÞ êåéìÝíïõ
ÌÝ÷ñé áõôü ôï óçìåßï Ý÷ïõìå áíáöÝñåé ðùò ìðïñïýìå íá åéóÜãïõìå åíôïëÝò, ãéá
ìáèçìáôéêÝò ðñÜîåéò, ãéá åðåîåñãáóßá. ¼ìùò, ãéá íá åîçãÞóïõìå ôá âÞìáôá ðïõ
áêïëïõèÞóáìå ãéá ôçí åðßëõóç åíüò ìáèçìáôéêïý ðñïâëÞìáôïò, êáëü èá Þôáí ïé
ìáèçìáôéêïß õðïëïãéóìïß íá óõíïäåýïíôáí êáé ìå êÜðïéï êåßìåíï Þ ó÷üëéï, ôï ïðïßï
íá ðåñéãñÜöåé ôá âÞìáôá ðïõ áêïëïõèÞóáìå ìÝ÷ñé íá öôÜóïõìå óôç ëýóç ôïõ ðñïâëÞìáôïò.
Ç åéóáãùãÞ êåéìÝíïõ ãßíåôáé áêïëïõèþíôáò ôçí ðáñáêÜôù äéáäéêáóßá:
Ôç óôéãìÞ ðïõ ï äåßêôçò âñßóêåôáé äßðëá óôç óöÞíá êáé åßìáóôå Ýôïéìïé íá åéóáãÜãïõìå
ìéá (êüêêéíç) åíôïëÞ, ðçãáßíïõìå (ôï âÝëïò - äåßêôç ôïõ ðïíôéêéïý) óôï ìåíïý In-
sert êé åðéëÝãïõìå ôï óôïé÷åßï Text. (ÅíáëëáêôéêÜ, ðáôÜìå ôá ðëÞêôñá Ctrl+T). Ôï
áðïôÝëåóìá åßíáé íá åîáöáíéóôåß ç óöÞíá, ïðüôå ìðïñïýìå íá ãñÜøïõìå ôï êåßìåíï-
ó÷üëéï ðïõ ìáò åíäéáöÝñåé.
Ìüëéò ôåëåéþóïõìå ôï êåßìåíï êáé èÝëïõìå í' áñ÷ßóïõìå ìéá íÝá ðáñÜãñáöï ìáèçìáôéêþí
ðñÜîåùí, îáíáðÜìå óôï ìåíïý Insert êé åðéëÝãïõìå ôçí åíôïëÞ Execution Group - Af-
ter Cursor (Þ Before Cursor , áí èÝëïõìå íá ãñÜøïõìå êÜðïéï åéóáãùãéêü êåßìåíï
Þ ó÷üëéï ðñéí áðü ôéò ðñÜîåéò ðïõ åêôåëÝóáìå).

Áí ôï êåßìåíï Þ ôï ó÷üëéï ðïõ èá ãñÜøïõìå ðåñéÝ÷åé êáé ìáèçìáôéêÜ óýìâïëá,èá
ðñÝðåé íá ðÜìå ôïí âåëïäåßêôç óôï ìåíïý Insert êáé íá åðéëÝîïõìå ôçí åíôïëÞ Stan-
dard Math (Þ ðáôÜìå ôá ðëÞêôñá Ctrl+R). ÁìÝóùò åìöáíßæåôáé ôï óýìâïëï ôïõ
áããëéêïý åñùôçìáôéêïý (?) ìÝóá óå ìáýñï ðëáßóéï. Áöïý ðëçêôñïëïãÞóïõìå ôç
ìáèçìáôéêÞ Ýêöñáóç ðïõ èÝëïõìå, åðéóôñÝöïõìå óôï Insert êé åðéëÝãïõìå ôçí åíôïëÞ
Text (Þ ðáôÜìå ôá ðëÞêôñá Ctrl+T). ÌåôÜ áðü áõôü , ìðïñïýìå íá óõíå÷ßóïõìå ôï
ãñÜøéìï ôïõ êåéìÝíïõ ìáò.

ÐáñÜäåéãìá:
ÄïêéìÜóôå íá óõíôÜîåôå ïëüêëçñç ôçí ðñüôáóç ðïõ åìöáíßæåôáé óôçí åðüìåíç êõøåëßäá.
Ç óõíÜñôçóç f(x) = 4x2 − 3x + 1 åßíáé óõíå÷þò äéáöïñßóéìç.

ÁðïèÞêåõóç êáé áíÜêëçóç öýëëïõ åñãáóßáò
Ãéá íá ïíïìÜóïõìå ôï Üôéôëï öýëëï åñãáóßáò ðïõ öôéÜîáìå êáé íá ôï áðïèçêåýóïõìå
ãéá õóôåñüôåñç ÷ñÞóç, áêïëïõèïýìå ôá åîÞò âÞìáôá.
-ÐÜìå óôï ìåíïý File êé åðéëÝãïõìå ôçí åíôïëÞ Save As...
- Óôç æþíç Save in ôïõ ðëáéóßïõ åíôïëþí ðïõ åìöáíßæåôáé, åðéëÝãïõìå ôï öÜêåëï
(folder) óôïí ïðïßï èÝëïõìå íá áðïèçêåõôåß ôï öýëëï åñãáóßáò ðïõ óõíôÜîáìå. Óôç
æþíç File name ôïõ ßäéïõ ðëáéóßïõ, ðëçêôñïëïãïýìå ôï üíïìá-ôßôëï ðïõ èá äþóïõìå
óôï öýëëï åñãáóßáò. ÔÝëïò, óôï ßäéï ðëáßóéï, åðéëÝãïõìå ôçí åíôïëÞ Save .
(ÕðïèÝôïõìå üôé óôç ëùñßäá Save as type õðÞñ÷å ç Ýíäåéîç Maple Worksheet ôçí
ïðïßá êáé äåí áëëÜîáìå, Ýôóé ðïõ ôï áñ÷åßï ðïõ äçìéïõñãÞóáìå èá åßíáé ôïõ ôýðïõ
worksheet=öýëëï åñãáóßáò).
¼ôáí èá èÝëïõìå íá áíáêáëÝóïõìå ôï öýëëï åñãáóßáò ðïõ öôéÜîáìå, áñêåß í'
áíïßîïõìå ôï óýóôçìá Maple , íá ðÜìå óôï ìåíïý File êáé íá åðéëÝîïõìå ôçí åíôïëÞ
Open . Áöïý óõìðëçñþóïõìå ôá óôïé÷åßá ôïõ áñ÷åßïõ óôï åìöáíéæüìåíï äåëôßï,
äßíïõìå ôçí åíôïëÞ Open ìÝóù ôïõ ßäéïõ äåëôßïõ êáé ôï öýëëï åñãáóßáò ðñïâÜëåé
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óôçí ïèüíç ìáò.

ÂáóéêÝò ìáèçìáôéêÝò óõíáñôÞóåéò
Ôï ðñüãñáììá Maple ðåñéÝ÷åé ìáèçìáôéêÝò óõíáñôÞóåéò êáé ìðïñåß íá ôéò õðïëïãßóåé
ãéá óõãêåêñéìÝíåò ôéìÝò.

Ðáñáäåßãìáôá:

> exp(-alpha*x);

e(−α x);

> ln(exp(2))+sin(Pi/2);

3

> arctan(1);

π

4

Íá óçìåéþóïõìå üôé óôï ðñþôï ðáñÜäåéãìá ôï ðñüãñáììá Maple áíáãíùñßæåé ôï
óýìâïëï alpha íá åßíáé ôï åëëçíéêü ãñÜììá á. Åðßóçò, áíáãíùñßæåé ôï Pi íá åßíáé ç
ìáèçìáôéêÞ óôáèåñÜ 3.14159.... åíþ ôï óýìâïëï pi ôï ëáìâÜíåé íá åßíáé ôï åëëçíéêü
ãñÜììá ð. Óôï Maple ÷ñçóéìïðïéïýìå ôï ãñÜììá ã (gamma) ãéá íá óõìâïëßæïõìå ôç
óôáèåñÜ Euler. Ãé´ áõôü äåí èá ÷ñçóéìïðïéïýìå ôï ãñÜììá ã ãéá íá óõìâïëßæïõìå
êÜðïéá óôáèåñÜ. ÔÝëïò, ôá ãñÜììáôá Å êáé É ëáìâÜíïíôáé íá åßíáé ç âÜóç ôïõ
ëïãáñßèìïõ êáé ôï

√−1, áíôßóôïé÷á.

ÌåôáâëçôÝò
Óå ìåñéêÝò ðåñéðôþóåéò ÷ñåéÜæåôáé íá ðñïóäéïñßóïõìå ôï áðïôÝëåóìá ìéá ìáèçìáôéêÞò
ðñÜîçò óå ìåôáâëçôÞ, þóôå íá ìðïñïýìå íá ôç ÷ñçóéìïðïéÞóïõìå óå õóôåñüôåñïõò
õðïëïãéóìïýò. Áõôü ôï ðåôõ÷áßíïõìå ÷ñçóéìïðïéþíôáò ôï óýìâïëï :=. Ìå áõôü ôïí
ôñüðï, ç ìåôáâëçôÞ óôá áñéóôåñÜ ôïõ := ïñßæåôáé íá åßíáé ç ðïóüôçôá óôá äåîéÜ.

ÐáñÜäåéãìá:

> x:=3*5-4:

> 2*x-35;

−13
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¼ôáí èÝëïõìå íá ìåôáêéíçèïýìå áðü Ýíá ðñüãñáììá óå Üëëï, åßíáé êáëýôåñá íá
åîáöáíßóïõìå ôéò ìåôáâëçôÝò ðïõ Ý÷ïõìå ïñßóåé óå ðñïçãïýìåíï ðñüâëçìá. Ãé´áõôü
èá ðñÝðåé íá ðëçêôñïëïãÞóïõìå ôçí åíôïëÞ:

> restart;

Ôþñá ìðïñïýìå íá îåêéíÞóïõìå Ýíá íÝï ðñüâëçìá.

ÁëãåâñéêÝò åîéóþóåéò
¸íá óðïõäáßï ðëåïíÝêôçìá ôïõ ðñïãñÜììáôïò Maple, åßíáé ç éêáíüôçôá ôïõ íá
åðéëýåé áëãåâñéêÝò åîéóþóåéò, ãñáììéêÝò êáé ìç, ùò ðñïò ìéá ìåôáâëçôÞ. Áõôü ðåôõ÷áßíåôå
ìå ôçí åíôïëÞ solve. ÌÝóá óå áõôÞ ôçí åíôïëÞ, èá ðñÝðåé íá ïñßóïõìå óáí ðñþôï
óôïé÷åßï ôçí áëãåâñéêÞ åîßóùóç (Þ åîéóþóåéò) ðïõ èá ëõèåß êáé óáí äåýôåñï óôïé÷åßï
ôç ìåôáâëçôÞ (Þ ìåôáâëçôÝò) ùò ðñïò ôçí ïðïßá èá ëýóïõìå ôçí åîßóùóç (Þ åîéóþóåéò).

ÐáñÜäåéãìá:

> restart;

> eq:=(1-a^2)*x+b=c*y;

eq := (1− a2) x + b = c y;

> solve(eq,x);

b− c y

−1 + a2

Óôï ðéï êÜôù ðáñÜäåéãìá èá ëýóïõìå óýóôçìá äýï åîéóþóåùí.

ÐáñÜäåéãìá:

> restart;

> eq1:=2*x-y=4:

> eq2:=-x-5*y=7:

> solve({eq1,eq2},{x,y});

{y =
18
11

, x =
13
11
}
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Ðáñáãþãéóç êáé ïëïêëÞñùóç óõíáñôÞóåùí
Ç åíôïëÞ ðïõ ðëçêôñïëïãïýìå óôï ðñüãñáììá ãéá íá ðáñáãùãßóïõìå ìéá óõíÜñôçóç
åßíáé diff , åíþ ãéá íá ïëïêëçñþóïõìå ç åíôïëÞ åßíáé int. Ó´áõôÝò ôéò åíôïëÝò
ïñßæïõìå óáí ðñþôï óôïé÷åßï ôçí óõíÜñôçóç ôçí ïðïßá èá ðáñáãùãßóïõìå Þ èá
ïëïêëçñþóïõìå êáé Ýðåéôá ôçí ìåôáâëçôÞ ùò ðñïò ôçí ïðïßá èá ãßíåé ç ðáñáãþãéóç
Þ ç ïëïêëÞñùóç.

Ðáñáäåßãìáôá:

> restart;

> f:=xˆ6/yˆ3;

f :=
x6

y3

> diff(f,x);

6
x5

y3

> diff(f,x,x);

30
x4

y3

> diff(f,x,y,y);

72
x5

y5

Ðéï êÜôù ÷ñçóéìïðïéïýìå ôçí ßäéá óõíÜñôçóç f ôïõ ðéï ðÜíù ðñïâëÞìáôïò êáé ôçí
ïëïêëçñþíïõìå.

> int(f,x);

1/7
x7

y3

> int(int(f,x),y);

−1/14
x7

y2
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Ëýóç äéáöïñéêþí åîéóþóåùí
Ãéá íá ëýóïõìå ìéá Þ ðåñéóóüôåñåò äéáöïñéêÝò åîéóþóåéò, èá ðñÝðåé ðñþôá íá ôéò
ðëçêôñïëïãÞóïõìå óôï Maple êáé íá ôéò ïñßóïõìå. Ãéá íá ëõèïýí èá ðñÝðåé íá
ãñÜøïõìå ôçí åíôïëÞ dsolve. Ó´áõôÞ ôçí åíôïëÞ ìðïñïýìå íá äþóïõìå êáé ôéò áñ÷éêÝò
óõíèÞêåò ôïõ ðñïâëÞìáôïò.

ÐáñÜäåéãìá:

> restart;

> eq:=diff(x(t),t)+alpha*x(t)=0;

eq :=
d

dt
x (t) + α x (t) = 0

> dsolve(eq,x(0)=x0,x(t));

x (t) = x0 e−α t

¼ñéá êáé ÓåéñÝò
Ôï ðñüãñáììá Maple ìðïñåß íá ÷ñçóéìïðïéçèåß ôüóï ãéá ôïí õðïëïãéóìü ïñßùí
üóï êáé óôçí áíÜðôõîç óåéñþí. Áõôü ðåôõ÷áßíåôå ìå ôéò åíôïëÝò limit êáé series,
áíôßóôïé÷á.

Ðáñáäåßãìáôá:

> limit(sin(x)/x,x=0);

1

> limit((xˆ3-2*x+4)/(xˆ3+8),x=1);

1/3

> series(sin(x)/x,x);

series
(

1− 1/6x2 +
1

120
x4 + O

(
x5

)
, x, 5

)
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> series(exp(x),x=delta,3);

series
(
eδ + eδ (x− δ) + 1/2 eδ (x− δ)2 + O

(
x− δ3

)
, x− δ, 3

)

Áðëïðïßçóç áëãåâñéêþí ðáñáóôÜóåùí
Ôï Maple ìÝóù ôçò åíôïëÞò simplify ìðïñåß íá áðëïðïéÞóåé äéÜöïñåò ðáñáóôÜóåéò.

ÐáñÜäåéãìá:

> a:=(xˆ4-16)/(x-2);

a :=
x4 − 16
x− 2

> simplify(a);

x3 + 2 x2 + 4 x + 8

Åðßóçò ç åíôïëÞ factor ÷ñçóéìïðïéåßôáé ãéá ôçí ðáñáãïíôïðïßçóç ðïëõùíýìùí.
Ðáñáäåßãìáôá:

> factor(xˆ3-8);

(x− 2)
(
x2 + 2 x + 4

)

> factor(xˆ8-16);

(
x2 − 2

) (
x2 + 2

) (
x2 + 2 x + 2

) (
x2 − 2x + 2

)

Ç åíôïëÞ expand åêôåëåß ðïëëáðëáóéáóìïýò êáé äéáéñÝóåéò ìåôáîý ðïëõùíýìùí êáé
åöáñìüæåé ôñéãùíïìåôñéêÝò ôáõôüôçôåò.

Ðáñáäåßãìáôá:

> expand((x-4)*(x+4));

x2 − 16
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> expand(cos(x+y));

cos (x) cos (y)− sin (x) sin (y)

¼ôáí óå Ýíá ðïëõþíõìï äþóïõìå ôçí åíôïëÞ collect, ôüôå ôï ðïëõþíõìï ãñÜöåôáé
êáôÜ ôéò öèßíïõóåò äõíÜìåéò ôçò ìåôáâëçôÞò ðïõ åðéëÝãïõìå.

Ðáñáäåßãìáôá:

> restart;

> p:=expand((1+x-a)*(1-x)^2);

p := 1− x− x2 + x3 − a + 2 ax− ax2

> collect(p,x);

x3 + (−1− a) x2 + (−1 + 2 a) x + 1− a

> collect(p,a);

(−1 + 2x− x2
)
a + 1− x− x2 + x3

Óôçí ðñþôç ðåñßðôùóç ôï ðïëõþíõìï åßíáé äéáôåôáãìÝíï ùò ðñïò ôéò öèßíïõóåò
äõíÜìåéò ôïõ x åíþ óôç äåýôåñç ùò ðñïò ôéò äõíÜìåéò ôïõ a.

Ãéá íá êáôáôÜîïõìå ôï ðïëõþíõìï ùò ðñïò ôéò áýîïõóåò äõíÜìåéò ìéáò ìåôáâëçôÞò,
÷ñçóéìïðïéïýìå ôçí åíôïëÞ sort.

ÐáñÜäåéãìá:

> restart;

> p:=expand((1+2*x)*(a+x)^2);

p := a2 + 2xa2 + 2 xa + 4 x2a + x2 + 2x3

> sort(p,x);

a2 + 2 xa2 + 2 xa + 4 x2a + x2 + 2 x3
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ÐïëëÝò öïñÝò óå Ýíá ðïëõþíõìï ÷ñåéáæüìáóôå ôï óõíôåëåóôÞ ìéáò ìåôáâëçôÞò. Ãéá
íá äïýìå óôï õðïëïãéóôÞ ôïí óõíôåëåóôÞ, ÷ñçóéìïðïéïýìå ôçí åíôïëÞ coeff . Ó´áõôÞ
ôçí åíôïëÞ ïñßæïõìå óáí ðñþôï óôïé÷åßï ôï ðïëõþíõìï, óáí äåýôåñï óôïé÷åßï ôçí
ìåôáâëçôÞ êáé óáí ôñßôï äçëþíïõìå ôçí äýíáìç ôçò ìåôáâëçôÞò.

Ðáñáäåßãìáôá:

> restart;

> p:=expand((3+x)*(a+x)ˆ3);

p := 3 a3 + 9 xa2 + 9x2a + 3 x3 + xa3 + 3 x2a2 + 3 x3a + x4

> coeff(p,x,3);

3 + 3 a

> coeff(p,a,1);

9x2 + 3 x3

Óôï ðéï ðÜíù ðáñÜäåéãìá âñßóêïõìå ôïõò óõíôåëåóôÝò ôùí x3 êáé a ôïõ ðïëõùíýìïõ
p.

ÃñáöéêÝò ðáñáóôÜóåéò
Ç åíôïëÞ ðïõ ÷ñçóéìïðïéïýìå ãéá íá áíáðáñáóôÞóïõìå ãñáöéêÜ ìéá ðáñÜóôáóç
óôï åðßðåäï åßíáé plot. Åíþ ãéá íá ðáñáóôÞóïõìå ìéá ãñáöéêÞ ðáñÜóôáóç óå
ôñåßò äéáóôÜóåéò ÷ñçóéìïðïéïýìå ôçí åíôïëÞ plot3d. Ðéï êÜôù èá äþóïõìå ìåñéêÜ
ðáñáäåßãìáôá.
Ðáñáäåßãìáôá:

> plot(x*sin(x), x=-10..10);
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> p2:=plot(xˆ3, x=-2..2, style=line):

> plots[display]({p1,p2});
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> plot3d(x*sin(Pi*x*y),x=-1..1,y=0..1);
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> plot3d((xˆ2+(y+1)ˆ2)*(xˆ2+(y-1)ˆ2),x=-2..2,y=-2..2);

> plot3d(sqrt(abs(x*y)),x=-2..2,y=-2..2,axes=boxed);
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ÊåöÜëáéï 1

ÓÕÓÔÇÌÁÔÁ ÃÑÁÌÌÉÊÙÍ
ÅÎÉÓÙÓÅÙÍ

ÐáñÜäåéãìá 1.1: Íá ëõèåß ôï óýóôçìá:

x1 + x2 − 2x3 = −3
2x1 − x2 = 0
x1 + x2 + x3 = 6.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> A := matrix(3,4,[1,1,-2,-3, 2,-1,0,0, 1,1,1,6]);

A :=




1 1 −2 −3

2 −1 0 0

1 1 1 6




> A1 := addrow(A, 1, 2, -2);

A1 :=




1 1 −2 −3

0 −3 4 6

1 1 1 6




17
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> A2 := addrow(A1, 1, 3, -1);

A2 :=




1 1 −2 −3

0 −3 4 6

0 0 3 9




> A3 := mulrow(A2, 2, -1/3);

A3 :=




1 1 −2 −3

0 1
−4
3

−2

0 0 3 9




> A4 := addrow(A3, 2, 1, -1);

A4 :=




1 0
−2
3

−1

0 1
−4
3

−2

0 0 3 9




> A5 := mulrow(A4, 3, 1/3);

A5 :=




1 0
−2
3

−1

0 1
−4
3

−2

0 0 1 3




> A6 := addrow(A5, 3, 2, 4/3);

A6 :=




1 0
−2
3

−1

0 1 0 2

0 0 1 3



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> A7 := addrow(A6, 3, 1, 2/3);

A7 :=




1 0 0 1

0 1 0 2

0 0 1 3




¢ñá ç ëýóç ôïõ óõóôÞìáôïò åßíáé: x1 = 1, x2 = 2, x3 = 3

ÐáñÜäåéãìá 1.2: Íá âñåèåß ç ôéìÞ ôïõ a, ãéá ôçí ïðïßá ôï óýóôçìá:

3x + y = 7
x− 2y = 0
3x + 2y = a

íá Ý÷åé ìüíï ìéá ëýóç.

Ëýóç: Ï åðáõîçìÝíïò ðßíáêáò ãñÜöåôáé:

> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> A := matrix(3, 3, [3,1,7, 1,-2,0, 3,2,a]):

> A1 := swaprow(A, 1, 2);

A1 :=




1 −2 0

3 1 7

3 2 a




> A2 := addrow(A1, 1, 2, -3);

A2 :=




1 −2 0

0 7 7

3 2 a



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> A3 := addrow(A2, 1, 3, -3);

A3 :=




1 −2 0

0 7 7

0 8 a




> A4 := mulrow(A3, 2, 1/7);

A4 :=




1 −2 0

0 1 1

0 8 a




> A5 := addrow(A4, 2, 1, 2);

A5 :=




1 0 2

0 1 1

0 8 a




> A6 := addrow(A5, 2, 3, -8);

A6 :=




1 0 2

0 1 1

0 0 −8 + a




Ôï óýóôçìá Ý÷åé ìïíáäéêÞ ëýóç áí êáé ìüíï áí:

−8 + a = 0 =⇒ a = 8.

ÐáñÜäåéãìá 1.3: Íá âñåèåß ï áíçãìÝíïò êëéìáêùôüò ôïõ ðßíáêá:

A =




0 1 3
2 4 0
4 8 1


 .
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Ëýóç:

> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> A := matrix(3, 3, [0,1,3, 2,4,0, 4,8,1]);

A :=




0 1 3

2 4 0

4 8 1




> A1 := swaprow(A, 1, 2);

A1 :=




2 4 0

0 1 3

4 8 1




> A2 := mulrow(A1, 1, 1/2);

A2 :=




1 2 0

0 1 3

4 8 1




> A3 := addrow(A2, 1, 3, -4);

A3 :=




1 2 0

0 1 3

0 0 1




ÐáñÜäåéãìá 1.4: Íá ÷ñçóéìïðïéçèåß ç ìÝèïäïò áðáëïéöÞò ôïõ Gauss ãéá íá ëõèåß
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ôï óýóôçìá:

x + 2y − z = 2
x− y + z = 4
2x + y − z = 5.

Ëýóç: ÌåôáôñÝðïõìå ôïí åðáõîçìÝíï ðßíáêá óå êëéìáêùôü.
> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> A := matrix(3, 4, [1,2,-1,2, 1,-1,1,4, 2,1,-1,5]);

A :=




1 2 −1 2

1 −1 1 4

2 1 −1 5




> A1 := addrow(A, 1, 2, -1);

A1 :=




1 2 −1 2

0 −3 2 2

2 1 −1 5




> A2 := addrow(A1, 1, 3, -2);

A2 :=




1 2 −1 2

0 −3 2 2

0 −3 1 1




> A3 := addrow(A2, 2, 3, -1);

A3 :=




1 2 −1 2

0 −3 2 2

0 0 −1 −1



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> A4 := mulrow(A3, 2, -1/3);

A4 :=




1 2 −1 2

0 1
−2
3

−2
3

0 0 −1 −1




> A5 := mulrow(A4, 3, -1);

A5 :=




1 2 −1 2

0 1
−2
3

−2
3

0 0 1 1




Âñßóêïõìå:
z = 1

y − 2
3
z = −2

3
=⇒ y = 0

x + 2y − z = 2 =⇒ x = 3.

ÐáñÜäåéãìá 1.5: Íá ÷ñçóéìïðïéçèåß ç ìÝèïäïò ôç áðáëïéöÞò Gauss-Jordan ãéá íá
ëõèåß ôï óýóôçìá:

x + y + 4z = 15
2x− 3y + 2z = 2
−4x + 2y + z = 3.

Ëýóç:Ï åðáõîçìÝíïò ðßíáêáò ãñÜöåôáé:

> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected
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> A := matrix(3, 4, [1,1,4,15, 2,-3,2,2, -4,2,1,3]);

A :=




1 1 4 15

2 −3 2 2

−4 2 1 3




> A1 := addrow(A, 1, 2, -2);

A1 :=




1 1 4 15

0 −5 −6 −28

−4 2 1 3




> A2 := addrow(A1, 1, 3, 4);

A2 :=




1 1 4 15

0 −5 −6 −28

0 6 17 63




> A3 := mulrow(A2, 2, -1/5);

A3 :=




1 1 4 15

0 1
6
5

28
5

0 6 17 63




> A4 := addrow(A3, 2, 3, -6);

A4 :=




1 1 4 15

0 1
6
5

28
5

0 0
49
5

147
5



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> A5 := mulrow(A4, 3, 5/49);

A5 :=




1 1 4 15

0 1
6
5

28
5

0 0 1 3




> A6 := addrow(A5, 3, 2, -6/5);

A6 :=




1 1 4 15

0 1 0 2

0 0 1 3




> A7 := addrow(A6, 3, 1, -4);

A7 :=




1 1 0 3

0 1 0 2

0 0 1 3




> A8 := addrow(A7, 2, 1, -1);

A8 :=




1 0 0 1

0 1 0 2

0 0 1 3




¢ñá ç ëýóç åßíáé:
x = 1, y = 2, z = 3.

ÐáñÜäåéãìá 1.6: Íá ëõèåß ôï ðéï êÜôù ïìïãåíÝò óýóôçìá:

2y + 2z + 4w = 0
x− z − 3w = 0
2x + 3y + z + w = 0
−2x + y + 3z − 2w = 0.
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Ëýóç: ¸÷ïõìå:
> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> A := matrix(4, 5, [0,2,2,4,0, 1,0,-1,-3,0, 2,3,1,1,0,
-2,1,3,-2,0]);

A :=




0 2 2 4 0

1 0 −1 −3 0

2 3 1 1 0

−2 1 3 −2 0




> A1 := swaprow(A, 1, 2);

A1 :=




1 0 −1 −3 0

0 2 2 4 0

2 3 1 1 0

−2 1 3 −2 0




> A2 := addrow(A1, 1, 3, -2);

A2 :=




1 0 −1 −3 0

0 2 2 4 0

0 3 3 7 0

−2 1 3 −2 0




> A3 := addrow(A2, 1, 4, 2);

A3 :=




1 0 −1 −3 0

0 2 2 4 0

0 3 3 7 0

0 1 1 −8 0



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> A4 := mulrow(A3, 2, 1/2);

A4 :=




1 0 −1 −3 0

0 1 1 2 0

0 3 3 7 0

0 1 1 −8 0




> A5 := addrow(A4, 2, 3, -3);

A5 :=




1 0 −1 −3 0

0 1 1 2 0

0 0 0 1 0

0 1 1 −8 0




> A6 := addrow(A5, 2, 4, -1);

A6 :=




1 0 −1 −3 0

0 1 1 2 0

0 0 0 1 0

0 0 0 −10 0




> A7 := mulrow(A6, 4, -1/10);

A7 :=




1 0 −1 −3 0

0 1 1 2 0

0 0 0 1 0

0 0 0 1 0




> A8 := addrow(A7, 3, 1, 3);

A8 :=




1 0 −1 0 0

0 1 1 2 0

0 0 0 1 0

0 0 0 1 0



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> A9 := addrow(A8, 3, 2, -2);

A9 :=




1 0 −1 0 0

0 1 1 0 0

0 0 0 1 0

0 0 0 1 0




> A10 := addrow(A9, 3, 4, -1);

A10 :=




1 0 −1 0 0

0 1 1 0 0

0 0 0 1 0

0 0 0 0 0




¢ñá ôï óýóôçìá ãñÜöåôáé:

x− z = 0

y + z = 0

w = 0

ÈÝôïõìå: z = t, ãéá íá âñïýìå ôç ëýóç:

x = t, y = −t, , z = t, w = 0.

ÁóêÞóåéò
1.1. Íá ÷ñçóéìïðïéçèåß ç ìÝèïäïò áðáëïéöÞò ôïõ Gauss ãéá íá ëõèïýí ôá ãñáììéêÜ
óõóôÞìáôá:

x + y − 2z = 10
3x + 2y + 2z = 1
5x + 4y + 3z = 4

(Áð.: x = 1, y = 2, z = −3)

x− 2y + z = 7
2x− y + 4z = 17
3x− 2y + 2z = 14



29

(Áð.: x = 2, y = −1, z = 3)

x + 2y − 3z = 1
2x + 5y − 8z = 4
3x + 8y − 13z = 7

(Áð.: x = −3− s, y = 2 + 2s, z = s)

x + 2y − 3z − 4t = 2
2x + 4y − 5z − 7t = 7
−3x− 6y + 11z + 14t = 0

(Áð.: x = 11− 2y + t, z = 3 + t)

1.2. Íá ÷ñçóéìïðïéçèåß ç ìÝèïäïò áðáëïéöÞò ôïõ Gauss-Jordan ãéá íá ëõèïýí ôá
ãñáììéêÜ óõóôÞìáôá:

2x + y − 2z = 8
3x + 2y − 4z = 15
5x + 4y − z = 1

(Áð.: x = 1, y = −2, z = −4)

x + 2y − z = 3
2x + 5y − 4z = 5
3x + 4y + 2z = 12

(Áð.: x = 2, y = 1, z = 1)

2x + y − 3z = 1
5x + 2y − 6z = 5
3x− y − 4z = 7

(Áð.: x = 3, y = −2, z = 1)

1.3. Íá âñåèïýí ïé ôéìÝò ôïõ k ãéá ôéò ïðïßåò ôï ãñáììéêü óýóôçìá:

x− 2y = 1
x− y + kz = −2
ky + 4z = 6

(i) Ý÷åé ìüíï ìéá ëýóç
(ii) äåí Ý÷åé ëýóç
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(iii) Ý÷åé Üðåéñåò ëýóåéò.
(Áð.: (i) k 6= ±2, (ii) k = 2, (iii) k = −2)

1.4. Íá âñåèïýí ïé ôéìÝò ôïõ k ãéá ôéò ïðïßåò ôï ãñáììéêü óýóôçìá:

x + y − z = 1
2x + 3y + kz = 3
x + ky + 3z = 2

(i) Ý÷åé ìüíï ìéá ëýóç
(ii) äåí Ý÷åé ëýóç
(iii) Ý÷åé Üðåéñåò ëýóåéò.
(Áð.: (i) k 6= 2, k 6= 3, (ii) k = −3, (iii) k = 2)

1.5. Íá ëõèïýí ôá ðéï êÜôù ïìïãåíÞ ãñáììéêÜ óõóôÞìáôá:

x + 2y − 3z = 0
2x + 5y + 2z = 0
3x− y − 4z = 4

(Áð.: x = 0, y = 0, z = 0)

x + 2y − z = 0
2x + 5y + 2z = 0
x + 4y + 7z = 0
x + 3y + 3z = 0

(Áð.: x = s, y = −4s, z = s)

2x + 4y − 5z + 3w = 0
3x + 6y − 7z + 4w = 0
5x + 10y − 11z + 6w = 0

(Áð.: x = −2t + s, y = t, z = s, w = s)



ÊåöÜëáéï 2

ÐÉÍÁÊÅÓ

ÐáñÜäåéãìá 2.1: ¸óôù ïé ðßíáêåò:

A :=




1 2 0
2 −1 3
0 6 −2


, B :=



−2 2 1
−1 0 2

4 0 0




Íá õðïëïãéóôïýí ôá åîÞò: A + B, 2A− 3B, A + 2B.

Ëýóç:

> with(LinearAlgebra):

> A := Matrix([[1,2,0],[2,-1,3],[0,6,-2]]);

A :=




1 2 0

2 −1 3

0 6 −2




> B := Matrix([[-2,2,1],[-1,0,2],[4,0,0]]);

B :=




−2 2 1

−1 0 2

4 0 0




> A +B;

31
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


−1 4 1

1 −1 5

4 6 −2




> 2 * A - 3 * B;




8 −2 −3

7 −2 0

−12 12 −4




> A + 2 * B;




−3 6 2

0 −1 7

8 6 −2




> A . B;




−4 2 5

9 4 0

−14 0 12




ÐáñÜäåéãìá 2.2: ¸óôù ïé ðßíáêåò:

A :=
[

1 −1 2
]
, B :=




3
2
1


 , C :=




1 −2 4
2 0 3
1 2 1


 .

Íá õðïëïãéóôïýí (üðïõ ïñßæïíôáé), ïé ðáñáêÜôù ðïëëáðëáóéáóìïß ðéíÜêùí:

AB, CA, CAT , BT C, CCT , ACT B.

Ëýóç:
> with(linalg):
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> A := Matrix ([1, -1, 2]);

A :=
[

1 −1 2
]

> B := Matrix([[3], [2], [1]]);

B :=




3

2

1




> C := Matrix([[1,-2,4],[2,0,3],[1,2,1]]);

C :=




1 −2 4

2 0 3

1 2 1




> At := linalg[transpose](Matrix ([1, -1, 2]));

At :=




1

−1

2




> Bt := linalg[transpose](Matrix([[3], [2], [1]]));

Bt :=
[

3 2 1
]

> Ct := linalg[transpose]( Matrix([[1,-2,4],[2,0,3],[1,2,1]]));

Ct :=




1 2 1

−2 0 2

4 3 1




> evalm(A &* B);
[

3
]
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> evalm(C &* A);

Error, (in linalg[multiply]) non matching dimensions for
vector/matrix product

> evalm(C &* At);




11

8

1




> evalm(Bt &* C);
[

8 −4 19
]

> evalm(C &* Ct);




21 14 1

14 13 5

1 5 6




> evalm(A &* Ct &* B);
[

50
]

ÐáñÜäåéãìá 2.3: ×ñçóéìïðïéþíôáò éóïäõíáìßá ðéíÜêùí, íá âñåèåß ï áíôßóôñïöïò
A−1 ôïõ ðßíáêá:

A :=




1 2 4
1 3 4
0 3 1


 .

Ëýóç: ¸÷ïõìå:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected
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> A := Matrix([[1, 2, 4], [1, 3, 4], [0, 3, 1]]);

A :=




1 2 4

1 3 4

0 3 1




> Id3 := band([1],3);

Id3 :=




1 0 0

0 1 0

0 0 1




> AI := augment(A, Id3);

AI :=




1 2 4 1 0 0

1 3 4 0 1 0

0 3 1 0 0 1




> A1 := addrow(AI, 1, 2, -1);

A1 :=




1 2 4 1 0 0

0 1 0 −1 1 0

0 3 1 0 0 1




> A2 := addrow(A1, 2, 1, -2);

A2 :=




1 0 4 3 −2 0

0 1 0 −1 1 0

0 3 1 0 0 1




> A3 := addrow(A2, 2, 3, -3);

A3 :=




1 0 4 3 −2 0

0 1 0 −1 1 0

0 0 1 3 −3 1



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> A4 := addrow(A3, 3, 1, -4);

A4 :=




1 0 0 −9 10 −4

0 1 0 −1 1 0

0 0 1 3 −3 1




¢ñá:

A−1 =



−9 10 −4
−1 1 0

3 −3 1


 .

ÐáñÜäåéãìá 2.4: Ìå ÷ñÞóç ôïõ áíôßóôñïöïõ ðßíáêá, íá ëýóåôå ôï ðéï êÜôù óýóôçìá:
7x1 + 4x2 − 2x3 + 4x4 = 8
2x1 − 3x2 + 7x3 − 6x4 = 4
5x1 + 6x2 + 2x3 − 5x4 = 2
3x1 + 3x2 − 5x3 + 8x4 = 9.

Ëýóç: Ï ðßíáêáò óõíôåëåóôþí åßíáé:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> A := matrix(4,4,[7,4,-2,4, 2,-3,7,-6, 5,6,2,-5,
3,3,-5,8]);

A :=




7 4 −2 4

2 −3 7 −6

5 6 2 −5

3 3 −5 8




> v := vector([8,4,2,9]);

v := [8, 4, 2, 9]
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> evalm(Â(-1)&*v);

[−29
28

,
21
8

,
295
56

,
107
28

]

ÅðïìÝíùò:
x1 = −29

28
, x2 =

21
8

, x3 =
295
56

, x4 =
107
28

.

ÁóêÞóåéò
2.1. ¸óôù ïé ðßíáêåò:

A =
[

2 −5 1
3 0 −4

]
, B =

[
1 −2 −3
0 −1 5

]
, C =

[
0 1 −2
0 −1 −1

]
.

Íá õðïëïãéóôïýí ôá åîÞò: (i) A + B + C, (ii) 3A + 4B − 2C.

2.2. ¸óôù ïé ðßíáêåò:

A =
[

5 −2
4 7

]
, B =

[
1 2
6 −3

]
.

Íá âñåèåß ðßíáêáò ôÝôïéïò þóôå: 2A = 3B − 2C.

2.3. ¸óôù ïé ðßíáêåò:

A =




2 −1
1 0

−3 4


 , B =

[
1 −2 −5
3 4 0

]
, C =




2 −1 0 6
1 3 −5 1
4 1 −2 2


 , D =

[
2 1

]
.

Íá õðïëïãéóôïýí (üðïõ ïñßæïíôáé), ïé ðáñáêÜôù ðïëëáðëáóéáóìïß ðéíÜêùí:

(i) AB, (ii) BA, (iii) BC, (iv) DB, (v) CT A, (vi) ADT ,

(vii) BADT , (viii) DDT , (ix) BD.
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2.4. Íá äåé÷èåß üôé ï ðßíáêáò :

A =




1
9

8
9 −4

9
4
9 −4

9 −7
9

8
9

1
9

4
9


 .

åßíáé ïñèïãþíéïò.

2.5. Íá âñåèïýí ïé ôéìÝò ôùí x, y Ýôóé þóôå ï ðßíáêáò :

A =

[
1√
5

2√
5

x y

]

íá åßíáé ïñèïãþíéïò.

(Áð.: x = 2√
5
, y = − 1√

5
Þ x = − 2√

5
, y = 1√

5
)

2.6. ×ñçóéìïðïéþíôáò éóïäõíáìßá ðéíÜêùí, íá âñåèåß ï áíôßóôñïöïò A−1 ôùí ðéï
êÜôù ðéíÜêùí:

(i) A =
[

3 5
2 3

]
, (ii) A =




1 0 2
2 −1 3
4 1 8


 ,

(iii) A =




1 −2 2
2 −3 6
1 1 7


 , (iv) A =




6 2 1 0 5
2 1 1 −2 1
1 1 2 −2 3
3 0 2 3 −1

−1 −1 −3 4 2




.

2.7. (i) Íá âñåèåß ï ðßíáêáò X Ýôóé þóôå:



1 −2 3
4 5 −6
2 0 −1


X =




28
−53
−5


 .

(Áð.: X =
[

1 − 3 7
]T )

(ii) Íá âñåèåß ï ðßíáêáò X Ýôóé þóôå:



1 1 2
1 2 −1
1 3 1


X =




1
−2

5


 .
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(Áð.: X =
[ −6 3 2

]T )
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ÊåöÜëáéï 3

ÏÑÉÆÏÕÓÅÓ

ÐáñÜäåéãìá 3.1: Íá õðïëïãßóåôå ôçí ïñßæïõóá ôïõ ðßíáêá:

A :=




1 0 6
3 4 14
5 6 21


 .

Ëýóç:

> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> A := matrix(3, 3, [1,0,6, 3,4,14, 5,6,21]);

A :=




1 0 6

3 4 14

5 6 21




> det(A);

−12
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ÐáñÜäåéãìá 3.2: Ìå ôç ÷ñÞóç ôïõ êáíüíá ôïõ Cramer, íá ëõèåß ôï óýóôçìá:

x + y − z = 4
2x− y + 2z = 18
x− y + z = 5.

Ëýóç: ¸÷ïõìå:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> Ä := matrix(3, 3, [1,1,-1, 2,-1,2, 1,-1,1]);

∆ :=




1 1 −1

2 −1 2

1 −1 1




> Ä1 := matrix(3, 3, [4,1,-1, 18,-1,2, 5,-1,1]);

∆1 :=




4 1 −1

18 −1 2

5 −1 1




> Ä2 := matrix(3, 3, [1,4,-1, 2,18,2, 1,5,1]);

∆2 :=




1 4 −1

2 18 2

1 5 1




> Ä3 := matrix(3, 3, [1,1,4, 2,-1,18, 1,-1,5]);

∆3 :=




1 1 4

2 −1 18

1 −1 5



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¢ñá:
> x := det( Ä1)/ det( Ä);

x :=
9
2

> y := det( Ä2)/ det( Ä);

y := 8

> z := det( Ä3)/ det( Ä);

z :=
17
2

ÁóêÞóåéò

3.1. Íá õðïëïãéóôïýí ïé ðÜñáêÜôù ïñßæïõóåò:

(i)
∣∣∣∣

5 4
2 3

∣∣∣∣ , (ii)
∣∣∣∣

4 −5
−1 −2

∣∣∣∣ , (iii)

∣∣∣∣∣∣

2 1 1
0 5 −2
1 −3 4

∣∣∣∣∣∣
, (iv)

∣∣∣∣∣∣

3 −2 −4
2 5 −1
0 6 1

∣∣∣∣∣∣
, (v)

∣∣∣∣∣∣

7 6 5
1 2 1
3 −2 1

∣∣∣∣∣∣
.

(Áð.: (i) 7, (ii) − 13, (iii) 21, (iv) − 11, (v) 0)

3.2. Íá âñåèïýí ïé ôéìÝò ôùí ïñéæïõóþí ðïõ áíôéóôïé÷ïýí óôïõò ðéï êÜôù ðßíáêåò,
áöïý ðñþôá ìåôáôñáðïýí óå êëéìáêùôïýò ðßíáêåò :

(i)




3 −2 −4
2 5 −1
0 6 1


 , (ii)




5 4 2 1
2 3 1 −2

−5 −7 −3 9
1 −2 −1 4


 ,

(iii)




2 5 −3 −2
−2 −3 2 −5

1 3 −2 2
−1 −6 4 3


 , (iv)




1 2 2 3
1 0 −2 0
3 −1 1 −2
4 −3 0 2


 .

(Áð.: (i) − 11, (ii) 38, (iii) − 4, (iv) − 131)
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3.3. ×ñçóéìïðïéþíôáò ôïí ôýðï A−1 = 1
detAadj(A), íá âñåèïýí (áí õðÜñ÷ïõí) ïé

áíôßóôñïöïé ôùí ðáñáêÜôù ðéíÜêùí:

(i)




2 3 4
5 6 7
8 9 1


 , (ii)




1 2 3
2 3 4
1 5 7


 , (iii)




2 3 −4
0 −4 2
1 −1 5


 , (iv)




1 1 1
2 3 4
5 8 9


 .

(Áð.: (i)



−19/9 11/9 −1/9

17/9 −10/9 2/9
−1/9 2/9 −1/9


 , (ii)




1/2 1/2 −1/2
−5 2 1
7/2 −3/2 −1/2


 ,

(iii)




9/23 11/46 5/23
−1/23 −7/23 2/23
−2/23 −5/46 4/23


 , (iv)




5/2 1/2 −1/2
−1 −2 1

−1/2 3/2 −1/2


)

3.4. Ìå ôç ÷ñÞóç ôïõ êáíüíá ôïõ Gramer , íá ëõèïýí ôá óõóôÞìáôá:

x1 + x2 + x3 + x4 = 2

x1 + 2x2 + 3x3 + 4x4 = 2

2x1 + 3x2 + 5x3 + 9x4 = 2

x1 + x2 + 2x3 + 7x4 = 2

2x1 + x2 + 5x3 + x4 = 5

x1 + x2 − 3x3 − 4x4 = −1

3x1 + 6x2 − 2x3 + x4 = 8

2x1 + 2x2 + 2x3 − 3x4 = 2

2x1 + x2 + 5x3 + x4 = 5

x1 + x2 + x3 + x4 = 5

x1 + 2x2 + 3x3 + 4x4 = 3

3x1 + 2x2 + 3x3 + 4x4 = 2

(Áð.:
x1 = −2, x2 = 9, x3 = −6, x4 = 1

x1 = 2, x2 = 1/5, x3 = 0, x4 = 4/5

ôï óýóôçìá äåí Ý÷åé ëýóç)



ÊåöÜëáéï 4

ÄÉÁÍÕÓÌÁÔÁ

ÐáñÜäåéãìá 4.1: Äßíïíôáé ôá äéáíýóìáôá:

u = [1, 3, −1], v = [2, −5, 0].

Íá õðïëïãßóåôå ôá åîÞò: u + v, − 3u, 2u− v, < u, v >.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> u := vector(3,[1,3,-1]);

u := [1, 3, −1]

> v:= vector(3,[2,-5,0]);

v := [2, −5, 0]

> matadd(u,v);

[3, −2, −1]

> scalarmul(u,-3);

[−3, −9, 3]
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> matadd(scalarmul(u,2),scalarmul(v,-1));

[0, 11, −2]

> innerprod(u,v);

−13

ÐáñÜäåéãìá 4.2: Íá âñåèåß ç áðüóôáóç ìåôáîý ôùí äéáíõóìÜôùí u êáé v

u = [2, 1, −4], v = [2, −1, 0].

Ëýóç:
> u := vector(3,[2,1,-4]);

u := [2, 1, −4]

> v := vector(3,[2,-1,0]);

v := [2, −1, 0]

> d := (u,v)->sqrt((u[1]-v[1])^2+(u[2]-v[2])^2+(u[3]-
v[3])^2):

> d(u,v);

2
√

5

ÐáñÜäåéãìá 4.3: Íá êáíïíéêïðïéçèåß ôï äéÜíõóìá: u = [1, −2, 0].

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected
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> u := vector(3,[1,-2,0]);

u := [1, −2, 0]

> norm(u,2);
√

5

> u := evalm(u/%);

u :=

[√
5

5
, −2

√
5

5
, 0

]

ÐáñÜäåéãìá 4.4: Íá õðïëïãéóôåß ç ãùíßá ìåôáîý ôùí äéáíõóìÜôùí u = (1, 2, 3) êáé
v := (−2, 8, 1).

Ëýóç:
> with(linalg):

Warning, the previous binding of the name GramSchmidt has been
removed and it now has an assigned value

Warning, the protected names norm and trace have been redefined
and unprotected

> u := vector([1,2,3]);

u := [1, 2, 3]

> v := vector([-2,8,1]);

v := [−2, 8, 1]

> evalf(angle(u,v));

0.9920605370
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ÁóêÞóåéò
4.1. Íá õðïëïãéóôïýí ôá åîÞò:
(i) (7,−4, 2) + (−3,−1, 5)
(ii) 5(−2, 3, 4)
(iii) − 2(7,−5)
(iv) 2(3,−1, 1, 4)− 3(7, 1,−3, 6)
(v) 2(2,−7, 1) + 3(−3, 0, 4)− 5(0, 5,−8)

(Áð.: (i) (4,−5, 7), (ii) (−10, 15, 20), (iii) (−14, 10), (iv) (−15,−7, 11,−10), (v) (−5,−39, 54))

4.2. Íá âñåèïýí ïé ôéìÝò ôùí x êáé y Ýôóé þóôå: (4, y) = x(2, 3).

(Áð.: x = 2, y = 6)

4.3. Íá õðïëïãéóôåß ôï åóùôåñéêü ãéíüìåíï< u, v >:
(i) u = (2,−3, 6), v = (8, 2,−3)
(ii) u = (3,−5, 2, 1), v = (4, 1,−2, 5)
(iii) u = (1,−2, 3, 4), v = (6, 7, 1,−2)

(Áð.: (i) − 8, (ii) 8, (iii) 3)

4.4. Íá âñåèåß ç áðüóôáóç ìåôáîý ôùí äéáíõóìÜôùí u êáé v:
(i) u = (1, 7), v = (6,−5)
(ii) u = (3,−5, 4), v = (6, 2,−1)
(iii) u = (1,−2, 4, 1), v = (3, 1,−5, 0)

(Áð.: (i) 13, (ii)
√

83, (iii)
√

95)

4.5. Íá õðïëïãéóôåß ç ãùíßá ìåôáîý ôùí äéáíõóìÜôùí u êáé v:
(i) u = (1,−2, 3), v = (3,−5,−7)
(ii) u = (4,−3, 1, 5), v = (2, 6,−1, 4)

(Áð.: (i) θ ≈ 103, 6, (ii) θ ≈ 80, 4)



ÊåöÜëáéï 5

ÄÉÁÍÕÓÌÁÔÉÊÏÉ ×ÙÑÏÉ

ÐáñÜäåéãìá 5.1: Íá äåé÷èåß üôé ôá äéáíýóìáôá u = (1, 1, 2), v = (1,−2,−1) êáé
w = (−2, 1,−1) åßíáé ãñáììéêÜ åîáñôçìÝíá .

Ëýóç:
> with(linalg):

> u := vector([1,1,2]);

u := [1, 1, 2]

> v := vector([1,-2,-1]);

v := [1, −2, −1]

> w := vector([-2,1,-1]);

w := [−2, 1, −1]

> eq := {a+b-2*c=0,a-2*b+c=0,2*a-b-c=0};

eq := {2 a− b− c = 0, a + b− 2 c = 0, a− 2 b + c = 0}

> solve(eq);

{b = c, c = c, a = c}
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¢ñá ôï óýóôçìá Ý÷åé Üðåéñåò ëýóåéò êáé åðïìÝíùò ôá äéáíýóìáôá åßíáé ãñáììéêÜ
åîáñôçìÝíá.

ÐáñÜäåéãìá 5.2: Íá äåé÷èåß üôé ôá ðïëõþíõìá: P = 2− x + x2, Q = 1 + x, R =
1 + x2, S = x + x2 ôïõ äéáíõóìáôéêïý ÷þñïõ P2 åßíáé ãñáììéêþò åîáñôçìÝíá .

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> P := x->2-x+x^2:

> Q := x->1+x:

> R := x->1+x^2:

> S := x->x+x^2:

> expr := a*P(x)+b*Q(x)+c*R(x)+d*S(x);

expr := a (2− x + x2) + b (1 + x) + c (1 + x2) + d (x + x2)

> u := collect(expr,x);

u := (a + c + d) x2 + (b− a + d)x + 2 a + c + b

> sys := {coeffs(u,x)};

sys := {b− a + d, a + c + d, 2 a + c + b}

> solve(sys);

{b = 0, c = −2 d, a = d, d = d}

ÐáñÜäåéãìá 5.3: Íá äåé÷èåß üôé ôá äéáíýóìáôá:

u = (1, 4, 6, 8, 7, 2), v = (5, 2, 9, 1, 3, 5), w = (3, 6, 8, 1, 4, 7), x = (5, 5, 2, 8, 6, 8)



51

åßíáé ãñáììéêÜ áíåîÜñôçôá äéáíýóìáôá ôïõ IR6 .

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> matsolve := eq->solve(convert(evalm(lhs(eq)-rhs(eq)),set));

> u := vector([1,4,6,8,7,2]);

u := [1, 4, 6, 8, 7, 2]

> v := vector([5,2,9,1,3,5]);

v := [5, 2, 9, 1, 3, 5]

> w := vector([3,6,8,1,4,7]);

w := [3, 6, 8, 1, 4, 7]

> x := vector([5,5,2,8,6,3]);

x := [5, 5, 2, 8, 6, 3]

> eq := evalm(a*u+b*v+c*w+d*x)=0;
eq := [a + 5 b + 3 c + 5 d, 4 a + 2 b + 6 c + 5 d, 6 a + 9 b + 8 c + 2 d, 8 a +

b + c + 8 d, 7 a + 3 b + 4 c + 6 d, 2 a + 5 b + 7 c + 3 d]=0

> matsolve(eq);

{a = 0, c = 0, d = 0, b = 0}

ÐáñÜäåéãìá 5.4: Íá äåé÷èåß üôé ôï óýíïëï ôïõ äéáíõóìáôéêïý ÷þñïõ M22:

U :=
[

4 0
−2 −2

]
, V :=

[
1 −1
2 3

]
, W :=

[
0 2
1 4

]
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åßíáé ãñáììéêü áíåîÜñôçôï êáé íá âñåèïýí ïé óõíôåôáãìÝíåò ôïõ ðßíáêá:

X :=
[

6 0
3 8

]

ùò ðñïò ôï ðéï ðÜíù óýíïëï .

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> matsolve := eq->solve(convert(evalm(lhs(eq)-rhs(eq)),set)):

> U := matrix(2,2,[4,0, -2,-2]);

U :=


 4 0

−2 −2




> V := matrix(2,2,[1,-1, 2,3]);

V :=


 1 −1

2 3




> W := matrix(2,2,[0,2, 1,4]);

W :=


 0 2

1 4




> eq1 := a*U+b*V+c*W =0;

eq1 := a U + b V + cW = 0

> matsolve(eq1);

{c = 0, b = 0, a = 0}
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> X := matrix(2,2,[6,0, 3,8]);

X :=


 6 0

3 8




> eq2 := X-a*U-b*V-c*W =0;

eq2 := X − aU − b V − cW = 0

> matsolve(eq2);

{c = 1, a = 1, b = 2}

ÐáñÜäåéãìá 5.5:Íá âñåèïýí ïé óõíôåôáãìÝíåò ôïõ ðïëõùíýìïõ:

1 + x + x2 + x3

ùò ðñïò ôç âÜóç:

p1 = 2− x + x3, p2 = x + 3x2, p3 = 5− x2 − x3, p4 = 2 + x + 2x2 + 4x3.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

> p1:=x->2-x+xˆ3:

> p2:=x->x+3*xˆ2:

> p3:=x->5-xˆ2-xˆ3:

> p4:=x->2+x+2*xˆ2+4*xˆ3:

> expr := a*p1(x)+b*p2(x)+c*p3(x)+d*p4(x);

expr := a (2− x + x3) + b (x + 3 x2) + c (5− x2 − x3) + d (2 + x + 2 x2 + 4 x3)



54 ÊåöÜëáéï 5. ÄÉÁÍÕÓÌÁÔÉÊÏÉ ×ÙÑÏÉ

> p:=collect(expr-(1+x+x^2+x^3),x):

> sys := {coeffs(p,x)};

sys := {2 a + 5 c + 2 d− 1, b− a + d− 1, −c + 2 d− 1 + 3 b, −c + 4 d + a− 1}

> solve(sys);

{c =
17
79

, b =
10
79

, d =
33
79

, a =
−36
79

}

ÊÜíïõìå åðáëÞèåõóç ôïõ áðïôåëÝóìáôïò ðïõ âñÞêáìå:
> subs(a=-36/79,b=10/79,c=17/79,d=33/79,expr);

1 + x + x2 + x3

ÁóêÞóåéò
5.1. Íá ãñáöåß ôï äéÜíõóìá u = (1, 7,−4) ùò ãñáììéêüò óõíäõáóìüò ôùí äéáíõóìÜôùí
e1 = (1,−3, 2), e2 = (2,−1, 1).

(Áð.: u = −3e1 + 2e2)

5.2. Íá ãñáöåß ôï äéÜíõóìá u = (4, 1, 18) ùò ãñáììéêüò óõíäõáóìüò ôùí äéáíõóìÜôùí
e1 = (1, 2, 1), e2 = (2, 1,−4), e3 = (3,−2, 1).

(Áð.: u = 4e1 − 3e2 + 2e3)

5.3. Íá ãñáöåß ôï äéÜíõóìá u = (3, 4, 5) ùò ãñáììéêüò óõíäõáóìüò ôùí äéáíõóìÜôùí
e1 = (1, 2, 1), e2 = (2, 1,−4), e3 = (3,−2, 1).

(Áð.: u = 8
3e1 − 10

21e2 + 3
7e3)

5.4. Íá åîåôÜóåôå áí ôá ðéï êÜôù äéáíýóìáôá åßíáé ãñáììéêÜ áíåîÜñôçôá:
(i) u = (3, 4), v = (1,−3)
(ii) u = (2,−3), v = (6,−9)
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(iii) u = (4, 3,−2), v = (2,−6, 7)
(iv) u = (−4, 6,−2), v = (2,−3, 1).
(Áð.: (i) íáé, (ii) ü÷é, (iii) íáé, (iv) ü÷é)

5.5. Íá åîåôÜóåôå áí ôá ðéï êÜôù äéáíýóìáôá åßíáé ãñáììéêÜ áíåîÜñôçôá:
(i) u1 = (1,−2, 1), u2 = (2, 1,−1), u3 = (7,−4, 1)
(ii) u1 = (1,−3, 7), u2 = (2, 0,−6), u3 = (3,−1,−1), u4 = (2, 4,−5)
(iii) u1 = (1, 2,−3), u2 = (1,−3, 2), u3 = (2, 4,−5).
(Áð.: (i) ü÷é, (ii) ü÷é, (iii) íáé)

5.6. ¸óôù üôé W åßíáé õðü÷ùñïò ôïõ <4 ðïõ ðáñÜãåôáé áðü ôá äéáíýóìáôá:

u1 = (1,−2, 5,−3), u2 = (2, 3, 1,−4), u3 = (3, 8,−3,−5)

Íá äåé÷èåß üôé ôï óýíïëï A = {u1, u2, u3} åßíáé ìéá âÜóç ôïõ W .

5.7. ¸óôù üôé W åßíáé õðü÷ùñïò ôïõ <4 ðïõ ðáñÜãåôáé áðü ôá äéáíýóìáôá:

u1 = (1, 4,−1, 3), u2 = (2, 1,−3,−1), u3 = (0, 2, 1,−5)

Íá äåé÷èåß üôé ôï óýíïëï A = {u1, u2, u3} åßíáé ìéá âÜóç ôïõ W .
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ÊåöÜëáéï 6

×ÙÑÏÉ ÌÅ ÅÓÙÔÅÑÉÊÏ
ÃÉÍÏÌÅÍÏ

ÐáñÜäåéãìá 6.1:¸óôù üôé ï äéáíõóìáôéêüò ÷þñïò P2 Ý÷åé åóùôåñéêü ãéíüìåíï:

< p, q >=
∫ 1

−1
p(x)q(x)dx

êáé Ýóôù p = 1√
2
, q = sin(πx). Íá õðïëïãßóåôå ôï åóùôåñéêü ãéíüìåíï êáé ôï

ìÝôñï ôùí p êáé q.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> p := 1/sqrt(2);

p :=
√

2
2

> q := sin(Pi*x);

q := sin(π x)

> int(p*q,x=-1..1);

0
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> normp := sqrt(int(p*p,x=-1..1));

normp := 1

> normq := sqrt(int(q*q,x=-1..1));

normq := 1

ÐáñÜäåéãìá 6.2: ¸óôù ï äéáíõóìáôéêüò ÷þñïò IR3 ìå ôï Åõêëåßäåéï åóùôåñéêü
ãéíüìåíï êáé Ýóôù W ï õðü÷ùñïò ðïõ ðáñÜãåôáé áðü ôá äéáíýóìáôá:

u1 = [2, −1, 4], u2 = [−4, 0, 3].

Íá âñåèåß ç ïñèïãþíéá ðñïâïëÞ ôïõ äéáíýóìáôïò u = [2, 0, −3] ðÜíù óôï W .

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> u1 := vector(3,[2,-1,4]);

u1 := [2, −1, 4]

> u2 := vector(3,[-4,0,3]);

u2 := [−4, 0, 3]

> u := vector(3,[2,0,-3]);

u := [2, 0, −3]

> v1 := evalm(innerprod(u,u1)*u1/norm(u1,2));

v1 :=

[
−16

√
21

21
,

8
√

21
21

, −32
√

21
21

]
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> v2 := evalm(innerprod(u,u2)*u2/norm(u2,2));

v2 :=
[
68
5

, 0,
−51
5

]

> matadd(v1,v2);;
[
−16

√
21

21
+

68
5

,
8
√

21
21

, −32
√

21
21

− 51
5

]

ÐáñÜäåéãìá 6.3: Ìå ôçí ìÝèïäï ôùí Gram-Schmidt, íá ìåôáó÷çìáôéóôåß ç âÜóç:

u1 := [1, 1, 0], u2 := [0, 2, 1], u3 := [3, 0, 1]

ôïõ IR3 óå ìéá ïñèïêáíïíéêÞ âÜóç.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> u1 := vector([1,1,0]);

u1 := [1, 1, 0]

> u2 := vector([0,2,1]);

u2 := [0, 2, 1]

> u3 := vector([3,0,1]);

u3 := [3, 0, 1]

> proj:=(u,v)->innerprod(u,v)/innerprod(v,v)*v;

proj := (u, v) → innerprod(u, v) v

innerprod(v, v)
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> v1 := u1;

v1 := u1

> v2 := u2-proj(u2,v1);

v2 := u2 − u1

> v3 := u3-proj(u3,v1)-proj(u3,v2);

v3 := u3 − 13 u1
6

+
2 u2

3

> v1 := evalm(v1/norm(v1,2));

v1 :=

[√
2

2
,

√
2

2
, 0

]

> v2 := evalm(v2/norm(v2,2));

v2 :=

[
−
√

3
3

,

√
3

3
,

√
3

3

]

> v3 := evalm(v3/norm(v3,2));

v3 :=

[√
6

6
, −

√
6

6
,

√
6

3

]

ÁóêÞóåéò
6.1. ¸óôù üôé ï äéáíõóìáôéêüò ÷þñïò P2 Ý÷åé åóùôåñéêü ãéíüìåíï:

< p, q >=
∫ 1

−1
p(x)q(x)dx.

(á) Íá âñåèåß ôï < p, q > óôéò ðéï êÜôù ðåñéðôþóåéò:
(i) p(x) = x + 2, q(x) = 3x− 2
(ii) p(x) = x + 2, q(x) = x2 − 2x− 3.
(â) Íá âñåèåß ôï ‖ p ‖ ãéá (i)p = x + 2, (ii)p = 3x− 2.
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(Áð.: (á) (i)− 1, (ii)− 37
4 , (â) (i)1

3

√
57, (ii)1)

6.2. ¸óôù üôé ï ÷þñïò M2×3 Ý÷åé åóùôåñéêü ãéíüìåíï:

< A, B >= tr(BT A).

Íá âñåßôå ôá < A, B > óôéò ðéï êÜôù ðåñéðôþóåéò:

(i)A =
[

9 8 7
6 5 4

]
, B =

[
1 2 3
4 5 6

]
.

(ii)A =
[

1 2 3
4 5 6

]
, B =

[
3 −5 2
1 0 −4

]
.

(Áð.: (i) 119, (ii)− 21)

6.3. Íá äåßîåôå üôé ôï óýíïëï:

A = {u1 = (1, 2, 1), u2 = (2, 1,−4), u3 = (3,−2, 1)}
áðïôåëåß âÜóç ôïõ <3, åßíáé ïñèïãþíéï êáé íá ôï êáíïíéêïðïéÞóåôå.

(Áð.: v1 = ( 1√
6
, 2√

6
, 1√

6
), v2 = ( 2√

21
, 1√

21
,− 4√

21
), v3 = ( 3√

14
,− 2√

14
, 1√

14
))

6.4. Íá äåßîåôå üôé ôï óýíïëï:

A = {u1 = (1, 1, 0,−1), u2 = (1, 2, 1, 3), u3 = (1, 1,−9, 2), u4 = (16,−13, 1, 3)}
áðïôåëåß âÜóç ôïõ <4, åßíáé ïñèïãþíéï êáé íá ôï êáíïíéêïðïéÞóåôå.

(Áð.: v1 = ( 1√
3
, 1√

3
, 0,− 1√

3
), v2 = ( 1√

15
, 2√

15
, 1√

15
, 3√

15
), v3 = ( 1√

87
, 1√

87
,− 9√

87
, 2√

87
),

v4 = ( 16√
435

,− 13√
435

, 1√
435

, 3√
435

))

6.5. ×ñçóéìïðïéþíôáò ôçí äéáäéêáóßá Gram-Schmidt íá ìåôáó÷çìáôéóôïýí ïé ðéï
êÜôù âÜóåéò óå ïñèïêáíïíéêÝò:
(i) u1 = (1, 1, 1), u2 = (0, 1, 1), u3 = (0, 0, 1)
(ii) u1 = (1, 1, 1), u2 = (1,−2, 1), u3 = (1, 2, 3).

(Áð.: (i) { v1 = ( 1√
3
, 1√

3
, 1√

3
), v2 = (− 2√

6
, 1√

6
, 1√

6
), v3 = (0,− 1√

2
, 1√

2
)},

(ii){ v1 = ( 1√
3
, 1√

3
, 1√

3
), v2 = ( 1√

6
,− 2√

6
, 1√

6
), v3 = (− 1√

2
, 0, 1√

2
)})
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ÊåöÜëáéï 7

ÉÄÉÏÔÉÌÅÓ ÊÁÉ
ÉÄÉÏÄÉÁÍÕÓÌÁÔÁ

ÐáñÜäåéãìá 7.1: Íá âñåèïýí ôï ÷áñáêôçñéóôéêü ðïëõþíõìï êáé ïé éäéïôéìÝò ôïõ
ðßíáêá

A :=




1 2 3
4 5 6
7 8 9


 .

Ëýóç:

> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> A := matrix(3,3,[1,2,3, 4,5,6, 7,8,9]);

A :=




1 2 3

4 5 6

7 8 9




> p := charpoly(A, lambda);

p := λ3 − 15λ2 − 18 λ
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> solve(p=0);

0,
15
2

+
3
√

33
2

,
15
2
− 3

√
33

2

ÐáñÜäåéãìá 7.2: Íá âñåèïýí ïé éäéïôéìÝò êáé ôá éäéïäéáíýóìáôá ôïõ ðßíáêá:

A :=




3 4 −4 −4
4 3 −4 −4
0 4 −1 −4
4 0 −4 −1


 .

Ëýóç:

> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> A := matrix(4,4,[3,4,-4,-4, 4,3,-4,-4, 0,4,-1,-4,
4,0,-4,-1]);

A :=




3 4 −4 −4

4 3 −4 −4

0 4 −1 −4

4 0 −4 −1




> eigenvalues(A);

3, −1, 3, −1

> eigenvectors(A);

[3, 2, {[1, 1, 1, 0], [1, 1, 0, 1]}], [−1, 2, {[1, 0, 1, 0], [0, 1, 0, 1]}]
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ÁóêÞóåéò
7.1. Íá âñåèïýí ïé éäéïôéìÝò êáé ôá éäéïäéáíýóìáôá ôùí ðéï êÜôù ðéíÜêùí:

(i)




1 −3 3
3 −5 3
6 −6 4


 , (ii)



−3 1 −1
−7 5 −1
−6 6 −2


 , (iii)




4 1 −1
2 5 −2
1 1 2


 .

(Áð.:
(i) λ1 = −2 ìå X1 = (1, 1, 0) êáé X2 = (1, 0,−1) êáé λ2 = 4 ìå X1 = (1, 1, 2)
(ii) λ1 = −2 ìå X1 = (1, 1, 0) êáé λ2 = 4 ìå X1 = (0, 1, 1)
(iii) λ1 = 3 ìå X1 = (1,−1, 0) êáé X2 = (1, 0, 1) êáé λ2 = 5 ìå X1 = (1, 2, 1))
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ÊåöÜëáéï 8

ÃÑÁÌÌÉÊÅÓ ÁÐÅÉÊÏÍÉÓÅÉÓ

ÐáñÜäåéãìá 8.1: Íá äåé÷èåß üôé ç áðåéêüíéóç:

T (x, y, z) = (x + 4y − 2z, 2x + y − z, 3x + 5y − 3z,−x + 3y − z)

åßíáé ãñáììéêÞ.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> T := (x,y,z)->[x+4*y-2*z,2*x+y-z,3*x+5*y-3*z,-x+3*y-
z]:

> equal(T(x+u,y+v,z+w),T(x,y,z)+T(u,v,w));

true

> evalm(T(c*x,c*y,c*z)-c*T(x,y,z));
[c x + 4 c y - 2 c z - c (x + 4 y - 2 z), 2 c x + c y - c z - c (2 x + y - z),

3 c x + 5 c y - 3 c z - c (3 x + 5 y - 3 z), - c x + 3 c y - c z - c ( - x + 3 y - z)]

> map(expand,%);

[0, 0, 0, 0]
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ÐáñÜäåéãìá 8.2: ¸óôù ç ãñáììéêÞ áðåéêüíéóç:

T (x, y, z) = (x + 4y − 2z, 2x + y − z, 3x + 5y − 3z,−x + 3y − z).

Íá åêöñáóôåß óå ìåôáó÷çìáôéóìü ðéíÜêùí.

Ëýóç:
> with(linalg):

Warning, the protected names norm and trace have been redefined
and unprotected

> T := (x,y,z)->[x+4*y-2*z,2*x+y-z,3*x+5*y-3*z,-x+3*y-
z]:

> MT := augment(T(1,0,0),T(0,1,0),T(0,0,1));

MT :=




1 4 −2

2 1 −1

3 5 −3

−1 3 −1




¢ñá, ãéá êÜèå äéÜíõóìá X = [x, y, z]T , Ý÷ïõìå T (X) = AX , üðïõ: A =




1 4 −2
2 1 −1
3 5 −3

−1 3 −1


 .

ÁóêÞóåéò
8.1. ¸óôù ç áðåéêüíéóç:

T (x, y) = (2x− y, x)

áðü IR2 −→ IR2. Íá äåé÷èåß üôé åßíáé ãñáììéêÞ.

8.2. ¸óôù ç áðåéêüíéóç:

T (x, y, z) = 2x− 3y + 4z

áðü IR3 −→ IR. Íá äåé÷èåß üôé åßíáé ãñáììéêÞ.
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8.3. ¸óôù ç áðåéêüíéóç:

T (x) = (2x, 3x)

áðü IR −→ IR2. Íá äåé÷èåß üôé åßíáé ãñáììéêÞ.

8.4. ¸óôù ç áðåéêüíéóç:

T (x, y, z) = (x + 1, y + z)

áðü IR3 −→ IR2. Íá äåé÷èåß üôé åßíáé ãñáììéêÞ.

8.5. ¸óôù ç áðåéêüíéóç:

T (x, y) = (x + y, x)

áðü IR2 −→ IR2. Íá äåé÷èåß üôé åßíáé ãñáììéêÞ.

8.6. ¸óôù ç ãñáììéêÞ áðåéêüíéóç:

T (x, y, z) = (2x− 3y + 4z, 5x− y + 2z, 4x + 7z)

áðü IR3 −→ IR3. Íá åêöñáóôåß óå ìåôáó÷çìáôéóìü ðéíÜêùí.

8.7. ¸óôù ç ãñáììéêÞ áðåéêüíéóç:

T (x, y, z) = (2y + z, x− 4y, 3x)

áðü IR3 −→ IR3. Íá åêöñáóôåß óå ìåôáó÷çìáôéóìü ðéíÜêùí.
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